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Supplementary Material

These supplementary materials contain simulation results when the primary and auxiliary data

are correlated, as well as proofs of Proposition 1| and Theorems from the main text.

S1 Simulations with correlated X;; and X

When X;; and X,y are correlated, X5 can provide useful information for
estimating 0. even if 8, and 6., are completely unrelated. This section
illustrates this phenomenon in simulations that compare the oracle non-

integrative rule

> i1 O o{(Xin — 0j1) /o } /o
> i o (X = 0j1)/on} /o

51(X1) =
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where ¢(x) is the standard normal density, to the oracle integrative rule

when (X1, X;2) is bivariate normal with correlation r:

> i1 051 exp{—(X;. — 0;,)" X 1(X; —0,)/2}
Z?:l exp{—(X, — OZ)TE_:l(XZ — 01)/2} ’

55(X 1, Xp) = (SL.1)

with X;. = (X1, Xi2) ", 0;. = (0:1,0:2) 7, and

O'% ro109

T0102 O'%

The 0;; and non-informative 6;, were generated as in Section [5, and the
Xig = Oiqg + €4 for d = 1,2, where (€1, €;2) are bivariate normal with mean
zero and variance Y. Figure [l| reports the average losses of these two oracle
estimators over 200 simulations for » = —0.9, 0, 0.9 and shows that the inte-

grative estimator significantly outperformed the non-integrative one when

r # 0.



S1. SIMULATIONS WITH CORRELATED X;; AND X793

Correlation: —0.9 Correlation: 0 Correlation: 0.9

3 0.50-

20 //

@ 0.45-

o))

g 0.40-

< 035- 1 1 1 1 1 1 1 1 1 1 1 1

250 500 750 1000 250 500 750 1000 250 500 750 1000

Correlation: -0.9 Correlation: 0 Correlation: 0.9

)

%) ///

Q

8 0.48 - h// //\‘

)

> A

Z 0.44

250 500 750 1000 250 500 750 1000 250 500 750 1000

Correlation: —0.9 Correlation: 0 Correlation: 0.9
§ 0.400 - / v_/
— 0.375-
8‘) 0.350-
0.
a_) 0.325- "_b_“\‘/A
Z 0.300-
1 1 1 1 1 1 1 1 1 1 1 1
250 500 750 1000 250 500 750 1000 250 500 750 1000
Correlation: —0.9 Correlation: 0 Correlation: 0.9
\— N k%
3 0.15- —
°
[J)
© 0.14-
2014 /\"“’*/‘
.
[0)
Z 0.13-

1 1 1 1 1 1 1 1 1 ) 1 1
250 500 750 1000 250 500 750 1000 250 500 750 1000
n

Method —— Oracle not using side info —4— Oracle using side info

Figure 1: Average losses for four different configurations of 6.1, non-informative 6.5, and

three levels of correlation between X;; and X;s.
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S2 Proof of Proposition

For any separable rule § = (01,...,9,) € S (3.2) with §;(X.1,X.) =

f(Xila XiQ);

1 n
R,(0,6) = Z/{ez’l — (w1, 20) Y20 (31, 29)dzy dy +
=1

n <

=3 [0~ 2 s P (ar,23) )bl ma)dond +

5 [ ms) = Fon )Pl aa)do s,
=1

where pY (1, z2) equals the density of (X;1, X;») as defined in (3.3]). For the

f* given in ({3.4), the middle term above equals zero, so

Ro(8.8) =2 3" Eol{fi — 1*(Xat, Xa) ] + 1 3 Eal{f*(Xa Xa) — F(Xir, X))

> R,(0,07),

for any 6 € S. Therefore 6* achieves the minimum risk within the class of

separable rules.
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S3 Proof of Theorem 1

Denoting the density of (X;1, Xi2) by pd(z1,72) as in (3.3)), the risk of the

regularized oracle rule 87 (3.6) can be written as

1 n

Z — I p ($1,SL’2)
- Z/ : (0 — $1)pg($17 To)dxydxs +

,0+Z P} (w1, 2)

)p]<x17x2) ? 0
_2/{ P+Z PY(x1, 12) }pi(xla@)dxldxg.

The second term above obeys

z Z/ Z _n p] (21, 22) (0n — :cl)p?(xl,xg)dxldxg

P"‘Z p] I17x2>

/{Z j1— T1 pj($1,$2)}2
p+ 2,05 (w1, 22)

2

2 S (00 — x1)p¥ (21, 22) }2
> — J ' 0 s
—n/{ p+2jp§‘)(x1,l'2> ;pj(xl 2o)dayd,

since p > 0. Therefore

J?ldl‘g

* (o) |
R.(0,6)) < ——Z/{ P+Z » } p; (T1, x9)dxds.

('7317332)

Similarly, the risk of the unregularized oracle rule §* (3.4) is

2
. xl)p](xl,xz) 0
R,(0,8") =0} — —Z/{ Z pj (z1, 72) p; (z1, x2)dz1dws.
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Since

2
Z]<0j1 T p] x17x2 )p?(x17'r2)
> iz, 79) P+Z Py (1, 72)

_ {Z](ejl X1 pj T, T } Z p] xth) }2
)

>0 (w1, 22) p+Z Py (21, 2o
1— Z pj (71, 72) 14 ij?($1,$2)
p+ > P, a2) p+ > P, a2)
< Z (051 — m p] L1, T2

- { >, pj (@1, w2) } p+Z P xl,f@)}

it follows that R,(6,47,) — R,(6,6") is upper bounded by

z/{zj(eﬂ xl)p](ml’@)} : sz (w1, 22)dx 1 d2s.

n ij](l'l,.fg) p+z p](l’1,$2

Z p] mlaxQ

_ {Z (991 I pj T1,T2)

To simplify notation, for any set C C R?, define

.6'1—ZE1 Ql’l,IQ 2
An(C) _ E/C{ZJ( J )p]( )} P sz xl,xg)d:vld:EQ,

> Dy (@1, T2) p+ 2205z, 2) &
(S3.1)

so that R,,(6,07)—R,(0,6%) < A,(R?). Tt will be shown below that A, (R?)
tends to zero asymptotically. Since the regularized oracle rule 6; is sepa-
rable (3.2), 0 < R,(0,8%) — R,(0,8") as well, by Proposition . This will
conclude the proof.

To upper-bound A, (R?), define the set

L, = {@1@2) logn < ZP?(Il,@)} ,

i
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so that, roughly, >, p?(x1, 2) is large on £,,. Then A, (R?) = A,(L,) +

A, (LS), and

A (L) <2—p1/ {Zj(ej —m)p?(m,m)} > D@y, w2)dyday

~p+lognn J, >, P)(a1, w2)

2p 1 2p
<——— [ N (01— 2)* drydrs < —— 62 50
_p—i—lognn/ﬁn ; Oin =Sy, wa)dmndes < p—l—logn(71 ’

where the second inequality follows from Jensen’s inequality. It remains to

show that A(LY) goes to zero. To this end, further define the sets

AL = {(z1,25) : 1y < —Cn'/41},

Ay = {(z1,x3) : —CnY*™" < 2y < —CnV/47Y,

As = {(z1,x5) : Cn* < 24},
It will be shown that A, (LS NAy), Ay (LS NA), and A, (L5 NA3z) converge
to zero.

First,

2 >0 — 21)p) (21, 22) &
A (LSNA) < — J J 0;1—x1)p° (21, T2)dx1dTs.
( n 1) = oA, ijg(ﬂfl,l"z) ;( 1 1)1%( 1 2) 14T2

Defining the function g(z) = exp{z/(20%)}, Jensen’s inequality gives

) { 20051 — 21)%p) (71, 22) } - 225 91051 — 21)*}p) (21, 22)
> P, a2) - > P, @2)
>, (2mo109) "t exp{—(za — 02) /03 } . (@2ro109)"'n
ij%xlax?) B ij?(ajlal?)’

which is always at least 1. Combining this with another application of
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Jensen’s inequality implies

00 = el [ 5,00 o) |, @roo) e |

g - o, .

> o B R o ey B R S ICOEN
(3.2)

Since [0;1] < Cn'/*=" by Assumption , 0,1 —x1 >0 on Ay, so

/2,
2 -1
{20% log M} Z(Gﬂ—xl)pg(l‘l, xo)dxidxs.
ngAl

ij?(xth) i—1

Now for each value of x5, define the function

An(LENA) < 3/

L

Ugy (ilj'l) = ’)’L7127TO'10'2 Zp?(l’l, 513'2)
J
so that

du,,

o = n 1271009 Z(Qﬂ — xl)p?(xl, To)dxy.

J
This implies that

AL (L5 N A

u’E2 Cnl/4 77 1 1/2
/ / IH{n "2rwo1051logn > ug,(r1)} <20% log —) dug,dxs
u u

x5 (—00) T2

Ugg (— Cnl/4=m) 1 1/2
/ / I{n 27101001logn > uy, (r1)} (log ) du,,dzy
7TO'2 Ug

T2
Since 6;1 — x1 > 0 for all j on A;. Therefore, u,,(z1) is increasing on A

7T0'10'2

and U, (—Cn'/4=") > 0. Then

~12no100 log nAUg, (— Cnl/4-m) 1 1/2
AL (LENA) < —/ / (log > dug,dzs
u:):g

yep)

1 ufz(_cn1/4*n) 1/2 n~12n0109logn 1 1/2
< — / ldu,, / log —-duy, dxs,
02 J_o | Jo 0 Uz,
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where the last line follows from the Cauchy-Schwarz inequality. Integrating

by parts gives

n~ 1270109 logn 1 1
/ log —-dugy, = uy, log —
0 u

n~12no102logn n~12ro109 logn
+ / 2du,,dxs
x2 X2 0

0
_ 2mo09logn (2 log n N 2) |
n

2moq09logn

SO

n 00

201 log"? n n /2 poo i
Ap(LiNA) < ———— (2log————— +2 / PU(—=CnMA 1) dxs.
2roioologn _ - J

Finally, first integrate the remaining integral over z, < —Cn'/4~". Since
02| < Cn'/4=" by Assumption , it follows that 0, —zy > —Cn'/4=1—z, >

Oforallj =1,...,n and thus that (0;—x2)? > (—Cn'/*="—1x,)2. Therefore

_ 1 1 _ 1
;p?(—0n1/4 77, {EQ) = 27‘(’0‘10'2 Z exp {—T‘%(—CNULI T 9j1)2} exXp {—T‘g(l'g — 6]'2)2}

<
2mo109

1
exp {—rtg(xg + Cn1/477)2} ,

which implies that

—Cnl/4=n 1/2
/ {Zp?(—0n1/4”,:c2)} dxs
B J

—Cnl/4=n n1/2 1 U )
S / WQXP{—P(IEQ‘I‘CH / —77) }dl’z
—00 2

—_Cnl/4—m
S / " : { : 1/4-m2 (205n)"/2
< —F —————5 exp ——(;E2+Cn/ N dry < ————.
a%/z —00 (2m203)'/ 403 0%/2
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A similar calculation shows that on Cn'/4" < z,,
1/2
> _ 209n)"/?
/ {ZP?(_CTLIM n,l'2)} dry < %
Cn1/4*”7 . o
j 1
as well. Finally, on —Cn!/*™" < zy < Cn/4n,
Cnl/4—n / 1/2 n1/2 /
O(_C'pt/4—n 1/4—n
/ zjjpj( Cn'/*7" 14) dzy < (27T0102)1/220n .

Cnl/4=n

Putting these results together shows that A, (LS N .A;y) is at most

201 log'? n n V2 [ (209n)1/? nt/? _
29106 P logjge " 19 ) 20041 % — 0.
n o8 210109 logn * o'i/Z * (2moy09)1/2 "

A very similar calculation can be used to show that A, (£ N A3) — 0 as
well.
It remains to bound A, (LS N A;). Denote u(zy,x2) = Zj p?(xl,xg)

and use (S3.2)) see that A, (LS N Ay) is at most

4 2 oo Cnlt/4=n 9 -1
ﬂ/ / I{logn > u(xy,xs9)} log Mu(m, xo)dx1dzs.
N J oo J—Cnl/a—n u(xh '7:2)

Now for any constant K,

d 1 K 1 /1 K
el Plog— | = — [ Zlog — —
T (u log u) 2 (2 log " 1) .

This implies that the function u'/? log(K /u) increases for u < Ke~2 and de-
creases thereafter. Now consider the function 2u'/?, which equals u'/? log(K /u)
at u = Ke™? and increases thereafter. Therefore u!/?log(K /u) is upper-

bounded by the nondecreasing function u!'/2{2 V log(K/u)}. Therefore
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AL (LS N Ay) is at most

4 Cnl/4=n ) —1
01 / H{logn > u(zy,x2)} {2 V log M} u(xy, zo)dridrs

/A u(xy, o
452 loot/? 9 Cnl/4=n
%{m Groa) d [* [ e adnd
n -n
< 402 log!/? 2V log (2moi09) 0] 2CnY/4n
n logn (27oy09)1/2

/_Z [; o {_%.g(@ - 9j2)2}] N d».

To finish bounding A, (LENAy), integrate over x, < —Cnl/4=1 —Cnt/4=1 <
Ty < Cn'* and Cn'/4=" < 25, as was done when bounding A,,(£ENA,).

Using Assumption [T}, it can be shown that

1/2
e 1
/ [Z eXP {_F(xz - 9]'2)2}] dry < n'(4n'Poy + 20014,
| & 03
J

which means that

AL (L5NAy) <

—40% log!/* {2 V log (27T01‘72)_1n} 20}/ (4712 y+2001 41 = 0
( :

nl/2 logn 210 09) /2
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S4 Proof of Theorem 2

S4.1 Outline

For the parameter vector t = (¢11,...,tn1, t12, - . ., tna), define the function

>0ty —a)?pley, wa i, tye) Do Pl wait, o)
p+ 22, p(a, 223ty 12) p+ > p(@r, a5 by, 1jo)

f(xlax27#;t) =

2
>ty — m)p(, w25 t51, 1) >ty — m)p(z, w2581, ty2)
: — (1 —p) ) .
p+ 2 p(w1, 2, t2) p+ 2 p(@1, w2 ty1,t52)
(S4.1)

Then it is straightforward to show that
1 2
_ 2 2 .
SURE(t) — fn(t> =0 — H zE 1 (le — 911) + E ZEI f(Xih XiQ, 61'1, t)

By Jensen’s inequality,

Next, the variable Y°.(X;; —6;1)? /0% has a x2 distribution, which has mean

n and variance 2n. Therefore
Elo? = L3 (X — 0n)?
1 n 71 7l

i

2
4 24
} §—0f+0—;(n2+2n):ﬂ—>0.
n
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The remainder of the proof uses empirical process techniques to show that

1
Esup —Zf(Xﬂ,Xig,eil;t) — 0.

teTnZ.

S4.2 Symmetrization

The terms f(X;1, Xi2, 0i1; t) are independent but not identically distributed.
Nevertheless, the proof of the symmetrization Lemma 2.3.1 of van der Vaart

and Wellner| (1996)) still holds and implies that

1
Esup |— Z {f(Xi1, Xia, 0513 t) — Ef(Xi1, Xio, 0113 8)}

teT”i

< 2Esup
teT

1
- Z eif(Xi1, Xiz, 0i1:t)] ,

where the ¢; are Rademacher random variables independent of the X;; and
Xi2. Using [Stein| (1981)), it can be shown that Ef(X;, X2, 60:;t) = 0.
Therefore it only remains to show that

1
Esup |—

PIo Z 57Lf(Xi17 Xig, 91'1; t) — 0. (842)
te i

S4.3 Truncation

This section first constructs a function F,,(xy, p) that satisfies | f(z1, 22, u; t)| <

Fo(x1, 1) as well as E{F, (X, p)} < oo, for f defined in (S4.1). By the
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triangle inequality,

|f (21, 22, 13 1)
< >t — @1)?p(r, m21tj1, 152) o2
P+ p(w1, w23t t2) !
2
Zj(tlj — x1)p(1, 223 tj1, tj2)
+ |I1 —

p+ > p(w1, T2, o)

Zj(tu — x1)p(x1, 223 tj1, tj2)
p+ ij(%,@;tﬂ,tp)

Using Jensen’s inequality as in (S3.2)), it follows that

>0t — @1)*p(21, w23 i1, o) P ICINETHINCY ) (2mo109) " In
< 207 log )
p+ 22 p(x1, w251, ta) p+ 22 p(x, w251, t9) > p(1, T2ty )

Let y = p(x1, w95 t1,t2) and C' = (270102) 'n such that this upper bound

can be written as

Y 5, C
u(y) = 207 log —,
() ;2o loe

where 0 < y < C by the definition of p(xy, x9;t1,%s) in (3.3). Since

2072 C
u'(y) = % (Llog— —1)
Pty \p+y Yy

and the function {p/(p + y)}log(C/y) — 1 is monotone decreasing, u(y)
attains a unique maximum at a y* that satisfies v/(y*) = 0. This implies

that

*Og*
PPty Y p

uly) < 20ty _p_ ., C _ 201y

for all 0 < y < C'. The exact value of y* is difficult to determine exactly,

by assumption 0 < p < 1, so for every n > 2woi09e"/¢, p + logC > 0,
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loglogC' > —1, and

203 plogC—ploglogC—p—logC’< 202 (p—1)10g0<0

"(logC) =
u(log €) p+logC p+logC ~ p+logC p+logC

Since u/(y*) = 0, it follows that y* < log C' and u(y) < (20%1log C)/p, or in

other words,

Zj(tjl — x1)p(1, T2 1, tj2) < 207 log n
P+ij($1,$2;t17t2) ) 2mo109

(S4.3)

Furthermore, by Jensen’s inequality

2
{Zj(tjl — x1)p(@1, 25 tj1, Lj2) } < >t — 21)?p(w1, w23 51, o)

p+ > p(w1, 2t t2) p+ 2> p(wr, 2t t2)
Therefore |f(x1, zo, u;t)| < F,(x1, 1) for the function

402 n 2124
2 1 1
Futoni) = ot + g 4 20y

1 — pi| log!/? (S4.4)

2mo109

The next step to truncate f (S4.1)) in expression (S4.2), which will be

useful when applying a maximal inequality later in the proof. Define
C,, = (202 loglogn)*/2. (S4.5)

By the triangle inequality and the construction of the function F;, (54.4)),

1

1
E — if (X1, Xig, 0515t
sup |= Y eif (X1, Xia, 015 t) -

teT”i

< E'sup
teT

Zeif(XihXiQ)9i1§t)[(|Xi1 —0u| <Cy)| +

1
o Z E{Fn(Xih Qil)l(lXﬂ - ‘9i1| > Cn)}
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For each i, E{Fn(le, 911>[<|X21 — gzll > Cn)} equals

4 2

2mo109
21/20'1 n
- B{|Xa — 0a|I(| X — 0| > Cy)}log"?
(X = 6al1(1X00 = 6| > Cu)}log' " 5=
By Mill’s inequality,
B . 21/20.1
P([Xir = 0a| > Cn) = Ploy | X = 0a] > 07 Ch) < 7120, logn

and furthermore,

1
E{’Xﬂ — 911‘1(‘)(11 — 611’ > Cn)} = /’Z’[ ’Z' > C ( )1/2 exp <_T‘-222) dz

1

201 / z 1, d
= —_— _—— e _——
TP e, ot T2 )

- 20’1
—(2m)Y2logn’

This 1mphes that n~! Zl E{Fn(Xll, 921)1(|X11 — 011| > Cn) = O(C_l) — 0,

n

and it remains to show that

ESUp Zéz le,ng, 921, ) <|X21 — 921| < Cn) — 0. (S46>

teT |1
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S4.4 Approximation and covering number

For Cn'/*" as in Assumption [1| and some integer K,, that can grow with

n, define

U(Kn) = {('LLH, Ce ,uKnl,ulg,. .. ,UKRZ) : ‘de‘ S Cn1/4*’7,k = 1, Ce ,Kn,d: 1,2},

W(K,) = {(wl,...,w;{n):wk >O,Zwk = 1}.

(S4.7)
Next define functions
g(Ila o, W, u, W)
B Zfﬁl (ur — 21)°p(@1, D25 Wpt, Up2 )Wy, 2 Zf:nl P21, T2} Uk, Ura)
= — 0
pn~t+ Z;{;{L P(T1, T2} Upr , Ug2) Wi pn~t + Zsznl (@1, a5 Uk, Up2) Wy

2
Sty (s — 21) (@1, 223 U, g ) Wi Sty (s — 1) (@1, 223 U, g ) Wi
_1 Ky - ’l’ - :u‘ _1 Ky,
ot 4 Y p(X, o) U, Uk )Wy ot Y p(X, Lo U, Uk )Wy
(54.8)
indexed by u € U(K,,) and w € W(K,,). This section constructs discrete
subsets U(K,,) C U(K,) and W(K,) C W(K,,) such that for all t € T
(4.10), there exists some (u,w) € U(K,) x W(K,) such that conditional

on the (X;1, X;2), for any € > 0,
1 n
- Z | (X1, Xio, 0515 8) — 9(Xin, Xio, O30, w)| < € (54.9)
i=1

for n sufficiently large, with C,, defined in (S4.5)).
The e-covering number N (7)) of the set of functions f(z1,z2, p;t) in-

dexed by t € T is defined to be the cardinality of the smallest set U(K,,) x
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W(K,) such that (S4.9) holds. This section establishes an upper bound for
this covering number, which will be a function of the (X;i, X;2) and K,,.
The proof makes use of the following lemmas.

e

and any integer ¢ > 0, define
| Xjal + Cn'/A7
ax

Lemma 1. For any v, < e~

M, =m ,
M? 1
2 Yn

Ky =(2Ln — 2+ q)(2L, —2) + 1.
Then for each t € T (4.10) there exist K, support points p € U(K,) and

w € W(K,), with U(K,,) and W(K,) defined in (S4.7), such that for each

(Xi1, Xia),
1 n Ky
- Z(tjl — X ) 'p(Xar, Xias tj1,tj2) — Z(Nkzl — X)) 'p(Xir, Xig; fher, Hrz)wk
ot k=1
49
<20 ps,.
TO102

Proof. By Taylor expansion and because L,! > Line=In

Lp,—1

! (1) (X — )2 [ Xia =t (X — ta2e\ 2
57 (X —tia)" = L P U ) L
exp{ 203( ]d)} Z (203)111 = (203)L"Ln! < 203Ln

=0

for d = 1,2. By assumption, t € T, so

|Xid — tjd|2€ < MELG
202L, ~ 2L,

Then choosing L,, as in (S4.10) guarantees that

o} + — | log — [ —loglog — 0Z Yn,
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where the last inequality follows because since 7, < e~ by assumption,

log 7y, < 0 while loglog~, ! > 1. Therefore

Lp—1

1 2 (—D"(Xia — t;0)*
exp {—27‘3()(2'(1 - tjd) } - Z (205)1“ d

=0

< Y,

which also implies that

<7+ L

Lp—1
Z (—DN(Xig — tj0)”
— (202)1!

This imply that

n n Lp,—1
1 1 (tjg — Xa)? 2% (—D'(Xig — tj0)”
=5 (1 — Xa)'p(Xir, Xigi by, tja) — — 3~ ’
nZ( 1 1)p(Xix, Xz tji, o) nz o104 H (202)1!

j=1 j=1 d=1 1=0 d

Ln—1
ltin — Xal 1 5 — (=D'(Xin —t;)*
(X —t _
Z drormy | |PP T2z R~ 1) — (202)1!
Ln—1

‘tjl - zl| Yn + 1) 1 2 (_1)l(X12 — tj2)2l
(X —t; _
Z 2m0109 P 205( 2~ 1j2) Z (202)H!

%+Q q
< M, S4.11
_27T010201 n’y ( )

Next, by binomial expansion,

2 Ln—l

Jl — zd - t]d) 1
- = X
Z 271'0'10'2 }_[1 ; i  27m009
Ln—1 o 20+q 20
( —1)f 264‘q atrg-m [ 20 )% 1
Z( 20 W,ZZ (—Xa) ) (X Zf "
£,'=0 m=0m'=0

Lemma A.1 of (Ghosal and Van Der Vaart (2001) can be used to show
that for K, as in (54.10)), there exist p € U(K,) and w € W(K,,) (S4.7)

such that » 7 125;7}15]277, S i wy, for every 0 < m < 20 4 ¢ and
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0 <m' < 2¢. Therefore

L (= X! (D O — )
ni~ 2oy Lt (202)!
KZ‘ ) 1 l N (S4.12)
(k1 — Xin) (=1)"(Xig — ugq)
- Z 9 H (202)11! Wk
— TO10y o )!!
Finally, by the same reasoning that led to (S4.11)),
Kn ,u Lnfl U )2[ Ky,
k1l — Xid — Upd _ v N (Y. Y.
2mla2 H o) we — Y (e — Xin)'p(Xiv, Xooi gy, nz)wi
k=1 d=1 1=0 k=1
Tnt2 4
< M, S4.13

Combining (S4.11)), (S4.12)), and (S4.13]) concludes the proof. [

Next, for any v, > 0, define the discrete sets

U(K,) C U(K,) such that for any p € U(K,), %Urgg )n}gezlx \urg — prdl < Vo,
uc n

h that f f < Y.
W(K,) C W(K,,) such that for any w € W(K, weg/l(Kank wi| < Yn

(S4.14)
The set U(K,,) can be constructed by specifying a grid of equally-spaced
points on the interval [—Cn!/4=" Cn!'/4="] where any two neighboring points
are separated by at most a distance 7, for each of the 2K,, dimensions of
the vector pp € U(K,,). Therefore the cardinality of the smallest possible
U(K,,) satisfies

)2Kn

U(K,)| < ([20nY*77/~,] + 1 (S4.15)

Arguments from Jiang et al.| (2009) and |Zhang (2009) imply that the car-
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dinality of the smallest possible W(K,) satifies
(WKL) < (2/7 + 1) (54.16)

Lemma 2. For any (p,w) € U(K,) x W(K,) (S4.7) and any integer ¢ > 0,
there exists (u,w) € U(K,,) x W(K,,) (S4.14) and a constant D, such that

for each (X1, Xi2),

Ky Kn
> (i — X)) "p(Xin, Xios puar, paz)wr — > (wn — Xi1)'p(Xin, Xios g, o) wy
k=1 k=1
g
< (b 2o 25) o
- "o 09 2roi09 "

Proof. For any (p,w) € U(K,) x W(K,), by construction of W(K,)

(S4.14) there exists a w € W(K,) such that

o ol M4
D (= Xan)'p(Xin, Xios i, ) (wr — wi) | < n,  (S4.17)
— 2mo109

and for any u € U(K,,),

Kn
Z{(Mﬂ - Xu)qp(Xﬂ, Xio; Mkl,ﬂm) - (Um - Xz‘l)qp(Xila Xio; uklaqu)}wk
k=1

Kn
53
k=1

— Xi1)! Xi1 — § — Xi1)? il — § 1
(k1 — 1) exp{ (Xi1 — ) } (k= Xa) exp{_(Xl Up1) H O1Wk_
i

207 o4 207 270109
Kn
(Xiz — pura)? (Xiz — upa)? | | o] Miwy,
Z eXpq —————5—— ¢ —€xXpq — 5 :
— 203 205 2moi09

Define the function

hylz) = 2% exp(—a?/2)
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for ¢ > 0. Now if u is also in U(K,,) (S4.14)), then by construction

Kn
Z{(Nlﬂ — X)) "p( X, Xio per, p2) — (wrr — Xin)'p(Xin, Xio; wk, ko) by
e}

K
n _X. —_X. q
< S sup o) [P -t
= q
= ol o1 2mo109
k=1
Ky, q
, prz — Xio Upe — Xy | oy Mwy
> sup () - :
PR ()] g9 TO102

of ol M1
—n +sup\h6(x)!2;010_2%-
z 2

< h
< sup by ()] Sro%s

Since

h () = (g — 22)a? exp(—22/2),

2 | 4y g2 2
hy(x) ={alg = 1) = ¢ + Dz" + 2" }x"" exp(—=7/2),
the first derivative of {h/ ()} is given by

L (b = 2m ()b o)

2¢ + 1 1)Y/2 2¢+1— 1)1/2
:<q_x2){x2_ q-+ +(§q4_ ) }{33'2— q+ (28Q+ ) }quBeXp(_xZ/Q)'

Therefore {h(2)}* has at most seven stationary points, is increasing for x
smaller than the smallest negative stationary point, and is decreasing for x
larger than the largest positive stationary point. Therefore the maximum

value of |h/ ()| can only occur at one of the seven stationary points, at
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which |k ()| is finite. Therefore there is some constant D, such that

Z{ M1 — (X, Xios per, pr2) — (urr — Xi1)'p(Xin, Xio; wg, ugo) g

anrq
§Dq< 7i + JIM"Q)%.

2
2rojoy  2mOo10%

(S4.18)

Combining (S4.17)) and (S4.18) concludes the proof. [J
For K, ((S4.10) large enough, the result (S4.9), that f (S4.1) can be in

a sense approximated by g (S4.8), can now be established using Lemmas

and 2| For each (X1, X;2),

| f(Xi1, Xig, 0113 t) — 9(Xi1, Xig, O30, w)| <

>t Xn)?p(Xi, Xy tia, tjo)n ™ Zk (g1 — Xi1)?p( X, Xio; wpr, upa)wy n
pn~! +Z P(Xi1, Xigity, t)n ! pn~t + Zk (X1, Xios g1, Upz )Wy,
(S4.19)
5 >0 p(Xin, Xigi ta, tjo)n ™! B 2 (X, Xoos g, upe) n
Hlon 4 Z;L p( X, Xig; tj1, tp)n™t  pn—1 + Yo" p(Xin, Xios ugr, ugo)wy,

(S4.20)

" 1N 2 2
{Ej (tlj - Xﬂ)p(Xﬂ, Xio; L1, tﬂ)” ! } {Zk (Um )p(Xil, Xig; up, Ukz)wk } n

on~1 + Z? (X, Xigs tj, tjo)n =t pn~1 + Zk (X1, Xio; up, Upa) Wi

(54.21)
X — 6 > ity — Xa)p(Xix, Xigs tjn, tio)n ™" SO (upg — X1 )p(Xin, Xig; g, Up )Wy,
11— Vil n - .
pn~t+ Zj (X, Xios tjn, tja)n =t o~ + ZkK" p( X1, Xio; Ug, ko) Wy,
(54.22)

The terms (S4.19)—(54.22) can be bounded using (S4.3)) and Lemmas
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and |2l For L, as defined in (S4.10f) and

K, =4L% +1, (S4.23)
there exist (u,w) € U(K,,) x W(K,,) (S4.14) such that for any v, < e~ ¢,
(S4.19) < 25 (i = Xia)*p(Xan, Xiai t, tja)n”! Zk (uk1 — Xi1)*P( X1, Xig; Upy, Uka) Wi n
— = pn~t + Z@p<Xi17 Xigity, ta)n =1 pnt + Z (X1, Xios tj1, tjo)n ™t
Zk (Um >2p(Xi17Xi2;uk17uk2)wk Zk (Ukl >2p(Xi17Xi2;uk17uk2)wk
pn=t 4370 p(Xin, Xios tja, tjo)n™ prt + S0 (X, Xios ke, wiz) Wi
n Kn
n _
< ; Z(tjl — Xi)*p(Xi1, Xios tj1, tjo)n ™ — Z(Um — Xi1)?p(Xin, Xig; Upa, Upo)wy| +
J k
”Zk (Um )2p<XilaXi2;uk1:uk2)wk %
P opnt+ Zk (X1, Xio; g, Upo)wi

Y

Ky
- E (X1, Xio; Uk, Uka) Wi
A

n
ZP(Xﬂ; Xagstjr, tj)n

J

so by Lemmas [1] and [2]

(9 + 2)oi M, oi

TO102

D
+—2+

+(1+

+ (M2
Yo + 2
TO109

Dy M?
09 2mo109
Dy

D 1
_+_0)
02

ol 2mo109

Sz19) < {
p

202n
2

n

2mo109

L,

_|_

L,
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Similarly,
S120) < o? Z? (X1, Xos tj1, to)n ™t B ZkK” p( X1, Xio; ugt, ugo )Wy, n
— = pn 4 Z?p(Xily Xiostjn, tjg)n™t  pn=t + Z;L p(Xi1, Xoos tj1, tjo)n=t
2 Do (X, Xagsupn, upp)we 300" p(Xins Xioj g, upa) Wy,
"on 4+ Z?p(Xu, Xiojtj, tio)n™t  pn~1 4 ZkK” (X1, Xio; Uk, Uga )Wy,
O'%’I’L n . K,
< — ZP(XH, Xioitji,tja)n ™ — ZP(XH; Xios Uk, Uk2) Wk | +
j k

J
oin > 0" p( X, Xios wgr, ugo)wy,
popn~t+ Z;Ifn (X1, Xio; Uk, Ug2) Wy,

X

n Kn
ZP(XH, X tj1, tip)n ™ — ZP(Xu, Xio; Uk, Ug2) Wy
; %

J
2020 (v, + 2 D D 1
§—1{7—+(1+—°+—°) }%
P TO109 ol o9 ) 2w0109

Next, using Jensen’s inequality and the bound ((S4.3),

(1S4.21)) = Z?(tllj _ Xil)p(X“’Xiz; b1, tja)n”! Do (e — Xo1)p(Xin, Xioj wger, uko)wy,
prt 4 2 (X, Xigi b1, )™ prt + S (X, Xios ket we) Wi
Z?(tlj — Xi)p(Xin, Xig; t1, tjo)n ! ZkKn(Ukl — Xi1)p(Xi1, Xio; wka, ug2)wy,
prt o+ 205 (X, Xas by, o)™ - prt 4+ 300 p( Xy, Xios wer, g )Wy,
<2 (20% log o >1/2 X
P 20109

Z?(tlj — Xi)p(Xir, Xigs tj1, to)n ™ an(ukl — Xi1)p(Xin, Xio; g, upo) Wi

pn~t + Z? (X1, Xios tj1, tjo)n ™t pn~1 4 ZkK" (X1, Xio; Ugt, uge )Wy

By similar reasoning as in the bounding of ((S4.19)), it follows that

207 12 n+ 2)01 M, D, DM\ o
S4.21§2(2110g n ) E{w_F(Mn_i__l_’_ 1 ) 01 }%1_{_

TO109 2mo09

4o} n+ 2 Dy D 1
UlnlOg n {7 +(1+_0+_0> }%’

p? 270109 o1 oy ) 270109

01 02
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and that

122 <2 n{<7+)01 +<Mn+—1+ - ) % }7n+

p 0102

aann(ZJflog n )1/2{7n+2+(1+&+&> 1

p p 2mo109 o1 09

Finally, choose
Yo = {n(M,, + 1)?log>n} !, (S4.24)

so that as long as nlog®n > e, 7, < n~°¢ and Lemmas [1| and [2| can be

applied to obtain the bounds on (S4.19)—(54.22). These bounds then im-
ply that for C, as in (S4.5), M, and L, as in (S4.10), K, as in (S4.23)),
and U(K,) and W(K,) constructed as in (S4.14), for any t € T (4.10)

there exists some (u,w) € U(K,) x W(K,) such that conditional on the

(X1, Xia),

1 n

n Z |f(Xix, Xio, 015 t) — 9( X1, Xio, O30, w)[ < O {H(Mn + 1)2 logn} Tn-
i=1

With 7, as in ((S4.24])), for any € > 0 there exists a sufficiently large n such
that the approximation result (S4.9) holds. The cardinality bounds ([S4.15|)
and (S4.16) imply that the e-covering number N (7)) of the f(z1,xo,u;t)

indexed by t € T obeys

log N'(T) < 2K, log(2CnY*7" [, + 1) + K,, log(2/7, + 1)

< K, log Cy + K, log(n'/2721/43),
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where C' and 7 are defined in Assumption[ljand C; and C5 are positive con-
stants. Since K,, = 4L2 +1 from (S4.23) and L,, = (1+ M2e/2)log(1/v,) >
1 from , K, < 5Li and there is a constant 5 such that

log N (T) < Cy(M, + 1)*log*{n(M, + 1)*log®n} x

(S4.25)
[log Cy + log{n'/>"2"3(M,, + 1)%log® n}] .

S4.5 Maximal inequality

This section concludes the proof of Theorem [2| by showing . First,
the supremum over the infinite set 7 can be converted to a maximum over
the discrete set U(K,,) x W(K,,) constructed in (S4.14). For any t € T,
using the approximation result there exists a (u, w) inside a suitably
constructed set U(K,,) x W(K,,) (S4.14)) such that for any ¢ > 0, there exists

a sufficiently large n such that

1
- ZEif(Xﬂ, Xio, 0013 6) (| X1 — 0] < Cy)

+ €,

1
< n Zgig<Xi1>Xi2;6i1; u,w)I(|X; — 0| <Cp)

where ¢; are Rademacher variables and C,, = (20? loglogn)'/? from (S4.5)).

Since U(K,,) x W(K,,) is discrete, it follows that

E sup
teT

1
- Zgif<Xi17Xi27 Oi1;£) (| Xin — 0] < C)

<F max
(u,w)€EU(Kn)xW(Ky)

+ €.

1
- 25i9<Xi17Xi270i1; u,w)I[(|Xn —0a] <C)
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To bound the expectation of the maximum over U(K,,) x W(K,,), define
the convex function ¢(z) = exp(z®)—1. Using Lemma 2.2.2 of van der Vaart

and Wellner| (1996)), it can be shown that there is a constant A such that

E. max
(u,w)€EU(Kn)xW(Ky)

1
o Zgig(XilaXzQa Oi;u, w)I(| X — 04| < C,)

Y

< A{1 +log./\f(7')}1/2( max
(4

u,w)EU(Kn ) xW(K,,)

1
5 Zgig(XilaXi%eil;uaw)[(’Xﬁ - 9i1| < Cn)

where E. is the expectation over the ¢; conditional on the (X1, X;2) and
| X || is the Orlicz norm of the random variable X with respect to the func-
tion ¢ (x). It is straightforward to show that |g(x1, zo, u;u, w)| < F, (21, 1)
for the function F, defined in (S4.4]), so by Hoeffding’s inequality and

Lemma 2.2.7 of van der Vaart and Wellner (1996),

1
o Zgig(XilaXi%0i1§uaw)](|Xi1 — 0| <Cp)

P

6\"? 403 n 21/2¢, n logn
< |- 24+ —1 C, log'/? —o(=2"
B <n) (Ul " p o8 270109 * pl/? ©8 2mwo109 nl/2

for any (u,w) € U(K,,) x W(K,,). Therefore, using Jensen’s inequality,

1
n

FE sup
teT

Z€if(Xi1, X2, 0;1; t)[(’Xil - 91‘1‘ < Cn)

< [A{1+ ElogN(T)}'?] O (bﬂ) .

nl/2

To show (S4.6)), it remains to show that Elog N (T) = o(n/log”n),
where the expectation is now over the (X1, X;2). From (S4.25)) and the in-

equality log(z) < ma'/™ for any z > 0 and integer m > 0, for n sufficiently
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large there is some constant A, such that
ElOgN(T) < AQ(n11/2m—27}/m logw/m n)E{(M, + 1)4+10/m}.

By the definition of M,, (S4.10|) and the bounds on 6;; from Assumption ,

X Cnt/4—n X., —0. 201 /AN
Mn:max| ja + Cn < max |—Z 2+ n )
Jid 04 Jid 04 o1 N\ 09
Therefore letting Z;, ¢ = 1,...,2n denote independent standard normal
random variables,
X4 —0; 2Cn/4=n
E{(Mn + 1>4+10/m} < E {(Mn + 1)4+10/mI <max J J < n 4 1) } 4
J.d (oF] o1 /\ 09
Xjq—0; 20 /4=
E {(Mn 4 1)410/my <max e L) B i + 1) }
Jd (o o1 N\ 09

< (=2 — 42 OO/ max | Z] 1M,
o1 N\ o9 i=1,...,.2n

Now define the function v(x) = 2?/(4+10/m) which is convex for p > 4 +
10/m. Then by Lemma 2.2.2 of van der Vaart and Wellner (1996), there is

some constant As such that

E(max ’Zi‘4+10/m) < wfl(l) '_max |Zi‘4+10/m

ey < Ay(2n) @O max || Z 10|

v =l 2n

where || X[ is the Orlicz norm of X with respect to the function ¢ (z). But

H‘Zi’4+10/mm¢ _ E(‘Zilp)(ﬁlJrlO/m)/p,

which is a constant that does not depend on n, so choosing p such that

p>5and 1/p < 1/4 —n gives

E{(Mn + 1)4+10/m} < O(n174n+10/(4m)712n/m).
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Then

ElOgN(T) < O(n1—477+32/(4m)—1277/m 1Og10/m n)

Choosing m large enough such that 4n—32/(4m)+ 12n/m > 0 implies that

Elog N (T) = o(n/log*n), concluding the proof. [J

S5 Proof of Theorem 3

Let @ = (011, ...,0n1,6h2,...,0,2). Then when t = 6, the estimator 62 (14.7)

equals the oracle regularized estimator §). Therefore with SURE(t) defined

as in (5,

El,(t) — R,(0,8") = EX,(t) — ESURE(t) + ESURE(t) — ESURE(#) + ESURE() — R,(6,5%)

< |E{t,(t) — SURE(E)}| + R, (6, 8%) — R,(6,68")

< E|l,(t) — SURE(t)| + o(1),

where the second line follows because ESURE(t) < ESURE(6), since t (#.11)
is defined to minimize SURE(t), and the third line follows by Theorem [1}
Finally, since t € T by construction, by Theorem ,

E|l,(t) — SURE(t)| < Esup|,(t) — SURE(t)| = o(1).
teT
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