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S1 Proof of Theorem 3.1

We first introduce some notations. Let Jn = q(Kn + l) + 1 and

ŴS∗ = (W (ζ̂1,S∗), . . . ,W (ζ̂n,S∗))
T ∈ Rn×Jn ,

Ŵ 2
B,S∗ = Ŵ T

S∗BnŴS∗ ∈ RJn×Jn , whereBn = diag(f1(0), . . . , fn(0)),

W̃ (ζ̂i,S∗) = Ŵ−1
B,S∗W (ζ̂i,S∗) ∈ RJn ,

δS∗ = ŴB,S∗(θS∗ − θ0
S∗) ∈ RJn ,

Ri = (W (ζ̂i,S∗)−W (ζi,S∗))
Tθ0
S∗ ,

ui = W (ζi,S∗)
Tθ0
S∗ − α(τ)−

q∑
j=1

fsj ,τ (ζi,sj).
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Define the oracle minimizer of δS∗ as

δ̂S∗ = arg min
δ

1

n

n∑
i=1

ρτ (εi − W̃ (ζ̂i,S∗)
Tδ −Ri − ui).

First we derive some technical lemmas used in the proof.

Lemma S1.1. We have the following properties for the spline basis vector:

(1) E(‖W (ζ̂i,S∗)‖2) ≤ b1, for some positive constant b1 for all n sufficiently

large.

(2) b2K
−1
n ≤ E(λmin(W (ζ̂i,S∗)W (ζ̂i,S∗)

T )) ≤ E(λmax(W (ζ̂i,S∗)W (ζ̂i,S∗)
T )) ≤

b∗2K
−1
n , for some positive constants b2 and b∗2 for n sufficiently large.

(3) E(‖Ŵ−1
B,S∗‖) ≥ b3

√
Kn/n, for some positive b3 for all n sufficiently large.

(4) maxi ‖W̃ (ζ̂i,S∗)‖2 = Op(
√

Kn
n

).

Proof.

(1) The result follows if we can show E(B2
m(ζ̂i,sj)) = Op(

1
Kn

) for all 1 ≤ m ≤

Kn + l. It holds that E(B2
m(ζi,sj)) = Op(

1
Kn

) by Lemma 2(1) in Sherwood

and Wang (2016). Note that E(B2
m(ζ̂i,sj)) = E(Bm(ζ̂i,sj) − Bm(ζi,sj) +

Bm(ζi,sj))
2 = E(B

(1)
m (ζ∗i,sj)(ζ̂i,sj − ζi,sj) + Bm(ζi,sj))

2. By (S.3) in the

supplement of Wong et al. (2018), we have (ζ̂i,sj − ζi,sj)2 = Op(
s2j
n

), thus

For a matrix A, ‖A‖ =
√
λmax(ATA) denotes the spectral norm.
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E(B
(1)
m (ζ∗i,sj)(ζ̂i,sj − ζi,sj))

2 = Op(
Kns2j
n

) where (B
(1)
m (ζ∗i,sj))

2 = Op(Kn).

Note that Kns
2

n
< 1

Kn
. Thus The dominant term is Op(1/Kn).

(2) By the proof of Lemma 2(2) in Sherwood and Wang (2016), we can see

that this result follows if we can prove E(aTsjw(ζ̂i,sj))
2 ≥ csj‖asj‖2

2K
−1
n

for some constant csj and any (Kn + l)-dimensional vector asj when n is

sufficiently large. It holds thatE(aTsjw(ζi,sj))
2 ≥ csj‖asj‖2

2K
−1
n . Note that

E(aTsjw(ζ̂i,sj))
2 = E(aTsjw(ζi,sj) + aTsj(w(ζ̂i,sj) − w(ζi,sj)))

2 where the

second term is Op(
K2
ns

2

n
) and dominated by Op(1/Kn).

(3) Similar to Lemma2 (3) in Sherwood and Wang (2016), we can show that

E(λmin(Ŵ 2
B,S∗)) ≥ c′n/Kn for some positive c′ from arguments in (2).

The proof finishes by ‖Ŵ−1
B,S∗‖ = λ

−1/2
min (Ŵ 2

B,S∗).

(4) This is the same with Sherwood and Wang (2016) Lemma2 (4) which can

be proved as Lemma 5.1 in Shi and Li (1995).

In the proofs C denotes a generic positive constant which may assume dif-

ferent values even on the same line.

Lemma S1.2. Under conditions (C1)-(C3), we have ‖δ̂S∗‖2 = Op(K
1/2
n + s+K−rn n1/2).

Proof. We will prove that for ∀η > 0, there exits an L > 0 such that

P ( inf
‖δ‖2=L

d−2
n

n∑
i=1

(Qi(dnδ)−Qi(0)) > 0) ≥ 1− η, (S1.1)
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where Qi(δ) = ρτ (εi− W̃ (ζ̂i,S∗)
Tδ−Ri− ui) and dn = K

1/2
n + s+K−rn n1/2.

Then the convexity implies ‖δ̂S∗‖2 = Op(K
1/2
n + s+K−rn n1/2). Note that

d−2
n

n∑
i=1

(Qi(dnδ)−Qi(0))

= d−2
n

n∑
i=1

Di(dnδ) + d−2
n

n∑
i=1

E[Qi(dnδ)−Qi(0)|Xi]− d−1
n

n∑
i=1

W̃ (ζ̂i,S∗)
Tδψτ (εi)

= G1 +G2 +G3,

where Di(δ) = Qi(δ)−Qi(0)−E[Qi(δ)−Qi(0)|Xi] +W̃ (ζ̂i,S∗)
Tδψτ (εi) and

ψτ (u) = τ−I(u < 0). Next we will prove (S1.1) by three steps. In the first step,

we will prove that sup‖δ‖2≤L |G1| = op(1). In the second step, we will show that

asymptotically G2 has a positive lower bound CL2 when L is sufficiently large.

In the third step, we obtain G3 = Op(‖δ‖2). This completes the proof.

Step 1. In this step, we prove that ∀ε > 0,

P (d−2
n sup
‖δ‖2≤L

|
n∑
i=1

Di(dnδ)| > ε)→ 0.

Let Fn1 denote the event maxi ‖W̃ (ζ̂i,S∗)‖2 ≤ α1

√
Jn
n

for some positive

α1. Lemma S1.1(4) implies that P (Fn1) → 1 as n → ∞. Let Fn2 denote the

event maxi |ui| ≤ α2K
−r
n for some positive α2. Then P (Fn2)→ 1 follows from

Schumaker (1981). Let Fn3 denote the event 1
n

∑n
i=1 |Ri| ≤ α3s/

√
n for some

positive α3. In the following we will show that P (Fn3)→ 1.
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Folllowing the calculation

1

n

n∑
i=1

|Ri| ≤
1

n

n∑
i=1

q∑
t=1

|(W (ζ̂i,kt)−W (ζi,kt))
Tθ0

kt|

=
1

n

n∑
i=1

q∑
t=1

|W (1)(ζi,kt)
Tθ0

kt(ζ̂i,kt − ζi,kt)|

≤
{ 1

n

n∑
i=1

q∑
t=1

(W (1)(ζi,kt)
Tθ0

kt)
2
}1/2{ 1

n

n∑
i=1

q∑
t=1

(ζ̂i,kt − ζi,kt)2
}1/2

By Lemma 11 in Stone (1985), we have |W (1)(ζi,kt)
Tθ0

kt
| ≤ C

∫ 1

0
(W (t)Tθ0

kt
)2dt =

C
∫ 1

0
(fkt(t)+K−rn )2dt = O(1). By Lemma 3.1, we haveE(ζ̂ik−ζik)2 ≤ Ck2/n

uniformly for k ≤ s. So P (Fn3)→ 1.

Then it’s sufficient to show

P (d−2
n sup
‖δ‖2≤L

|
n∑
i=1

Di(dnδ)| > ε, Fn1 ∩ Fn2 ∩ Fn3)→ 0.

Define ∆ = {δ | ‖δ‖2 ≤ L, δ ∈ RJn}. We can partition ∆ as a union of

disjoint regions ∆1, . . . ,∆Mn , such that the diameter of each region does not

exceed m0 = ε

4α1J
1/2
n n1/2d−1

n

. This covering can be constructed such that Mn ≤

C(CJ
1/2
n n1/2d−1

n

ε
)Jn , where C is a positive constant. Let δ?1, . . . , δ

?
Mn

be arbitrary
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points in ∆1, . . . ,∆Mn respectively. Then

P ( sup
‖δ‖2≤L

d−2
n |

n∑
i=1

Di(dnδ)| > ε, Fn1 ∩ Fn2 ∩ Fn3)

≤
Mn∑
m=1

P ( sup
δ∈∆m

d−2
n |

n∑
i=1

Di(dnδ)| > ε, Fn1 ∩ Fn2 ∩ Fn3)

≤
Mn∑
m=1

P (|
n∑
i=1

Di(dnδ
?
m)|+ sup

δ∈∆m

|
n∑
i=1

(Di(dnδ)−Di(dnδ
?
m))| > d2

nε, Fn1 ∩ Fn2 ∩ Fn3).

We first show that supδ∈∆m
|
∑n

i=1(Di(dnδ)−Di(dnδ
?
m))|I(Fn1 ∩ Fn2 ∩ Fn3) <

d2
nε/2. Noting that ρτ (u) = 1

2
|u|+ (τ − 1

2
)u, we have Qi(δ)−Qi(0) = 1

2
[|εi −

W̃ (ζ̂i,S∗)
Tδ −Ri − ui| − |εi −Ri − ui|]− (τ − 1

2
)W̃ (ζ̂i,S∗)

Tδ. So

sup
δ∈∆m

|
n∑
i=1

Di(dnδ)−Di(dnδ
?
m)|I(Fn1 ∩ Fn2 ∩ Fn3)

≤ 2ndn max
i
‖W̃ (ζ̂i,S∗)‖2 sup

δ∈∆m

‖δ − δ?m‖2I(Fn1 ∩ Fn2 ∩ Fn3)

≤ d2
nε/2.

The proof is complete if we can verify

Mn∑
m=1

P (|
n∑
i=1

Di(dnδ
?
m)| > d2

nε/2, Fn1 ∩ Fn2 ∩ Fn3)→ 0.
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First applying the definition of Di and the triangle inequality,

max
i
|Di(dnδ

?
m)|I(Fn1 ∩ Fn2 ∩ Fn3)

≤ 2 max
i
‖W̃ (ζ̂i,S∗)‖2dnδ

?
mI(Fn1 ∩ Fn2 ∩ Fn3)

≤ CdnJ
1/2
n n−1/2,

for some positive C. Next,

n∑
i=1

V ar[Di(dnδ
?
m)I(Fn1 ∩ Fn2 ∩ Fn3)|Xi] ≤

n∑
i=1

E[V 2
i (dnδ

?
m)I(Fn1 ∩ Fn2 ∩ Fn3)|Xi],

where Vi(δ) = Qi(δ) − Qi(0) + W̃ (ζ̂i,S∗)
Tδψτ (εi) and Di(δ) = Vi(δ) −

E[Vi(δ)|Xi] by definition. By Knight’s identity,

Vi(dnδ
?
m) = W̃ (ζ̂i,S∗)

Tdnδ
?
m[I(εi −Ri − ui < 0)− I(εi < 0)]

+

∫ W̃ (ζ̂i,S∗ )T dnδ?m

0

[I(εi −Ri − ui < s)− I(εi −Ri − ui < 0)]

= Vi1 + Vi2.
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We have

n∑
i=1

E[V 2
i1I(Fn1 ∩ Fn2 ∩ Fn3)|Xi]

=
n∑
i=1

E[(W̃ (ζ̂i,S∗)
Tdnδ

?
m)2|I(εi −Ri − ui < 0)− I(εi < 0)|I(Fn1 ∩ Fn2 ∩ Fn3)|Xi]

≤ C
Jn
n
d2
n

n∑
i=1

E[I(0 ≤ |εi| ≤ |Ri + ui|)I(Fn1 ∩ Fn2 ∩ Fn3)|Xi]

= C
Jn
n
d2
n

n∑
i=1

∫ |Ri+ui|
−|Ri+ui|

fi(s)ds

≤ C
Jn
n
d2
n

n∑
i=1

|Ri + ui|

≤ Cn−1/2Jnd
2
n(s+K−rn

√
n),

On the other hand, we have

n∑
i=1

E[V 2
i2I(Fn1 ∩ Fn2 ∩ Fn3)|Xi]

≤ CdnJ
1/2
n n−1/2

n∑
i=1

∫ W̃ (ζ̂i,S∗ )T dnδ?m

0

[Fi(Ri + ui + s)− Fi(Ri + ui)]I(Fn1 ∩ Fn2 ∩ Fn3)ds

≤ Cd3
nJ

1/2
n n−1/2[δ?Tm

n∑
i=1

fi(0)W̃ (ζ̂i,S∗)W̃ (ζ̂i,S∗)
Tδ?m](1 + o(1))

≤ Cd3
nJ

1/2
n n−1/2.

The last inequality follows since
∑n

i=1 fi(0)W̃ (ζ̂i,S∗)W̃ (ζ̂i,S∗)
T = Ŵ−1

B ŴBŴ TŴ−1
B =
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I . Therefore,

n∑
i=1

V ar[Di(dnδ
?
m)I(Fn1 ∩ Fn2 ∩ Fn3)|Xi] ≤ Cn−1/2Jnd

2
n(s+K−rn

√
n).

By Bernstein’s inequality,

Mn∑
m=1

P (|
n∑
i=1

Di(dnδ
?
m)| > d2

nε/2, Fn1 ∩ Fn2 ∩ Fn3)

≤ 2
Mn∑
m=1

exp(
−d4

nε
2/4

Cn−1/2Jnd2
n(s+K−rn

√
n) + Cd3

nJ
1/2
n n−1/2ε/2

)

≤ 2
Mn∑
m=1

exp(
−Cd2

nn
1/2

Jn(s+K−rn
√
n)

)

≤ C exp(CJn log n− Cd2
nn

1/2

Jn(s+K−rn
√
n)

),

which converges to zero as max{Kn, s
2, K−2r

n n} � K2
n{ s√

n
+ K−rn } log n.

Hence the proof of the first step is complete.

Step 2. In this step, we show that asymptoticallyG2 = d−2
n

∑n
i=1E[Qi(dnδ)−

Qi(0)|Xi] has a positive lower bound CL2 when L is sufficiently large. By
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Knight’s identity,

G2 = d−2
n

n∑
i=1

E[

∫ W̃ (ζ̂i,S∗ )T dnδ+Ri+ui

Ri+ui

(I(εi < s)− I(εi < 0))ds|Xi]

= d−2
n

n∑
i=1

∫ W̃ (ζ̂i,S∗ )T dnδ+Ri+ui

Ri+ui

fi(0)sds(1 + o(1))

= d−2
n

n∑
i=1

fi(0)
1

2
{(W̃ (ζ̂i,S∗)

Tdnδ)2 + 2(W̃ (ζ̂i,S∗)
Tdnδ)(Ri + ui)}

= C‖δ‖2
2 + Cd−1

n δ
TŴ−1

B ŴBn(Rn + un)

= C‖δ‖2
2 + Cd−1

n δ
T (Rn + un),

where Rn = (R1, . . . , Rn)T and un = (u1, . . . , un)T . The second last equal-

ity follows from
∑n

i=1 fi(0)W̃ (ζ̂i,S∗)W̃ (ζ̂i,S∗)
T = Ŵ−1

B ŴBŴ TŴ−1
B = I .

Note that ‖un‖2 = Op(
√
nK−rn ) and ‖Rn‖2 =

√∑n
i=1 |Ri|2 = Op(s)by

technical arguments similar with the proof of P (Fn3) → 1 in Step 1. Thus

|Cd−1
n δ

T (Rn +un)| = Op(‖δ‖2), and when L is sufficiently large, the quadrat-

ic term will dominant. This completes the proof of Step 2.

Step 3. In this step, we evaluate G3 = −d−1
n

∑n
i=1 W̃ (ζ̂i,S∗)

Tδψτ (εi) as

Lemma 3.3 in He and Shi (1994). At almost all samples T = {X1, X2, · · · , }
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and for any real number M > 0, Chebychev inequality implies

P
{
d−1
n ‖

n∑
i=1

W̃ (ζ̂i,S∗)(τ − I(εi < 0))‖2 > M |T
}

≤ E[‖
n∑
i=1

W̃ (ζ̂i,S∗)(τ − I(εi < 0))‖2
2]/(d2

nM
2)

= E[trace(
n∑
i=1

W̃ (ζ̂i,S∗)(τ − I(εi < 0))
n∑
j=1

W̃ (ζ̂j,S∗)
T (τ − I(εj < 0)))]/(d2

nM
2)

≤ τ(1− τ)Kn

M2d2
n

, (S1.2)

where the last equality follows from Lemma S1.1(4) and the fact that E[(τ −

I(εi < 0))(τ − I(εj < 0))] = 0 for i 6= j. So we have G3 = Op(‖δ‖2).

Proof of Theorem 3.1. From Lemma S1.2, we have

‖δ̂S∗‖2 = Op(K
1/2
n + s+K−rn n1/2).

That is, we have ‖ŴB(θ∗S∗ − θ0
S∗)‖2 = Op(K

1/2
n + s+K−rn n1/2). In the proof

of Lemma S1.1(3), λmin(Ŵ 2
B) = Op(n/Kn). So

‖θ∗S∗ − θ0
S∗‖2 = Op(

Kn√
n

+

√
Kn

n
s+K−r+1/2

n ).
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For the second argument, note that

n−1

n∑
i=1

fi(0)(g∗(ζ̂i,S∗)− g(ζi,S∗))
2

= n−1

n∑
i=1

fi(0)(W (ζ̂i,S∗)
T (θ∗S∗ − θ0

S∗)−Ri − ui)2

≤ n−1C(θ∗S∗ − θ0
S∗)

TŴ 2
B(θ∗S∗ − θ0

S∗) +Op(
s2

n
) +Op(K

−2r
n )

= Op(
Kn

n
+
s2

n
+K−2r

n ).

S2 Proof of Theorem 3.2

Note that the SCAD penalized objective function can be written as Sn(θ) =

Gn(θ)−Hn(θ), where Gn(θ) and Hn(θ) are convex functions,

Gn(θ) = n−1

n∑
i=1

ρτ (yi −W (ζ̂i)
Tθ) +

s∑
k=1

λ‖θk‖1,

and

Hn(θ) =
s∑

k=1

{‖θk‖2
1 − 2λ‖θk‖1 + λ2

2(a− 1)
I(λ ≤ ‖θk‖1 ≤ aλ)+[λ‖θk‖1−(a+1)λ2/2]I(‖θk‖1 > aλ)

}
.

Here neitherGn(θ) norHn(θ) are differentiable, whileHn in Sherwood and

Wang (2016) is differentiable everywhere. We formally define the subdifferen-

tials of Gn(θ) and Hn(θ).
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∂Gn(θ)

∂θ
= {π = (π0,π

T
1 , . . . ,π

T
s )T ∈ Rs(Kn+l)+1 :

π0 = −τn−1

n∑
i=1

K−1/2
n I(yi −W (ζ̂i)

Tθ > 0)

+(1− τ)n−1

n∑
i=1

K−1/2
n I(yi −W (ζ̂i)

Tθ < 0)

−n−1

n∑
i=1

K−1/2
n ai ≡ ν0(θ);

πk = −τn−1

n∑
i=1

w(ζ̂ik)I(yi −W (ζ̂i)
Tθ > 0)

+(1− τ)n−1

n∑
i=1

w(ζ̂ik)I(yi −W (ζ̂i)
Tθ < 0)

−n−1

n∑
i=1

w(ζ̂ik)ai + λlk ≡ νk(θ) + λlk, for 1 ≤ k ≤ s},

where ai = 0 if yi − W (ζ̂i)
Tθ 6= 0 and ai ∈ [τ − 1, τ ] otherwise; lk =

(lk1, . . . , lk,Kn+l)
T ∈ RKn+l and lkm = sgn(θkm) if θkm 6= 0 and lkm ∈ [−1, 1]

otherwise for 1 ≤ m ≤ Kn + l.

∂Hn(θ)

∂θ
= {$ = (0,$T

1 , . . . ,$
T
s )T ∈ Rs(Kn+l)+1 :

$k = 0, if 0 ≤ ‖θk‖1 < λ,

$k = [(‖θk‖1 − λ)/(a− 1)]hk, if λ ≤ ‖θk‖1 ≤ aλ,

$k = λhk, if ‖θk‖1 > aλ, for all 1 ≤ k ≤ s},
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where hk = (hk1, . . . , hk,Kn+l)
T ∈ RKn+l and hkm = sgn(θkm) if θkm 6= 0 and

hkm ∈ [−1, 1] otherwise for 1 ≤ m ≤ Kn + l. In the following, we analyze

the subgradient of the unpenalized objective function, which is given by ν(θ) =

(ν0(θ),ν1(θ)T , . . . ,νs(θ)T )T where νk(θ) = (νk1(θ), . . . , νk,Kn+l(θ))T . The

following lemma states the behavior of ν(θ∗) when being evaluated at the oracle

estimator.

Lemma S2.1. Assume conditions in Theorem 3.2 are satisfied. For the oracle

estimator θ∗, there exists a∗i with a∗i = 0 if yi−W (ζ̂i)
Tθ∗ 6= 0 and a∗i ∈ [τ−1, τ ]

otherwise, such that for ν(θ∗) with ai = a∗i , with probability approaching one,

(1) ν0(θ∗) = 0, νk(θ∗) = 0 for k ∈ S∗,

(2) |νkm(θ∗)| ≤ cλ, ∀c > 0, k /∈ S∗, 1 ≤ m ≤ Kn + l,

(3) ‖θ∗k‖2 ≥ (a+ 1/2)λ for k ∈ S∗.

To obtain the property of the SCAD penalized estimator, we require the fol-

lowing lemma which is a sufficient condition of a local minimizer for a convex-

difference objective function.

Lemma S2.2. (Lemma 2.1 in Wang et al. (2012)). If there exists a neighborhood

U around the point θ∗ such that ∂Hn(θ)
∂θ

⋂ ∂Gn(θ)
∂θ
|θ∗ 6= ∅, ∀θ ∈ U

⋂
dom(Gn),

then θ∗ is a local minimizer of Gn(θ)−Hn(θ).

Now we use Lemma S2.1 to prove that the oracle estimator satisfies Lemma
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S2.2. Recall that

∂Gn(θ)

∂θ
|θ∗ = {π∗ = (π∗0,π

∗T
1 , . . . ,π∗Ts )T ∈ Rs(Kn+l)+1 :

π∗0 ≡ ν0(θ∗); π∗k ≡ νk(θ∗) + λlk, for 1 ≤ k ≤ s},

where lk = (lk1, . . . , lk,Kn+l)
T ∈ RKn+l and lkm = sgn(θkm) if θkm 6= 0 and

lkm ∈ [−1, 1] otherwise for 1 ≤ m ≤ Kn + l.

∂Hn(θ)

∂θ
= {$ = (0,$T

1 , . . . ,$
T
s )T ∈ Rs(Kn+l)+1 :

$k = 0, if 0 ≤ ‖θk‖1 < λ,

$k = [(‖θk‖1 − λ)/(a− 1)]hk, if λ ≤ ‖θk‖1 ≤ aλ,

$k = λhk, if ‖θk‖1 > aλ, for all 1 ≤ k ≤ s},

where hk = (hk1, . . . , hk,Kn+l)
T ∈ RKn+l and hkm = sgn(θkm) if θkm 6= 0 and

hkm ∈ [−1, 1] otherwise for 1 ≤ m ≤ Kn + l.

Consider any θ ∈ B(θ∗, λ/(2(
√
Kn + l))) where B(θ∗, λ/(2(

√
Kn + l)))

denotes the ball with the center θ∗ and radius λ/(2(
√
Kn + l)). First consider

k ∈ S∗. From Lemma S2.1(1), there exists a∗i such that π∗0 = 0 and π∗k = λlk.

On the other hand, from Lemma S2.1(3) we have ‖θk‖1 ≥ ‖θk‖2 ≥ ‖θ∗k‖2 −

‖θk − θ∗k‖2 ≥ (a+ 1/2)λ− λ/(2
√
Kn + l) ≥ aλ. Thus$k = λhk. Obviously,

$k = π∗k if lk = hk.
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Then consider k /∈ S∗. From Lemma S2.1(2), we have |νkm(θ∗)| < λ for

any k /∈ S∗ and 1 ≤ m ≤ Kn+l. By definition,π∗k = (νk1(θ∗), . . . , νk,Kn+l(θ
∗))T+

λlk where lk ∈ [−1, 1]Kn+l. Thus there exists l∗k such that π∗k = 0. On the other

hand, θ∗k = 0 for k /∈ S∗. And ‖θk‖1 ≤
√
Kn + l‖θk‖2 ≤

√
Kn + l(‖θ∗k‖2 +

‖θk − θ∗k‖2) = λ/2 ≤ λ. Thus$k = 0 from the definition.

We have shown that there exists a neighborhood U around the point θ∗ such

that ∂Hn(θ)
∂θ

⋂ ∂Gn(θ)
∂θ
|θ∗ 6= ∅, ∀θ ∈ U

⋂
dom(Gn). Applying Lemma S2.2, we

can get Theorem 3.2.

Proof of Lemma S2.1. (1) By convex optimization theory, 0 is in the subd-

ifferential of the oracle objective function. Thus, there exists a∗i as described in

the lemma such that (1) is satisfied.

(2) From the definition, we have

νkm(θ∗) = −τn−1

n∑
i=1

Bm(ζ̂ik)I(yi −W (ζ̂i)
Tθ∗ > 0) + (1− τ)n−1

n∑
i=1

Bm(ζ̂ik)I(yi

−W (ζ̂i)
Tθ∗ < 0)− n−1

n∑
i=1

Bm(ζ̂ik)a
∗
i ,

where k /∈ S∗, 1 ≤ m ≤ Kn + l and a∗i satisfies the condition in (1). Let



S2. PROOF OF THEOREM 3.2 17

D = {i : yi −W (ζ̂i)
Tθ∗ = 0}. Then

νkm(θ∗) = n−1

n∑
i=1

Bm(ζ̂ik)[I(yi−W (ζ̂i)
Tθ∗ ≤ 0)−τ ]−n−1

∑
i∈D

Bm(ζ̂ik)(a
∗
i+(1−τ)).

With probability one (Section 2.2 Koenker, 2005), |D| = Kn. Therefore,

n−1
∑
i∈D

Bm(ζ̂ik)(a
∗
i + (1− τ)) = Op(K

1/2
n /n) = op(λ),

since K1/2
n /n� n−1/2 = o(λ). We will show that

P ( max
k∈S∗c

1≤m≤Kn+l

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi −W (ζ̂i)
Tθ∗ ≤ 0)− τ ]| > cλ)→ 0.
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Define ΘS∗,n = B(θ0
S∗ ,
√

Kn
n
dn). Note that

P ( max
k∈S∗c

1≤m≤Kn+l

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi −W (ζ̂i)
Tθ∗ ≤ 0)− τ ]| > cλ)

≤ P ( max
k∈S∗c

1≤m≤Kn+l

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi −W (ζ̂i)
Tθ∗ ≤ 0)− I(yi − g(ζi,S∗) ≤ 0)]| > cλ/2)

+P ( max
k∈S∗c

1≤m≤Kn+l

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi − g(ζi,S∗) ≤ 0)− τ ]| > cλ/2)

≤ P ( max
k∈S∗c

1≤m≤Kn+l

sup
θS∗∈ΘS∗,n

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi −W (ζ̂i,S∗)
TθS∗ ≤ 0)

−I(yi − g(ζi,S∗) ≤ 0)]| > cλ/2) + A1

≤ P ( max
k∈S∗c

1≤m≤Kn+l

sup
θS∗∈ΘS∗,n

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi −W (ζ̂i,S∗)
TθS∗ ≤ 0)− I(yi − g(ζi,S∗) ≤ 0)

−P (yi −W (ζ̂i,S∗)
TθS∗ ≤ 0) + P (yi − g(ζi,S∗) ≤ 0)]| > cλ/4)

+P ( max
k∈S∗c

1≤m≤Kn+l

sup
θS∗∈ΘS∗,n

|n−1

n∑
i=1

Bm(ζ̂ik)[P (yi −W (ζ̂i,S∗)
TθS∗ ≤ 0)

−P (yi − g(ζi,S∗) ≤ 0)]| > cλ/4) + A1

= A3 + A2 + A1.

Next we will show that A1, A2 and A3 converge to zero one by one.

Step 1. By definition, we have

A1 = P ( max
k∈S∗c

1≤m≤Kn+l

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi − g(ζi,S∗) ≤ 0)− τ ]| > cλ/2).
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Since |Bm(ζ̂ik)| = OP (1/
√
Kn), it holds by Hoeffding’s inequality

A1 ≤ 2sKn exp{−CnKnλ
2} = 2 exp(C log(n)− CnKnλ

2)→ 0.

Step 2. By definition, we have

A2 = P ( max
k∈S∗c

1≤m≤Kn+l

sup
θS∗∈ΘS∗,n

|n−1

n∑
i=1

Bm(ζ̂ik)[P (yi −W (ζ̂i,S∗)
TθS∗ ≤ 0)

−P (yi − g(ζi,S∗) ≤ 0)]| > cλ/4).

Note that

max
k∈S∗c

1≤m≤Kn+l

sup
θS∗∈ΘS∗,n

|n−1

n∑
i=1

Bm(ζ̂ik)[P (yi −W (ζ̂i,S∗)
TθS∗ ≤ 0)− P (yi − g(ζi,S∗) ≤ 0)]|

= max
k∈S∗c

1≤m≤Kn+l

sup
θS∗∈ΘS∗,n

|n−1

n∑
i=1

Bm(ζ̂ik)[Fi(W (ζ̂i,S∗)
T (θS∗ − θ0

S∗)−Ri − ui)− Fi(0)]|

≤ CK−1/2
n sup

θS∗∈ΘS∗,n

n−1

n∑
i=1

(|W (ζ̂i,S∗)
T (θS∗ − θ0

S∗) +Ri + ui|) (S2.1)

≤ CK−1/2
n sup

θS∗∈ΘS∗,n

[

√
n−1(θS∗ − θ0

S∗)
TŴŴ T (θS∗ − θ0

S∗) +
n∑
i=1

|Ri|/n+ sup
i
|ui|]

≤ CK−1/2
n Op(

dn
n1/2

+
s

n1/2
+K−rn ) = Op(

dn

K
1/2
n n1/2

) = o(λ),

where the second inequality applies Jensen’s inequality (similar to Lemma B.5 in

Sherwood and Wang (2016)) and the last inequality follows from λmax(ŴŴ T ) =

Op(
n
Kn

) (Lemma S1.1(3)),
∑n

i=1 |Ri|/n = Op(
s

n1/2 ) and supi |ui| = Op(K
−r
n ).
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Since max{n−1/2, sK
−1/2
n n−1/2} = o(λ), we have the last equality. Thus we

can conclude that A2 → 0.

Step 3. By definition, we have

A3 = P ( max
k∈S∗c

1≤m≤Kn+l

sup
θS∗∈ΘS∗,n

|n−1

n∑
i=1

Bm(ζ̂ik)[I(yi −W (ζ̂i,S∗)
TθS∗ ≤ 0)− I(yi − g(ζi,S∗) ≤ 0)

− P (yi −W (ζ̂i,S∗)
TθS∗ ≤ 0) + P (yi − g(ζi,S∗) ≤ 0)]| > cλ/4).

The set ΘS∗,n can be covered by a set of balls denoted as {Θ1
S∗,n, . . . ,Θ

N
S∗,n}

with radius C
√

Kn
n

dn
n2 with cardinality N ≤ n2(q(Kn+l)+1). Denote by θlS∗ , l =

1, . . . , N , the centers in the balls. Let εi(θS∗) = yi −W (ζ̂i,S∗)
TθS∗ , we have

for each k and m,

P ( sup
θS∗∈ΘS∗,n

|
n∑
i=1

Bm(ζ̂ik)[I(εi(θS∗) ≤ 0)− I(εi ≤ 0)− P (εi(θS∗) ≤ 0) + P (εi ≤ 0)]| > nλ)

≤
N∑
l=1

P (|
n∑
i=1

Bm(ζ̂ik)[I(εi(θ
l
S∗) ≤ 0)− I(εi ≤ 0)− P (εi(θ

l
S∗) ≤ 0) + P (εi ≤ 0)]| > nλ/2)

+
N∑
l=1

P ( sup
θ̃S∗∈ΘlS∗,n

|
n∑
i=1

Bm(ζ̂ik)[I(εi(θ̃S∗) ≤ 0)− I(εi(θ
l
S∗) ≤ 0)− P (εi(θ̃S∗) ≤ 0)

+P (εi(θ
l
S∗) ≤ 0)]| > nλ/2)

= T1km + T2km.

In the following, we will show that T1km ≤ C exp(Kn log(n) − CnK1/2
n λ) and

T2km ≤ C exp(Kn log(n)− CnK1/2
n λ). If so, then the following completes the
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proof:

A3 ≤
∑
k∈S∗c

1≤m≤Kn+l

(T1km + T2km)

≤ CsKn exp(Kn log(n)− CnK1/2
n λ)

= C exp(C log(n) +Kn log(n)− CnK1/2
n λ) = o(1).

To evaluate T1km, let ϑikm = Bm(ζ̂ik)[I(εi(θ
l
S∗) ≤ 0)−I(εi ≤ 0)−P (εi(θ

l
S∗) ≤

0) + P (εi ≤ 0)]. Note that maxi |ϑikm| ≤ 1√
Kn

and

n∑
i=1

V ar(ϑikm) ≤
n∑
i=1

EBm(ζ̂ik)
2[I(εi(θ

l
S∗) ≤ 0)− I(εi ≤ 0)]2

≤ 1

Kn

n∑
i=1

P (|εi| ≤ |W (ζ̂i)
T (θlS∗ − θ0

S∗) +Ri + ui|)

≤ C

Kn

n∑
i=1

|W (ζ̂i)
T (θlS∗ − θ0

S∗) +Ri + ui| = Op(
n1/2dn
Kn

),

where the last equality follows from (S2.1). Applying Bernstein’s inequality,

T1km ≤ N exp(− Cn2λ2

Cn1/2dnK−1
n + CnλK

−1/2
n

)

≤ N exp(−CnK1/2
n λ) = C exp(Kn log(n)− CnK1/2

n λ).

To evaluate T2km, note that I(εi(θ̃S∗ ≤ 0) = I(εi(θ
l
S∗) ≤W (ζ̂i,S∗)

T (θ̃S∗ −
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θlS∗)) and I(x ≤ s) is an increasing function of s. Thus we have

sup
θ̃S∗∈ΘlS∗,n

|
n∑
i=1

Bm(ζ̂ik)[I(εi(θ̃S∗) ≤ 0)− I(εi(θ
l
S∗) ≤ 0)− P (εi(θ̃S∗) ≤ 0) + P (εi(θ

l
S∗) ≤ 0)]|

≤
n∑
i=1

|Bm(ζ̂ik)| × |I(εi(θ
l
S∗) ≤ ‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

)− I(εi(θ
l
S∗) ≤ 0)

−P (εi(θ
l
S∗) ≤ −‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

) + P (εi(θ
l
S∗) ≤ 0)|

≤
n∑
i=1

|Bm(ζ̂ik)| × |I(εi(θ
l
S∗) ≤ ‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

)− I(εi(θ
l
S∗) ≤ 0)

−P (εi(θ
l
S∗) ≤ ‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

) + P (εi(θ
l
S∗) ≤ 0)|

+
n∑
i=1

|Bm(ζ̂ik)| × |P (εi(θ
l
S∗) ≤ ‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

)− P (εi(θ
l
S∗) ≤ −‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

)|.

Note that

n∑
i=1

|Bm(ζ̂ik)| × |P (εi(θ
l
S∗) ≤ ‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

)− P (εi(θ
l
S∗) ≤ −‖W (ζ̂i,S∗)‖

√
Kn

n

dn
n2

)|

≤ C√
Kn

n∑
i=1

‖W (ζ̂i,S∗)‖
√
Kn

n

dn
n2

= Op(dnn
−3/2) = op(nλ).

Hence for n sufficiently large, T2km ≤
∑N

l=1 P (
∑n

i=1 ςilkm ≥ nλ/4), where

ςilkm = |Bm(ζ̂ik)| × |I(εi(θ
l
S∗) ≤ ‖W (ζ̂i,S∗)‖2

√
Kn

n

dn
n2

)− I(εi(θ
l
S∗) ≤ 0)

− P (εi(θ
l
S∗) ≤ ‖W (ζ̂i,S∗)‖2

√
Kn

n

dn
n2

) + P (εi(θ
l
S∗) ≤ 0)|.
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Similarly to the evaluation of T1km, we cam show that

n∑
i=1

V ar(ςilkm) ≤ n

Kn

‖W (ζ̂i,S∗)‖2

√
Kn

n

dn
n2

= Op(
dn

n3/2K
1/2
n

).

Applying Bernstein’s inequality, we have

T2km ≤ N exp(− Cn2λ2

Cn−3/2dnK
−1/2
n + CnλK

−1/2
n

)

≤ N exp(−CnK1/2
n λ) = C exp(Kn log(n)− CnK1/2

n λ).

(3) Note that mink∈S∗ ‖θ∗k‖2 ≥ mink∈S∗ ‖θ0
k‖2−maxk∈S∗ ‖θ∗k−θ0

k‖2. From

the proof of Theorem 3.1, we have maxk∈S∗ ‖θ∗k − θ0
k‖2 ≤ ‖θ∗S∗ − θ0

S∗‖2 =

Op(
Kn√
n

+
√

Kn
n
s). By Condition 5, we have mink∈S∗ ‖θ0

k‖2 ≥ C(Kn√
n

+
√

Kn
n
s)nα.

Thus for k ∈ S∗, ‖θ∗k‖2 ≥ C(Kn√
n

+
√

Kn
n
s)nα ≥ (a+ 1/2)λ.
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S3 Proof of Theorem 3.3

For each candidate model S, similarly we can define JS = (Kn + l)|S|+ 1 and

ŴS = (W (ζ̂1,S), . . . ,W (ζ̂n,S))T ∈ Rn×JS ,

Ŵ 2
B,S = Ŵ T

S BnŴS ∈ RJS×JS , whereBn = diag(f1(0), . . . , fn(0)),

W̃ (ζ̂i,S) = Ŵ−1
B,SW (ζ̂i,S) ∈ RJS ,

δS = ŴB,S(θS − θ0
S) ∈ RJS .

Ri,S = (W (ζ̂i,S)−W (ζi,S))Tθ0
S ,

We first show lemmas used in proof. With condition (C5), the following

lemma holds parallelly with Lemma S1.1. All constants in the following lemma

do not depend on S.

Lemma S3.1. We have the following properties for the spline basis vector:

(1) E(‖W (ζ̂i,S)‖2) ≤ b1|S|, for some positive constant b1 for all n sufficiently

large.

(2) b2K
−1
n ≤ E(λmin(W (ζ̂i,S)W (ζ̂i,S)T )) ≤ E(λmax(W (ζ̂i,S)W (ζ̂i,S)T )) ≤

b∗2K
−1
n , for some positive constants b2 and b∗2 for n sufficiently large.

(3) E(‖Ŵ−1
B,S‖) ≥ b3

√
Kn/n, for some positive b3 for all n sufficiently large.

For a matrix A, ‖A‖ =
√
λmax(ATA) denotes the spectral norm.
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(4) maxi ‖W̃ (ζ̂i,S)‖2 = Op(
√

JS
n

).

Let MOF = {S : S∗ ⊆ S} be the set of overfitted model and Bη(S) =

{δ ∈ RJS : ‖δ‖ ≤ η}. We denote the maximum of JS over S ∈ MOF by J .

For S ∈ MOF , δ̂S is defined as

δ̂S = arg min
δS

1

n

n∑
i=1

ρτ (εi − W̃ (ζ̂i,S)TδS −Ri,S − ui).

Denote Qi(δS) = ρτ (εi − W̃ (ζ̂i,S)TδS − Ri,S − ui) and Di(δS) = Qi(δS) −

Qi(0)−E[Qi(δS)−Qi(0)|Xi]+W̃ (ζ̂i,S)TδSψτ (εi) and ψτ (u) = τ −I(u < 0).

Lemma S3.2. Assume conditions in Theorem 3.3 hold. Then for any sequence

Ln = O(nγ) with small γ > 0 satisfying L3
n/
√
n→ 0 and L2

n(s+
√
Kn)/

√
n→

0, we have

sup
S∈MOF

sup
‖δS‖≤LndS

|d−2
S

n∑
i=1

Di(δS)| = op(1), (S3.1)

where dS =
√
JS + s.

This lemma provides a uniform approximation of 1
n

∑n
i=1 Qi(δS) − Qi(0)

and can be proved by the same technical arguments in the proof of step 1 for

Lemma S1.2.

Proof. It’s equivalent to show

sup
S∈MOF

sup
δS∈B1(S)

|d−2
S

n∑
i=1

Di(LndSδS)| = op(1). (S3.2)
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Let Fn4 denote the event maxi ‖W̃ (ζ̂i,S)‖2 ≤ α1

√
JS
n

for some positive α1.

Lemma S3.1(4) implies that P (Fn4) → 1 as n → ∞. Fn2 and Fn3 is defined in

the proof of Lemma S1.2. Then it’s sufficient to show for any ε > 0

P ( sup
S∈MOF

sup
δS∈B1(S)

d−2
S |

n∑
i=1

Di(LndSδS)| > ε, Fn2 ∩ Fn3 ∩ Fn4)→ 0.

Partition B1(S) as a union of balls with radius m0 = ε

4α1J
1/2
S n1/2Lnd

−1
S

, say

∆1, . . . ,∆Mn . We have Mn ≤ C(
CJ

1/2
S n1/2Lnd

−1
n

ε
)Jn , where C is a positive con-

stant. Let δ1
S , . . . , δ

Mn
S be arbitrary points in ∆1, . . . ,∆Mn respectively. Similar-

ly we can show for all S:

(i) supδS∈∆m
|
∑n

i=1(Di(LndSδS)−Di(LndSδ
m
S )|I(Fn2 ∩ Fn3 ∩ Fn4) < d2

Sε/2.

(ii) maxi |Di(LndSδ
m
S )|I(Fn2 ∩ Fn3 ∩ Fn4)≤ CLndSJ

1/2
S n−1/2.

(iii)
∑n

i=1 V ar[Di(LndSδ
m
S )I(Fn2 ∩ Fn3 ∩ Fn4)|Xi] ≤ CJSL

2
nd

2
S( s√

n
+K−rn ) +

CL3
nd

3
SJ

1/2
S n−1/2.
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By Bernstein inequality, we have

P ( sup
S∈MOF

sup
δS∈B1(S)

d−2
S |

n∑
i=1

Di(LndSδS)| > ε, Fn2 ∩ Fn3 ∩ Fn4)

≤
∑
S∈MOF

Mn∑
m=1

P (|
n∑
i=1

Di(LndSδ
m
S )| > d2

Sε/2, Fn2 ∩ Fn3 ∩ Fn4)

≤ 2
∑
S∈MOF

Mn∑
m=1

exp(
−d4
Sε

2/4

Cn−1/2JSL2
nd

2
S(s+K−rn

√
n) + CL3

nd
3
SJ

1/2
S n−1/2 + Cd3

SLnJ
1/2
S n−1/2ε/2

)

≤ 2
∑
S∈MOF

Mn∑
m=1

exp(
−Cd2

Sn
1/2

JSL2
n(s+K−rn

√
n) + CL3

ndSJ
1/2
S

)

≤ 2s exp(CJ log n− Cn1/2

L2
n(s+K−rn

√
n) + L3

n

),

which converges to zero. Hence the proof of the first step is complete.

Lemma S3.3. Assume conditions in Theorem 3.3 hold. We have

lim
L→∞

lim
n→∞

P (‖δ̂S‖ ≤ LdS(log n)1/2 for all S ∈ MOF ) = 1. (S3.3)

This lemma is different with Lemma S1.2 in that we provide a uniform

bound for δ̂S for all S ∈ MOF .

Proof. By the convexity of ρτ , it suffices to show that, for any ε > 0, there exists

a large constant L > 0 such that

lim inf
n

P ( inf
S∈MOF

inf
‖δS‖=LdS(logn)1/2

n∑
i=1

Qi(δS)−Qi(0) > 0) > 1− ε. (S3.4)
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From Lemma S3.2, if follows that for any δS : ‖δS‖ = LdS(log n)1/2 with

S ∈ MOF ,

n∑
i=1

Qi(δS)−Qi(0) = −
n∑
i=1

W̃ (ζ̂i,S)TδSψτ (εi) +
n∑
i=1

E[Qi(δS)−Qi(0)|Xi] + d2
Sop(1)

= An(δS) +Bn(δS) + d2
Sop(1).

For An(δS), we get |An(δS)| ≤ max1≤k≤s ‖
∑n

i=1 W̃ (ζ̂i,k)
Tψτ (εi)‖|S|1/2‖δS‖.

Since max1≤k≤s
∑n

i=1 ‖W̃ (ζ̂i,k)‖2 ≤MKn for sufficiently large M , we have

P ( max
1≤k≤s

‖W̃ (ζ̂i,k)ψτ (εi)‖2 ≥M2Kn log n|T )

≤ sKn max
k,m

P (|
n∑
i=1

W̃m(ζ̂i,k)ψτ (εi)| > {M
n∑
i=1

(W̃m(ζ̂i,k))
2 log n}1/2|T )

≤ 2sKn exp(−M log n/8),

where the last inequality is from Hoeffding’s inequality. This implies

max
1≤k≤s

‖W̃ (ζ̂i,k)ψτ (εi)‖ = Op((Kn log n)1/2).

Consequently, we have

P (|An(δS)| < (JS log n)1/2‖δS‖ for all S ∈ MOF )→ 1.

We deal withBn(δS) similar with step 2 of Lemma S1.2. Applying Knight’s
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identity twice,

Bn(δS) =
n∑
i=1

E[

∫ W̃ (ζ̂i,S)T δS+Ri,S+ui

Ri,S+ui

(I(εi < s)− I(εi < 0))ds|Xi]

= C‖δS‖2 + C‖δS‖(s+K−rn
√
n).

The last equality holds because Ri,S = Ri,S∗ for any overfitted model S. Con-

sequently, for sufficient large L, C‖δS‖2 dominates all other terms and impies

(S3.4).

Lemma S3.4. Assume conditions in Theorem 3.3 hold. Then given a constant

η > 0 we have

sup
|S|≤s

sup
δS∈Bη(S)

|
n∑
i=1

gi(
√
nδS)| = Op((nJ log n)1/2)

where gi(δS) = ρτ (εi−W̃ (ζ̂i,S)TδS−Ri,S−ui)−ρτ (εi−Ri,S−ui)−E(ρτ (εi−

W̃ (ζ̂i,S)TδS −Ri,S − ui)− ρτ (εi −Ri,S − ui)|Xi).

Proof. This lemma can be proved by the arguments of Lemma A.3 in Lee et al.

(2014), where chain technique is used. For m ≥ 0, let Θn(2−mη,S) denote

a grid of points in Bη(S) such that for every δS ∈ Bη(S) there exists δmS ∈

Θn(2−mη,S) such that ‖δS − δmS ‖ ≤ 2−mη. For a given constant C > 0, define
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Mn = min{m : 2−mη ≤ (C/8M)n−1/2(log n)1/2}. Then

sup
δS∈Bη(S)

|
n∑
i=1

gi(
√
nδS)−gi(

√
nδMn
S )| ≤ 4

√
n

n∑
i=1

|W̃ (ζ̂i,S)T (δS−δMn
S )| ≤ C

2
(nJS log n)1/2.

Consequently, we have

In(X ) = P ( sup
|S|≤s

sup
δS∈Bη(S)

|
n∑
i=1

gi(
√
nδS)| ≥ C(nJ log n)1/2|T )

≤ P ( sup
|S|≤s

sup
δS∈Bη(S)

|
n∑
i=1

gi(
√
nδMn
S )| ≥ C

2
(nJ log n)1/2|T )

≤
∑
|S|≤s

P ( sup
δS∈Bη(S)

Mn∑
m=1

|
n∑
i=1

gi(
√
nδmS )− gi(

√
nδm−1
S )| ≥ C

2
(nJ log n)1/2|T )

≤
∑
|S|≤s

Mn∑
m=1

Nm(S)Nm−1(S)×max
∗
P (|

n∑
i=1

gi(
√
nδmS )− gi(

√
nδm−1
S )| ≥ C

2
am(nJ log n)1/2|T ).

For the first inequality, note that δMn
S depends on δS . For the second inequality,

we take δmS = 0 when m = 0. For the last inequality, Nm(S) is the cardinal-

ity of the set Θn(2−mη,S) which is bounded by (1 + 4 · 2m)JS ; am is positive

numbers such that
∑Mn

m=1 am ≤ 1; and max∗ is taken over all δmS and δm−1
S

such that ‖δmS − δm−1
S ‖ ≤ 3(2−mη). Note that |gi(

√
nδmS ) − gi(

√
nδm−1
S )| ≤

4
√
n|W̃ (ζ̂i,S)T (δmS − δm−1

S )| and
∑n

i=1 |W̃ (ζ̂i,S)T (δmS − δm−1
S )|2 ≤ 9f̄2−2mη2

for some constant f̄ > 0 since
∑n

i=1 fi(0)W̃ (ζ̂i,S)W̃ (ζ̂i,S)T = Ŵ−1
B,SŴSBŴ

T
S Ŵ

−1
B,S =
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I . Similar to (A.14) in Lee et al. (2014), we can take

am = max{2−mm1/2/8,
96f̄ 1/22−mη(log(1 + 4 · 2m))1/2

C(log n)1/2
}.

Applying Hoeffding’s inequality, we get that

In(X ) ≤ 2
∑
|S|≤s

Mn∑
m=1

exp(2J log(1 + 4 · 2m)− C2a2
mJ log n

482f̄2−2mη2
),

which converges to zero for sufficiently large C > 0.

Proof of Theorem 3.3. Let MUF = {S : S∗ * S} denote the underfitted

model. It suffices to show that

P ( min
S∈MOF ,S6=S∗

BIC(S) > BIC(S∗))→ 1, (S3.5)

P ( min
S∈MUF

BIC(S) > BIC(S∗))→ 1. (S3.6)

First we prove (S3.5). Using similar arguments as in the proof of Lemma

S3.3, and the fact that |Bn(δS)| ≤ C‖δS‖2, we can choose a sequence {Ln}, not

depending on S, such that Ln
Cn
→ 0 and Lns2

JCn
→ 0, and

|
n∑
i=1

Qi(δ̂S)−Qi(0)| ≤ Lnd
2
S log n, (S3.7)
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for any S ∈ MOF with probability tending to one. Then we have

min
S∈MOF ,S6=S∗

BIC(S)− BIC(S∗)

= min
S∈MOF ,S6=S∗

log(1 +
n−1

∑n
i=1 Qi(δ̂S)−Qi(δ̂S∗)

n−1
∑n

i=1 ρτ (εi − W̃ (ζ̂i,S∗)δ̂S∗ −Ri − ui)
)

+ (JS − JS∗)
log n

2n
Cn

≥ min
S∈MOF ,S6=S∗

−2| n−1
∑n

i=1Qi(δ̂S)−Qi(δ̂S∗)

n−1
∑n

i=1 ρτ (εi − W̃ (ζ̂i,S∗)δ̂S∗ −Ri − ui)
|+ (JS − JS∗)

log n

2n
Cn

≥ min
S∈MOF ,S6=S∗

{
− CLn(JS + s2)

log n

2n
+ (JS − JS∗)

log n

2n
Cn
}
,

where the first inequality follows from log(1+x) ≥ −2|x| for any x : |x| < 1/2.

This completes the proof of (S3.5).

Now we prove (S3.6). By assumption, we can take η > 0(not depending on

n) such that mink∈S∗ ‖θ0
k‖ >

√
Knη (every B-spline covariate is Op(1/

√
Kn)).

Let S̃ = S ∪ S∗. Then S̃ ∈ MOF . Let’s extend θ̂S from RJS to RJS̃ by setting

zero on elements in S̃/S. Denote the extended vector by θ̂S̃(S). Note that it’s

different with θ̂S̃ which is the estimator under model S̃. Clearly, ‖θ̂S̃(S)−θ0
S̃‖ >

√
Knη. Accordingly, define δ̂S̃(S) = ŴB,S̃(θ̂S̃(S)− θ0

S̃) and ‖δ̂S̃(S)‖ >
√
nη

(from Lemma S3.1(3)). On the other hand, we have ‖δ̂S̃‖ ≤
√
nη from Lemma
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S3.3. By the convexity of ρτ (·), there exists δ̄S̃ with ‖δ̄S̃‖ =
√
nη such that

n∑
i=1

ρτ (yi −W(ζ̂i,S)T θ̂S)

=
n∑
i=1

ρτ (εi − W̃ (ζ̂i,S̃)δ̂S̃(S)−Ri − ui)

≥
n∑
i=1

ρτ (εi − W̃ (ζ̂i,S̃)δ̄S̃ −Ri − ui).

Consequently,

1

n

n∑
i=1

ρτ (yi −W(ζ̂i,S)T θ̂S)− 1

n

n∑
i=1

ρτ (εi − W̃ (ζ̂i,S̃)δ̃S̃ −Ri − ui)

≥ 1

n

[
inf

δS̃∈B√nη(S̃)

n∑
i=1

E[Qi(δS̃)−Qi(0)|Xi]

− sup
δS̃∈B√nη(S̃)

|
n∑
i=1

[Qi(δS̃)−Qi(0)]− (
n∑
i=1

E[Qi(δS̃)−Qi(0)|Xi])|

− (
n∑
i=1

[Qi(δ̂S̃)−Qi(0)])
]
. (S3.8)

Similar to arguments in Lemma S3.3, n−1 infδS̃∈B√nη(S̃)

∑n
i=1E[Qi(δS̃)−Qi(0)|Xi]

is positive and bounded away uniformly over S̃ ∈ OF . From Lemma S3.4, the

second term converges to 0. From (S3.7), the third term converges to 0. So we

can take a constant c > 0 not depending on S such that

1

n

n∑
i=1

ρτ (yi −W(ζ̂i,S)T θ̂S)− 1

n

n∑
i=1

ρτ (εi − W̃ (ζ̂i,S̃)δ̃S̃ −Ri − ui) ≥ 2c > 0,
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for all S ∈ SUF with probability tending to one. Then we have

min
S∈MUF

BIC(S)− BIC(S̃)

= min
S∈MUF

log(1 +
1
n

∑n
i=1 ρτ (yi −W(ζ̂i,S)T θ̂S)− 1

n

∑n
i=1 ρτ (εi − W̃ (ζ̂i,S̃)δ̃S̃ −Ri − ui)

1
n

∑n
i=1 ρτ (εi − W̃ (ζ̂i,S̃)δ̃S̃ −Ri − ui)

)

+ (JS − JS̃)
log n

2n
Cn

≥ min
S∈MUF

min{log 2,
c

1
n

∑n
i=1 ρτ (εi − W̃ (ζ̂i,S̃)δ̃S̃ −Ri − ui)

} − |S∗|Kn
log n

2n
Cn > 0,

with probability tending to 1. The first inequality follows from log(1 + x) ≥

min{x/2, log 2} for any x > 0. Then we have

min
S∈MUF

[BIC(S)− BIC(S∗)]

= min
S∈MUF

[BIC(S)− BIC(S̃) + BIC(S̃)− BIC(S∗)]

≥ min
S∈MUF

[BIC(S)− BIC(S̃)] > 0,

where the first inequality comes from (S3.5). This completes the proof.
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