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Supplementary Material

This supplementary material provides Lemmas 1-5 with proofs, and includes technical details for

Theorems 1-3 and Corollaries 1-3, as well as additional simulation results for Section 3.1.

S1 Technical details

This section provides the detailed proofs of Theorems 1-3 and Corollaries 1-3. To

show Theorems 1-3, we introduce Lemmas 1-5 with proofs. Specifically, Lemma 1

contains some preliminary results. Lemma 2 will be used to handle initial values in

GARCH-X models. Lemma 3 verifies the stochastic differentiability condition defined

on Page 298 of Pollard (1985), and its proof mainly uses the bracketing method; see

also Lee and Noh (2013) and Zhu and Ling (2011). Lemmas 4 and 5 will be used

to verify the root-n consistency and the asymptotic normality of pθτn in Theorem 2,

and their proofs are based on Lemma 3 and some approximation arguments.

Throughout this section C is a generic positive constant which may take different
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values at its different occurrences, ρ P p0, 1q is a generic constant which may take dif-

ferent values at its different occurrences, opp1q denotes a sequence of random variables

converging to zero in probability, and the notation o˚pp1q corresponds to the bootstrap

probability space. We denote by } ¨ } the norm of a matrix or column vector, defined

as }A} “
a

trpAA1q “
b

ř

i,j |aij|
2. For simplicity, denote ψτ pxq “ τ ´ Ipx ă 0q

and εt,τ “ εt ´ bτ . In addition, let σt “ σtpλ0q, rσt “ σtppλ
int

n q, pσt “ rσtppλ
int

n q,

r`tpθq “ ρτ rYt ´ rqtpθqs and `tpθq “ ρτ rYt ´ qtpθqs, where λ0 and pλ
int

n are the true

value and an appropriate estimator of λ, respectively, qtpθq “ φ
1X t´1 ` bσtpλq and

rqtpθq “ φ1X t´1 ` brσtpλq are the conditional quantile functions of Yt without and

with initial values, respectively.

Lemma 1. Let ξρ,t “
ř8

j“0 ρ
jp1 ` }X t´j´1} ` }V t´j´1}

1{2 ` |ut´j|q and ζρ,t “

ř8

j“0 ρ
jp1 ` }X t´j´1} ` |ut´j|

ιq be positive random variables depending on a con-

stant ρ P p0, 1q, where ι is a constant satisfying ι P p0, 2{p4 ` δqq for some δ ą 0. If

Assumption 1 holds, then

(i) sup
Θ
σ2
t pλq ď Cξ2

ρ,t´1;

(ii) sup
Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

ď Cζρ,t and sup
Θ

›

›

›

›

1

σtpλq

B2qtpθq

BθBθ1

›

›

›

›

ď Cζ2
ρ,t´1;

(iii) sup
Θ

›

›

›

›

1

σtpλq

Brqtpθq

Bθ

›

›

›

›

ď Cζρ,t and sup
Θ

›

›

›

›

1

σtpλq

B2
rqtpθq

BθBθ1

›

›

›

›

ď Cζ2
ρ,t´1;
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(iv) for any κ ą 0, there exists a constant c ą 0 such that

E

"

sup
Θ

„

σ2
t pλ1q

σ2
t pλ2q

κ

: }λ1 ´ λ2} ď c

*

ă 8.

Lemma 2. Let ξρ “
ř8

j“0 ρ
jp1 ` }X´j´1} ` |u´j|q be a positive random variable

depending on a constant ρ P p0, 1q. If Assumption 1 holds, then

(i) sup
Θ
|rσtpλq ´ σtpλq| ď Cρtξρ; (ii) sup

Θ

1

σtpλq

›

›

›

›

Brqtpθq

Bθ
´
Bqtpθq

Bθ

›

›

›

›

ď Cρtξρζρ,t.

Lemma 3. If Assumptions 1, 3 and 4 hold and Epu2
t q ă 8, then for u “ opp1q,

ζnpuq “ opp
?
n}u} ` n}u}2q,

where ζnpuq “
řn
t“1 σ

´1
t q1tpuq tξ1tpuq ´ Erξ1tpuq|Ft´1su with

q1tpuq “ u
1Bqtpθτ0q

Bθ
and ξ1tpuq “

ż 1

0

“

I
`

εt ď bτ ` σ
´1
t q1tpuqs

˘

´ Ipεt ď bτ q
‰

ds.

Lemma 4. Suppose that
?
nprλn´λ0q “ Opp1q and Epu2

t q ă 8. Under Assumptions

1, 3 and 4, for θ ´ θτ0 “ opp1q, it holds that

nrpLnpθq ´ pLnpθτ0qs ´ nrrLnpθq ´ rLnpθτ0qs “ opp
?
n}θ ´ θτ0} ` n}θ ´ θτ0}

2
q,

where rLnpθq “ n´1
řn
t“1 rσ

´1
t ρτ rYt ´ qtpθqs and pLnpθq “ n´1

řn
t“1 pσ

´1
t ρτ rYt ´ rqtpθqs.

Lemma 5. Suppose that
?
nprλn´λ0q “ Opp1q and Epu2

t q ă 8. Under Assumptions
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1, 3 and 4, for θ ´ θτ0 “ opp1q, it holds that

nrrLnpθq ´ rLnpθτ0qs “ ´
?
npθ ´ θτ0q

1T n `
?
npθ ´ θτ0q

1Jn
?
npθ ´ θτ0q

`opp
?
n}θ ´ θτ0} ` n}θ ´ θτ0}

2
q,

where rLnpθq “ n´1
řn
t“1 rσ

´1
t ρτ rYt ´ qtpθqs,

T n “
1
?
n

n
ÿ

t“1

1

σt

Bqtpθτ0q

Bθ
ψτ pεt,τ q and Jn “

fεpbτ q

2n

n
ÿ

t“1

1

σ2
t

Bqtpθτ0q

Bθ

Bqtpθτ0q

Bθ1
.

Proof of Lemma 1. Denote αpBq “
řq
i“1 αiB

i and βpBq “ 1 ´
řp
i“1 βiB

i, where B

is the back-shift operator. By Assumption 1, it holds that

β´1
pBqαpBq “

8
ÿ

i“1

aγpiqB
i and β´1

pBq “
8
ÿ

i“0

aβpiqB
i,

where aβpiq “ e
1Gie and aγpiq “

řq
j“1 αjaβpi ´ jq, e “ p1, 0, . . . , 0q1 is p ˆ 1 vector

and pˆ p matrix G is defined as below

G “

¨

˚

˚

˝

β1 . . . βp

Ip´1 0

˛

‹

‹

‚

,

with Im being the mˆm identity matrix and 0 being the zero vector with compatible
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dimensions. By Lemma 3.1 of Berkes, Horváth, and Kokoszka (2003), we have

sup
Θ
aγpiq ď Cρi and sup

Θ
aβpiq ď Cρi (S1.1)

for a constant 0 ă C ă 8 and a constant ρ P p0, 1q. Moreover, for θ P Θ and

any constant vector c with all elements being nonnegative, it holds that c1ee1c ď

c1Gc{ω, and hence aβpi ` kq “ e1Gi`ke ě e1Gieωk “ aβpiqω
k. This implies that

supΘ aβpiq{aβpi ` kq ď ω´k. Note that aγpiq ě α1aβpi ´ 1q. As a result, for any

integer i and k ď maxpp, qq, it can be verified that

sup
Θ

aβpiq

aγpi` kq
ď ω´k and sup

Θ

aγpiq

aγpi` kq
ď ω

q
ÿ

j“1

ω´j´k. (S1.2)

We first prove (i). Since σ2
t pλq “ 1`

řq
i“1 αiu

2
t´ipφq`

řp
j“1 βjσ

2
t´jpλq`π

1V t´1, then

we have

σ2
t pλq “ β´1

pBq p1` π1V t´1q ` β
´1
pBqαpBqu2

t pφq

“
1

1´
řp
i“1 βi

`

8
ÿ

i“0

d
ÿ

k“1

πkaβpiqυ
2
k,t´i´1 `

8
ÿ

i“1

aγpiqu
2
t´ipφq, (S1.3)
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where utpφq “ ut ´ pφ´ φ0q
1X t´1. It follows that

sup
Θ
σ2
t pλq ď

1

1´
řp
i“1 βi

`

8
ÿ

i“0

d
ÿ

k“1

πk sup
Θ
aβpiqυ

2
k,t´i´1 `

8
ÿ

i“1

sup
Θ
aγpiqu

2
t´ipφq

ď C
8
ÿ

i“0

ρir1` sup
Θ
u2
t´ipφq `

d
ÿ

k“1

πkυ
2
k,t´i´1s ď Cξ2

ρ,t´1.

Hence, (i) is asserted.

We then prove (ii). Since qtpθq “ φ
1X t´1 ` bσtpλq, it holds that

Bqtpθq

Bθ
“

ˆ

σtpλq,
b

2σtpλq

Bσ2
t pλq

Bγ 1
,X 1

t´1 `
b

2σtpλq

Bσ2
t pλq

Bφ1

˙1

. (S1.4)

Moreover, it can be verified that

Bσ2
t pλq

Bγ
“ β´1

pBqztpλq and
Bσ2

t pλq

Bφ
“ ´2β´1

pBqαpBqutpφqX t´1, (S1.5)

where ztpλq “ pu2
t´1pφq, . . . , u

2
t´qpφq, σ

2
t´1pλq, . . . , σ

2
t´ppλq, υ

2
1,t´1, . . . , υ

2
d,t´1q

1. From

(S1.3), it holds that σ2
t pλq ě aγpiqu

2
t´ipφq and σ2

t pλq ě πkaβpiqυ
2
k,t´i´1. This together
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with (S1.1), (S1.2) and σ2
t pλq ě 1, implies that

sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bγ

›

›

›

›

“ sup
Θ

›

›

›

›

›

8
ÿ

i“0

aβpiqzt´ipλq

σ2
t pλq

›

›

›

›

›

ď sup
Θ

8
ÿ

i“0

«

d
ÿ

k“1

aβpiqυ
2
k,t´i´1

σ2
t pλq

`

q
ÿ

k“1

aβpiqu
2
t´i´kpφq

σ2
t pλq

`

p
ÿ

k“1

aβpiqσ
2
t´i´kpλq

σ2
t pλq

ff

ď

d
ÿ

k“1

1

πk
`

q
ÿ

k“1

8
ÿ

i“0

„

sup
Θ

aβpiq

aγpi` kq

1´ι{2

sup
Θ
a
ι{2
β piq|ut´i´kpφq|

ι

`

p
ÿ

k“1

8
ÿ

i“0

8
ÿ

j“1

„

sup
Θ

aβpiqaγpjq

aγpi` j ` kq

1´ι{2

sup
Θ
raβpiqaγpjqs

ι{2
|ut´i´j´kpφq|

ι

ď C
8
ÿ

i“0

ρir1` }X t´i´1}
ι
` |ut´i|

ι
s, (S1.6)

and

sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bφ

›

›

›

›

ď 2 sup
Θ

›

›

›

›

›

8
ÿ

i“1

aγpiqut´ipφqX t´i´1

σtpλq

›

›

›

›

›

ď 2
8
ÿ

i“1

sup
Θ

b

aγpiq}X t´i´1} ď C
8
ÿ

i“1

ρi}X t´i´1}. (S1.7)

In view of (S1.4)-(S1.7), we have

sup
Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

ď 1`
b

2
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bγ

›

›

›

›

` }X t´1} `
b

2
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bφ

›

›

›

›

ď C
8
ÿ

i“0

ρir1` }X t´i´1} ` |ut´i|
ι
s ď Cζρ,t.
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We next consider the second derivatives. It holds that

B2qtpθq

Bb2
“ 0,

B2qtpθq

BbBγ 1
“

1

2σtpλq

Bσ2
t pλq

Bγ 1
,
B2qtpθq

BbBφ1
“

1

2σtpλq

Bσ2
t pλq

Bφ1
,

B2qtpθq

BγBγ 1
“ ´

b

4σ3
t pλq

Bσ2
t pλq

Bγ

Bσ2
t pλq

Bγ 1
`

b

2σtpλq

B2σ2
t pλq

BγBγ 1
,

B2qtpθq

BγBφ1
“ ´

b

4σ3
t pλq

Bσ2
t pλq

Bγ

Bσ2
t pλq

Bφ1
`

b

2σtpλq

B2σ2
t pλq

BγBφ1
,

B2qtpθq

BφBφ1
“ ´

b

4σ3
t pλq

Bσ2
t pλq

Bφ

Bσ2
t pλq

Bφ1
`

b

2σtpλq

B2σ2
t pλq

BφBφ1
.

Moreover, it can be verified that

B2σ2
t pλq

BγBγ 1
“ β´1

pBq
Bztpλq

Bγ 1
,
B2σ2

t pλq

BγBφ1
“ β´1

pBq
Bztpλq

Bφ1
,
B2σ2

t pλq

BφBφ1
“ 2β´1

pBqαpBqX t´1X
1
t´1,

where

Bztpλq

Bγ
“

ˆ

0pp`q`dqˆq,
Bσ2

t´1pλq

Bγ
, ¨ ¨ ¨ ,

Bσ2
t´ppλq

Bγ
,0pp`q`dqˆd

˙

and

Bztpλq

Bφ
“

ˆ

´2ut´1pφqX t´2, ¨ ¨ ¨ ,´2ut´qpφqX t´q´1,
Bσ2

t´1pλq

Bφ
, ¨ ¨ ¨ ,

Bσ2
t´ppλq

Bφ
,0dˆd

˙

.

Similar to the proof in (S1.6) and (S1.7), it can be verified that

sup
Θ

›

›

›

›

1

σ2
t pλq

B2σ2
t pλq

BγBγ 1

›

›

›

›

ď

8
ÿ

i“0

sup
Θ
aβpiq

p
ÿ

k“1

sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t´i´kpλq

Bγ

›

›

›

›

ď Cζρ,t´1,
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sup
Θ

›

›

›

›

1

σ2
t pλq

B2σ2
t pλq

BγBφ1

›

›

›

›

ď 2
8
ÿ

i“0

sup
Θ
aβpiq

q
ÿ

k“1

sup
Θ

|ut´i´kpφq|}X t´i´k´1}

σtpλq

`

8
ÿ

i“0

sup
Θ
aβpiq

p
ÿ

k“1

sup
Θ

›

›

›

›

1

σtpλq

Bσ2
t´i´kpλq

Bφ

›

›

›

›

ď 2
q
ÿ

k“1

8
ÿ

i“0

„

sup
Θ

aβpiq

aγpi` kq

1{2

sup
Θ
a

1{2
β piq}X t´i´k´1}

`2
p
ÿ

k“1

8
ÿ

i“0

8
ÿ

j“1

„

sup
Θ

aβpiqaγpjq

aγpi` j ` kq

1{2

sup
Θ
raβpiqaγpjqs

1{2
}X t´i´j´k´1}

ď C
8
ÿ

i“1

ρi}X t´i´1},

and

sup
Θ

›

›

›

›

1

σ2
t pλq

B2σ2
t pλq

BφBφ1

›

›

›

›

ď 2
8
ÿ

i“1

sup
Θ
aγpiq}X t´i´1}

2
ď C

8
ÿ

i“1

ρi}X t´i´1}
2.

Using above inequalities and (S1.6)-(S1.7), we can show that

sup
Θ

›

›

›

›

1

σtpλq

B2qtpθq

BθBθ1

›

›

›

›

ď
1

2
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bγ

›

›

›

›

`
1

2
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bφ

›

›

›

›

`
b

4
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bγ

›

›

›

›

2

`
b

4
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bφ

›

›

›

›

2

`
b

4
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bγ

›

›

›

›

sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bφ

›

›

›

›

`
b

2
sup

Θ

›

›

›

›

1

σ2
t pλq

B2σ2
t pλq

BγBγ 1

›

›

›

›

`
b

2
sup

Θ

›

›

›

›

1

σ2
t pλq

B2σ2
t pλq

BγBφ1

›

›

›

›

`
b

2
sup

Θ

›

›

›

›

1

σ2
t pλq

B2σ2
t pλq

BφBφ1

›

›

›

›

ď Cζ2
ρ,t´1.

Then (ii) is verified. Note that rσ2
t pλq ď σ2

t pλq under the setting for initial values of
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utpφq and σ2
t pλq, then (iii) can be similarly asserted as for (ii). (iv) can be shown by

using the same method in proving Lemma A.1(i) of Zheng et al. (2018). Hence, we

accomplish the proof of this lemma.

Proof of Lemma 2. In this paper, we use the setting for initial value of utpφq as

follows

rutpφq “ utpφq for t ą 0; rutpφq “ 0 for t ď 0. (S1.8)

We first prove (i). Note that rσtpλq ´ σtpλq “ rrσ2
t pλq ´ σ2

t pλqs{rrσtpλq ` σtpλqs.

Moreover, by (S1.3), it follows that

rσ2
t pλq ´ σ

2
t pλq “

8
ÿ

i“1

aγpiqrru
2
t´ipφq ´ u

2
t´ipφqs “ ´

8
ÿ

i“t

aγpiqu
2
t´ipφq.

Then by (S1.1), (S1.8) and σ2
t pλq ě aγpiqu

2
t´ipφq implied by (S1.3), together with

the fact that utpφq “ ut ´ pφ´ φ0q
1X t´1, we have

sup
Θ
|rσtpλq ´ σtpλq| ď

8
ÿ

i“t

sup
Θ

aγpiqu
2
t´ipφq

σtpλq
ď

8
ÿ

i“t

sup
Θ

b

aγpiq|ut´ipφq| ď Cρtξρ.

Hence, (i) holds.
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We next verify (ii). By (S1.4) and the fact that σ2
t pλq ě 1, it can be verified that

1

σtpλq

›

›

›

›

Brqtpθq

Bθ
´
Bqtpθq

Bθ

›

›

›

›

ď |rσtpλq ´ σtpλq| `
b

2

1

σtpλq

›

›

›

›

1

rσtpλq

Brσ2
t pλq

Bγ
´

1

σtpλq

Bσ2
t pλq

Bγ

›

›

›

›

`
b

2

›

›

›

›

1

rσtpλq

Brσ2
t pλq

Bφ
´

1

σtpλq

Bσ2
t pλq

Bφ

›

›

›

›

. (S1.9)

By (S1.3), it holds that

›

›

›

›

rzt´ipλq

rσtpλq
´
zt´ipλq

σtpλq

›

›

›

›

ď

q
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ru2
t´i´kpφq

rσtpλq
´
u2
t´i´kpφq

σtpλq

ˇ

ˇ

ˇ

ˇ

`

p
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

rσ2
t´i´kpλq

rσtpλq
´
σ2
t´i´kpλq

σtpλq

ˇ

ˇ

ˇ

ˇ

`

d
ÿ

k“1

υ2
k,t´i´1

ˇ

ˇ

ˇ

ˇ

1

rσtpλq
´

1

σtpλq

ˇ

ˇ

ˇ

ˇ

ď

q
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ru2
t´i´kpφq

rσtpλq
´
u2
t´i´kpφq

σtpλq

ˇ

ˇ

ˇ

ˇ

`

p
ÿ

k“1

8
ÿ

j“1

aγpjq

ˇ

ˇ

ˇ

ˇ

ru2
t´i´j´kpφq

rσtpλq
´
u2
t´i´j´kpφq

σtpλq

ˇ

ˇ

ˇ

ˇ

` |rσtpλq ´ σtpλq|
d
ÿ

k“1

υ2
k,t´i´1

rσtpλqσtpλq
.

This together with (S1.2), (S1.5), (S1.8) and the fact that rσ2
t pλq ě 1, then similar
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to the proof of (S1.6), we can show that

sup
Θ

1

σtpλq

›

›

›

›

1

rσtpλq

Brσ2
t pλq

Bγ
´

1

σtpλq

Bσ2
t pλq

Bγ

›

›

›

›

ď sup
Θ
|rσtpλq ´ σtpλq|

q
ÿ

k“1

t´k´1
ÿ

i“0

sup
Θ
aβpiq

u2
t´i´kpφq

σ2
t pλq

`

q
ÿ

k“1

8
ÿ

i“t´k

sup
Θ
aβpiq

u2
t´i´kpφq

σ2
t pλq

` sup
Θ
|rσtpλq ´ σtpλq|

p
ÿ

k“1

8
ÿ

j“1

t´j´k´1
ÿ

i“0

sup
Θ
aβpiqaγpjq

u2
t´i´j´kpφq

σ2
t pλq

`

p
ÿ

k“1

8
ÿ

j“1

8
ÿ

i“t´j´k

sup
Θ
aβpiqaγpjq

u2
t´i´j´kpφq

σ2
t pλq

` sup
Θ
|rσtpλq ´ σtpλq|

d
ÿ

k“1

1

πk

ď Cρtξρ

«

1`
t´2
ÿ

i“0

ρi|ut´ipφq|
ι

ff

. (S1.10)

Similarly, by (S1.2), (S1.5), (S1.8) and the fact that rσ2
t pλq ě 1, we have

sup
Θ

›

›

›

›

1

rσtpλq

Brσ2
t pλq

Bφ
´

1

σtpλq

Bσ2
t pλq

Bφ

›

›

›

›

“ 2 sup
Θ

›

›

›

›

›

8
ÿ

i“1

aγpiq

„

rut´ipφq

rσtpλq
´
ut´ipφq

σtpλq



X t´i´1

›

›

›

›

›

ď 2
8
ÿ

i“t

sup
Θ

aγpiq|ut´ipφq|

σtpλq
}X t´i´1} ` 2 sup

Θ

|rσtpλq ´ σtpλq|

rσtpλq

t´1
ÿ

i“1

sup
Θ

aγpiq|ut´ipφq|

σtpλq
}X t´i´1}

ď Cρtξρ

«

1`
t´2
ÿ

i“0

ρi }X t´i´1}

ff

. (S1.11)

In view of (S1.9)-(S1.11), together with (i) and b ď b for θ P Θ, it follows that

sup
Θ

1

σtpλq

›

›

›

›

Brqtpθq

Bθ
´
Bqtpθq

Bθ

›

›

›

›

ď Cρtξρζρ,t.
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Therefore, (ii) is asserted. The proof of this lemma is complete.

Proof of Lemma 3. It can be verified that

|ζnpuq| ď
?
n}u}

m`p`q`d`1
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

1
?
n

n
ÿ

t“1

mt,j tξ1tpuq ´ Erξ1tpuq|Ft´1su

ˇ

ˇ

ˇ

ˇ

,

where mt,j “ σ´1
t Bqtpθτ0q{Bθpjq with θpjq being the jth element of θ. For 1 ď j ď

m`p`q`d`1, define gt “ maxjtmt,j, 0u or gt “ maxjt´mt,j, 0u. Let ftpuq “ gtξ1tpuq

and

Dnpuq “
1
?
n

n
ÿ

t“1

tftpuq ´ E rftpuq|Ft´1su .

To establish Lemma 3, it suffices to show that, for any δ ą 0,

sup
}u}ďδ

|Dnpuq|

1`
?
n}u}

“ opp1q. (S1.12)

We follow the method in Lemma 4 of Pollard (1985) to verify (S1.12). Let

F “ tftpuq : }u} ď δu be a collection of functions indexed by u. First, we verify that

F satisfies the bracketing condition defined in Pollard (1985), page 304. Let Brpξq

be an open neighborhood of ξ with radius r ą 0, and define a constant C0 to be

selected later. For any ε ą 0 and 0 ă r ď δ, there exists a sequence of small cubes

tBεr{C0puiqu
Kpεq
i“1 to cover Brp0q, where Kpεq is an integer less than Cε´pm`p`q`d`1q,
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and the constant C is not depending on ε and r; see Huber (1967), page 227. Denote

Viprq “ Bεr{C0puiq
Ş

Brp0q, and let U1prq “ V1prq and Uiprq “ Viprq ´
Ťi´1
j“1 Vjprq

for i ě 2. Note that tUiprqu
Kpεq
i“1 is a partition of Brp0q. For each ui P Uiprq with

1 ď i ď Kpεq, define the following bracketing functions

fLt puiq “ gt
ş1

0

„

I

ˆ

εt ď bτ `
u1i
σt

Bqtpθτ0q

Bθ
s´

εr

C0

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

˙

´ Ipεt ď bτ q



ds,

fUt puiq “ gt
ş1

0

„

I

ˆ

εt ď bτ `
u1i
σt

Bqtpθτ0q

Bθ
s`

εr

C0

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

˙

´ Ipεt ď bτ q



ds.

The indicator function Ip¨q is non-decreasing and gt ě 0, for any u P Uiprq, then

fLt puiq ď ftpuq ď fUt puiq. (S1.13)

Furthermore, by the Taylor expansion, it holds that

E
“

fUt puiq ´ f
L
i puiq|Ft´1

‰

ď
εr

C0

¨ 2 sup
xPR

fεpxq

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

2

. (S1.14)

Denote ∆t “ 2 supxPR fεpxq}σ
´1
t Bqtpθτ0q{Bθ}

2. By Assumption 4, we have supxPR fεpxq ă

8. This together with Lemma 1, implies that Ep∆tq exists. Let C0 “ Ep∆tq. Then

by the iterated-expectation, it follows that

E
“

fUt puiq ´ f
L
t puiq

‰

“ E
 

E
“

fUt pθiq ´ f
L
t pθiq|Ft´1

‰(

ď εr.
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This together with (S1.13), implies that the family F satisfies the bracketing condi-

tion.

Put rk “ 2´kδ. Let Bpkq “ Brkp0q and Apkq be the annulus BpkqzBpk`1q. From

the bracketing condition, for fixed ε ą 0, there is a partition U1prkq, U2prkq, . . . , UKpεqprkq

of Bpkq. First, consider the upper tail case. For u P Uiprkq, by (S1.14), it holds that

Dnpuq ď
1
?
n

n
ÿ

t“1

 

fUt puiq ´ E
“

fUt puiq|Ft´1

‰(

`
1
?
n

n
ÿ

t“1

E
“

fUt puiq ´ f
L
t puiq|Ft´1

‰

ď DU
n puiq `

?
nεrk

1

nC0

n
ÿ

t“1

∆t, (S1.15)

where

DU
n puiq “

1
?
n

n
ÿ

t“1

 

fUt puiq ´ E
“

fUt puiq|Ft´1

‰(

.

Define the event

En “

#

ω :
1

nC0

n
ÿ

t“1

∆tpωq ă 2

+

.

For u P Apkq, 1 `
?
n}u} ą

?
nrk`1 “

?
nrk{2. Then by (S1.15) and the
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Chebyshev’s inequality, we have

P

˜

sup
uPApkq

Dnpuq

1`
?
n}u}

ą 6ε, En

¸

ď P

˜

max
1ďiďKpεq

sup
uPUiprkqXApkq

Dnpuq ą 3
?
nεrk, En

¸

ď Kpεq max
1ďiďKpεq

P
`

DU
n puiq ą

?
nεrk

˘

ď Kpεq max
1ďiďKpεq

EtrDU
n puiqs

2u

nε2r2
k

. (S1.16)

Moreover, by the iterated-expectation, the Taylor expansion, Assumption 4 and

}ui} ď rk for ui P Uiprkq, we have

E
 

rfUt puiqs
2
(

“ E
 

E
 

rfUt puiqs
2
|Ft´1

((

ď 2E

"

g2
t

ˇ

ˇ

ˇ

ˇ

ż 1

0

„

Fε

ˆ

bτ `
u1i
σt

Bqtpθτ0q

Bθ
s`

εrk
C0

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

˙

´ Fε pbτ q



ds

ˇ

ˇ

ˇ

ˇ

*

ď C sup
xPR

fεpxqrkE

«

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

3
ff

.

This, together with Lemma 1, Ep}X t}
4`δq ă 8 for some δ ą 0 by Assumption 3,

supxPR fεpxq ă 8 by Assumption 4 and the fact that fUt puiq ´ ErfUt puiq|Ft´1s is a
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martingale difference sequence, implies that

EtrDU
n puiqs

2
u “

1

n

n
ÿ

t“1

EttfUt puiq ´ Erf
U
t puiq|Ft´1su

2
u

ď
1

n

n
ÿ

t“1

EtrfUt puiqs
2
u

ď
Crk
n

n
ÿ

t“1

E

«

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

3
ff

:“ ∆prkq. (S1.17)

Combing (S1.16) and (S1.17), we have

P

˜

sup
uPApkq

Dnpuq

1`
?
n}u}

ą 6ε, En

¸

ď
Kpεq∆prkq

nε2r2
k

.

Similar to the proof of the upper tail case, we can obtain the same bound for the

lower tail case. Therefore,

P

˜

sup
uPApkq

|Dnpuq|

1`
?
n}u}

ą 6ε, En

¸

ď
2Kpεq∆prkq

nε2r2
k

. (S1.18)

Note that ∆prkq Ñ 0 as k Ñ 8, we can choose kε such that 2Kpεq∆prkq{pε
2δ2q ă

ε for k ě kε. Let kn be the integer such that n´1{2δ ď rkn ď 2n´1{2δ, and split

Bδp0q into two events B :“ Bpkn ` 1q and Bc :“ Bp0q ´ Bpkn ` 1q. Note that

Bc “
Ťkn
k“0Apkq. Moreover, by Lemma 1, it follows that ∆prkq is bounded. This
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together with (S1.18), implies that

P

ˆ

sup
uPBc

|Dnpuq|

1`
?
n}u}

ą 6ε

˙

ď

kn
ÿ

k“0

P

˜

sup
uPApkq

|Dnpuq|

1`
?
n}u}

ą 6ε, En

¸

` PpEc
nq

ď
1

n

kε´1
ÿ

k“0

CKpεq

ε2δ2
22k
`
ε

n

kn
ÿ

k“kε

22k
` PpEc

nq

ď O

ˆ

1

n

˙

` 4ε` PpEc
nq. (S1.19)

Furthermore, for u P B, we have 1 `
?
n}u} ě 1 and rkn`1 ď n´1{2δ ă n´1{2.

Similar to the proof of (S1.16) and (S1.17), we can show that

P

ˆ

sup
uPB

Dnpuq

1`
?
n}u}

ą 3ε, En

˙

ď P

ˆ

max
1ďiďKpεq

DU
n puiq ą ε, En

˙

ď
Kpεq∆prkn`1q

ε2
.

We can obtain the same bound for the lower tail. Therefore, we have

P

ˆ

sup
uPB

|Dnpuq|

1`
?
n}u}

ą 3ε

˙

“ P

ˆ

sup
uPB

|Dnpuq|

1`
?
n}u}

ą 3ε, En

˙

` PpEc
nq

ď
2Kpεq∆prkn`1q

ε2
` PpEc

nq. (S1.20)

Note that ∆prkn`1q Ñ 0 as n Ñ 8. Moreover, by the ergodic theorem, PpEnq Ñ 1

as n Ñ 8 and thus PpEc
nq Ñ 0 as n Ñ 8. (S1.20) together with (S1.19) asserts

(S1.12). The proof of this lemma is complete.

Proof of Lemma 4. Denote u “ θ´ θτ0. Recall that pLnpθq “ n´1
řn
t“1 pσ

´1
t
r`tpθq and

rLnpθq “ n´1
řn
t“1 rσ

´1
t `tpθq, where pσt “ rσtppλ

int

n q, rσt “ σtppλ
int

n q,
r`tpθq “ ρτ rYt´ rqtpθqs
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and `tpθq “ ρτ rYt ´ qtpθqs. Then it can be verified that

nrpLnpθq ´ pLnpθτ0qs ´ nrrLnpθq ´ rLnpθτ0qs

“

n
ÿ

t“1

pσ´1
t r

r`tpθq ´ r`tpθτ0qs ´

n
ÿ

t“1

rσ´1
t r`tpθq ´ `tpθτ0qs

“ rR3npθq ` rR4npθq, (S1.21)

where

rR3npθq “

n
ÿ

t“1

ppσ´1
t ´ rσ´1

t qr
r`tpθq ´ r`tpθτ0qs and

rR4npθq “

n
ÿ

t“1

rσ´1
t tr

r`tpθq ´ r`tpθτ0qs ´ r`tpθq ´ `tpθτ0qsu.

First, we show that

rR3npθq “ opp
?
n}u}q. (S1.22)

By the Taylor expansion and the Lipschitz continuity of ρτ pxq, we have

|r`tpθq ´ r`tpθτ0q| ď C|rqtpθq ´ rqtpθτ0q| ď C}u}

›

›

›

›

Brqtpθ
˚
q

Bθ

›

›

›

›

, (S1.23)

where θ˚ is between θτ0 and θ. Recall that ζρ,t “
ř8

j“0 ρ
jp1 ` }X t´j´1} ` |ut´j|

ιq.

By Assumptions 1 and 3, it holds that Epζ4`δ
ρ,t q ă 8. Combing (S1.63) and (S1.23),
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by Lemma 1, rσ2
t pλq ď σ2

t pλq and rσ2
t pλq ě 1, we can show that

sup
Θ

| rR3npθq|
?
n}u}

ď
Cξρ
?
n

n
ÿ

t“1

ρt sup
Θ

„
›

›

›

›

1

rσtpλq

Brqtpθq

Bθ

›

›

›

›

rσtpλq

rσt



ď
Cξρ
?
n

n
ÿ

t“1

ρtζρ,t sup
Θ

rσtpλq

rσt
“ opp1q.

Thus, (S1.22) holds. Next, we verify that

rR4npθq “ opp
?
n}u} ` n}u}2q. (S1.24)

Denote νtpuq “ qtpθq ´ qtpθτ0q and rνtpuq “ rqtpθq ´ rqtpθτ0q. Define

ξtpuq “

ż 1

0

“

I
`

εt ď bτ ` σ
´1
t νtpuqs

˘

´ Ipεt ď bτ q
‰

ds and

rξtpuq “

ż 1

0

“

I
`

εt ď bτrσtσ
´1
t ` σ´1

t rνtpuqs
˘

´ Ipεt ď bτrσtσ
´1
t q

‰

ds.

By the Knight equation (S1.66), it can be verified that

rR4npθq “

n
ÿ

t“1

rσ´1
t

!

rνtpuqr´ψτ pεt ´ bτrσtσ
´1
t q `

rξtpuqs ´ νtpuq r´ψτ pεt,τ q ` ξtpuqs
)

“ rΠ1puq ` rΠ2puq ` rΠ3puq ` rΠ4puq, (S1.25)
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where εt,τ “ εt ´ bτ ,

rΠ1puq “ ´

n
ÿ

t“1

rσ´1
t rrνtpuq ´ νtpuqsψτ pεt ´ bτrσtσ

´1
t q,

rΠ2puq “ ´

n
ÿ

t“1

rσ´1
t νtpuqrψτ pεt ´ bτrσtσ

´1
t q ´ ψτ pεt,τ qs,

rΠ3puq “

n
ÿ

t“1

rσ´1
t rrνtpuq ´ νtpuqs

rξtpuq and rΠ4puq “
n
ÿ

t“1

rσ´1
t νtpuqrrξtpuq ´ ξtpuqs.

Moreover, by the Taylor expansion, we have

νtpuq “ u
1Bqtpθ

˚
q

Bθ
and rνtpuq “ u

1Brqtpθ
˚
q

Bθ
, (S1.26)

where θ˚ is between θτ0 and θ. Then it follows that

rΠ1puq “ ´u
1

n
ÿ

t“1

1

rσt

„

Brqtpθ
˚
q

Bθ
´
Bqtpθ

˚
q

Bθ



ψτ pεt ´ bτrσtσ
´1
t q.

By Lemma 1(iv), Lemma 2(ii) and Assumption 1, together with the fact that |ψτ pxq| ă

1, it follows that

sup
Θ

|rΠ1puq|
?
n}u}

ď
1
?
n

n
ÿ

t“1

sup
Θ

1

σtpλq

›

›

›

›

Brqtpθq

Bθ
´
Bqtpθq

Bθ

›

›

›

›

sup
Θ

σtpλq

σtprλnq

ď
Cξρ
?
n

n
ÿ

t“1

ρtζρ,t sup
Θ

σtpλq

σtprλnq
“ opp1q.
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Hence, we have

rΠ1puq “ opp
?
n}u}q. (S1.27)

We next consider rΠ2puq. Since ψτ pxq “ τ ´ Ipx ă 0q, by the Taylor expansion, we

have

E
“

ψτ pεt ´ bτrσtσ
´1
t q ´ ψτ pεt,τ q|Ft´1

‰

“ fεpbτ1qbτσ
´1
t pσt ´ rσtq,

where bτ1 is between bτ and bτrσtσ
´1
t . As a result, by the iterated-expectation, the

Cauchy-Schwarz inequality and the Taylor expansion in (S1.26), together with rσ2
t ě

1, Lemmas 1-2, Epζ4`δ
ρ,t q ă 8 by Assumption 3, Epξ2

ρq ă 8 by Assumption 1 and

Epu2
t q ă 8, and supxPR fεpxq ă 8 by Assumption 4, it follows that

E

«

sup
Θ

|rΠ2puq|
?
n}u}

ff

ď
1
?
n

n
ÿ

t“1

E

"

1

rσt
sup

Θ

›

›

›

›

Bqtpθq

Bθ

›

›

›

›

ˇ

ˇE
“

ψτ pεt ´ bτrσtσ
´1
t q ´ ψτ pεt,τ q|Ft´1

‰
ˇ

ˇ

*

ď b sup
xPR

fεpxq
1
?
n

n
ÿ

t“1

E

"

|σt ´ rσt| sup
Θ

σtpλq

σt
sup

Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

*

ď
C
?
n

n
ÿ

t“1

ρt
“

Epξ2
ρq
‰1{2

„

E sup
Θ

σ4
t pλq

σ4
t

1{4
“

Epζ4
ρ,tq

‰1{4
“ op1q.

Therefore,

rΠ2puq “ opp
?
n}u}q. (S1.28)
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Note that |rξtpuq| ă 2. For rΠ3puq, similar to the proof of rΠ1puq, we can show that

rΠ3puq “ opp
?
n}u}q. (S1.29)

Finally, we consider rΠ4puq. By the Taylor expansion, we have

Errξtpuq ´ ξtpuq|Ft´1s

“

ż 1

0

„

Fε

ˆ

bτrσt
σt

`
rνtpuq

σt
s

˙

´ Fε

ˆ

bτrσt
σt

˙

ds´

ż 1

0

„

Fε

ˆ

bτ `
νtpuq

σt
s

˙

´ Fεpbτ q



ds

“

ż 1

0

fεpbτ2qσ
´1
t rνtpuqsds´

ż 1

0

fεpbτ3qσ
´1
t νtpuqsds

“
1

2
fεpbτ qσ

´1
t rrνtpuq ´ νtpuqs ` σ

´1
t rνtpuq

ż 1

0

rfεpbτ2q ´ fεpbτ qssds

´σ´1
t νtpuq

ż 1

0

rfεpbτ3q ´ fεpbτ qssds,

where bτ2 “ bτrσtσ
´1
t `σ´1

t rνtpuqs2 and bτ3 “ bτ `σ
´1
t νtpuqs3 with 0 ă s2, s3 ă s ď 1.

As a result, by the iterated-expectation and the Taylor expansion in (S1.26), it follows

that

E

«

sup
Θ

|rΠ4puq|

n}u}2

ff

ď rK1puq ` rK2puq ` rK3puq, (S1.30)
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where

rK1puq “
fεpbτ q

2n

n
ÿ

t“1

E

„

1

rσtσt
sup

Θ

›

›

›

›

Bqtpθq

Bθ

›

›

›

›

›

›

›

›

Brqtpθq

Bθ1
´
Bqtpθq

Bθ1

›

›

›

›



,

rK2puq “
1

n

n
ÿ

t“1

E

„

1

rσtσt
sup

Θ

›

›

›

›

Bqtpθq

Bθ

›

›

›

›

›

›

›

›

Brqtpθq

Bθ1

›

›

›

›

sup
Θ

ż 1

0

|fεpbτ2q ´ fεpbτ q|sds



,

rK3puq “

n
ÿ

t“1

E

«

1

rσtσt
sup

Θ

›

›

›

›

Bqtpθq

Bθ

›

›

›

›

2

sup
Θ

ż 1

0

|fεpbτ3q ´ fεpbτ q|sds

ff

.

First, consider rK1pθq. By the Hölder inequality and Lemmas 1-2, together with

Epζ4`δ
ρ,t q ă 8 by Assumption 3, Epξ2

ρq ă 8 by Assumption 1 and Epu2
t q ă 8, and

the fact that rσ2
t ď σ2

t , we have

rK1puq ď
fεpbτ q

2

1

n

n
ÿ

t“1

E

"

sup
Θ

σ2
t pλq

σtrσt
sup

Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

sup
Θ

1

σtpλq

›

›

›

›

Brqtpθq

Bθ
´
Bqtpθq

Bθ

›

›

›

›

*

ď
C

n

n
ÿ

t“1

ρtE

#

sup
Θ

σ2
t pλq

σ2
t p
rλnq

ζ2
ρ,tξρ

+

ď
C

n

n
ÿ

t“1

ρtrEpξ2
ρqs

1
2

“

Epζ4`δ
ρ,t q

‰
2

4`δ

#

E sup
Θ

„

σtpλq

σt



4p4`δq
δ

+

δ
2p4`δq

“ op1q.

Hence,

rK1puq “ opp1q. (S1.31)
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Next, we consider rK2puq. By the Taylor expansion, it follows that

ż 1

0

|fεpbτ2q ´ fεpbτ q|sds ď
1

2σt
sup
xPR

| 9fεpxq||bτ prσt ´ σtq ` rνtpuqs2|.

Then by the Taylor expansion in (S1.26) and the Hölder inequality, together with

Lemmas 1-2, supxPR | 9fεpxq| ă 8 by Assumption 4, |bτ | ă b and the fact that σ2
t ě 1,

we have

sup
}u}ďη

rK2puq ď
C

n

n
ÿ

t“1

E

#

sup
Θ

„
›

›

›

›

1

σt

Bqtpθq

Bθ

›

›

›

›

›

›

›

›

1

rσt

Brqtpθq

Bθ

›

›

›

›



«

b

σt
|rσt ´ σt| ` sup

}u}ďη

|rνtpuq|

σt
s2

ff+

ď
C

n

n
ÿ

t“1

ρt

#

E

„

sup
Θ

σtpλq

σt



4p4`δq
δ

+

δ
2p4`δq

rEpζ4`δ
ρ,t qs

2
4`δ rEpξ2

ρqs
1
2

`
Cη

n

n
ÿ

t“1

#

E

„

sup
Θ

σtpλq

σt



3p3`δq
δ

+

δ
3`δ

rEpζ3`δ
ρ,t qs

3
3`δ

tends to 0 as η Ñ 0 and n is large enough. Similar to (S1.50) and (S1.51), we can

show that

rK2puq “ opp1q. (S1.32)

We finally consider rK3puq. By the Taylor expansion, we have

ż 1

0

|fεpbτ3q ´ fεpbτ q|sds ď sup
xPR

| 9fεpxq|σ
´1
t |νtpuq|.
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Then by the Hölder inequality and Lemma 1, it follows that

sup
}u}ďη

rK3puq ď
C

n

n
ÿ

t“1

E

#

sup
Θ

1

rσtσt

›

›

›

›

Bqtpθq

Bθ

›

›

›

›

2

sup
}u}ďη

ˇ

ˇ

ˇ

ˇ

νtpuq

σt

ˇ

ˇ

ˇ

ˇ

+

ď
Cη

n

n
ÿ

t“1

E

«

sup
Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

3

sup
Θ

σ3
t pλq

σ2
t σtprλnq

ff

ď Cη
“

Epζ3`δ
ρ,t q

‰
3
δ`3

#

sup
Θ

„

σtpλq

σt



3p3`δq
δ

+

δ
δ`3

tends to 0 as η Ñ 0 and n is large enough. Similar to (S1.50) and (S1.51), we can

show that

rK3puq “ opp1q. (S1.33)

In view of (S1.30)-(S1.33), we have

rΠ4puq “ oppn}u}
2
q. (S1.34)

Combing (S1.25), (S1.27)-(S1.29) and (S1.34), we assert (S1.24). By (S1.21), (S1.22)

and (S1.24), it follows that

nrpLnpθq ´ pLnpθτ0qs ´ nrrLnpθq ´ rLnpθτ0qs “ opp
?
n}u} ` n}u}2q. (S1.35)

Hence, the proof of this lemma is complete.



S1. TECHNICAL DETAILS

Proof of Lemma 5. Denote u “ θ´ θτ0. Recall that rLnpθq “ n´1
řn
t“1 rσ

´1
t `tpθq and

Lnpθq “ n´1
řn
t“1 σ

´1
t `tpθq, where `tpθq “ ρτ rYt ´ qtpθqs. To show this lemma, we

decompose the proof into two steps. In the first step, we will show that

nrrLnpθq ´ rLnpθτ0qs ´ nrLnpθq ´ Lnpθτ0qs “ opp
?
n}u} ` n}u}2q. (S1.36)

Denote εt,τ “ εt ´ bτ and νtpuq “ qtpθq ´ qtpθτ0q. Define

ξtpuq “

ż 1

0

“

I
`

εt ď bτ ` σ
´1
t νtpuqs

˘

´ Ipεt ď bτ q
‰

ds. (S1.37)

By the Knight equation (S1.66), it can be verified that

nrrLnpθq ´ rLnpθτ0qs ´ nrLnpθq ´ Lnpθτ0qs

“

n
ÿ

t“1

prσ´1
t ´ σ´1

t q rρτ pεt,τσt ´ νtpuqq ´ ρτ pεt,τσtqs

“ K1npuq `K2npuq, (S1.38)

where

K1npuq “ ´
n
ÿ

t“1

ˆ

1

rσt
´

1

σt

˙

νtpuqψτ pεt,τ q and K2npuq “
n
ÿ

t“1

ˆ

1

rσt
´

1

σt

˙

νtpuqξtpuq.
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By the Taylor expansion, it holds that

1

rσt
´

1

σt
“ ´ppλ

int

n ´ λ0q
1 1

2σ3
t pλ

˚
q

Bσ2
t pλ

˚
q

Bλ
and νtpuq “ u

1Bqtpθ
˚
q

Bθ
, (S1.39)

where λ˚ is between pλ
int

n and λ0, and θ˚ is between θ and θτ0. By (S1.39), it follows

that

K1npuq “
?
nppλ

int

n ´ λ0q
1
¨

1

n

n
ÿ

t“1

Z1tpθ
˚
q ¨
?
nu, (S1.40)

where

Z1tpθ
˚
q “

1

2σ3
t pλ

˚
q

Bσ2
t pλ

˚
q

Bλ

Bqtpθ
˚
q

Bθ1
ψτ pεt,τ q.

By the iterated-expectation and Lemma 1, together with the fact that Erψτ pεt,τ qs “

0, we can show that E rZ1tpθ
˚
qs “ 0. Furthermore, by the Cauchy-Schwarz inequal-

ity, Lemma 1 and the fact that |ψτ pxq| ď 1, we have

E

ˆ

sup
Θ
}Z1tpθ

˚
q}

˙

ď
1

2

«

E sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bλ

›

›

›

›

2
ff1{2 «

E sup
Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

2
ff1{2

ă 8.

Then by the Theorem 3.1 in Ling and McAleer (2003), it follows that

sup
Θ

›

›

›

›

›

1

n

n
ÿ

t“1

Z1tpθ
˚
q

›

›

›

›

›

“ opp1q.



S1. TECHNICAL DETAILS

This together with (S1.40) and the fact that
?
nppλ

int

n ´ λ0q “ Opp1q, implies that

K1npuq “ opp
?
n}u}q. (S1.41)

For K2npuq, by (S1.39), it can be verified that

K2npuq “ ´pλ̌n ´ λ0q
1Z2tpuq, (S1.42)

where

Z2tpuq “
n
ÿ

t“1

1

2σ3
t pλ

˚
q

Bσ2
t pλ

˚
q

Bλ
νtpuqξtpuq.

By the Taylor expansion and Assumption 4, it follows that

Erξtpuq|Ft´1s “

ż 1

0

„

Fε

ˆ

bτ `
νtpuqs

σt

˙

´ Fεpbτ q



ds “

ż 1

0

fε

ˆ

bτ `
νtpuqs

˚

σt

˙

νtpuq

σt
sds,

where s˚ is between 0 and s. Then by the iterated-expectation and the Cauchy-

Schwarz inequality, together with (S1.39), Lemma 1 and supxPR fεpxq ă 8 by As-
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sumption 4, we have

E

„

sup
Θ

}Z2tpuq}

n}u}2



ď
1

4
sup
xPR

fεpxq
1

n

n
ÿ

t“1

E

„

sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bλ

›

›

›

›

sup
Θ

ν2
t pθq

σtσtpλ
˚
q}u}2



ď CE

«

sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bλ

›

›

›

›

sup
Θ

σtpλq

σt
sup

Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

2
ff

ď C

«

E sup
Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bλ

›

›

›

›

4
ff1{4

„

E sup
Θ

σ4
t pλq

σ4
t

1{4
«

E sup
Θ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

4
ff1{2

ă 8.

This together with (S1.42), the ergodic theorem and the fact that
?
nppλ

int

n ´ λ0q “

Opp1q, implies that

K2npuq “ oppn}u}
2
q. (S1.43)

By (S1.38), (S1.41) and (S1.43), it follows that (S1.36) holds.

In the second step, we will establish that

nrLnpθq ´ Lnpθτ0qs “ ´
?
nu1T n `

?
nu1Jn

?
nu` opp

?
n}u} ` n}u}2q. (S1.44)

By the Knight equation (S1.66), we have

nrLnpθq ´ Lnpθτ0qs “ R1npuq `R2npuq, (S1.45)
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where

R1npuq “ ´
n
ÿ

t“1

1

σt
νtpuqψτ pεt,τ q and R2npuq “

n
ÿ

t“1

1

σt
νtpuqξtpuq.

By the Taylor expansion, we have νtpuq “ q1tpuq ` q2tpuq, where

q1tpuq “ u
1Bqtpθτ0q

Bθ
and q2tpuq “

u1

2

B2qtpθ
˚
q

BθBθ1
u

with θ˚ between θ and θτ0. Then it can be verified that

R1npuq “ ´
?
nu1T n ´

?
nu1K3npθ

˚
q
?
nu, (S1.46)

where

T n “
1
?
n

n
ÿ

t“1

1

σt

Bqtpθτ0q

Bθ
ψτ pεt,τ q and K3npθ

˚
q “

1

2n

n
ÿ

t“1

1

σt

B2qtpθ
˚
q

BθBθ1
ψτ pεt,τ q.

By the iterated-expectation and the fact that Erψτ pεt,τ qs “ 0, it follows that

E

„

1

σt

B2qtpθ
˚
q

BθBθ1
ψτ pεt,τ q



“ 0.

Moreover, by Lemma 1 and the fact that |ψτ pεt,τ q| ď 1, we have

E

„

sup
Θ

›

›

›

›

1

σt

B2qtpθq

BθBθ1
ψτ pεt,τ q

›

›

›

›



ď

„

E sup
Θ

σ2
t pλq

σ2
t

1{2
«

E sup
Θ

›

›

›

›

1

σtpλq

B2qtpθq

BθBθ1

›

›

›

›

2
ff1{2

ă 8.
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Then by the Theorem 3.1 in Ling and McAleer (2003), it follows that

sup
Θ
}K3npθ

˚
q} “ opp1q.

This together with (S1.46), implies that

R1npuq “ ´
?
nu1T n ` oppn}u}

2
q. (S1.47)

By simple calculation, we have ξtpuq “ ξ1tpuq ` ξ2tpuq, where

ξ1tpuq “

ż 1

0

rIpεt ď bτ ` σ
´1
t q1tpuqsq ´ Ipεt ď bτ qsds and

ξ2tpuq “

ż 1

0

rIpεt ď bτ ` σ
´1
t νtpuqsq ´ Ipεt ď bτ ` σ

´1
t q1tpuqsqsds.

Then for R2npuq, it can be verified that

R2npuq “ K4npuq `K5npuq `K6npuq `K7npuq, (S1.48)
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where

K4npuq “ u1
n
ÿ

t“1

1

σt

Bqtpθτ0q

Bθ
Erξ1tpuq|Ft´1s,

K5npuq “ u1
n
ÿ

t“1

1

σt

Bqtpθτ0q

Bθ
tξ1tpuq ´ Erξ1tpuq|Ft´1su,

K6npuq “ u1
n
ÿ

t“1

1

σt

Bqtpθτ0q

Bθ
ξ2tpuq and K7npuq “

u1

2

n
ÿ

t“1

1

σt

B2qtpθ
˚
q

BθBθ1
ξtpuqu.

First, consider K4npuq. By the Taylor expansion, it follows that

Erξ1tpuq|Ft´1s “

ż 1

0

rFεpbτ ` σ
´1
t q1tpuqsq ´ Fεpbτ qsds

“
1

2
fεpbτ qσ

´1
t q1tpuq ` σ

´1
t q1tpuq

ż 1

0

rfεpbτ ` σ
´1
t q1tpuqs

˚
q ´ fεpbτ qssds,

where s˚ is between 0 and s. Therefore, we have

K4npuq “
?
nu1Jn

?
nu`

?
nu1Π1npuq

?
nu, (S1.49)

where

Jn “
fεpbτ q

2n

n
ÿ

t“1

1

σ2
t

Bqtpθτ0q

Bθ

Bqtpθτ0q

Bθ1
and

Π1npuq “
1

n

n
ÿ

t“1

1

σ2
t

Bqtpθτ0q

Bθ

Bqtpθτ0q

Bθ1

ż 1

0

rfεpbτ ` σ
´1
t q1tpuqs

˚
q ´ fεpbτ qssds.

By the iterated-expectation, the Taylor expansion, Lemma 1 and supxPR | 9fpxq| ă 8
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by Assumption 4, for any η ą 0, it holds that

E

˜

sup
}u}ďη

}Π1npuq}

¸

ď
1

n

n
ÿ

t“1

E

#

sup
}u}ďη

›

›

›

›

1

σ2
t

Bqtpθτ0q

Bθ

Bqtpθτ0q

Bθ1
sup
xPR

| 9fpxq|
u1

σt

Bqtpθτ0q

Bθ

›

›

›

›

+

ď η sup
xPR

| 9fpxq|E

˜

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

3
¸

tends to 0 as η Ñ 0. Therefore, for any ε, δ ą 0, there exists η0 “ η0pεq ą 0 such

that

P

˜

sup
}u}ďη0

}Π1npuq} ą δ

¸

ă
ε

2
(S1.50)

for all n ě 1. Since u “ opp1q, it follows that

P p}u} ą η0q ă
ε

2
(S1.51)

as n is large enough. From (S1.50) and (S1.51), we have

P p}Π1npuq} ą δq ď P p}Π1npuq} ą δ, }u} ď η0q ` P p}u} ą η0q

ď P

˜

sup
}u}ďη0

}Π1npuq} ą δ

¸

`
ε

2
ă ε

as n is large enough. Therefore, Π1npuq “ opp1q. This together with (S1.49), implies
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that

K4npuq “
?
nu1Jn

?
nu` oppn}u}

2
q. (S1.52)

For K5npuq, by Lemma 3, it holds that

K5npuq “ opp
?
n}u} ` n}u}2q. (S1.53)

Next, we consider K6npuq. By the Taylor expansion, it follows that

Erξ2tpuq|Ft´1s “

ż 1

0

rFεpbτ ` σ
´1
t νpuqsq ´ Fεpbτ ` σ

´1
t q1tpuqsqsds

“ σ´1
t q2tpuq

ż 1

0

fεpb
˚
qsds,

where b˚ is between bτ ` σ´1
t q1tpuqs and bτ ` σ´1

t νpuq. Then by the iterated-

expectation and the Cauchy-Schiwarz inequality, together with Lemma 1 and supxPR fεpxq ă
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8 by Assumption 4, for any η ą 0, it holds that

E

˜

sup
}u}ďη

|K6npuq|

n}u}2

¸

ď
η

n

n
ÿ

t“1

E

"
›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

1

2
sup
xPR

fεpxq sup
Θ

›

›

›

›

1

σt

B2qtpθq

BθBθ1

›

›

›

›

*

ď CηE

"›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

sup
Θ

σtpλq

σt
sup

Θ

›

›

›

›

1

σtpλq

B2qtpθq

BθBθ1

›

›

›

›

*

ď Cη

«

E

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

4
ff1{4

„

E sup
Θ

σ4
t pλq

σ4
t

1{4
«

E sup
Θ

›

›

›

›

1

σtpλq

B2qtpθq

BθBθ1

›

›

›

›

2
ff1{2

(S1.54)

tends to 0 as η Ñ 0. Similar to (S1.50) and (S1.51), we can show that

K6npuq “ oppn}u}
2
q. (S1.55)

Finally, for K7npuq, it follows that

K7npuq “
?
nu1Π2npuq

?
nu`

?
nu1Π3npuq

?
nu, (S1.56)

where

Π2npuq “
1

2n

n
ÿ

t“1

1

σt

B2qtpθ
˚
q

BθBθ1
ξ1tpuq and Π3npuq “

1

2n

n
ÿ

t“1

1

σt

B2qtpθ
˚
q

BθBθ1
ξ2tpuq.
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As for the proof in (S1.54), we can show that

E

˜

sup
}u}ďη

}Π2npuq}

¸

ď Cη

«

E sup
Θ

›

›

›

›

1

σtpλq

B2qtpθq

BθBθ1

›

›

›

›

2
ff1{2

„

E sup
Θ

σ4
t pλq

σ4
t

1{4
«

E

›

›

›

›

1

σt

Bqtpθτ0q

Bθ

›

›

›

›

4
ff1{4

tends to 0 as η Ñ 0. Then similar to (S1.50) and (S1.51), we can prove that

Π2npuq “ opp1q. Similarly, for Π3npuq, by the Hölder inequality, for some δ ą 0, we

have

E

˜

sup
}u}ďη

}Π3npuq}

¸

ď Cη2

«

E sup
Θ

›

›

›

›

1

σtpλq

B2qtpθq

BθBθ1

›

›

›

›

2`δ
ff

2
2`δ

#

E sup
Θ

„

σtpλq

σt


2`δ
δ

+

δ
2`δ

tends to 0 as η Ñ 0. This together with the proof similar to that of (S1.50) and

(S1.51), implies that Π3npuq “ opp1q. Therefore, by (S1.56), it follows that

K7npuq “ oppn}u}
2
q. (S1.57)

Combing (S1.48), (S1.52), (S1.53), (S1.55) and (S1.57), we have

R2npuq “
?
nu1Jn

?
nu` opp

?
n}u} ` n}u}2q. (S1.58)

By (S1.45), (S1.47) and (S1.58), it follows that (S1.44) holds. In view of (S1.36) and

(S1.44), the proof of this lemma is complete.
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Proof of Theorem 1. Denote `tpθq “ ρτ rYt´ qtpθqs and r`tpθq “ ρτ rYt´ rqtpθqs, where

qtpθq “ φ
1X t´1`bσtpλq and rqtpθq “ φ

1X t´1`brσtpλq. Define the following functions

pLnpθq “
1

n

n
ÿ

t“1

pσ´1
t
r`tpθq, rLnpθq “

1

n

n
ÿ

t“1

rσ´1
t `tpθq and Lnpθq “

1

n

n
ÿ

t“1

σ´1
t `tpθq,

where pσt “ rσtppλ
int

n q, rσt “ σtppλ
int

n q and σt “ σtpλ0q. To show the consistency of pθτn,

we first verify the following claims:

(i) sup
Θ
|pLnpθq ´ Lnpθq| “ opp1q;

(ii) Ersup
Θ
σ´1
t `tpθqs ă 8;

(iii) Erσ´1
t `tpθqs has a unique minimum at θτ0;

(iv) For any θ: P Θ, Er sup
θPBηpθ

:
q

σ´1
t |`tpθq ´ `tpθ

:
q|s Ñ 0 as η Ñ 0, where Bηpθ

:
q “

tθ P Θ : }θ: ´ θ} ă ηu is an open neighborhood of θ: with radius η ą 0.

To prove Claim (i), we need to verify that

sup
θPΘ

|pLnpθq ´ rLnpθq| “ opp1q (S1.59)

and

sup
θPΘ

|Lnpθq ´ rLnpθq| “ opp1q. (S1.60)
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We first show that (S1.60) holds. By Taylor expansion and the fact that σ2
t pλq ě 1,

|rσ´1
t ´ σ´1

t | “ |σ
´1
t p

pλ
int

n q ´ σ
´1
t pλ0q| ď

1

2
sup

Θ

›

›

›

›

1

σ2
t pλq

Bσ2
t pλq

Bλ

›

›

›

›

}pλ
int

n ´ λ0}.

Moreover, by the fact that |ρτ pxq| ď |x|, together withEpY 2
t q ă 8 and E supΘ q

2
t pθq ă

8 implied by Assumption 1 and Epu2
t q ă 8, we have

E sup
Θ
tρτ rYt ´ qtpθqsu

2
ď 2EpY 2

t q ` 2E sup
Θ
q2
t pθq ă 8. (S1.61)

This, together with Lemma 1, the ergodic theorem and pλ
int

n ´ λ0 “ opp1q, leads to

sup
Θ
|Lnpθq ´ rLnpθq| ď

1

n

n
ÿ

t“1

|rσ´1
t ´ σ´1

t | sup
Θ
ρτ rYt ´ qtpθqs “ opp1q.

Hence (S1.60) holds. We next verify (S1.59). It can be verified that

pLnpθq ´ rLnpθq “
1

n

n
ÿ

t“1

pσ´1
t ρτ rYt ´ rqtpθqs ´

1

n

n
ÿ

t“1

rσ´1
t ρτ rYt ´ qtpθqs

“ R1npθq `R2npθq, (S1.62)

where

R1npθq “
1

n

n
ÿ

t“1

ppσ´1
t ´ rσ´1

t qρτ rYt ´ qtpθqs and

R2npθq “
1

n

n
ÿ

t“1

pσ´1
t tρτ rYt ´ rqtpθqs ´ ρτ rYt ´ qtpθqsu.
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Since σ2
t pλq ě 1 and rσ2

t pλq ě 1, by Lemma 2(i), it follows that

|pσ´1
t ´ rσ´1

t | “ |pσ
´1
t rσ´1

t rrσtp
pλ
int

n q ´ σtp
pλ
int

n qs| ď Cρtξρ. (S1.63)

Recall that ξρ,t “
ř8

j“0 ρ
jp1` }X t´j´1} ` }V t´j´1}

1{2` |ut´j|q and ξρ “
ř8

j“0 ρ
jp1`

}X´j´1} ` |u´j|q, where ρ P p0, 1q is a constant. By Assumption 1, it is clear that

Epξ2
ρ,tq ă 8 and Epξ2

ρq ă 8. Then similar to the proof in (S1.61), by Lemma 1(i),

we can show that EtsupΘrYt ´ qtpθqs
2u ă 8. This together with (S1.63), implies

that

sup
Θ
|R1npθq| ď

1

n

n
ÿ

t“1

sup
Θ
|pσ´1
t ´ rσ´1

t | sup
Θ
ρτ rYt ´ qtpθqs

ď
Cξρ
n

n
ÿ

t“1

ρt sup
Θ
ρτ rYt ´ qtpθqs “ opp1q. (S1.64)

Note that rqtpθq ´ qtpθq “ brrσtpλq ´ σtpλqs and b ă b for θ P Θ. By Lemma 2(i), the

Lipschitz continuity of ρτ pxq and the fact that pσ2
t ě 1, it follows that

sup
Θ
|R2npθq| ď

C

n

n
ÿ

t“1

pσ´1
t sup

Θ
|rqtpθq ´ qtpθq|

ď
C

n

n
ÿ

t“1

sup
Θ
|rσtpλq ´ σtpλq| ď

Cξρ
n

n
ÿ

t“1

ρt “ opp1q. (S1.65)

From (S1.62), (S1.64) and (S1.65), we show that (S1.59) holds. Combing (S1.59)

and (S1.60), Claim (i) is verified. Moreover, Claim (ii) is implied by (S1.61) and the
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fact that σ2
t ě 1.

We next prove Claim (iii). For x ‰ 0, it holds that

ρτ px´ yq ´ ρτ pxq “ ´yψτ pxq ` y

ż 1

0

rIpx ď ysq ´ Ipx ď 0qsds

“ ´yψτ pxq ` px´ yqrIp0 ą x ą yq ´ Ip0 ă x ă yqs,(S1.66)

where ψτ pxq “ τ ´ Ipx ă 0q; see Knight (1998). Denote νtpθq “ qtpθq ´ qtpθτ0q and

εt,τ “ εt ´ bτ . Note that ψτ pεt,τσtq “ ψτ pεt,τ q and Erψτ pεt,τ qs “ 0. Then by (S1.66),

we have

Erσ´1
t `tpθqs ´ Erσ

´1
t `tpθτ0qs

“ E
 

σ´1
t

“

ρτ pεt,τ ´ σ
´1
t νtpθqq ´ ρτ pεt,τ q

‰(

“ E
 

σ´1
t rεt,τ ´ σ

´1
t νtpθqsrIp0 ą εt,τ ą σ´1

t νtpθqq ´ Ip0 ă εt,τ ă σ´1
t νtpθqqs

(

ě 0,

and, by Assumption 2, the equality holds if and only if νtpθq “ qtpθq ´ qtpθτ0q “ 0

with probability one. Note that

νtpθq “ bτ

g

f

f

e1`
q
ÿ

i“1

αi0u2
t´i `

p
ÿ

j“1

βj0σ2
t´j `

d
ÿ

k“1

πk0υ2
k,t´1

´b

g

f

f

e1`
q
ÿ

i“1

αiu2
t´ipφq `

p
ÿ

j“1

βjσ2
t´jpλq `

d
ÿ

k“1

πkυ2
k,t´1 ` pφ´ φ0q

1X t´1,

where ut´1 “ σt´1εt´1, ut´1pφq “ ut´1 ´ pφ ´ φ0q
1X t´2, σ2

t and σ2
t pλq are Ft´1-
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measurable, and tX t´1u are independent of tεtu. As a result, the random variable

εt´1 in νtpθq is independent of all the others, and then it holds that φ “ φ0 and

b2
τα10 “ b2α1. Sequentially we can show that b2

ταi0 “ b2αi for i ě 2, bτ “ b and

πk0 “ πk for k “ 1, ¨ ¨ ¨ , d. Finally, we verify that βj0 “ βj for j “ 1, ¨ ¨ ¨ , p. Thus,

the proof of Claim (iii) is accomplished.

Finally, we assert Claim (iv). By the Taylor expansion, it holds that

|qtpθq ´ qtpθ
:
q| ď }θ ´ θ:}

›

›

›

›

Bqtpθq

Bθ

›

›

›

›

,

where θ is between θ and θ:. This together with the Lipschitz continuity of ρτ pxq,

the Cauchy-Schwarz inequality and Lemma 1, implies that

ErsupθPBηpθ
:
q
σ´1
t |`tpθq ´ `tpθ

:
τ q|s ď Cη

„

E supΘ

σ2
t pλq

σ2
t

1{2
«

E supΘ

›

›

›

›

1

σtpλq

Bqtpθq

Bθ

›

›

›

›

2
ff1{2

tends to 0 as η Ñ 0. Hence, Claim (iv) holds.

Based on Claims (i)-(iv), by a method similar to that in Huber (1973), we next

verify the consistency. Let V be any open neighborhood of θτ0 P Θ. By Claim (iv),

for any θ: P V c “ Θ{V and ε ą 0, there exists an η0 ą 0 such that

Er inf
θPBη0 pθ

:
q

σ´1
t `tpθqs ě Erσ´1

t `tpθ
:
qs ´ ε. (S1.67)



S1. TECHNICAL DETAILS

From Claim (ii), by the ergodic theorem, it follows that

1

n

n
ÿ

t“1

inf
θPBη0 pθ

:
q

σ´1
t `tpθq ě Er inf

θPBη0 pθ
:
q

σ´1
t `tpθqs ´ ε (S1.68)

as n is large enough. Since V c is compact, we can choose tBη0pθiq : θi P V
c, i “

1, . . . , ku to be a finite covering of V c. Then by (S1.67) and (S1.68), as n is large

enough, we have

inf
θPV c

Lnpθq “ min
1ďiďk

inf
θPBη0 pθiq

Lnpθq

ě min
1ďiďk

1

n

n
ÿ

t“1

inf
θPBη0 pθiq

σ´1
t `tpθq

ě min
1ďiďk

Er inf
θPBη0 pθiq

σ´1
t `tpθqs ´ ε. (S1.69)

Moreover, for each θi P V
c, by Claim (iii), there exists an ε0 ą 0 such that

Er inf
θPBη0 pθiq

σ´1
t `tpθqs ě Erσ´1

t `tpθτ0qs ` 3ε0. (S1.70)

Therefore, by (S1.69) and (S1.70), taking ε “ ε0, it holds that

inf
θPV c

Lnpθq ě Erσ´1
t `tpθτ0qs ` 2ε0. (S1.71)
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Furthermore, by the ergodic theorem, it follows that

inf
θPV

Lnpθq ď Lnpθτ0q “
1

n

n
ÿ

t“1

σ´1
t `tpθτ0q ď Erσ´1

t `tpθτ0qs ` ε0. (S1.72)

Combing (S1.71) and (S1.72), we have

inf
θPV c

Lnpθq ě Erσ´1
t `tpθτ0qs ` 2ε0 ą Erσ´1

t `tpθτ0qs ` ε0 ě inf
θPV

Lnpθq, (S1.73)

which together with Claim (i), implies that

pθτn P V in probability for @V, as n is large enough.

By the arbitrariness of V , it implies that pθτn Ñ θτ0 in probability. The proof of this

theorem is complete.

Proof of Theorem 2. Denote pun “ pθτn ´ θτ0. From Theorem 1, we have pun “ opp1q.

Since pθτn minimizes pLnpθq, then pun is the minimizer of pHnpuq “ nrpLnpθτ0 ` uq ´

pLnpθτ0qs. Define J “ fεpbτ qΣpτq{2. By Lemma 1 and the ergodic theorem, we have

Jn “ J ` opp1q. Moreover, by Lemmas 4 and 5, it follows that

pHnppunq “ ´
?
npu1nT n `

?
npu1nJ

?
npun ` opp

?
n}pun} ` n}pun}

2
q (S1.74)

ě ´
?
n}pun}r}T n} ` opp1qs ` n}pun}

2
rλmin ` opp1qs,
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where λmin is the smallest eigenvalue of J . Note that, as n Ñ 8, T n converges

in distribution to a normal random variable with mean zero and variance matrix

τp1´ τqΣpτq.

Since pHnppunq ď 0, by (S1.74), it holds that

?
n}pun} ď rλmin ` opp1qs

´1
r}T n} ` opp1qs “ Opp1q. (S1.75)

This together with Theorem 1, verifies the root-n consistency of pθτn in probability.

Let
?
nun “ J´1T n{2 “ f´1

ε pbτ qΣ
´1pτqT n, then we have

?
nun Ñ N

ˆ

0,
τp1´ τq

f 2
ε pbτ q

Σ´1
pτq

˙

in distribution as nÑ 8. Therefore, it suffices to show that
?
nun´

?
npun “ opp1q.

By (S1.74) and (S1.75), we have

pHnppunq “ ´
?
npu1nT n `

?
npu1nJ

?
npun ` opp1q

“ ´2
?
npu1nJ

?
nun `

?
npu1nJ

?
npun ` opp1q and (S1.76)

pHnpunq “ ´
?
nu1nT n `

?
nu1nJ

?
nun ` opp1q “ ´

?
nu1nJ

?
nun ` opp1q.(S1.77)
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From (S1.76) and (S1.77), it follows that

pHnppunq ´ pHnpunq “ p
?
npun ´

?
nunq

1Jp
?
npun ´

?
nunq ` opp1q

ě λmin}
?
npun ´

?
nun}

2
` opp1q. (S1.78)

Since pHnppunq´ pHnpunq “ nrpLnpθτ0`punq´pLnpθτ0`unqs ď 0 a.s., then (S1.78) implies

that }
?
npun´

?
nun} “ opp1q. The proof of this theorem is hence accomplished.

Proof of Corollary 1. First, we show the consistency of rθτn. The proof follows the

same lines as that of Theorem 1, while functions Lpθq, rLnpθq and pLnpθq are defined

as Lnpθq “ n´1
řn
t“1 ρτ rYt ´ qtpθqs, rLnpθq “ n´1

řn
t“1 ρτ rYt ´ qtpθqs and pLnpθq “

n´1
řn
t“1 ρτ rYt ´ rqtpθqs, respectively. Next, we show the root-n consistency and

asymptotic normality of rθτn as in Theorem 2, where functions Lpθq, rLnpθq and

pLnpθq are defined as previous, the function ζnpuq in Lemma 3 is defined as ζnpuq “

řn
t“1 q1tpuq tξ1tpuq ´ Erξ1tpuq|Ft´1su, Lemma 4 remains unchanged while Lemma 5

is consequently revised as below.

Lemma 5’. Suppose Ep|ut|
2`δq ă 8 for some δ ą 0. By Assumptions 1, 3 and 4, we

have

nrrLnpθq ´ rLnpθτ0qs “ ´
?
npθ ´ θτ0q

1T n `
?
npθ ´ θτ0q

1Jn
?
npθ ´ θτ0q

`opp
?
n}θ ´ θτ0} ` n}θ ´ θτ0}

2
q
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for θ ´ θτ0 “ opp1q, where rLnpθq “ n´1
řn
t“1 ρτ rYt ´ rqtpθqs,

T n “
1
?
n

n
ÿ

t“1

Bqtpθτ0q

Bθ
ψτ pεt ´ bτ q and Jn “

fεpbτ q

2n

n
ÿ

t“1

1

σt

Bqtpθτ0q

Bθ

Bqtpθτ0q

Bθ1
.

Note that without weights σ´1
t , additional moment condition on ut will be needed

in some intermediate steps of the proof. Therefore, instead of E|ut|
2 ă 8, higher

moment condition, E|ut|
2`δ ă 8 for some δ ą 0, is required for the proof of Corollary

1.

Proof of Corollary 2. Denote ztpγq “ pu
2
t´1, . . . , u

2
t´q, σ

2
t´1pγq, . . . , σ

2
t´ppγq, υ

2
1,t´1, . . . , υ

2
d,t´1q

1

and žtpγq “ pǔ
2
t´1, . . . , ǔ

2
t´q, σ̌

2
t´1pγq, . . . , σ̌

2
t´ppγq, υ

2
1,t´1, . . . , υ

2
d,t´1q

1, where ut “ utpφ0q,

ǔt “ utpφ̌nq, σ
2
t pγq “ 1`

řq
i“1 αiu

2
t´i `

řp
j“1 βjσ

2
t´jpγq `

řd
k“1 πkυ

2
k,t´1 and σ̌2

t pγq “

1 `
řq
i“1 αiǔ

2
t´i `

řp
j“1 βjσ̌

2
t´jpγq `

řd
k“1 πkυ

2
k,t´1. Let σ2

t pγq “ 1 ` γ 1ztpγq and

σ̌2
t pγq “ 1 ` γ 1žtpγq. Note that ut “ utpφ0q “ Yt ´ φ

1
0X t´1 and ǔt “ utpφ̌nq “

Yt ´ φ̌
1

nX t´1. Let γτ “ pb,γ
1q1 and denote by γτ0 “ pbτ ,γ

1
0q
1 its true value. Denote

by Θ1 Ă Rp`q`d`1 the parameter space of γτ , which satisfies

b ď |b| ď b,
p
ÿ

j“1

βj ď ρ0, w ď minpα1, . . . , αq, β1, . . . , βp, π1, . . . , πdq

ď maxpα1, . . . , αq, β1, . . . , βp, π1, . . . , πdq ď w,

where 0 ă b ă b, 0 ă w ă w, 0 ă ρ0 ă 1 and pw ă ρ0. Moreover, we assume

Θ1 is compact and γτ0 is an interior of Θ1. Recall that θ̌τn “ pγ̌ 1τn, φ̌
1

nq
1, where
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γ̌τn “ pb̌τn, γ̌
1
nq
1. For the least square estimator φ̌n, by the model assumption in

(2.1) and (2.2), we have

?
npφ̌n ´ φ0q “

˜

1

n

n
ÿ

t“1

X t´1X
1
t´1

¸´1
1
?
n

n
ÿ

t“1

X t´1σtεt. (S1.79)

Then
?
npφ̌n´φ0q “ Opp1q and

?
npφ̌n´φ0q Ñ Np0,Σ22q in distribution as nÑ 8,

where Σ22 “ ω˚D´1
0 D2D

´1
0 with ω˚ “ varpεtq and Di “ EpσitX t´1X

1
t´1q.

In the following proof, we focus on γ̌τn. First, we verify its consistency. Define

Ľnpγτ q “
1

n

n
ÿ

t“1

ˇ̀
tpγτ q and Lnpγτ q “

1

n

n
ÿ

t“1

`tpγτ q,

where ˇ̀
tpγτ q “ ρτ rYt ´ φ̌

1

nX t´1 ´ bσ̌tpγqs and `tpγτ q “ ρτ rYt ´ φ
1
0X t´1 ´ bσtpγqs.

To show the consistency, we first verify the following claims:

(i) sup
Θ1
|Ľnpγτ q ´ Lnpγτ q| “ opp1q;

(ii) Ersup
Θ1

`tpγτ qs ă 8;

(iii) Er`tpγτ qs has a unique minimum at γτ0;

(iv) For any γ: P Θ1, Er sup
γτPBηpγ:q

|`tpγτ q ´ `tpγ
:q|s Ñ 0 as η Ñ 0, where Bηpγ

:q “

tγτ P Θ1 : }γ: ´ γτ} ă ηu is an open neighborhood of γ: with radius η ą 0.

We first prove Claim (i). Note that σ̌tpγq´σtpγq “ rσ̌
2
t pγq´σ

2
t pγqs{rσ̌tpγq`σtpγqs.
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Similar to the proof of Lemma 2(i), by the Taylor expansion, it can be verified that

σ̌2
t pγq ´ σ

2
t pγq “ ´2pφ̌n ´ φ0q

1

8
ÿ

i“1

aγpiqut´ipφ
˚
qX t´i´1,

where φ˚ is between φ0 and φ̌n. By Assumption 1, together with the facts that

σ̌2
t pγq ě aγpiqǔ

2
t´i and σ2

t pγq ě aγpiqu
2
t´i, we can show that

sup
Θ1
}σ̌tpγq ´ σtpγq} ď 2}φ̌n ´ φ0}

8
ÿ

i“1

aγpiq|ut´ipφ
˚
q|}X t´i´1}

σ̌tpγq ` σtpγq
ď 2}φ̌n ´ φ0}ρ

tξρ.

Then by the Lipschitz continuity of ρτ pxq and Assumption 1, we have

sup
Θ1
|Ľnpγτ q ´ Lnpγτ q| ď

2

n

n
ÿ

t“1

sup
Θ1
|pφ̌n ´ φ0q

1X t´1 ` brσ̌tpαq ´ σtpαqs|

ď 2}φ̌n ´ φ0}
1

n

n
ÿ

t“1

r}X t´1} ` Cbρ
tξρs.

This together with
?
npφ̌n ´ φ0q “ Opp1q, implies that Claim (i) holds. Similar to

proofs of Claims (ii)-(iv) in the proof of Theorem 1, we can verify Claims (ii)-(iv).

Finally, by Claims (i)-(iv) and the similar arguments as in the proof of Theorem 1,

we can show that γ̌τn ´ γτ0 “ opp1q.

We next prove the asymptotic normality of γ̌τn. We use the same technical tools

as in the proof of Theorem 2. We only sketch the key steps as below. Denote u “

γτ´γτ0. Define qtpγτ0q “ φ
1
0X t´1`bτσtpγ0q and q̌tpγτ q “ φ̌

1

nX t´1`bσ̌tpγq. Denote
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νtpuq “ qtpγτ q´ q̌tpγτ0q. This together with ǔt “ Yt´φ̌
1

nX t´1 and ut “ Yt´φ
1
0X t´1,

implies that νtpuq “ ´pǔt ´ utq ` rbσ̌tpγq ´ bτσtpγ0qs. Note that σt “ σtpγ0q and

ut “ σtεt, then ut´ bτσtpγ0q “ σtpεt´ bτ q and hence ψτ put´ bτσtpγ0qq “ ψτ pεt´ bτ q.

This together with the Knight equation (S1.66), we can show that

nrĽnpγτ q ´ Lnpγτ0qs “ R1npuq `R2npuq, (S1.80)

where R1npuq “ ´
řn
t“1 νtpuqψτ pεt ´ bτ q and

R2npuq “
n
ÿ

t“1

νtpuq

ż 1

0

rIpεt ď bτ ` σ
´1
t νtpuqsq ´ Ipεt ď bτ qsds.

Since ǔt ´ ut “ ´pφ̌n ´ φ0q
1X t´1, it can be verified that νtpuq “ q1tpuq ` q2tpuq,

where

q1tpuq “ pφ̌n ´ φ0q
1X t´1 ` bτ rσ̌tpα0q ´ σtpγ0qs ` pb´ bτ qσt ` bτ rσtpγq ´ σtpγ0qs,

q2tpuq “ bτtσ̌tpγq ´ σtpγq ´ rσ̌tpγ0q ´ σtpγ0qsu ` pb´ bτ qrσtpγq ´ σtpγ0qs

`pb´ bτ qtσ̌tpγq ´ σtpγq ´ rσ̌tpγ0q ´ σtpγ0qsu ` pb´ bτ qrσ̌tpγ0q ´ σtpγ0qs.

Recall thatM t “X t´1`0.5σ´1
t bτBσ

2
t pλ0q{Bφ

1 andW t “ pσt, 0.5σ
´1
t bτBσ

2
t pλ0q{Bγ

1q1.

Following the lines in the proof of Theorem 2, if Assumptions 1, 3 and 4 hold and
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E|ut|
2`δ ă 8 for some δ ą 0, we can show that

R1npuq “ ´
?
nu1

1
?
n

n
ÿ

t“1

W tψτ pεt ´ bτ q ´ T2n ` oppn}u}
2
q, with (S1.81)

T2n “
?
npφ̌n ´ φ0q

1 1
?
n

n
ÿ

t“1

M tψτ pεt ´ bτ q.

For R2npuq, we have

R2npuq “
?
nu1

fεpbτ q

2

1

n

n
ÿ

t“1

σ´1
t W tW

1
t

?
nu

`
?
nu1fεpbτ q

1

n

n
ÿ

t“1

σ´1
t W tM

1
t

?
npφ̌n ´ φ0q

`T3n ` opp
?
n}u} ` n}u}2q, with (S1.82)

T3n “
?
npφ̌n ´ φ0q

1fεpbτ q

2

1

n

n
ÿ

t“1

σ´1
t M tM

1
t

?
npφ̌n ´ φ0q.

Hence, by (S1.80)-(S1.82), we have

nrĽnpγτ q ´ Lnpγτ0qs

“ ´
?
nu1

«

1
?
n

n
ÿ

t“1

W tψτ pεt,τ q ´ fεpbτ q
1

n

n
ÿ

t“1

σ´1
t W tM

1
t

?
npφ̌n ´ φ0q

ff

`
?
nu1

fεpbτ q

2

1

n

n
ÿ

t“1

σ´1
t W tW

1
t

?
nu´ T2n ` T3n ` opp

?
n}u} ` n}u}2q.

By the consistency, we have γ̌τn ´ γτ0 “ opp1q. Moreover, γ̌τn is the minimizer of
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Ľnpγτ q. Then it follows that

?
npγ̌τn ´ γτ0q “

Ω´1
1

fεpbτ q

1
?
n

n
ÿ

t“1

W tψτ pεt ´ bτ q ´ Ω´1
1 Γ1

?
npφ̌n ´ φ0q ` opp1q,

where Ω1 “ Epσ´1
t W tW

1
tq and Γ1 “ Epσ´1

t W tM
1
tq. Similar to the proof of Theorem

2, we can verify that
?
npγ̌τn ´ γτ0q “ Opp1q and

?
npγ̌τn ´ γτ0q Ñ Np0,Σ11pτqq in

distribution as n Ñ 8, where Σ11pτq is defined in Section 2.2. This together with

(S1.79), we complete the proof by the central limit theorem and the Cramér-Wold

device.

Proof of Corollary 3. First, consider the conditional quantile qn`1p
pθτnq for the jointly

weighted estimator pθτn “ ppγ
1

τn,
pφ
1

nq
1, where pγτn “ p

pbτn, pγ
1

nq
1. By Theorem 2, we have

?
nppθτn ´ θτ0q “ Opp1q. Then by the Taylor expansion and Lemma 1, given Fn, it

follows that

qn`1p
pθτnq ´ qn`1pθτ0q “

Bqn`1pθτ0q

Bθ1
ppθτn ´ θτ0q `

1

2
ppθτn ´ θτ0q

1B
2qn`1pθq

BθBθ1
ppθτn ´ θτ0q

“ W 1
n`1ppγτn ´ γτ0q `M

1
n`1p

pφn ´ φ0q ` oppn
´1{2

q.

Similarly, by Corollary 1 and the Taylor expansion, we can verify the representation of

qn`1p
rθτnq for the jointly weighted estimator rθτn “ prγ

1

τn,
rφ
1

nq
1, where rγτn “ p

rbτn, rγ
1

nq
1.

Finally, consider qn`1pθ̌τnq for the two-step estimator θ̌τn “ pγ̌ 1τn, φ̌
1

nq
1, where

γ̌τn “ pb̌τn, γ̌
1
nq
1. Recall that σ2

t pγq “ 1 ` γ 1ztpγq and σ̌2
t pγq “ 1 ` γ 1žtpγq in the
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proof of Corollary 2. Note that σt “ σtpγ0q “ σtpλ0q. By Corollary 2, we have

?
npγ̌τn ´ γτ0q “ Opp1q and

?
npφ̌n ´ φ0q “ Opp1q. Then by the Taylor expansion,

Lemma 1 and the proof of Corollary 2, given Fn, it holds that

qn`1pθ̌τnq ´ qn`1pθτ0q “ pφ̌n ´ φ0q
1Xn ` rb̌τnσ̌n`1pγ̌nq ´ bτσn`1pγ0qs

“ pb̌τn ´ bτ qσn`1pγ0q ` bτ rσn`1pγ̌nq ´ σn`1pγ0qs

`bτ rσ̌n`1pγ0q ´ σn`1pγ0qs ` pφ̌n ´ φ0q
1Xn ` oppn

´1{2
q

“ pb̌τn ´ bτ qσn`1 ` pγ̌n ´ γ0q
1 bτ
2σn`1

Bσ2
t pλ0q

Bγ 1

`pφ̌n ´ φ0q
1

ˆ

Xn ´
bτ

2σn`1

Bσ2
t pλ0q

Bφ1

˙

` oppn
´1{2

q

“ W 1
n`1pγ̌τn ´ γτ0q `M

1
n`1pφ̌n ´ φ0q ` oppn

´1{2
q,

where M t “ X t´1 ` 0.5σ´1
t bτBσ

2
t pλ0q{Bφ

1 and W t “ pσt, 0.5σ
´1
t bτBσ

2
t pλ0q{Bγ

1q1.

Hence, the proof of this corollary is accomplished.

Proof of Theorem 3. Since the proofs for (ii) and (iii) are similar to the proof of (i),

in below we only provide detailed proof for establishing the bootstrap consistency

for the joint weighed estimator pθτn in (i). Recall that `tpθq “ ρτ rYt ´ qtpθqs and

r`tpθq “ ρτ rYt ´ rqtpθqs, where qtpθq “ φ
1X t´1 ` bσtpλq and rqtpθq “ φ

1X t´1 ` brσtpλq.

Define the following functions

pL˚npθq “
1

n

n
ÿ

t“1

ωtpσ
´1
t
r`tpθq, rL˚npθq “

1

n

n
ÿ

t“1

ωtrσ
´1
t `tpθq and L˚npθq “

1

n

n
ÿ

t“1

ωtσ
´1
t `tpθq,
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where pσt “ rσtppλ
int

n q, rσt “ σtppλ
int

n q and σt “ σtpλ0q.

Similar to the consistency proof of Theorem 1 and Lemma A.3 of Zhu, Zeng, and

Li (2020), by Assumptions 1, 3-5, we can show that

pθ
˚

τn ´ θτ0 “ o˚pp1q. (S1.83)

Let ζ˚npuq “
řn
t“1 ωtσ

´1
t q1tpuq tξ1tpuq ´ Erξ1tpuq|Ft´1su, where q1tpuq and ξ1tpuq

are defined as in Lemma 3. In line with the proof of Lemma 3, by Assumptions 1,

3-5, for u “ opp1q, we can show that

ζ˚npuq´ζnpuq “
n
ÿ

t“1

pωt´1qσ´1
t q1tpuq tξ1tpuq ´ Erξ1tpuq|Ft´1su “ o˚pp

?
n}u}`n}u}2q,

which implies that

ζ˚npuq “ o˚pp
?
n}u} ` n}u}2q. (S1.84)

In line with the proof of Lemma 4, by Assumption 5, for θ´θτ0 “ opp1q we have

nrpL˚npθq´
pL˚npθτ0qs´nrrL

˚
npθq´

rL˚npθτ0qs “ o˚pp
?
n}θ´θτ0}`n}θ´θτ0}

2
q. (S1.85)
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Similar to the proof of Lemma 5, together with (S1.84), we can verify that

nrrL˚npθq ´
rL˚npθτ0qs “ ´

?
npθ ´ θτ0q

1T ˚n `
?
npθ ´ θτ0q

1Jn
?
npθ ´ θτ0q

`o˚pp
?
n}θ ´ θτ0} ` n}θ ´ θτ0}

2
q, (S1.86)

where θ ´ θτ0 “ opp1q and T ˚n “ n´1{2
řn
t“1 ωtσ

´1
t Bqtpθτ0q{Bθψτ pεt,τ q. By methods

similar to (S1.74)-(S1.77), together with (S1.83), (S1.85) and (S1.86), it can be shown

that

?
nppθ

˚

τn ´ θτ0q “ f´1
ε pbτ qΣ

´1
pτqT ˚n ` o

˚
pp1q.

This together with
?
nppθτn ´ θτ0q “ f´1

ε pbτ qΣ
´1pτqT n ` opp1q, implies that

?
nppθ

˚

τn ´
pθτnq “ f´1

ε pbτ qΣ
´1
pτq

1
?
n

n
ÿ

t“1

pωt ´ 1q
1

σt

Bqtpθτ0q

Bθ
ψτ pεt,τ q ` o

˚
pp1q.

This together with Assumption 5, we complete the proof by applying Lindeberg’s

central limit theorem and the Cramér-Wold device.

S2 Additional simulation results

Tables 1-3 report additional simulation results for the first experiment in Section 3.1

with sample size n “ 1000, which aims to evaluate the finite-sample performance of
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Table 1: Biases, ESDs, ASDs, and ECRs of the 95% confidence intervals for pθτn at τ “ 0.05 and
0.10, for normally distributed Xt´1 and υt´1. The innovations follow a normal or a Student’s t5
distribution.

Normal t5
τ n Bias ESD ASD ECR Bias ESD ASD ECR

0.05 1000 bτ -0.227 0.418 0.376 0.942 -0.192 0.361 0.344 0.947
α -0.012 0.053 0.052 0.909 -0.010 0.062 0.059 0.892
β -0.041 0.074 0.079 0.952 -0.041 0.080 0.089 0.963
π 0.086 0.221 0.201 0.931 0.109 0.270 0.234 0.953
φ 0.007 0.251 0.250 0.950 -0.004 0.277 0.287 0.959

0.10 1000 bτ -0.185 0.334 0.347 0.954 -0.135 0.294 0.290 0.965
α -0.014 0.056 0.053 0.898 -0.010 0.058 0.055 0.884
β -0.040 0.074 0.089 0.958 -0.038 0.084 0.093 0.968
π 0.081 0.234 0.207 0.930 0.089 0.248 0.221 0.933
φ 0.001 0.212 0.215 0.951 0.005 0.205 0.212 0.950

the three proposed estimators pθτn, rθτn, and θ̌τn, and their bootstrap approximations.

Simulation findings are provided in Section 3.1 of the main manuscript.
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Table 2: Biases, ESDs, ASDs, and ECRs of the 95% confidence intervals for rθτn at τ “ 0.05 and
0.10, for normally distributed Xt´1 and υt´1. The innovations follow a normal or a Student’s t5
distribution.

Normal t5
τ n Bias ESD ASD ECR Bias ESD ASD ECR

0.05 1000 bτ -0.134 0.336 0.307 0.952 -0.144 0.341 0.314 0.949
α -0.009 0.053 0.052 0.927 -0.010 0.064 0.060 0.886
β -0.024 0.064 0.069 0.953 -0.029 0.077 0.085 0.952
π 0.089 0.249 0.234 0.940 0.110 0.296 0.264 0.964
φ 0.007 0.259 0.260 0.947 -0.003 0.284 0.301 0.958

0.10 1000 bτ -0.132 0.314 0.294 0.971 -0.102 0.284 0.267 0.961
α -0.011 0.055 0.054 0.908 -0.008 0.061 0.058 0.878
β -0.028 0.076 0.079 0.956 -0.028 0.084 0.090 0.963
π 0.082 0.256 0.245 0.949 0.089 0.266 0.251 0.946
φ 0.004 0.219 0.222 0.947 0.005 0.211 0.219 0.961

Table 3: Biases, ESDs, ASDs, and ECRs of the 95% confidence intervals for θ̌τn at τ “ 0.05 and
0.10, for normally distributed Xt´1 and υt´1. The innovations follow a normal or a Student’s t5
distribution.

Normal t5
τ n Bias ESD ASD ECR Bias ESD ASD ECR

0.05 1000 bτ -0.131 0.332 0.297 0.964 -0.129 0.324 0.304 0.955
α -0.010 0.052 0.052 0.932 -0.009 0.064 0.060 0.887
β -0.023 0.066 0.068 0.952 -0.027 0.076 0.083 0.958
π 0.086 0.233 0.238 0.956 0.107 0.292 0.264 0.957
φ 0.002 0.151 0.147 0.953 -0.004 0.149 0.145 0.944

0.10 1000 bτ -0.129 0.318 0.288 0.957 -0.099 0.275 0.261 0.974
α -0.011 0.055 0.053 0.911 -0.008 0.062 0.057 0.879
β -0.027 0.076 0.078 0.955 -0.026 0.080 0.088 0.959
π 0.087 0.256 0.248 0.951 0.090 0.272 0.254 0.947
φ 0.002 0.151 0.147 0.953 -0.004 0.149 0.145 0.944
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