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Proof of Proposition 1

By the definition of Q(η,β,α,ν), we have

Q(η(k+1),β(k+1),α(k+1),ν(k+1) | θ(k))−Q(η(k+1),β(k+1),α(k+1),ν(k) | θ(k)) =
1

ϕ
‖ν(k+1) − ν(k)‖2. (A.1)

Since α(k+1) is the minimizer of Q(η(k+1),β(k+1),α,ν(k)), we have

Q(η(k+1),β(k+1),α(k+1),ν(k) | θ(k))−Q(η(k+1),β(k+1),α(k),ν(k) | θ(k)) ≤ 0. (A.2)

Moreover, β 7→ Q(η(k+1),β,α(k),ν(k) | θ(k)) and η 7→ Q(η,β(k),α(k),ν(k) | θ(k)) are both convex, because the

Hessian matrix (X̃QZX + ϕΩ>Ω) and Z̃Z are both positive definite. Thus there exist constants c1 > 0 and c2 > 0

such that the following inequalities hold:

Q(η(k+1),β(k+1),α(k),ν(k) | θ(k))−Q(η(k+1),β(k),α(k),ν(k) | θ(k)) ≤ − c1
2
‖β(k+1) − β(k)‖2 (A.3)

and

Q(η(k+1),β(k),α(k),ν(k) | θ(k))−Q(η(k),β(k),α(k),ν(k) | θ(k)) ≤ − c2
2
‖η(k+1) − η(k)‖2. (A.4)
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Summing (A.1)-(A.4), we have

Q(η(k+1),β(k+1),α(k+1),ν(k+1) | θ(k))−Q(η(k),β(k),α(k),ν(k) | θ(k))

≤ 1

ϕ
‖ν(k+1) − ν(k)‖2 − c1

2
‖β(k+1) − β(k)‖2 − c2

2
‖η(k+1) − η(k)‖2. (A.5)

Since {α(k)}∞k=1 is bounded, by the ADMM iterative procedure, β(k) and η(k) are also both bounded. Thus

Q(η(k),β(k),α(k),ν(k) | θ(k)) and {η(k),β(k),α(k),ν(k)}∞k=1 are bounded. For convenience, we note

A(k) = Q(η(k),µ(k),α(k),ν(k) | θ(k)),B(k) =
c1
2
‖β(k+1) − β(k)‖2 +

c2
2
‖η(k+1) − η(k)‖2, C =

1

ϕ
‖ν(k+1) − ν(k)‖2.

Since A(k) is bounded, then there exists a subsequence {A(kj)}, such that

limkj→∞A
(kj) = liminfk→∞A(k).

By Lemma A.5 and limk→∞C(k) → 0, we have

liminfkj→∞A
(kj) ≤ liminfkj→∞(A(kj) −A(kj+1) + C(kj))

= liminfk→∞A(k) − liminfkj→∞A
(kj+1) ≤ 0.

As B(kj) ≥ 0, thus liminfkj→∞B
(kj) = 0, which means

liminfkj→∞{c1‖β
(kj+1) − β(kj) + c2‖η(kj+1) − η(kj)‖} = 0,

together with the last step of ADMM iteration and ‖ν(k+1) − ν(k)‖ → 0, we have

liminfkj→∞‖α
(kj+1) −α(kj)‖ = 0.

Therefore, the sequence {η(k),β(k),α(k),ν(k)}∞k=1 has a subsequence {η(kj),β(kj),α(kj),ν(kj)}∞kj=1 which converges

to a point {η∗,β∗,α∗,ν∗}, and we have

β∗i − β∗j − α∗ij = 0, ∀1 ≤ i < j ≤ n.

Define

WF (t) = t−
∫∞
t
sdF (s)

1− F (t)
, WF (t, h) = h(t)−

∫∞
t
h(s)dF (s)

1− F (t)
,
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M(s, t | F ) = I(t ≤ s)−
∫ s
−∞ I(t ≥ u)dF (u)

1− F (s−)
,

and

S(s, t | F ) = tI(t ≤ s) +

∫∞
s
udF (u)

1− F (s)
I(t > s).

The Buckley–James type least squares estimating function for the oracle estimator φ̂
or

is equivalent to

Ψn(φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u)(Ui − D̂φ,i(u))WF̃φ

(u)dM(u, εi(φ) | F̃φ)

(Proposition 3.2 of Ritov (1990)). Define

Ψ̃n(φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u)(Ui − Dφ,i(u))WFφ(u)dM(u, εi(φ) | Fφ). (A.6)

Lemma 1. For a given small constant ε,

(i) sup{
∣∣WF̃φ

(t) − WFφ(t)
∣∣ : ‖φ‖ ≤ κ,

∑n
i=1 I(υi(φ) ≥ s) ≥ cn1−ς

2
, t ≤ s ≤ b0} = O(n−1/2+4ς+ε) a.s., then

sup{
∣∣WF̃θ

(t)−WFθ (t)
∣∣ : supi ‖θi‖ ≤ κ,

∑n
i=1 I(υi(θi) ≥ s) ≥ cn1−ς

2
, t ≤ s ≤ b0} = O(n−1/2+4ς+ε) a.s.

(ii) sup{‖n−1∑n
i=1[δiUi − δiDφ,i(εi(φ))]‖ : ‖φ‖ ≤ κ} = O(n−1/2+ε) a.s.

(iii) sup{‖D̂(j)
φ (u)−D(j)

φ (u)‖ : u ≤ b0, ‖φ‖ ≤ κ, j = 1, 2} = O(n−1/2+ε) a.s.

Proof of Lemma 1

By Lemma 2 of Lai and Ying (1991), we have

sup
{∣∣∫ b0t sdF̃φ(s)

1− F̃φ(t)
−
∫ b0
t
sdFφ(s)

1− Fφ(t)

∣∣ : ‖φ‖ ≤ κ, t ≤ s ≤ b0,
n∑
i=1

I(υi(φ) ≥ s) ≥ cn1−ς

2

}
= O(n−1/2+4ς+ε) a.s.

for every 0 ≤ ς < 1 and ε > 0, and thus Lemma 1 (i) holds. We obtain Lemma 1 (ii) using

Ui − Dφ,i(εi(φ)) = [(Zi −D(1)
φ (εi(φ)))>, (Xi −D(2)

φ (εi(φ)))>πi1, · · · , (Xi −D(2)
φ (εi(φ)))>πiR]>

with

D
(1)
φ (u) = E[Zi | Y ∗i − U>i φ ≥ u] = E[Zi | Y ∗i − U>i φ ≥ u, δi = 1]
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and

D
(2)
φ (u) = E[Xi | Y ∗i − U>i φ ≥ u] = E[Xi | Y ∗i − U>i φ ≥ u, δi = 1]

(Lai and Ying, 1991) and

E(δiZi) = E[δiD
(1)
φ (εi(φ))], E[δiXi] = E[δiD

(2)
φ (εi(φ))].

We conclude Lemma 1 (iii) from the definitions of D
(1)
φ (u) and D

(2)
φ (u).

Lemma 2. sup‖φ‖≤κ ‖Ψn(φ)− Ψ̃n(φ)‖ = O(n−1/2+3ς+2ε) a.s.

Proof of Lemma 2

Note that Ψn(φ)− Ψ̃n(φ) = J1n(φ) + J2n(φ) + J3n(φ), where

J1n(φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u)(Ui − D̂φ,i(u)){WF̃φ

(u)−WFφ(u)}dM(u, εi(φ) | F̃φ),

J2n(φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u)(Ui − D̂φ,i(u))WFφ(u)d{M(u, εi(φ) | F̃φ)−M(u, εi(φ) | Fφ)},

J3n(φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u){Dφ,i(u)− D̂φ,i(u)}WFφ(u)dM(u, εi(φ) | Fφ).

For J1n, we consider the process

Ln(φ) = J1n(φ)−Q1n(φ),

where Q1n(φ) = n−1/2∑n
i=1

∫
I(ζi(φ) ≥ u){WF̃φ

(u) − WFφ(u)}{Dφ,i(u) − D̂φ,i(u)}dNi(φ, u), and Ni(φ, u) =

I(εi(φ) ≤ u). By Lemma 1 (i) and (ii), we have

∥∥Ln(φ)
∣∣‖ =

∣∣‖n−1/2
n∑
i=1

{WF̃φ
(εi(φ))−WFφ(εi(φ))}

×
[
Ui − {Dφ,i(εi(φ))− D̂φ,i(εi(φ))} −

n∑
j=1

UjI(υj(φ) ≥ εi(φ))
dF̃φ(εi(φ))

1− F̃φ(εi(φ))

]
δi
∣∣‖

=
∣∣‖n−1/2

n∑
i=1

{WF̃φ
(εi(φ))−WFφ(εi(φ))}

[
Ui − Dφ,i(εi(φ))

]
δi
∣∣‖

≤ sup
‖φ‖≤κ,t≤b0

∣∣WF̃φ
(t)−WFφ(t)

∣∣‖∣∣n−1/2
n∑
i=1

{δiUi − δiDφ,i(εi(φ))}
∣∣‖

= O(n−1/2+3ς+2ε) a.s.
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On the other hand, using Lemma 1 (i) and (iii), we have

‖Q1n(φ)‖ ≤ ‖n−1/2
n∑
i=1

∫
{WF̃φ

(u)−WFφ(u)}{Dφ,i(u)− D̂φ,i(u)}dNi(φ, u)‖

= ‖n−1/2
n∑
i=1

δi{WF̃φ
(εi(φ))−WFφ(εi(φ))}{Dφ,i(εi(φ))− D̂φ,i(εi(φ))}‖

≤ sup
‖φ‖≤κ,t≤b0

∣∣WF̃φ
(t)−WFφ(t)

∥∥|n−1/2
n∑
i=1

(Dφ,i(εi(φ))− D̂φ,i(εi(φ)))‖

= O(n−1/2+3ς+2ε) a.s.

Therefore, ‖J1n(φ)‖ ≤ ‖Ln(φ)‖+ ‖Q1n(φ)‖ = O(n−1/2+3ς+2ε) a.s.

For J2n, by WFφ(u) ≤ 2b0 and Lemma 1 (i) and (iii),

‖J2n(φ)‖ ≤ n−1/22b0 sup ‖
n∑
i=1

δi[Ui − D̂φ(εi(φ))]‖ sup
∣∣ ∫ b0−∞ udF̃φ(u)

1− F̃φ(u)
−
∫ b0
−∞ udFφ(u)

1− Fφ(u)

∣∣
= O(n−1/2+3ς+2ε) a.s.

Since

n∑
i=1

{Dφ,i(εi(φ))− D̂φ,i(εi(φ))}εi(φ)δi =

n∑
i=1

∫
I(ζi(φ) ≥ u){Dφ,i(u)− D̂φ,i(u)}u dF̃φ(u)

1− F̃φ(u)
,

then J3n can be written as

J3n(φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u){Dφ,i(u)− D̂φ,i(u)}dS(u, εi(φ) | Fφ)

= n−1/2
n∑
i=1

{Dφ,i(εi(φ))− D̂φ,i(εi(φ))}εi(φ)δi

−n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u){Dφ,i(u)− D̂φ,i(u)}u dFφ(u)

1− Fφ(u)

= n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u){Dφ,i(u)− D̂φ,i(u)}u dF̃φ(u)

1− F̃φ(u)

−n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u){Dφ,i(u)− D̂φ,i(u)}u dFφ(u)

1− Fφ(u)

= n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u){Dφ,i(u)− D̂φ,i(u)}u

{ dF̃φ(u)

1− F̃φ(u)
− dFφ(u)

1− Fφ(u)

}
≤ n1/2 sup

u≤b0
{‖D̂(j)

φ (u)−D(j)
φ (u)‖, j = 1, 2} sup

∣∣ ∫ b0−∞ udF̃φ(u)

1− F̃φ(u)
−
∫ b0
−∞ udFφ(u)

1− Fφ(u)

∣∣ = O(n−1/2+3ς+2ε) a.s.

Hence, we complete the proof of Lemma 2.

5



X. Yan, G. Yin AND X. Zhao

Lemma 3. n1/2Ψ̃n(φ) = n1/2Ψ̃n(φ0) + Vn(φ−φ0) + o{max(n1/2,Emax(U>U)‖φ−φ0‖)} a.s. for ‖φ−φ0‖ ≤ n−γ .

Proof of Lemma 3

Set

Ψ̃n1(a,φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u)(Ui − Dφ,i(u))WFφ(u)dF (u+ aUi),

Ψ̃n2(a,φ) = n−1/2
n∑
i=1

∫
I(ζi(φ) ≥ u)(Ui − Dφ,i(u))WFφ(u)

∫∞
u
dF (s+ aUi)

1− Fφ(u−)
dFφ(u).

Under the condition supi ‖Ui‖ ≤ c2 + c3, we have

Ψ̃n(φ) = Ψ̃n1(φ− φ0,φ)− Ψ̃n2(φ− φ0,φ) + o(1)

for φ− φ0 ≤ n−γ . Taking Taylor’s expansion for Fφ(u+ aUi) and Fφ(s+ aUi), as φ→ φ0,

Ψ̃n1(φ− φ0,φ)− Ψ̃n1(0,φ)

= n−1/2
{ n∑
i=1

∫
I(ζi(φ0) ≥ u)Ui(Ui − Dφ0,i(u))>WF (u)df(u)

}
(φ− φ0)

+o(n−1/2Emax(U>U)‖φ− φ0‖)

= n−1/2
{ n∑
i=1

∫
I(ζi(φ0) ≥ u)Ui(Ui − Dφ0,i(u))>WF (u)

f ′(u)

f(u)
dF (u)

}
(φ− φ0)

+o(n−1/2Emax(U>U)‖φ− φ0‖),

and

Ψ̃n2(φ− φ0,φ)− Ψ̃n2(0,φ)

= n−1/2
{ n∑
i=1

∫
I(ζi(φ0) ≥ u)Ui(Ui − Dφ0,i(u))>WF (u)

∫∞
u
df(s)

1− F (u−)
dF (u)

}
(φ− φ0)

+o(n−1/2Emax(U>U)‖φ− φ0‖)

= n−1/2
{ n∑
i=1

∫
I(ζi(φ0) ≥ u)Ui(Ui − Dφ0,i(u))>WF (u)

∫∞
u

f ′(s)
f(s)

dF (s)

1− F (u−)
dF (u)

}
(φ− φ0)

+o(n−1/2Emax(U>U)‖φ− φ0‖).

Therefore,

n1/2Ψ̃n(φ)− n1/2Ψ̃n(φ0) = n1/2{Ψ̃n1(φ− φ0,φ)− Ψ̃n2(φ− φ0,φ)}

−n1/2{Ψ̃n1(0,φ0)− Ψ̃n2(0,φ0)}+ o(n1/2)

= Vn(φ− φ0) + o(max{n1/2,Emax(U>U)‖φ− φ0‖}),
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where

Vn =

n∑
i=1

∫
I(ζi(φ0) ≥ u)Ui(Ui − Dφ0,i(u))>WF (u)WF (u, f ′/f)dF (u).

Proof of Theorem 1 (i)

Lemma 2 is equivalent to

sup
‖φ‖≤κ

‖Ψn(φ)− Ψ̃n(φ)‖ = o(n−1/2+4ς) a.s. (A.7)

under the condition limn→∞ n
1/2−4ς

{
infφ≤κ,‖φ−φ0‖≥n−γ ‖Ψ̃(φ)‖

}
=∞ and (A.7),

P{Ψn(φ) have a zero-crossing on ‖φ− φ0‖ ≥ n
−γ and ‖φ‖ ≤ κ for large n} = 0.

Since Ψn(φ̂
or

) = 0, then by Lemma 3 and conditions Emax(U>U) ≤ n and 4ς + γ > 1 with 1
8
≤ ς < 1, we have

sup
‖φ̂or−φ0‖≤n−γ

‖Ψ̃n(φ0) + n−1/2Vn(φ̂
or
− φ0)‖ = o(n−1/2+4ς) a.s. (A.8)

Since E{Ψ̃n(φ0)} = 0, we have ‖n1/2Ψ̃n(φ0)‖ = O(n1/2+ε) a.s. Therefore, under ‖V −1
n ‖ ≤ 1

c4
|Gmin|−1,

‖φ̂
or
− φ0)‖ = o(max{n1/2/Gmin, n

4ς/Gmin}) a.s.,

and

‖ρ̂or − ρ0‖ = ‖η̂or − η0‖ = o(max{n1/2/Gmin, n
4ς/Gmin}) a.s.

Moreover,

‖β̂
or
− β0‖2 =

∑L
l=1

∑
i∈Gl

(ρ̂orl − ρ0l)2 ≤ Gmax

∑L
l=1(ρ̂orl − ρ0l)2

= o(max{nGmax/G2min, n
8ςGmax/G2min}) a.s.

and

sup
i
‖β̂ori − β0i‖ = sup

l
‖ρ̂orl − ρ0l‖ ≤ ‖ρ̂or − ρ0‖ = o(max{n1/2/Gmin, n

4ς/Gmin}) a.s.

Proof of Theorem 1 (ii)

It follows from Theorem 1 (i) and equation (A.8) that
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(φ̂
or
− φ0) = −n1/2V −1

n Ψ̃n(φ0) + o(n4ς/Gmin) (A.9)

=

n∑
i=1

V −1
n Bi(φ0) + o(n4ς/Gmin),

where Bi(φ0) =
∫
I(ζi(φ0) ≥ u)(Ui−Dφ0

(u))WF (u)dM(u, εi(φ0) | F ). Next we verify the Lindeberg–Feller condition.

Note that

E‖V −1
n Bi(φ0)‖4 = E{Bi(φ0)>V −1

n V −1
n Bni(φ0)}2

≤ ‖V −1
n ‖4E{Bi(φ0)>Bi(φ0)}2 = O(1/G4min),

P (‖V −1
n Bi(φ0)‖ > ε) ≤ ‖V −1

n ‖2E‖Bi(φ0)‖2/ε2 = O(1/(G2minε)).

Therefore, under the condition vn → 0, we have

n∑
i=1

E‖V −1
n Bi(φ0)‖2I(‖V −1

n Bi(φ0)‖ > ε)

= nE‖V −1
n B1(φ0)‖2I(‖V −1

n B1(φ0)‖ > ε)

≤ n{E‖V −1
n Bi(φ0)‖4}1/2{P (‖V −1

n Bi(φ0)‖ > ε)}1/2

= O(n/G3min)→ 0.

By noting that
∑n
i=1 var{V −1

n Bi(φ0)} = E(V −1
n ΣnV

−1
n ), where

Σn =

n∑
i=1

∫
I(ζi(φ0) ≥ u)(Ui − Dφ0

(u))(Ui − Dφ0
(u))>W 2

F (u)dF (u),

and applying the Lindeberg–Feller central limit theorem (van der Vaart 1998), we have

GnV−1/2
n (φ̂

or
− φ0)→ N (0, 1).

Proof of Theorem 2

Define
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`(η,β) =
1

2
‖Ỹ (θ, F̃θ)−Zη −Xβ‖2 − n

2
{Ȳ (θ, F̃θ)− Z̄>η − X̄>β}2,

Pλ(β) =
∑

1≤i<j≤n

λ%λ(‖βi − βj‖),

`G(η,ρ) =
1

2
‖Ỹ (φ, F̃φ)−Zη −XΠρ‖2 − n

2
{Ȳ (φ, F̃φ)− Ū>φ}2,

PGλ (ρ) =
∑

1≤r<r′≤R

λ|Gr‖Gr′ |%λ(‖ρr − ρr′‖),

and let `P (η,β) = `(η,β) + Pλ(β), and `GP (η,ρ) = `G(η,ρ) + PGλ (ρ). Let H : MG →RRp be the mapping that H(β)

is the Rp× 1 vector consisting of R vectors with dimension p and its rth vector component equals the common value

of βi for i ∈ Gr. Let H∗ : Rnp →RRp be the mapping that H∗(β) = {|Gr|−1∑
i∈Gr β

>
i , r = 1, . . . , R}>.

Consider the neighborhood of (η0,β0):

Θ = {η ∈ Rq,β ∈ Rnp : ‖η − η0‖ ≤ cvn, sup
i
‖βi − β0i‖ ≤ cvn},

where vn = max{n1/2/Gmin, n
4ς/Gmin}. We show that (η̂or>, β̂

or>
)> is a strictly local minimizer of the proposed

penalized objective function almost surely through the following two steps:

(i) In event A1, where A1 = {‖η̂or − η0‖ ≤ cvn, supi ‖β̂ori − β0i‖ ≤ cvn}, `P (η,β∗) > `P (η̂or, β̂
or

) for any

(η>,β∗>)>∈ Θ and (η>,β∗>)> 6= (η̂or>, β̂
or>

)>, where β∗ = H−1(H∗(β)).

(ii) There is an event A2 such that P (AC2 ) ≤ 2
n

and in A1 ∩ A2, there is a neighborhood Θn of (η̂or>, β̂
or>

)>, and

for (η>,β>)>∈ Θn ∩Θ, `P (η,β) > `P (η,β∗).

It is easy to show (i) following Ma and Huang (2016). To show the result in (ii), we consider Θn = {βi : supi ‖βi −

β̂ori ‖ ≤ sn} for a positive sequence sn. For (η>,β>)>∈ Θn ∩Θ, by Taylor’s expansion, we have

`P (η,β)− `P (η,β∗) = H1 +H2,

where

H1 = S(θ̃, F̃θ̃)>X̃(β − β∗), and H2 =

n∑
i=1

∂Pλ(β̃)

∂β>i
(βi − β∗i ).

Here, S(θ̃, F̃θ̃) is an n-vector with the ith component equal to S(ζi(θ̃i), εi(θ̃i) | F̃θ̃), β̃ = aβ + (1 − a)β∗, θ̃ =

aθ + (1− a)θ∗, and θ∗ = (η>,β∗>)>.
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Note that

H2 ≥
R∑
r=1

∑
i,j∈Gr,i<j

λ%′λ(4sn)‖βi − βj‖.

Setting Q = (Q>1, . . . , Q
>
n)>= {S(θ̃, F̃θ̃)>X̃}>, we have

Qi = Xi{S(ζi(θ̃i), εi(θ̃i) | F̃θ̃)− 1

n

n∑
j=1

S(ζj(θ̃j), εj(θ̃j) | F̃θ̃)},

H1 = −
L∑
l=1

∑
i,j∈Gl,i<j

(Qj −Qi)>(βj − βi)
|Gl|

,

sup
i
‖Qi‖ ≤ P1 + P2 + P3,

where

P1 = sup
i
‖Xi‖ sup

i

{
|S(ζi(θ̃i), εi(θ̃i) | Fθ̃)− Eεi(θ̃i)|

}
,

P2 = sup
i
‖Xi‖

{
| 1
n

n∑
j=1

S(ζj(θ̃j), εj(θ̃j) | Fθ̃)− Eεj(θ̃j)|
}
,

P3 = 2 sup
i
‖Xi‖

{
sup
t

∣∣WF̃
θ̃
(t)−WF

θ̃
(t)
∣∣}.

For P1, since

P

(
sup
i

∣∣S(ζi(θ̃i), εi(θ̃i) | Fθ̃)− Eεi(θ̃i)
∣∣ >√2 log(n)/c1

)
≤

n∑
i=1

P
(∣∣S(ζi(θ̃i), εi(θ̃i) | Fθ̃)− Eεi(θ̃i)

∣∣ >√2 log(n)/c1
)

≤ 2

n
,

we conclude that there is an event A2 such that P (AC2 ) ≤ 2
n

, and under the event A2 and conditions (C3) (i),

P1 ≤ c2(
√

2 log(n)/c1), P2 ≤ P1.

By Lemma 1 (i),

P3 ≤ 2c2(cn−1/2+4ς).

Thus, we have

∣∣∣ (Qj −Qi)>(βj − βi)|Gl|

∣∣∣ ≤ 2G−1
min sup

i
‖Qi‖‖βj − βi‖

≤ 4c2G−1
min[

√
2 log(n)/c1 + cn−1/2+4ς ]‖βj − βi‖, (A.10)
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and

`P (β)− `P (β∗) ≥
R∑
r=1

∑
i,j∈Gr,i<j

{λ%′λ(4sn)− 4c2G−1
min[

√
2 log(n)/c1 + cn−1/2+4ς ]}‖βi − βj‖.

Let sn → 0, and then λ%′λ(4sn) → cλ. Since λ � max(
√

log(n)/Gmin, n
−1/2+4ς/Gmin), we have `P (β) − `P (β∗) ≥ 0

for a sufficiently large n, which completes the proof of Theorem 2.

Proof of Theorem 3

Following the similar arguments used in the proof of Theorem 1, we can conclude the results of Theorem 3 (i) and

(ii) by letting XΠ = x and Gmin = Gmax = n. Here we give a simplified proof similar to that of Theorem 2.

Define M = {β ∈ Rnp : β1 = · · · = βn}. Note that βi = ρ for all i. Let H : M→ Rp be the mapping that H(β)

is the p-vector equal to ρ. Let H∗ : Rnp → Rp be the mapping that H(β) = {n−1∑n
i=1 βi}. Clearly, when β ∈ H,

H(β) = H∗(β). Define the neighborhood of β0:

Θ′ = {β ∈ Rnp : sup
i
‖βi − β0i‖ ≤ cv′n},

where v′n = max(n−1/2, n4ς−1). We show that β̂
or

is a strictly local minimizer of the proposed penalized objective

function with probability approaching 1 through the following two steps.

(i) In the event A′1, where A′1 = {supi ‖β̂ori − β0i‖ ≤ cv′n}, `P (β∗) > `P (β̂
or

) for any β∗ ∈ Θ and β∗ 6= β̂
or

,

where β∗ = H−1(H∗(β)).

(ii) There is an event A′2 such that P (A
′C
2 ) ≤ 2

n
and in A′1 ∩ A′2, there is a neighborhood Θ′n of β̂

or
, and for any

β ∈ Θ′n ∩Θ′, we have `P (β) > `P (β∗).

Using the idea of Ma and Huang (2016), we can obtain (i). Next we show (ii). For a positive sequence sn,

Θ′n = {βi : supi ‖βi − β̂ori ‖ ≤ sn}. For (η>,β>)>∈ Θ′n ∩Θ′, by Taylor’s expansion, we have

`P (β)− `P (β∗) = H′1 +H′2,

where

H′1 = S(θ̃, F̃θ̃)>X̃(β − β∗),

H′2 =

n∑
i=1

∂Pλ(β̃)

∂β>i
(βi − β∗i ),

11
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with β̃ = aβ + (1− a)β∗, θ̃ = aθ + (1− a)θ∗, and θ∗ = (η>,β∗>)>.

Note that

H′2 ≥
∑
i<j

λ%′λ(4sn)‖βi − βj‖,

H′1 = −n−1
∑
i<j

(Qj −Qi)>(βj − βi).

Following the similar proof of (A.10), under event A′2 such that P (A
′C
2 ) ≤ 2

n
, we have

n−1
∣∣∣(Qj −Qi)>(βj − βi)∣∣∣ ≤ n−12 sup

i
‖Qi‖‖βj − βi‖

≤ 4c2n
−1[
√

2 log(n)/c1 + cn−1/2+4ς ]‖βj − βi‖.

Then,

`P (β)− `P (β∗) ≥
∑
i<j

{λ%′λ(4sn)− 4c2n
−1[
√

2 log(n)/c1 + cn−1/2+4ς ]}‖βi − βj‖.

Let sn → 0, and then λ%′λ(4sn) → cλ. Since λ � max(
√

log(n)/n, n−3/2+4ς), we have `P (β) ≥ `P (β∗) for a

sufficiently large n, and thus this completes the proof of Theorem 3.
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