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Supplementary Material

This part contains additional numerical studies and technical proofs of the asymptotic

theories in the manuscript. In addition, we describe locally quadratic approximation (LQA) in

the model identification procedure.

S1 Complementary Numerical Studies

S1.1 Example 1(Continued)

First, we fix (n,m) = (30, 20), and compute three-step M-estimators under the loss func-

tions ρ1, ρ2, and ρ3, denoted as Ls, Lad, and Hub, respectively. For comparison, we also compute

the spline-based oracle estimator of varying-coefficient component functions given all additive

component functions in advance and, analogously, the oracle estimator of additive component

functions when all varying-coefficient component functions are known. We denote the oracle

estimator by the suffix -O, e.g., Ls-O denotes the oracle estimator under the quadratic loss func-

tion. Based on 500 Monte Carlo replications, Table 1 compares the average MSE (AMSE) of the

three-step M-estimators with that of the oracle estimators under different error distributions.
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The standard deviation is given in parentheses. From Table 1, we conclude that

• under the normal error distribution, Huber estimators are comparable to least-squares

estimators, and median estimators are slightly inferior. Moreover, the AMSE of the three-

step M-estimators is similar to that of the oracle estimators, even for medium sample sizes.

This embodies the oracle property of the three-step M-estimator, as if more information

is known in advance.

• under non-normal error distributions, least-squares estimators exhibit worse performance

than the others, especially under the t(1) error distribution. The Huber and median

estimators have similar performance, and their AMSEs are similar to those of the oracle

estimators.

• The influence of the intra-subject covariance structure is not substantial under the differ-

ent error distributions and loss functions.

Under normal error distribution N(0, 0.2), Figure 1 presents the iterative least square

estimator (dashed line) and 95% CLT-based CI (dotted lines) and 500 wild bootstrap sampling

(dash-dotted lines). We note that the similar performance with Figure 1 (under mixed normal

error distribution) in the manuscript, which indicates the rationality of our estimation method

and two types CI.

For normal error distribution and mixed normal distribution, we also investigate the aver-

age experience coverage probability (AECP) of three-step M-estimator at given 50 grid poins

on the range of interested variable. We sample 200 times with dependent within-subject cor-

relations (θ = 0.5) and make 500 Monte Carlo replications in each run. Figure 2 presents the

boxplot of AECP under normal error distribution for different subjects/observations combina-

tions: 1 is for (n,m) = (20, 30); 2 and 3 are for (n,m) = (30, 20) and (60, 10), respectively. The
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Figure 1: Three-step M-estimators under normal error distribution. Solid line: true
component function, dashed line: three-step M-estimator, dotted lines: 95% CI based
on asymptotic distribution, and dash-dotted lines: 95% CI based on 500 wild bootstrap
resampling.

results implies that the CLT-based CI is acceptable.
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Figure 2: Boxplots for average experience coverage probability (AECP) under normal
error distribution: 1, (n,m) = (20, 30); 2, (n,m) = (30, 20); 3, (n,m) = (60, 10).

The analogue of Figure 2 under mixed normal error distribution is given in Figure 3, from

which we see that the pointwise CI is well-performed even in the presence of small proportion

outliers.

In addition, for the mixed normal error distribution, Figure 4 investigates AECPs of com-

ponent functions under more general sampling plan, i.e., sparse observations for some subjects

and dense observations for other subjects. Specifically speaking, we generate 30 subjects, the

first r% subjects with sparse observations (m1 = 10) and the last (1− r)% subjects with dense

observation (m2 = 30). Here, we take r = 1/2, 1/3 and 2/3. The result shows that the AECPs
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Figure 3: Boxplots for average experience coverage probability (AECP) based on 200
sampling under mixed normal error distribution. 1, (n,m) = (20, 30); 2, (n,m) =
(30, 20); 3, (n,m) = (60, 10).

of component functions remain acceptable even under the mixture sampling plan and small

proportion outliers.
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Figure 4: AECPs for component functions α0, α1 and β1 under mixture sampling plan:
the ratio of sparse (m1 = 10) and dense (m2 = 30) observations is 1:1 for 1, 1:2 for 2
and 2:1 for 3.

Note that he bivariate function g(t, x) = α1(t)β1(x) can be estimated by ĝ(t, x) = α̂1(t)β̂1(x),

Figure 5 compares the estimated surfaces of g under different loss function with the true surface.

Obviously, huber estimator is nearest to the true surface, while least squares estimator is the

worst, and median estimator is in-between.

Finally, to investigate the asymptotic properties of three-step M-estimators, we take n =

20, 40 and m = 20, 30. For different combinations of (n,m) and two kinds of intra-subject

covariance structure, Table 2 compares the AMSE of three-step M-estimators with different

loss functions under normal error distribution and mixed normal error distribution, and Table
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Figure 5: The estimated surfaces of g(t, x) = α1(t)β1(x) under different loss functions.
(a) true surface; (b) least-squares-based estimation; (c) median-based estimation; (d)
huber-based estimation.

3 is the analogue for the 0.2× t(1) and 0.5× t(2) error distributions. Note that for each given

pair (n,m), the performance of the three-step M-estimator is similar to that presented in Table

1. Moreover, as the total number of observations grows, the AMSEs of three-step M-estimators

decrease with normal error distribution, no matter which loss function is used. For non-normal

error distribution, the estimators based upon robust loss functions ρ2 and ρ3 decrease, however,

the least square estimators haven’t significant improvements.

S1.2 Numerical Study of Model Identification Procedure

In this subsection, we will investigate the finite-sample performance of the proposed model

identification procedure. A VCAM with repeated measurements is given by

yij = α0(tij) + α1(tij)β1(xij1) + 5β2(xij2) + 3α3(tij)xij3 + wi(tij) + eij ,

where tij , xij1, wi, α0, α1, and the random noise eij are the same as in Example 1 in the

manuscript, xij2 = t2ij + ζij with ζij independently drawn from N(0, 0.5), and xij3 are indepen-
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dent copies from N(0, 1.52). Other component functions are given by α3(t) = t2/
∫ 1

0
t2dt,

β2(x2) = 0.2 sin (πx2/2)− E[0.2 sin (πX2/2)], and

β1(x1) = 5 sin (πx1/2) + 2x1(1− x1)− E[5 sin (πX1/2) + 2X1(1−X1)].

Based on 200 Monte Carlo replications, we compare the performance of the proposed model

identification procedure for independent and dependent intra-subject covariance structures and

three kinds of loss function used in Example 1. Table 4 lists the percentages of correct fitting

(C-F), over-fitting (O-F), and under-fitting (U-F) in the identification of additive terms (AT),

varying-coefficient terms (VCT), and true model (TM) for normal error and mixed normal error

distributions. The counterparts for the heavy-tail error distributions of 0.2× t(1) and 0.5× t(2)

are given in Table 5. From the obtained results, we notice that under normal error distribution,

all of the percentage of correctly identified additive terms, varying-coefficient terms, and true

models increases as the total number of observations increases, regardless of which loss function

is adopted. In the case of small proportion outliers, the power of model identification increases as

the number of observations nm increases if we use robust loss function ρ2 and ρ3. However, the

least-square-based identification procedure exhibits very poor performance, and no significant

improvement is obtained by increasing the total number of observations. It is expected since

mean regression method is sensitive to outliers, which greatly influence the power of model

identification. Also, the influence of the intra-subject covariance structure on the power of

model identification is insignificant.

S1.3 Comparison with existing method

Note that the two-step spline estimation method proposed by Zhang and Wang (2015) is

applicable when the covariates are dependent on subjects but independent of observation time.

Under this case, we compare the average MSE(AMSEs) and its standard deviation between

the two types estimators based on 500 Monte Carlo replications. We consider normal error
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distribution N(0, 0.2) and mixed normal error distribution 0.95N(0, 0.2) + 0.05N(0, 12.52), and

generate n = 40 subjects with sparse observations (m = 10, 20) and dense observations (m =

40). Taking p = 1, the covariates Xi i.i.d. follow U([−0.5, 0.5]), the observation time points

Tij(j = 1, ...,m) are equidistant on [0, 1], and the subject-specific random trajectory wi and

univariate component functions are same with Example 1 in the manuscript. Table 6 shows

that our estimators are superior to the two-step estimators of Zhang and Wang (2015) for sparse

data and a small proportion outliers, while for dense data with normal error distribution, the

difference between them is insignificant.

S1.4 Example 2 (Continued)

For the CD4 dataset considered in the manuscript, Figure 6 presents the estimated surfaces

of bivariate functions gk(t, xk) = αk(t)βk(xk), k = 1, 2.

-6
6
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4 30

g
1

0

20

time

2

2

age

4

10
0 0

-2 -10

-2
6

-1

50

0

4

g
2
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1

time

302

2
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20
0 10

0-2

(a) (b)

Figure 6: Estimated surfaces of CD4 dataset. (a) estimates g1 = α2(time)β2(age); (b)

estimates g2 = α3(time)β3(cesd).

For a comparison with existing literature, we now analyze another well-known CD4 dataset

from R package ‘timereg’ (Thomas (2019)). It is a subset of the Multicenter AIDS Cohort

Study, which contains 1187 observations from 283 homosexual men infected with HIV during
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Table 6: Comparison of AMSEs between three-step M-estimators and Zhang’s estimators

Fun
m = 10 m = 20 m = 40

Ours Zhang’s Ours Zhang’s Ours Zhang’s

Normal Error

α0

0.0149 0.0149 0.0058 0.0058 0.0027 0.0026

(0.0053) (0.0054) (0.0023) (0.0023) (0.0008) (0.0008)

α1

0.0609 0.5809 0.0309 0.1580 0.0207 0.0800

(0.0245) (0.4871) (0.0139) (0.0228) (0.0070) (0.0347)

β1

0.0240 0.1498 0.0103 0.1093 0.0146 0.0443

(0.0086) 1.9450) (0.0052) (1.0199) (0.0065) (0.0135)

Mixed Normal Error

α0

0.0580 0.1646 0.0334 0.0770 0.0274 0.0738

(0.0205) (0.0991) (0.0049) (0.0479) (0.0080) (0.0399)

α1

0.1707 1.3124 0.1671 0.8528 0.1397 0.4184

(0.0670) (1.2377) (0.0810) (1.8620) (0.0207) (0.2009)

β1

0.0354 0.1313 0.0422 0.1070 0.0118 0.1144

(0.0203) (1.3137) (0.0103) (1.3532) (0.0042) (0.0085)

the study period between 1984 and 1991. The time variable tij is the time (in years) of the j-th

measurement of the i-th individual after HIV infection; the response Yij is the i-th individual’s

CD4 percent measured at time tij . Fan and Zhang (2000a); Huang, Wu and Zhou (2002, 2004)

have analyzed this dataset using a VCM, which is a special case of our VCAM. They adopted
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three covariates: X1 the smoking status of individual after his infection; X2 the centered age

at HIV infection, and X3 the centered pre-infection CD4 percent. Now, we compare a VCAM

and a VCM containing the three covariates. Note that X1 is attribute variable and covariates

are all time-invariant, we can write the two model as below:

VCM : yij = α0(tij) + α1(tij)xi,1 + α2(tij)xi,2 + α3(tij)xi,3 + wij + eij , (S1.1)

and

VCAM : yij = α0(tij) + α1(tij)xi,1 + α2(tij)β2(xi,2) + α3(tij)β3(xi,3) + wij + eij (S1.2)

For the VCM (S1.1), Figure 7 gives the fitted curves (solid lines) of varying-coefficient

functions and 95% CI (dash-dotted lines). For the VCAM (S1.2), we select the optimal num-

ber of interior knots (~̂C, ~̂A, K̂C, K̂A) = (2, 2, 3, 6) and optimal tuning parameter (λ̂1, λ̂2) =

(0.01, 0.01). Employing the model identification procedure, we found α2 and α3 are non-constant

(‖η̂τ2M2‖L2
= 0.2339, ‖η̂τ3M3‖L2

= 0.3183), β2 and β3 are nonlinear (‖η̂2F2‖L2
= 0.2591,

‖η̂3F3‖L2
= 0.3165). Figure 8 presents the three-step spline estimators (solid lines) of univari-

ate component functions in VCAM (S1.2), and 95% CI (dash-dotted lines).

Note that the fitted curves of varying-coefficient functions have similar shapes under the

two models. However, except α0 the ranges of fitted curves are different since the difference

of function form of covariate effect. From the fitted curves of additive component functions in

VCAM (S1.2), we can see the the linear covariates effects is not rational in the whole study

period.

In addition, the bivariate time-varying covariates effects g1(t, x) = α2(t)β2(x) and g2(t, x) =

α3(t)β3(x) in VCAM (S1.2), and g1(t, x) = α2(t)x and g2(t, x) = α3(t)x in VCM (S1.1) are es-

timated in Figure 9, which implies the VCAM (S1.2) provides more detailed information of
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Figure 7: Spline estimators (solid lines) in VCM (S1.1), and 95% CI (dash-dotted lines).
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Figure 8: Three-step spline estimators (solid lines) in VCAM (S1.2), and 95% CI (dash-

dotted lines).

change points due to the nonlinear covariate effects.

Compared with the VCM (S1.1) of Huang, Wu and Zhou (2002, 2004), the residual sum

of squares (RSS) of VCAM (S1.2) decreases by 3% and the multiple determination coefficient

(R2) increases by 12%. Therefore, VCAM (S1.2) is more suitable for this real-life data.

S1.5 Example 3 (Continued)

Figure 10 gives the estimated bivariate functions gk(t, xk) = αk(t)βk(xk), k = 1, 2, 3 for

the ADNI data.

S1.6 Cigarette Data

Example 3. We continue the analysis of cigarette data referred in Section 1 in the manuscript.

Following Baltagi and Li (2004), we adopt covariates X1: logarithm of the average real retail

price of cigarettes; X2: logarithm of the real disposable income per capita, and response Y :
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Figure 9: The estimated surfaces of time-varying covariates effects g1(t, x) = α2(t)β2(x)

and g2(t, x) = α3(t)β3(x) in VCAM (S1.2), whilst g1(t, x) = α2(t)x and g2(t, x) = α3(t)x

in VCM (S1.1).
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Figure 10: Estimated bivariate surfaces for ADNI data. (a) estimates g1 = α1(t)β1(Age);

(b) estimates g2 = α2(t)β2(Education); (c) estimates g3 = α3(t)β3(MMSE);
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logarithm of the sales of cigarettes (packs of cigarettes per capita).

We use the following VCAM

yit = α0(t) +

2∑
k=1

αk(t)β(xitk), i = 1, ..., 46; t = 1, ..., 30.

Under huber loss function given in Example 1, we obtain that the optimal knots in Step I

estimation are (~̂C, ~̂A) = (2, 2), and smoothing tuning parameters in model identification pro-

cedure are (λ̂1, λ̂2) = (6.31, 0.01), We then obtain the penalized estimators and conclude both

α1 and α2 are time-invariant. In a word, a more parsimonious model is given by

yit = α0(t) + β1(xit1) + β2(xit2), i = 1, ..., 46; t = 1, ..., 30. (S1.3)

The estimated component functions are given in Figure 11, from which we see that:

• α0 decreases before 1980, and ascends until 1990, and then decreases;

• Cigarettes consumption decreases as the Cigarettes price increases;

• Cigarettes consumption increases as the income grows until X2 is larger than 4.8.

1960 1965 1970 1975 1980 1985 1990 1995

t

4.6

4.65

4.7

4.75

4.8

4.85

4.9

4.95

5

5.05

5.1

α
0

-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

log Price

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

β
1

3.6 3.8 4 4.2 4.4 4.6 4.8 5 5.2

log Income

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

β
2

(a) α0 (b) β1 (c) β2

Figure 11: Reduced model (S1.3) for cigarette data set. Solid line: three-step estimator,

and dash-dot lines: 95% CI.

S2 Proofs
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We start with the properties of B-spline basis. Let {b1, ..., bL} be standardized version of

B-spline basis defined on [a, b]. Then, it holds that:

(1) bl(x) ≥ 0 for any x ∈ [a, b], 1 ≤ l ≤ L;

(2)
∑L
l=1 bl(x) = 1 for any x ∈ [a, b];

(3) for any vector α = (α1, ..., αL)τ ,

|α|2 �
∫ 1

0

{ L∑
l=1

αlbl(x)
}2

dx � |α|2. (S2.1)

S2.1 A Proposition

To prove the main results, we start with the following proposition, which gives the con-

vergence rates of the initial estimators of varying-coefficient component functions. Let h =

~A ∧ ~C and h̄ = ~A ∨ ~C be the minimum and maximum of ~A and ~C, respectively, and

N̄H =
(

1
n

∑n
i=1 n

−1
i

)−1
is the harmonic average of sequence {ni}.

Proposition 1. Under Assumptions A1–A5, M1-M2 or N1-N2, if h̄4 = o(nN̄H), h̄2r/n→ C1,

h̄2r+2/(nN̄H)→ C2, and h̄
2/N̄H → C3 as n→∞, where 0 ≤ C1 <∞, 0 ≤ C2, C3 ≤ ∞. Then,

we obtain the convergence rates

‖α̂0,I − α0‖2L2
= Op

(
h−2r +

h̄2

nN̄H
+

1

n

)
, and

‖α̂k,I(t|tk0, xk0)− αk(t)‖2L2
= Op

(
h−2r +

h̄2

nN̄H
+

1

n

)
in the L2 norm sense, and

1

N

n∑
i=1

ni∑
j=1

[
α̂0,I(tij)− α0(tij)

]2
= Op

(
h−2r +

h̄2

nN̄H
+

1

n

)
, and

1

N

n∑
i=1

ni∑
j=1

[
α̂k,I(tij |tk0, xk0)− αk(tij)

]2
= Op

(
h−2r +

h̄2

nN̄H
+

1

n

)
in the MSE sense.
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Remark 1. From Proposition 1, we see that if N̄H/n
1
r → 0, and h̄ �

(
nN̄H

) 1
2r+2 , then

n−1 = o
(
h̄/
(
nN̄H

) )
and the asymptotic variance obtains the rate of bivariate nonparametric

function. When N̄H/n
1
r → C and h̄ � n

1
2r yield n−1 � h̄/

(
nN̄H

)
; and N̄H/n

1
r → ∞ and

h̄ = o(n
1
2r ) imply h̄/

(
nN̄H

)
= o(n−1), that is, the asymptotic variance has a parametric rate.

Thus, we can split data as sparse or dense according to whether N̄H/n
1
r → 0 or N̄H/n

1
r → C,

where 0 < C ≤ ∞. The result is slightly different from Remark 5 in the manuscript since we

now estimate bivariate nonparametric function and require larger sample size.

According to Corollary 6.21 and Theorem 12.7 of Schumaker (1981) and Assumption (A3),

there exists positive constants D0, ..., Dp, such that α0(t) = α̃0(t) + R0(t) = γ̃τ0 bC(t) + R0(t)

and gk(t, xk) = g̃k(t, xk) +Rk(t, xk) = γ̃τkTk(t, xk) +Rk(t, xk) satisfy

sup
t∈[0,1]

|R0(t)| ≤ D0~−rC and sup
(t,xk)

|Rk(t, xk)| ≤ Dk(~−rC + ~−rA ), for k = 1, ..., p. (S2.2)

Denote Rij = R0(tij) +
∑p
k=1 Rk(tij , xijk), then (S2.2) implies

max
i,j
|Rij | ≤ D∗1~−rC +D∗2~−rA ≤ D∗h−r, (S2.3)

where D∗ = D∗1 ∨D∗2 .

Let π(t,x) = {bτC(t), T τ1 (t, x1), ..., T τp (t, xp)}τ , πij = π(tij ,xij) and π̃ij = S−1
n πij , where

S2
n =

∑n
i=1

1
ni

∑ni
j=1 πijπ

τ
ij . Denote ζ = Sn(γ − γ̃), ζ̂ = Sn(γ̂ − γ̃). Then, the minimizing

problem (2.3) can be rewritten as

argmin
γ

n∑
i=1

1

ni

ni∑
j=1

ρ(yij − πτijγ) = argmin
ζ

n∑
i=1

1

ni

ni∑
j=1

ρ(εij − π̃τijζ +Rij)

= argmin
ζ

n∑
i=1

1

ni

ni∑
j=1

[
ρ(εij − π̃τijζ +Rij)− ρ(εij +Rij)

]
.

Denote Γn(ζ) be the objective function above, Φn(ζ) = E[Γn(ζ)|J ], and ∆n(ζ) = Γn(ζ) −

Φn(ζ) +
∑n
i=1

1
ni

∑ni
j=1 π̃

τ
ijζφ(εij). Then

Γn(ζ) = Φn(ζ)−
n∑
i=1

1

ni

ni∑
j=1

π̃τijζφ(εij) + ∆n(ζ). (S2.4)
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The following lemmas are useful to prove Proposition 1.

Lemma 1. Under Assumption A1 and A2, there exists positive constants L1 and L2, it holds

that L1I ≤ S2
n/n ≤ L2I, except on an event whose probability tends to zero, where I is l-order

identity matrix, with l = JC + pJCJA, JC = q + ~C, and JA = q + ~A − 1.

Proof. Let G = {g(t,x) = γτπ(t,x),γ = (γτ0 , ..., γ
τ
p )τ ∈ Rl} be a family of functions defined

on t ∈ [0, 1], and x = (x1, ..., xp)
τ ∈

∏p
k=1[ak, bk]. For any g(1), g(2) ∈ G, define the theoretical

inner product and empirical inner product are 〈g(1), g(2)〉 = E[g(1)(T,X)g(2)(T,X)] and

〈g(1), g(2)〉n =
1

n

n∑
i=1

1

ni

ni∑
j=1

g(1)(tij ,xij)g
(2)(tij ,xij).

The induced theoretical norm and empirical norm are denoted as ‖g‖ and ‖g‖n, respectively.

For any g = γτπ(t,x) ∈ G, according to Assumption (A1), (A2) and Lemma 1 of Stone

(1985), we have

‖g‖2 = E
[
E
[
{γτ0 bC(T ) +

p∑
k=1

γτkTk(T,Xk)}2|T
]]

=

∫ 1

0

E
[{
γτ0 bC(T ) +

p∑
k=1

γτkTk(T,Xk)
}2∣∣T = t

]
fT (t)dt

≥ d1

∫ 1

0

{
(γτ0 bC(t))2 +

p∑
k=1

E[{γτkTk(t,Xk)}2|T = t]
}
fT (t)dt,

where d1 is some positive constant.

On the other hand, there exists a positive constant d2 (> d1) such that

‖g‖2 ≤ d2

∫ 1

0

{
(γτ0 bC(t))2 +

p∑
k=1

E[{γτkTk(t,Xk)}2|T = t]
}
fT (t)dt.
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By Assumption (A2) and (S2.1), we obtain that

∫ 1

0

E[{γτkTk(t,Xk)}2|T = t]fT (t)dt

=

∫ 1

0

∫ 1

0

[ JC∑
l1=1

JA∑
l2=1

bkl1(t)Bkl2(xk)γk,l1l2

]2
fXk|T (xk|t)fT (t)dxkdt

�
JA∑
l2=1

JC∑
l2=1

γ2
k,l1l2 ,

which yields ‖g‖2 � |γ|2.

Along the line of Lemma A.2 of Huang, Wu and Zhou (2004), we can show ‖g‖2n � ‖g‖
2

for any g ∈ G. Therefore, γτS2
n/nγ =

∥∥g ‖2n�‖ g∥∥2 � |γ|2.

Similar to the procedure of Lemma 3.2 of He and Shi (1994), we have the next lemma.

Lemma 2. Suppose that Assumptions A1–A5 and M1-M2 hold. Then for any L satisfying

1 ≤ L ≤ h̄
η
10 for some 0 < η <

r− 1
2

2r+1
, it holds that sup‖ζ‖≤L |κ−1∆n(κ1/2ζ)| = op(1), where

κ = h̄2/N̄H + 1− N̄−1
H .

Lemma 3. Under the assumptions of Proposition 1,

P

(
inf

‖ζ‖≥L
√
κ

n∑
i=1

1

ni

ni∑
j=1

ρ
(
εij − π̃τijζ +Rij

)
>

n∑
i=1

1

ni

ni∑
j=1

ρ (εij +Rij)

)
→ 1, (S2.5)

Proof. We will show (S2.5) for convex loss function and non-convex loss function, respectively.

Assume the convex loss function ρ(·) satisfies conditions A5, M1 and M2. Notice that

max
i,j

κ‖π̃τijζ‖2 ≤ max
i,j

κπ̃τij π̃ij‖ζ‖2 = Op
(
κh̄2‖ζ‖2/n

)
= o(1),

which implies maxi,j(|Rij |+κ1/2|π̃(tij)
τζ|) = op(1). In combination with Lemma 2 and (S2.4),

we can show (S2.5) along the lines of Theorem 1 of Tang and Cheng (2008).

For the non-convex loss function ρ(·), we assume that conditions A5, N1 and N2 hold.
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Notice that

κ−1Γn(
√
κζ) = κ−1

n∑
i=1

1

ni

ni∑
j=1

∫ Rij−
√
κπ̃τijζ

Rij

φ(εij + u)du

= κ−1
n∑
i=1

1

ni

ni∑
j=1

∫ Rij−
√
κπ̃τijζ

Rij

{
φ(εij) + φ′(εij)u+

[
φ(εij + u)− φ(εij)− φ′(εij)u

]}
du

=: I1 + I2 + I3,

where

I1 = κ−1
n∑
i=1

1

ni

ni∑
j=1

∫ Rij−
√
κπ̃τijζ

Rij

φ(εij)du,

I2 = κ−1
n∑
i=1

1

ni

ni∑
j=1

∫ Rij−
√
κπ̃τijζ

Rij

φ′(εij)udu, and

I3 = κ−1
n∑
i=1

1

ni

ni∑
j=1

∫ Rij−
√
κπ̃τijζ

Rij

[
φ(εij + u)− φ(εij)− φ′(εij)u

]
du.

Similar to the proof of Theorem 1 of Tang and Cheng (2008), we can show

|I1| = κ−1/2

∣∣∣∣∣
n∑
i=1

1

ni

ni∑
j=1

φ(εij)π̃
τ
ijζ

∣∣∣∣∣ = Op(‖ζ‖ /
√
κ) (S2.6)

by Assumption A4. After direct computations, we obtain that

I2 =
1

2

n∑
i=1

1

ni

ni∑
j=1

φ′(εij)(π̃
τ
ijζ)2 − κ−1/2

n∑
i=1

1

ni

ni∑
j=1

φ′(εij)Rij π̃
τ
ijζ =: I21 + I22.

Note that
∑ni
i=1

1
ni

∑ni
j=1(π̃τijζ)2 = ‖ζ‖2, we have

I21 =
1

2

n∑
i=1

1

ni

ni∑
j=1

φε(tij)(1 + op(1))(π̃τijζ)2 >
c

2
‖ζ‖2 (S2.7)

and

|I22| = κ−1/2

∣∣∣∣∣
n∑
i=1

1

ni

ni∑
j=1

φε(tij)(1 + op(1))Rij π̃
τ
ijζ

∣∣∣∣∣ = Op(
√
nκ−1/2h−r ‖ζ‖) (S2.8)

from Assumption A5 and (S2.3). According to Assumption N2, we derive that

κ−1
n∑
i=1

1

ni

ni∑
j=1

∫ Rij−
√
κπ̃τijζ

Rij

E
[

sup
u
|φ(εij + u)− φ(εij)− φ′(εij)u||tij = t

]
du

= κ−1
n∑
i=1

1

ni

ni∑
j=1

(
−
√
κπ̃τζ

)
o
(
|Rij |+ |

√
κπ̃τζ|

)
,
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which implies that |I3| = o
(√
nκ−1/2h−r ‖ζ‖

)
+ o
(
‖ζ‖2

)
.

In combination with (S2.6), (S2.7) and (S2.8), we have that

P

(
inf
‖ζ‖≥L

κ−1Γn
(√
κζ
)
>
c

2
L2 > 0

)
→ 1,

which yields (S2.5).

Proof of Proposition 1.

Proof. From Lemma 3, we have ‖ζ̂‖ = Op(κ
1/2), which implies

‖γ̂ − γ̃‖2 � (γ̂ − γ̃)τS2
n(γ̂ − γ̃)/n =‖ ζ̂ ‖2 /n = Op(κ/n) = op(1)

from Lemma 1. Employing approximation theories of spline functions and (S2.1), we have

‖ĝk − gk‖2L2
=

∫ 1

0

∫ bk

ak

[
ĝk(t, xk)− gk(t, xk)

]2
dtdxk

�
∫ 1

0

∫ bk

ak

[
ĝk(t, xk)− g̃k(t, xk)

]2
dtdxk + (D∗)2h−2r

=

∫ 1

0

∫ bk

ak

[(γ̂k − γ̃k)τTk(t, xk)]2dtdxk + (D∗)2h−2r

� ‖γ̂k − γ̃k‖2 + (D∗)2h−2r

= Op(κ/n+ h−2r),

which implies ‖ĝk(t|xk)− gk(t|xk)‖2L2
:=
∫ 1

0
[ĝk(t, xk)− gk(t, xk)]2dt = Op(κ/n+ h−2r).

Then, Cauthy-Schwartz inequality means

∣∣ ‖ĝk(t|xk)‖L1
− ‖gk(t|xk)‖L1

∣∣ ≤ ‖ĝk(t|xk)− gk(t|xk)‖L2
= Op

(√
κ/n+ h−r

)
, (S2.9)
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where ‖f‖L1
=
∫
f(x)dx. Using the identification condition ‖αk‖L1

= 1, we have

‖α̂k,I(t|tk0, xk0)− αk(t)‖2L2

=

∫ 1

0

(
ξ̂k(t|tk0, xk0)∥∥∥ξ̂k(t|tk0, xk0)

∥∥∥
L1

− ξk(t|tk0)

‖ξk(t|tk0)‖L1

)2

dt =

∫ 1

0

(
ĝk(t, xk0)

‖ĝk(t|xk0)‖L1

− gk(t, xk0)

‖gk(t|xk0)‖L1

)2

dt

≤ 2

∫ 1

0

1

‖ĝk(t|xk0)‖2L1

(ĝk(t, xk0)− gk(t, xk0))2 dt

+ 2

∫ 1

0

g2
k(t, xk0)

(
1

‖ĝk(t|xk0)‖L1

− 1

‖gk(t|xk0)‖L1

)2

dt

= Op(κ/n+ h−2r) = Op
(
h̄2/(nN̄H) + 1/n+ h−2r).

The derivation of
∫ 1

0
[α̂0,I(t)−α0(t)]2dt = Op(κ/n+ h−2r) is straightforward, and omitted

the details. Finally, we show the convergence rate in the mean squared error sense. Similar to

Lemma 1, we can show the largest eigenvalues of

1

N

n∑
i=1

ni∑
j=1

πijπ
τ
ij and

1

N

n∑
i=1

ni∑
j=1

Tk(tij , xk0)T τk (tij , xk0)

are bounded, which to yield

1

N

n∑
i=1

ni∑
j=1

[
ĝk(xij , xijk)− gk(tij , xijk)

]2
= Op(κ/n+ h−2r),

1

N

n∑
i=1

ni∑
j=1

[
ĝk(tij , xk0)− gk(tij , xk0)

]2
= Op(κ/n+ h−2r).

Again from (S2.9), we obtain that

1

N

n∑
i=1

ni∑
j=1

[
α̂k,I(tij |tk0, xk0)− αk(tij |tk0, xk0)

]2
= Op(κ/n+ h−2r),

which completes the proof.

S2.2 Proof of Theorem 1

Under Assumption (A3), there exists positive constants ck,A (k = 1, ..., p) such that
βk(xk) = β̃k(xk) + rk,A(xk) = θ̃τkBk,A(xk) + rk,A(xk),

sup
xk∈[ak,bk]

|rk,A(xk)| ≤ ck,AK−rA .
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Let rij,A =
∑p
k=1 α̂k,I(tij |tk0, xk0)rk,A(xijk), then

max
i,j
|rij,A| = Op(K

−r
A ) (S2.10)

from Proposition 1 and Assumption (A3).

Let Ψ̂ij =
{
ψ̂τ1 (xij1), ..., ψ̂τp (xijp)

}τ
and Ψ̃ij = S−1

n,AΨ̂ij , where S2
n,A =

∑n
i=1

1
ni

∑ni
j=1 Ψ̂ijΨ̂

τ
ij

and ψ̂k(xijk) = α̂k,I(tij |tk0, xk0)Bk,A(xijk). Denote ϑ = Sn,A(θ− θ̃) and ϑ̂ = Sn,A(θ̂− θ̃), and

∆ij = α̂0,I(tij) − α0(tij) +
∑p
k=1

[
α̂k,I(tij |tk0, xk0) − αk(tij)

]
βk(xijk). Then, the minimizing

problem (2.5) can be rewritten as

argmin
ϑ

n∑
i=1

1

ni

ni∑
j=1

[
ρ(εij − Ψ̃τ

ijϑ+ rij,A −∆ij)− ρ(εij + rij,A −∆ij)
]
.

Denote Γn,A(ϑ) be the objective function above,

∆n,A(ϑ) = Γn,A(ϑ)− Φn,A(ϑ) +

n∑
i=1

1

ni

ni∑
j=1

Ψ̃τ
ijϑφ(εij).

Then,

Γn,A(ϑ) = Φn,A(ϑ)−
n∑
i=1

1

ni

ni∑
j=1

Ψ̃τ
ijϑφ(εij) + ∆n(ϑ). (S2.11)

Lemma 4. Under Assumption A2 and A3, except on an event whose probability tends to zero,

the eigenvalues of S2
n,A/n has positive lower bound L1,A and upper bound L2,A.

Proof. Let GAt = {g(x|t) =
∑p
k=1 α̂k,I(t|tk0, xk0)θτkBk,A(xk)} be a family of functions defined

on
∏p
k=1[ak, bk] for any given t ∈ [0, 1]. For any g1, g2 ∈ GAt , i.e.,

g1(x|t) =

p∑
k=1

α̂k,I(t|tk0, xk0)Bτ
k,A(xk)θ

(1)
k , g2(x|t) =

p∑
k=1

α̂k,I(t|tk0, xk0)Bτ
k,A(xk)θ

(2)
k ,

define theoretical inner product

〈g1, g2〉A = E
[{ p∑

k=1

α̂k,I(T |tk0, xk0)Bτ
k,A(Xk)θ

(1)
k

}{ p∑
k=1

α̂k,I(T |tk0, xk0)Bτ
k,A(Xk)θ

(2)
k

}∣∣∣T = t
]
,
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and empirical inner product

〈g1, g2〉n,A =
1

n

n∑
i=1

1

ni

ni∑
j=1

{ p∑
k=1

α̂k,I(t|tk0, xk0)Bτ
k,A(xijk)θ

(1)
k

}{ p∑
k=1

α̂k,I(t|tk0, xk0)Bτ
k,A(xijk)θ

(2)
k

}
.

Denote the induced theoretical norm and empirical norm as ‖g‖A and ‖g‖n,A, respectively.

Then, for any g ∈ GAt ,

‖g‖2A = E
[{ p∑

k=1

α̂k,I(T |tk0, xk0)Bτ
k,A(Xk)θk

}2∣∣T = t
]

=

∫ bk

ak

[ p∑
k=1

α̂k,I(t|tk0, xk0)Bτ
k,A(Xk)θk

]2
fX|T (x|t)dx � |θ|2.

Furthermore, under Assumption (A2), we can show ‖g‖2n,A � ‖g‖
2
A for any g ∈ GAt , which

yields θτS2
n,Aθ/n = ‖g‖2n,A � ‖g‖

2
A � |θ|

2.

Along the lines of Lemma 3.2 of He and Shi (1994), we can derive the following lemma.

Lemma 5. Suppose that Assumptions A1–A5 and M1-M2 hold. Then for any L satisfying

1 ≤ L ≤ K
η
10
A for some 0 < η <

r− 1
2

2r+1
, it holds that sup‖ϑ‖≤L

∣∣K̃−1
A ∆n,A

(
K̃

1/2
A ϑ

)∣∣ = op(1).

where K̃A = KA/N̄H + 1− N̄−1
H .

Lemma 6. Under Assumptions A1–A5, M1-M2 or N1-N2, it follows that

P

(
inf

‖ϑ‖≥LK̃1/2
A

n∑
i=1

1

ni

ni∑
j=1

ρ(εij − Ψ̃τ
ijϑ+ rij,A −∆ij) >

n∑
i=1

1

ni

ni∑
j=1

ρ(εij + rij,A −∆ij)

)
→ 1,

(S2.12)

Proof. It can be shown for the convex and non-convex loss function, respectively.

• For the convex loss function ρ(·), assume that the conditions A5, M1 and M2 hold.

From Proposition 1, we have that

Ψτ
ijΨij =

p∑
k=1

α̂2
k,I(tij |tk0, xk0)

∑
l

B2
kl,A(xijk)

≤ pKA + sup
i,j

p∑
k=1

∣∣α̂k,I(tij |tk0,xk0)− αk(tij)
∣∣+ o(s.o.) = O(KA),



28 LIXIA HU, TAO HUANG AND JINHONG YOU

which yields

max
i,j

K̃A

(
Ψ̃τ
ijϑ
)2 ≤ max

i,j
K̃AΨ̃τ

ijΨ̃ij‖ϑ‖2 = Op
(
K̃AKA‖ϑ‖2/n

)
= o(1). (S2.13)

Similar to the proof of Theorem 1 of Tang and Cheng (2008), we can derive that

K̃−1
A Φn,A

(
K̃

1/2
A ϑ

)
=

ni∑
i=1

1

ni

ni∑
j=1

φ(tij)
[1

2

(
Ψ̃τ
ijϑ
)2 − K̃−1/2

A Ψ̃τ
ijϑ
(
rij,A −∆ij

)]
+ op(1)

≥ c

2
‖ϑ‖2 − K̃−1/2

A

n∑
i=1

1

ni

ni∑
j=1

φ(tij)Ψ̃
τ
ijϑ
(
rij,A −∆ij

)
+ op(1)

from Assumption M1 and (S2.13). Furthermore, noticing that

sup
i,j
|rij,A −∆ij |2 ≤ K−2r

A + h−2r +
1

n
+

h̄2

nN̄H
= O(K−2r

A )

by Proposition 1, we obtain that

sup
‖ϑ‖≤L

K̃
−1/2
A

∣∣∣ n∑
i=1

1

ni

ni∑
j=1

φ(tij)Ψ̃
τ
ijϑ(rij,A −∆ij)

∣∣∣ = Op
(
K̃
−1/2
A K−rA

√
nL
)
.

On the other hand,

Var
( n∑
i=1

1

ni

ni∑
j=1

Ψ̃τ
ijϑφ(εij)

)
≤ CE

[ n∑
i=1

1

ni

ni∑
j=1

(
Ψ̃τ
ijϑ)2] = C‖ϑ‖2

implies that sup‖ϑ‖≤L K̃
−1/2
A

∣∣∑n
i=1

1
ni

∑ni
j=1 Ψ̃τ

ijϑφ(εij)
∣∣ = Op(K̃

−1/2
A L) = op(1).

Hence, from (S2.15), Lemma 5 and the convexity of ρ, we can show (S2.12).

• For the non-convex loss function ρ(·), assume that the conditions A5, N1 and N2 hold.

Note that

K̃−1
A Γn,A

(
K̃

1/2
A ϑ

)
= K̃−1

A

n∑
i=1

1

ni

ni∑
j=1

∫ rij,A−∆ij−K̃
1/2
A Ψ̃τijϑ

rij,A−∆ij

φ(εij + u)du

= K̃−1
A

n∑
i=1

1

ni

ni∑
j=1

∫ rij−∆ij−K̃
1/2
A Ψ̃τijϑ

rij,A−∆ij

{
φ(εij) + φ′(εij)u

+
[
φ(εij + u)− φ(εij)− φ′(εij)u

] }
du

=: I1 + I2 + I3,
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where

I1 = − K̃−1/2
A

n∑
i=1

1

ni

ni∑
j=1

φ(εij)Ψ̃
τ
ijϑ,

I2 =
1

2

n∑
i=1

1

ni

ni∑
j=1

φε(tij)(1 + op(1))
(
Ψ̃τ
ijϑ
)2 − K̃−1/2

A

n∑
i=1

1

ni

ni∑
j=1

φε(tij)Ψ̃
τ
ijϑ

(rij,A −∆ij)(1 + op(1)),

and

I3 = K̃−1
A

n∑
i=1

1

ni

ni∑
j=1

∫ rij,A−∆ij−K̃
1/2
A Ψ̃τijϑ

rij,A−∆ij

[
φ(εij + u)− φ(εij)− φ′(εij)u

]
du.

From Proposition 1, we have that

Ψ̂τ
ijΨ̂ij =

p∑
k=1

α̂2
k,I(tij |tk0, xk0)

∑
l

B2
kl,A(xijk)

≤ pKA + sup
i,j

p∑
k=1

∣∣α̂k,I(tij |tk0,xk0)− αk(tij)
∣∣+ o(s.o.) = O(KA),

and

sup
i,j
|rij,A −∆ij |2 = Op

(
K−2r

A + h−2r +
1

n
+

h̄2

nN̄H

)
= Op

(
K−2r

A

)
.

Similar to the proof of Proposition 1, we can show that

|I1| = Op
(
K̃
−1/2
A ‖ϑ‖

)
and |I3| = o

(√
nK̃
−1/2
A KA ‖ϑ‖

)
+ o
(
‖ϑ‖2

)
,

and I2 >
c
2
‖ϑ‖2 + O

(√
nK̃
−1/2
A K−rA ‖ϑ‖

)
. Therefore, for any sufficient large L, (S2.12)

holds.

Proof of Theorem 1

Proof. By Lemma 6, we have that ‖ϑ̂‖ = O(K̃
1/2
A ). Furthermore, Lemma 4 gives

‖θ̂ − θ̃‖2 � (θ̂ − θ̃)τS2
n,A(θ̂ − θ̃)/n = ‖ϑ̂‖2/n = Op(K̃A/n) = op(1).
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Employing Cauchy-Schwartz inequality, we have 1
N

∑n
i=1

∑ni
j=1

[
β̂k(xijk) − βk(xijk)

]2 �
I1 + I2 + I3, where

I1 =
1

N

n∑
i=1

ni∑
j=1

[
β̌k(xijk)− βk(xijk)

]2
,

I2 =
1

N

n∑
i=1

ni∑
j=1

[ 1

N

n∑
i=1

ni∑
j=1

[
β̌k(xijk)− βk(xijk)

]]2
,

I3 =
1

N

n∑
i=1

ni∑
j=1

[ 1

N

n∑
i=1

ni∑
j=1

βk(xijk)
]2
.

Since E[βk(Xk)] = 0, we have I3 = Op(N
−1). It is sufficient to deal with I1.

Under Assumption A2, we can show the largest eigenvalue of 1
N

∑n
i=1

∑ni
j=1 Bk(xijk)Bτ

k(xijk)

is bounded, which leads

I1 =
1

N

n∑
i=1

ni∑
j=1

(θ̂k − θ̃k)τBk(xijk)Bτ
k(xijk)(θ̂k − θ̃k) + ck,AK

−2r
A

= Op

(
KA

nN̄H
+

1

n
+K−2r

A

)
.

Hence the rate of convergence in the sense of MSE.

Next, we show L2 convergence rate of M-estimators of βk. Again by Cauchy-Schwartz

inequality,

∥∥∥β̂k − βk∥∥∥2

L2

�
∥∥β̌k − βk∥∥2

L2
+

1

N

n∑
i=1

ni∑
j=1

[
β̌k(xijk)− βk(xijk)

]2
+
∣∣∣ 1

N

n∑
i=1

ni∑
j=1

βk(xijk)
∣∣∣2.

It is sufficient to deal with
∥∥β̌k − βk∥∥2

L2
. From (S2.1), we get

∥∥β̌k − βk∥∥2

L2
=

∫ 1

0

[
β̌k(xk)− βk(xk)

]2
dxk

≤
∫ 1

0

[
(θ̂k − θ̃k)τBk,A(xk)

]2
dxk + ck,AK

−2r
A

� ‖θ̂k − θ̃k‖2 + ck,AK
−2r
A

= Op(K̃A/n+K−2r
A ),

which to lead ‖β̂k − βk‖2L2
= Op(K̃A/n+K−2r

A ).
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S2.3 Proof of Theorem 2

Under Assumption (A3), there exists positive constants dk,C (k = 0, ..., p), such that
αk(t) = α̃k(t) + rk,C(t) = h̃τkbC(t) + rk,C(t),

sup
t∈[0,1]

|rk,C(t)| ≤ dk,CK−rC .

Let rij,C = r0,C(tij) +
∑p
k=1 rk,C(tij)β̂k(xijk), then

max
i,j

∣∣rij,C∣∣ = Op(K
−r
C ) (S2.14)

by Theorem 1 and Assumption A3.

Let δij =
∑p
k=1 αk(tij)

[
β̂k(xijk) − βk(xijk)

]
, Φ̂ij = {1, β̂1(xij1), ..., β̂p(xijp)}τ ⊗ bC(tij)

τ .

and Φ̃ij = S−1
n,CΦ̂ij with S2

n,C =
∑n
i=1

1
ni

∑ni
j=1 Φ̂ijΦ̂

τ
ij . Denote ς = Sn,C(h − h̃) and ς̂ =

Sn,C(ĥ− h̃). The minimizing problem (2.7) can be equivalently written as

argmin
ς

n∑
i=1

1

ni

ni∑
j=1

[
ρ
(
εij − Φ̃τijς + rij,C − δij

)
− ρ
(
εij + rij,C − δij

)]
.

Denote Γn,C(ς) be the objective function above, Φn,C(ς) = E
[
Γn,C(ς)|J

]
, and ∆n,C(ς) =

Γn,C(ς)− Φn,C(ς) +
∑n
i=1

1
ni

∑ni
j=1 Φ̃τijςφ(εij). Then,

Γn,A(ς) = Φn,A(ς)−
n∑
i=1

1

ni

ni∑
j=1

Φ̃τijςφ(εij) + ∆n(ς). (S2.15)

Similar to Lemma 4—6, we have the following lemmas.

Lemma 7. Under Assumption A1 and A3, except on an event whose probability tends to zero,

the eigenvalues of S2
n,C/n has positive lower bound L1,C and upper bound L2,C.

Lemma 8. Suppose that conditions A1–A5 and M1-M2 hold. Then for any L satisfying 1 ≤

L ≤ K
η
10
C for some 0 < η <

r− 1
2

2r+1
, it holds that sup‖ϑ‖≤L

∣∣K̃−1
C ∆n,C

(
K̃

1/2
C ϑ

)∣∣ = op(1), where

K̃C = KC/N̄H + 1− N̄−1
H .

Proof of Theorem 2.
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Proof. In the same vein of Theorem 1, we can show that, for sufficiently large L,

P

(
inf

‖ς‖≥LK̃1/2
C

n∑
i=1

1

ni

ni∑
j=1

ρ
(
εij − Φ̃τijς + rij,C − δij

)
>

n∑
i=1

1

ni

ni∑
j=1

ρ
(
εij + rij,C − δij

))
→ 1,

which implies that ‖ς‖ = O
(
K̃

1/2
C

)
. Furthermore, Lemma 7 gives

‖ĥ− h̃‖2 � (ĥ− h̃)τS2
n,C(ĥ− h̃)/n = ‖ς‖2/n = Op(K̃C/n) = op(1).

Denote α̂k = α̌k/ ‖α̌k‖L1
, where α̌k = bτC(t)ĥk. Then, by the identification condition∫ 1

0
αk(t)dt = 1 and triangular inequality, we have

‖α̂k − αk‖2L2
=

∥∥∥∥∥ α̌k
‖α̌k‖L1

− αk

∥∥∥∥∥
2

L2

≤ 2 ‖α̌k(t)− αk(t)‖2L2
+ 2

∥∥∥∥∥ α̌k
‖α̌k‖L1

− α̌k

∥∥∥∥∥
2

L2

= 2 ‖α̌k − αk‖2L2
+ 4

(
‖α̌k − αk‖2L2

+ + ‖αk‖2L2

)(1− ‖α̌k‖L1

‖α̌k‖L1

)2

.

Note that
∣∣ ‖α̌k‖L1

− 1
∣∣ =

∣∣∣ ∫ 1

0
{α̌k(t)− αk(t)}dt

∣∣∣ ≤ ‖α̌k − αk‖L2
and

‖α̌k − αk‖2L2
≤ 2 ‖α̌k − α̃k‖2L2

+ 2dk,CK
−2r
C = Op(K̃C/n+K−2r

C ), (S2.16)

we have ‖α̂k − αk‖2L2
= Op(K̃C/n+K−2r

C ).

It is not difficult to show the largest eigenvalue of 1
N

∑n
i=1

∑ni
j=1 bC(tij)b

τ
C(tij) is bounded,

which implies

1

N

n∑
i=1

ni∑
j=1

[
α̂0(tij)− α0(tij)

]2
= Op(K̃C/n+K−2r

C ).

Furthermore,

1

N

n∑
i=1

ni∑
j=1

[
α̂k(tij)− αk(tij)

]2 �W1 +W2 +W3,

where

W1 =
1

N

n∑
i=1

ni∑
j=1

{
α̌k(tij)− αk(tij)

}2
,

W2 =
1

N

n∑
i=1

ni∑
j=1

α2
k(tij)

(
1− ‖α̌k‖L1

‖α̌k‖L1

)2

,

W3 =
1

N

n∑
i=1

ni∑
j=1

{
α̌k(tij)− αk(tij)

}2

(
1− ‖α̌k‖L1

‖α̌k‖L1

)2

.
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It is easy to derive that W1 = Op(K̃C/n+K−2r
C ). Again by (S2.16), we can complete the

proof.

S2.4 Proof of Theorem 3 and 4

Proof. Let W̃n,A = S−1
n,AWn,AS

−1
n,A and ϑ̃ = W̃−1

n,A

∑n
i=1

1
ni

∑ni
j=1 Ψ̃ijφ(εij). From Assumption

M1 and Lemma 4, we can show W̃n,A is invertible and its smallest eigenvalue is positive. Using

Assumption A5, Proposition 1 and Lemma 4, we obtain that ‖ϑ̃‖2 = Op(K̃A). Notice that

Φn,A(ϑ) = ϑτW̃n,Aϑ and
∑n
i=1

1
ni

∑ni
j=1 Ψ̃τ

ijϑφ(εij) = ϑ̃
τ
W̃n,Aϑ, we have

K̃−1
A Γn,A(ϑ) = K̃−1

A

{
ϑτW̃n,Aϑ/2− ϑ̃

τ
W̃n,Aϑ+ ∆n,A(ϑ)

}
+ op(1),

since K2r
A K̃A/n→∞. Similar to the proof of Lemma 3 of Tang and Cheng (2008), we can derive

that K̃
−1/2
A ‖ϑ̂−ϑ̃‖ = op(1), which implies ‖θ̂−θ̃−S−1

n,Aϑ̃‖ = Op
(
‖ϑ̂−ϑ̃‖/

√
n
)

= op
({
K̃A/n

}1/2)
from Lemma 4. Therefore,

θ̂ − θ̃ = S−1
n,Aϑ̃+ op

({
K̃A/n

}1/2)
= W−1

n,A

n∑
i=1

1

ni

ni∑
j=1

Ψijφ(εij) +W−1
n,A

n∑
i=1

1

ni

ni∑
j=1

(Ψ̂ij −Ψij)φ(εij) + op(1).

Employing Proposition 1 and the conditions of Theorem 3, we get

E
[∥∥∥ n∑

i=1

1

ni

ni∑
j=1

(
Ψ̂ij −Ψij

)
φ(εij)

∥∥∥2]

≤
n∑
i=1

1

n2
i

ni∑
j=1

E
[
‖Ψ̂ij −Ψij‖2

]
= E

[ ni∑
i=1

1

n2
i

ni∑
j=1

[α̂k,I(tij)− αk(tij)]
2
∑
l

B2
lk,A(tij)

]

= Op
(
KA/h

2r +KAh̄
2/(nN̄H) +KA/n

)
= op(1),

which implies
∥∥W−1

n,A

∑n
i=1

1
ni

∑ni
j=1(Ψ̂ij −Ψij)φ(εij)

∥∥2
= op(1).

Hence, for any vector h, it follows that

hτ (θ̂ − θ̃) = hτW−1
n,A

ni∑
i=1

1

ni

ni∑
j=1

Ψijφ(εij) + op(1) =

n∑
i=1

1

ni
ντi φ(εi) + op(1),



34 LIXIA HU, TAO HUANG AND JINHONG YOU

where νi = hτW−1
n,A

∑ni
j=1 Ψijφ(εij).

Denote ψk,ijl as the l-th element of vector ψk(xijk) and we suppressed the subscript ‘k’ for

the sake of compact notation. By Assumption A4 and the properties of B-spline functions, we

have E
[∑ni

j=1 ψijlψij′lφ
2(εij)

]
= O(ni), E

[∑
j 6=j′ ψijlψij′lφ(εij)φ(εij′)

]
= O(ni(ni − 1)/KA)

and E
[∑

j 6=j′ ψijlψij′l′φ(εij)φ(εij′)
]

= O(ni(ni − 1)/KA), which yields

Var
( ni∑
i=1

1

ni
νi
)

=

n∑
i=1

1

n2
i

hτW−1
n,A

ni∑
j=1

E
[ ni∑
j=1

Ψijφ(εij)

ni∑
j=1

Ψτ
ijφ(εij)

]
W−1
n,Ah

= KA

( n∑
i=1

1

n2n2
i

hτ (Wn,A/n)−2h
)
O(ni + ni(ni − 1)/KA)

≥ O
( KA

nN̄H
+

1

n

)
.

Furthermore, we write
∑n
i=1 E

∣∣ 1
ni
νi
∣∣3 = I1 + I2 + I3, where

I1 =
1

n3

n∑
i=1

1

n3
i

ni∑
j=1

E
[∣∣hτ (Wn,A/n)−1Ψijφ(εij)

∣∣3],
I2 =

1

n3

n∑
i=1

1

n3
i

∑
j 6=j′

E
[∣∣hτ (Wn,A/n)−1Ψijφ(εij)

∣∣2 · ∣∣hτ (Wn,A/n)−1Ψij′φ(εij′)
∣∣], and

I3 =
1

n3

n∑
i=1

1

n3
i

∑
j1 6=j2 6=j3

E
[∣∣hτ (Wn,A/n)−1ψij1φ(εij1)

∣∣ · ∣∣hτ (Wn,A/n)−1ψij2φ(εij2)
∣∣·

∣∣hτ (Wn,A/n)−1ψij3φ(εij3)
∣∣].

Notice that
∥∥hτ (Wn,A/n)−1

∥∥ ≤ C, E|ψ3
ijlφ

3(εij)| = O(K
1/2
A ) and E|ψ2

ijlψijl′ | = O(K
1/2
A ),

we obtain

I1 =
1

n3

n∑
i=1

1

n2
i

O
(
K

3/2
A

)
= O

(
n∑
i=1

K
3/2
A

n3n2
i

)
. (S2.17)

Next, from the fact that E|ψ2
ijlψij′l| = O

(
K
−1/2
A

)
, E|ψ2

ijlψij′l′ | = O
(
K
−1/2
A

)
and E|ψijlψij′lψijl′ | =

O
(
K
−1/2
A

)
, we have

I2 =
1

n3

n∑
i=1

1

n3
i

ni(ni − 1)O
(
K

1/2
A

)
= O

(
n∑
i=1

1

n3n2
i

(ni − 1)K
1/2
A

)
. (S2.18)

It is easy to see that I3 = O
(∑n

i=1
1

n3n2
i
(ni− 1)(ni− 2)

)
. Combining with (S2.17) and (S2.18),
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we get

n∑
i=1

E
∣∣∣ 1

ni
νi

∣∣∣3 = O

(
n∑
i=1

K
3/2
A

n3n2
i

+

n∑
i=1

1

n3n2
i

(ni − 1)K
1/2
A +

n∑
i=1

1

n3n2
i

(ni − 1)(ni − 2)

)
.

Obviously, the condition given in (3.2) of the main body implies the Lyapunov conditions hold,

and hence ∑n
i=1

1
ni
νi√

Var
(∑n

i=1
1
ni
νi
) L−−→ N(0, 1)

from Lyapunov central limit theorem. Under Assumption A5, we derive that

Var

(
n∑
i=1

1

ni
νi

)
= hτW−1

n,A

n∑
i=1

1

n2
i

Ψτ
iGiΨiW

−1
n,Ah

Let h = Ak(x), we have the asymptotic distribution β̂k(x)− βk(x)
D−→ N(0, Dn,A(x)).

Theorem 4 can be proceeded in the sam vein of Theorem 3, and we omit the details here.

S2.5 Proof of Theorem 5

Proof. We only give the proof of part(i), and (ii) can be proceeded similarly.

Let ν̂τi = Ak(x)τŴ−1
n,AΨ̂τ

i , we can write D̂n,A(x) =
∑n
i=1

1
n2
i
ν̂τi Ĝiν̂

τ
i = I1 + I2 + I3 + I4,

where

I1 =
n∑
i=1

1

n2
i

ντi Ĝiνi, I2 =
n∑
i=1

1

n2
i

(ν̂i − νi)τ Ĝiνi,

I3 =

n∑
i=1

1

n2
i

ντi Ĝi(ν̂i − νi), I4 =

n∑
i=1

1

n2
i

(ν̂i − νi)τ Ĝi(ν̂i − νi).

Denote that G̃i = φ(εi)φ(εi)
τ , we further represent I1 = Dn,A + I11 + I12, where

I11 =

n∑
i=1

1

n2
i

ντi (Ĝi − G̃i)νi, and I12 =

n∑
i=1

1

n2
i

ντi (G̃i −Gi)νi.

Similar to the proof of Theorem 3 in Tang and Cheng (2008), we have

Var(I12|J ) ≤ C̃ max
i
ντi νi

n∑
i=1

1

n2
i

ντi νi.
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Since ντi νi = 1
n2Ak(x)τ (Wn,A/n)−1Ψτ

i Ψi(Wn,A/n)−1Ak(x) and Ψτ
i Ψi =

∑ni
j=1 ΨijΨ

τ
ij , it is

straight to derive that ‖Ψτ
i Ψi‖F = O(

√
niKA) and ‖ντi νi‖ ≤

√
niK

2
A/n

2. Therefore,

Var(I12|J ) ≤ C̃ max
i

√
niK

2
A/n

2 ·K2
A/(nN̄H) = op(1)

under the conditions of Theorem 5(i).

On the other hand, it follows that

E
( n∑
i=1

1

n2
i

ντi (Ĝi − G̃i)νi|J
)
≤ max

i
ni sup

i,j,l
E (|φ(ε̂ij)φ(ε̂il)− φ(εij)φ(εil)||J )×

n∑
i=1

1

n2
i

ντi νi

= op(1) max
i
niOp

(K2
A

n2

n∑
i=1

n
−3/2
i

)
= op

(
max
i
niK

2
A/(nN̄H)

)
,

= op(1).

which yields that I1 = Dn,A(x) + op(1).

Furthermore, note that I4 = o(I2), it remains to bound I2, which can be written as

I2 = I21 + I22 with

I21 =

n∑
i=1

1

n2
i

(ν̂i − νi)τGiνi and I22 =

n∑
i=1

1

n2
i

(ν̂i − νi)τ (Ĝi −Gi)νi.

On the one hand, it holds that ‖νi‖ = 1
n
‖Ak(x)‖ ·

∥∥(Wn,A/n)−1
∥∥ · ‖Ψi‖ = O(

√
niKA/n).

Moreover, we can write

(ν̂τi − νi)τ = Ak(x)τŴ−1
n,AΨ̂τ

i −Ak(x)τW−1
n,AΨτ

i

= Ak(x)τW−1
n,A(Ψ̂i −Ψi)

τ +Ak(x)τ (Ŵ−1
n,A −W

−1
n,A)Ψi + o(s.o.).

It is easy to see that

∥∥∥Ψ̂i −Ψi

∥∥∥2

F
=

p∑
k=1

ni∑
j=1

JA∑
l=1

[α̂k,I(tij − αk(tij)]
2 B2

k,l,A(xijk)

= O
(
niKA

(
h̄−2r +

h̄2

nN̄H
+

1

n

))
.
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We also have ‖Ψij‖2F =
∑p
k=1

∑JA
l=1 α

2
k(tij)B

2
k,l,A(xijk) = O(KA) and

∥∥∥Ψ̂ij −Ψij

∥∥∥2

F
=

p∑
k=1

JA∑
l=1

[α̂k,I(tij − αk(tij)]
2 B2

k,l,A(xijk)

= O
(
KA

(
h̄−2r +

h̄2

nN̄H
+

1

n

))
.

Since
∥∥∥Ψ̂ijΨ̂

τ
ij −ΨijΨ

τ
ij

∥∥∥2

F
≤
∥∥∥Ψ̂ij −Ψij

∥∥∥2

F
+ 2 ‖Ψij‖F ·

∥∥∥Ψ̂ij −Ψij)
τ
∥∥∥

F
, we obtain that

∥∥∥(Ŵn,A −Wn,A)/n
∥∥∥2

F
= O

(
KA

(
h̄−2r +

h̄2

nN̄H
+

1

n

))
= op(1),

which implies (Ŵn,A/n)−1 p−→ (Wn,A/n)−1. Therefore,

‖I21‖ ≤
n∑
i=1

1

n2
i

‖ν̂i − νi‖ · ‖νi‖ = Op

(
K2

A

nN̄H

(
h̄−2r +

h̄2

nN̄H
+

1

n

))
= op(1).

In the same vein, we can show ‖I22‖ = op(1), which completes the proof of part (i).

S2.6 Proof of Theorem 6

Proof. We only give the proof of (i), and (ii) can be proceeded in a similar way. Without loss

of generality, we assume the first l terms are additive terms, i.e.,

m0(t,x) = α0(t) +

l∑
k=1

ckβk(xk) +

p∑
k=l+1

αk(t)βk(xk).

According to the proposed model identification procedure, the approximation space of m0

is given by M0 =
{
p(t,x; η) = ητ0 bCP(t) +

∑l
k=1 xkη

τ
kM̃k +

∑p
k=l+1 xkη

τ
k Z̃k(t, xk)

}
, where

M̃k = {1,0τJCP
, 1,0τJCP

, ..., 1,0τJCP
}τ , and Z̃(t, xk) = Mk(t, xk) + M̃k. Let mn,0 be any function

in M0 with ‖mn,0 −m0‖L2
= Op(%n), ν(t, x) = xιM

τ
ι (t, x)ηι satisfies 0 < ‖ν‖L2

≤ c%n for

some positive constant c, where ηι 6= 0 and ι is any element of IA.

It is sufficient to show that Q(mn,0) ≤ Q(mn,0 + ν), where Q is the objection function of

(3.1). For the sake of convenience, we denote m0,ij = m0(tij ,xij), mn,ij = mn,0(tij ,xij) and
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νij = ν(tij , xijι). Employing mean value theorem, we have

Q(mn,0)−Q(mn,0 + ν)

=

n∑
i=1

1

ni

ni∑
j=1

[
ρ(yij −mn,ij)− ρ(yij −mn,ij − νij)

]
− npλ1

(
‖ν‖L2

)
= n

{ 1

n

n∑
i=1

1

ni

ni∑
j=1

φ(εij +m0,ij −mn,ij + δνij)νij − pλ1

(
‖ν‖L2

)}

= n
{
I1 + I2 − pλ1

(
‖ν‖L2

)}
,

where δ ∈ [0, 1], I1 = 1
n

∑n
i=1

1
ni

∑ni
j=1

[
φ(εij + m0,ij − mn,ij + δνij) − φ(εij)

]
νij , and I2 =

1
n

∑n
i=1

1
ni

∑ni
j=1 φ(εij)νij .

By Assumption A4, I2 = o(1). Employing Cauthy-Schwartz inequality and Assumption

M2, we obtain that

I1 ≤
{ 1

n

n∑
i=1

1

ni

ni∑
j=1

[
φ(εij +m0,ij −mn,ij + δνij)− φ(εij)

]2}1/2{ 1

n

n∑
i=1

1

ni

ni∑
j=1

ν2
ij

}1/2

≤
{ 1

n

n∑
i=1

1

ni

ni∑
j=1

∣∣m0,ij −mn,ij + δνij
∣∣}1/2{ 1

n

n∑
i=1

1

ni

ni∑
j=1

ν2
ij

}1/2

(1 + op(1)).

It is routine to show 1
n

∑n
i=1

1
ni

∑ni
j=1 ν

2
ij = ‖ν‖2L2

(1 + op(1)). Furthermore, the square of

the first term in the last inequality can be bounded by

1

n

n∑
i=1

1

ni

ni∑
j=1

|m0,ij −mn,ij |+ |vij | ≤ (‖mn,0 −m0‖L2
+ ‖ν‖L2

)(1 + op(1)) = Op(%n).

Therefore,

Q(mn,0)−Q(mn,0 + ν) ≤ nλ1 ‖ν‖L2

{Op(√%n)

λ1
− pλ1(‖ ν ‖L2)

λ1 ‖ν‖L2

}
≤ 0,

which completes the proof.

S3 Algorithm

We now formulate the algorithm for optimization problem (4.1) in the main text. Following
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the LQA procedure introduced by Fan and Li (2001), we have

pλ1

(
‖Mτ

k ηk‖L2

)
≈ pλ1

( ∥∥Mτ
k η

0
k

∥∥
L2

)
+

1

2

p′λ1

( ∥∥Mτ
k η

0
k

∥∥
L2

)
‖Mτ

k η
0
k‖L2

(
‖Mτ

k ηk‖2L2
−
∥∥Mτ

k η
0
k

∥∥2

L2

)
,

pλ2

(
‖F τk ηk‖L2

)
≈ pλ2

( ∥∥F τk η0
k

∥∥
L2

)
+

1

2

p′λ2

( ∥∥F τk η0
k

∥∥
L2

)
‖F τk η0

k‖L2

(
‖F τk ηk‖2L2

−
∥∥F τk η0

k

∥∥2

L2

)
,

where η0
k is a given initial estimate of ηk such that

∥∥Mτ
k η

0
k

∥∥
L2
> 0 and

∥∥F τk η0
k

∥∥
L2
> 0 for each

k = 1, ..., p. Moreover, we approximate the first term of (4.1) as

ρ(yij − Zτijη) ≈
ρ(yij − Zτijη(0))

(yij − Zτijη(0))2
(yij − Zτijη)2 = ωij(yij − Zτijη)2,

where Zij = {bτC(tij), xij1T τ1 (tij , xij1), ..., xijpT τp (tij , xijp)}τ , with T τk (t, x) = {1,Bτ
k,AP(x)} ⊗

{1,Bτ
CP(t)} and ωij = ρ(yij − Zτijη(0))/(yij − Zτijη(0))2.

Furthermore, let Y = (yτ1 , ...,y
τ
n)τ with yi = (yi1, ..., yini)

τ , Z = (Zτ1 , ...,Z
τ
n)τ with Zi =

(Zi1, ..., Zini)
τ , and W = diag(W1, ...,Wn) with Wi = n−1

i diag(ωi1, ..., ωini). Denote

Ω1 =diag
(

0,
p′λ1

( ∥∥Mτ
1 η

0
1

∥∥
L2

)
‖Mτ

1 η
0
1‖L2

M1M
τ
1 , ...,

p′λ1

( ∥∥Mτ
p η

0
p

∥∥
L2

)∥∥Mτ
p η0

p

∥∥
L2

MpM
τ
p

)
,

Ω2 =diag
(

0,
p′λ2

( ∥∥F τ1 η0
1

∥∥
L2

)
‖F τ1 η0

1‖L2

F1F
τ
1 , ...,

p′λ2

( ∥∥F τp η0
p

∥∥
L2

)∥∥F τp η0
p

∥∥
L2

FpF
τ
p

)
.

We can then approximate Q(η) in (4.1), up to a constant, as

Q(η;λ1, λ2) ≈ (Y − Zη)τW (Y − Zη) + 1
2
nητ (Ω1 + Ω2)η,

which implies that the minimizer of (4.1) can be derived by iteratively computing the estimator

η̂ =
(
ZτWZ + 1

2
n{Ω1 + Ω2}

)−1ZτWY until convergence.
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