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S1 Technical lemmas

Lemma 1. Suppose A is a p× r matrix with rank r and B is a p× p non-

zero positive semi-definite matrix. Denote by A = UADAV>A the singular

value decomposition of A, where UA and VA are p × r and r × r column

orthogonal matrices, respectively, and DA is a r × r diagonal matrix. Let

PA = UAU>A be the projection matrix onto the column space of A. Then

max
a>a=1,a>AA>a=0

a>Ba = λ1
(
B(Ip −PA)

)
.

Proof. It can be seen that a>AA>a = 0 if and only if a = (Ip − PA)a.
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Then

max
a>a=1,a>AA>a=0

a>Ba = max
a>a=1,PAa=0

a>(Ip −PA)B(Ip −PA)a, (S1.1)

which is obviously no greater than λ1
(
(I−PA)B(I−PA)

)
. To prove that

they are equal, without loss of generality, we can assume λ1
(
(I−PA)B(I−

PA)
)
> 0. Let α1 be one eigenvector corresponding to the largest eigenvalue

of (I − PA)B(I − PA). Since (I − PA)B(I − PA)PA = (I − PA)B(PA −

PA) = Op×p and PA is symmetric, the rows of PA are eigenvetors of

(I−PA)B(I−PA) corresponding to eigenvalue 0. It follows that PAα1 = 0.

Therefore, α1 satisfies the constraint of (S1.1) and thus (S1.1) is no less

than λ1
(
(I − PA)B(I − PA)

)
. The conclusion now follows by noting that

λ1
(
(I−PA)B(I−PA)

)
= λ1

(
B(I−PA)

)
.

Lemma 2. Let ξn,i, i = 1, . . . , n, n = 1, 2, . . ., be iid s-dimensional random

vectors with mean zero, covariance matrix M and finite fourth moment. For

n = 1, 2, . . ., let {an,i}ni=1 be real random variables which are independent of

{ξn,i}ni=1 and satisfy

max1≤i≤n a
2
n,i∑n

i=1 a
2
n,i

P−→ 0. (S1.2)

Then

(
n∑

i=1

a2n,i)
−1/2

n∑
i=1

an,iξn,i
L−→ Ns(0s,M).
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Proof. First we observe that if {an,i}ni=1 are fixed numbers satisfying (S1.2),

then Lyapunov central limit theorem and continuity theorem imply that for

any t ∈ Rs,

E

[
exp

(
(

n∑
i=1

a2n,i)
−1/2

n∑
i=1

an,iit
>ξn,i

)]
→ exp

(
−1

2
t>Mt

)
.

We only need to prove that for every subsequence of {n}, there is a

further subsequence along which the conclusion holds. Let {m(n)} be a

subsequence of {n}. We can find a further subsequence of {m(n)} along

which (S1.2) holds almost surely. Then along this subsequence, our previous

argument implies that for any t ∈ Rs,

E

[
exp

(
(

n∑
i=1

a2n,i)
−1/2

n∑
i=1

an,iit
>ξn,i

)∣∣∣∣an,1, . . . , an,n
]
→ exp

(
−1

2
t>Mt

)

almost surely. Then by dominated convergence theorem, we have

E

[
exp

(
(

n∑
i=1

a2n,i)
−1/2

n∑
i=1

an,iit
>ξn,i

)]
→ exp

(
−1

2
t>Mt

)

along this further subsequence. This implies the conclusion holds along this

further subsequence, which completes the proof.

Lemma 3 (Weyl’s inequality). Let A and B be two symmetric n× n ma-
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trices. If r + s− 1 ≤ i ≤ j + k − n, we have

λj(A) + λk(B) ≤ λi(A + B) ≤ λr(A) + λs(B).

See, for example, Horn and Johnson (2012) Theorem 4.3.1.

Lemma 4 (von Neumann’s trace theorem). Let A and B be two m × n

matrices. Let σ1(A) ≥ . . . ≥ σq(A) and σ1(B) ≥ · · · ≥ σq(B) denote the

non-increasingly ordered singular values of A and B, respectively. Then

tr(AB>) ≤
min(m,n)∑

i=1

σi(A)σi(B).

See, for example, Horn and Johnson (2012) Theorem 7.4.1.1.

Lemma 5. Let {Zi}ni=1 be iid m-dimensional random vectors with com-

mon distribution Nm(0m, Im). Then for any n-dimensional vector ω =

(ω1, . . . , ωn)>, we have∥∥∥∥∥
n∑

i=1

ωi(ZiZ
>
i − Im)

∥∥∥∥∥ = OP (|ω|2
√
m+ |ω|∞m),

where |ω|2 =
√∑n

i=1 ω
2
i and |ω|∞ = max1≤i≤n |ωi|.

Remark 1. Our proof implies that the conclusion is still valid if ω is random

and is independent of {Zi}ni=1.

Proof. Our proof is adapted from the proof of Theorem 5.39 in Vershynin

(2010). By Lemma 5.2 and Lemma 5.4 of Vershynin (2010), there exists a
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set C ⊂ {x ∈ Rm : |x|2 = 1} satisfying Card(C) ≤ 9m such that for any

m×m symmetric matrix A,

‖A‖ ≤ 2 max
x∈C

∣∣x>Ax
∣∣ . (S1.3)

Then for t > 4,

Pr

(∥∥∥∥∥
n∑

i=1

ωi(ZiZ
>
i − Im)

∥∥∥∥∥ > t(|ω|2
√
m+ |ω|∞m)

)

≤Pr

(
2 max

x∈C

∣∣∣∣∣
n∑

i=1

ωi(x
>ZiZ

>
i x− 1)

∣∣∣∣∣ > t(|ω|2
√
m+ |ω|∞m)

)

≤
∑
x∈C

Pr

(∣∣∣∣∣
n∑

i=1

ωi(x
>ZiZ

>
i x− 1)

∣∣∣∣∣ > 2|ω|2
√
mt

4
+ 2|ω|∞

mt

4

)

≤2 · 9m exp

(
−mt

4

)
= 2 exp ((2 log 3− t/4)m) ,

where the first inequality follows from (S1.3), the second inequality follows

from the union bound and the third inequality follows Lemma 1 of Lau-

rent and Massart (2000). The upper bound 2 exp ((2 log 3− t/4)m) can be

arbitrarily small as long as t is large enough. This completes the proof.

S2 Proofs of Propositions 1-4

Proof of Proposition 1. We only need to deal with the matrix n−1Z>ΛZ

since it shares the same non-zero eigenvalues as Σ̂. Write

n−1Z>ΛZ =n−1Z>1 Λ1Z1 + n−1Z>2 Λ2Z2

=n−1Z>1 Λ1Z1 + n−1 tr(Λ2)In + n−1
(
Z>2 Λ2Z2 − tr(Λ2)In

)
.
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Then Weyl’s inequality implies that for i = 1, . . . , r,

∣∣λi (n−1Z>ΛZ
)
− λi(n−1Z>1 Λ1Z1)− n−1 tr(Λ2)

∣∣
≤n−1

∥∥Z>2 Λ2Z2 − tr(Λ2)In
∥∥ . (S2.1)

Using Weyl’s inequality, we can derive the following lower bound for λi(Z
>
1 Λ1Z1),

i = 1, . . . , r.

λi(Z
>
1 Λ1Z1) ≥λi(Z>1 diag(λiIi,O(r−i)×(r−i))Z1)

=λi

(
λiZ

>
1 Z1 − λiZ

>
1 diag(Oi×i, Ir−i)Z1

)
≥λr

(
λiZ

>
1 Z1

)
+ λn+i−r

(
− λiZ

>
1 diag(Oi×i, Ir−i)Z1

)
=λiλr(Z1Z

>
1 ).

Similarly, we can derive the following upper bound for λi(Z
>
1 Λ1Z1), i =

1, . . . , r.

λi(Z
>
1 Λ1Z1)

=λi

(
Z>1 diag(λ1, . . . ,λi−1,O(r−i+1)×(r−i+1))Z1

+ Z>1 diag(O(i−1)×(i−1),λi, . . . ,λr)Z1

)
≤λi

(
Z>1 diag(λ1, . . . ,λi−1,O(r−i+1)×(r−i+1))Z1

)
+ λ1

(
Z>1 diag(O(i−1)×(i−1),λi, . . . ,λr)Z1

)
≤λ1(Z>1 diag(O(i−1)×(i−1),λiIr−i+1)Z1)

≤λiλ1(Z1Z
>
1 ).
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The above lower bound and upper bound imply

∣∣λi(n−1Z>1 Λ1Z1)− λi

∣∣
≤λi max

(
|λ1(n−1Z1Z

>
1 )− 1|, |λr(n−1Z1Z

>
1 )− 1|

)
=λi‖n−1Z1Z

>
1 − Ir‖.

(S2.2)

Combining the bounds (S2.1) and (S2.2) gives that for i = 1, . . . , r,

∣∣λi (n−1Z>ΛZ
)
− λi − n−1 tr(Λ2)

∣∣
≤n−1

∥∥Z>2 Λ2Z2 − tr(Λ2)In
∥∥+ λi‖n−1Z1Z

>
1 − Ir‖.

From Lemma 5, we have

‖n−1Z1Z
>
1 − Ir‖ = OP

(√
r

n

)
, (S2.3)

n−1
∥∥Z>2 Λ2Z2 − tr(Λ2)In

∥∥ = OP

(√
tr(Λ2

2)

n
+ λr+1

)
. (S2.4)

This proves the first statement.

Next we prove the second statement. Note that

n∑
i=r+1

λi(Σ̂) =
n∑

i=r+1

λi(n
−1 Z>ΛZ)

= tr(n−1Z>ΛZ)−
r∑

i=1

λi(n
−1 Z>ΛZ)

= tr(n−1Z>2 Λ2Z2)−
r

n
tr(Λ2)

−

(
r∑

i=1

λi(n
−1 Z>ΛZ)− tr(n−1Z>1 Λ1Z1)−

r

n
tr(Λ2)

)
.
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It follows from inequalities (S2.1) and (S2.4) that∣∣∣∣∣
r∑

i=1

λi(n
−1 Z>ΛZ)− tr(n−1Z>1 Λ1Z1)−

r

n
tr(Λ2)

∣∣∣∣∣
≤ r
n

∥∥Z>2 Λ2Z2 − tr(Λ2)In
∥∥ = OP

(
r

√
tr(Λ2

2)

n
+ rλr+1

)
.

Thus,

n∑
i=r+1

λi(Σ̂) = tr(n−1Z>2 Λ2Z2)−
r

n
tr(Λ2) +OP

(
r

√
tr(Λ2

2)

n
+ rλr+1

)
.

It is straightforward to show that

E tr(n−1Z>2 Λ2Z2) = tr(Λ2), Var
(
tr(n−1Z>2 Λ2Z2)

)
=

2

n
tr(Λ2

2).

Hence
n∑

i=r+1

λi(Σ̂)

= tr(Λ2) +OP

(√
tr(Λ2

2)

n

)
− r

n
tr(Λ2) +OP

(
r

√
tr(Λ2

2)

n
+ rλr+1

)

= tr(Λ2)−
r

n
tr(Λ2) +OP

(
r

√
tr(Λ2

2)

n
+ rλr+1

)
.

This completes the proof of the second statement.

Proof of Proposition 2. The first two statements are direct consequences

of Proposition 1 and the condition r = o(n). Next we prove the third state-

ment. We have t̂r(Λ2
2) = n−2

∑n
i=r+1 λ

2
i (Y

>Y−t̂r(Λ2)In). Note that Weyl’s

inequality implies that for i = r + 1, . . . , n,

λi(Z
>
2 Λ2Z2− t̂r(Λ2)In) ≤ λi(Y

>Y− t̂r(Λ2)In) ≤ λi−r(Z
>
2 Λ2Z2− t̂r(Λ2)In).
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Define

C1 =
{
i : 1 ≤ i ≤ n, λi

(
Z>2 Λ2Z2 − t̂r(Λ2)In

)
> 0
}
,

C2 =
{
i : r + 1 ≤ i ≤ n, λi−r

(
Z>2 Λ2Z2 − t̂r(Λ2)In

)
≤ 0
}
.

It can be seen that C1 ∩ C2 = ∅ and Card(C1 ∪ C2) ≥ n − r. For i ≥ r + 1

and i ∈ C1,

λ2i (Z
>
2 Λ2Z2− t̂r(Λ2)In) ≤ λ2i (Y

>Y− t̂r(Λ2)In) ≤ λ2i−r(Z
>
2 Λ2Z2− t̂r(Λ2)In);

for i ∈ C2,

λ2i−r(Z
>
2 Λ2Z2− t̂r(Λ2)In) ≤ λ2i (Y

>Y− t̂r(Λ2)In) ≤ λ2i (Z
>
2 Λ2Z2− t̂r(Λ2)In);

for i ≥ r + 1 and i /∈ C1 ∪ C2,

λ2i (Y
>Y − t̂r(Λ2)In)

≤max
(
λ2i−r(Z

>
2 Λ2Z2 − t̂r(Λ2)In), λ2i (Z

>
2 Λ2Z2 − t̂r(Λ2)In)

)
.
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Therefore,∣∣∣∣∣
n∑

i=r+1

λ2i

(
Y>Y − t̂r(Λ2)In

)
− tr(Z>2 Λ2Z2 − t̂r(Λ2)In)2

∣∣∣∣∣
≤

∣∣∣∣∣ ∑
i>r, i∈C1

λ2i

(
Y>Y − t̂r(Λ2)In

)
−
∑
i∈C1

λ2i

(
Z>2 Λ2Z2 − t̂r(Λ2)In

)∣∣∣∣∣
+

∣∣∣∣∣ ∑
i>r, i∈C2

λ2i

(
Y>Y − t̂r(Λ2)In

)
−
∑
i/∈C1

λ2i

(
Z>2 Λ2Z2 − t̂r(Λ2)In

)∣∣∣∣∣
+

∣∣∣∣∣∣
∑

i>r, i/∈C1∪C2

λ2i

(
Y>Y − t̂r(Λ2)In

)∣∣∣∣∣∣
≤3r‖Z>2 Λ2Z2 − t̂r(Λ2)In‖2

≤3r
(
‖Z>2 Λ2Z2 − tr(Λ2)In‖+

∣∣∣tr(Λ2)− t̂r(Λ2)
∣∣∣)2

=OP

(
rn tr(Λ2

2) + rn2λ2
r+1

)
.

(S2.5)

where the last equality follows from (S2.4) and the second statement of the

proposition.

Now we deal with tr(Z>2 Λ2Z2 − t̂r(Λ2)In)2. Let Z2,i be the ith column

of Z2, i = 1, . . . , n. Then

tr(Z>2 Λ2Z2−t̂r(Λ2)In)2 =
n∑

i=1

(Z>2,iΛ2Z2,i−t̂r(Λ2))
2+2

∑
1≤i<j≤n

(Z>2,iΛ2Z2,j)
2.

For the first term, we have

n∑
i=1

(Z>2,iΛ2Z2,i−t̂r(Λ2))
2 ≤ 2

n∑
i=1

(Z>2,iΛ2Z2,i−tr(Λ2))
2+2n(t̂r(Λ2)−tr(Λ2))

2.

Then it follows from the second statement of the proposition and the fact
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E
∑n

i=1(Z
>
2,iΛ2Z2,i − tr(Λ2))

2 = 2n tr(Λ2
2) that

n∑
i=1

(Z>2,iΛ2Z2,i − t̂r(Λ2))
2 = OP

(
(n+ r2) tr(Λ2

2) + r2nλ2
r+1

)
. (S2.6)

For the second term, it is straightforward to show that E 2
∑

1≤i<j≤n(Z>2,iΛ2Z2,j)
2 =

n(n − 1) tr(Λ2
2). Furthermore, Chen et al. (2010), Proposition A.2 implies

that

Var

(
2
∑

1≤i<j≤n

(Z>2,iΛ2Z2,j)
2

)
=O

(
n2 tr2(Λ2

2) + n3 tr(Λ4
2)
)

=O
(
n2 tr2(Λ2

2) + n tr(Λ2
2)n

2λ2
r+1

)
=O

(
n2 tr2(Λ2

2) + n4λ4
r+1

)
.

Thus,

2
∑

1≤i<j≤n

(Z>2,iΛ2Z2,j)
2 = n2 tr(Λ2

2) +OP

(
n tr(Λ2

2) + n2λ2
r+1

)
.

Combining the last display and (S2.6) yields

tr(Z>2 Λ2Z2−t̂r(Λ2)In)2 = n2 tr(Λ2
2)+OP

(
(n+ r2) tr(Λ2

2) + (n+ r2)nλ2
r+1

)
.

Combine the last display and (S2.5), we have

n∑
i=r+1

λ2i

(
Y>Y − t̂r(Λ2)In

)
= OP

(
rn tr(Λ2

2) + rn2λ2
r+1

)
.

This completes the proof.
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Proposition 6. Suppose that r = o(n) and rλr+1/ tr(Λ2)→ 0. Then

‖PY,1 −P∗Y,1‖ = OP

(
λr+1 + n−1 tr(Λ2)

λr + n−1 tr(Λ2)

)
,

where

P∗Y,1 = U

Ir

Q

(Ir + Q>Q
)−1(

Ir Q>

)
U>.

Proof. The following intermediate matrix

Σ̂0 =n−1U1Λ
1/2
1 Z1Z

>
1 Λ

1/2
1 U>1 + n−1U1Λ

1/2
1 Z1Z

>
2 Λ

1/2
2 U>2

+ n−1U2Λ
1/2
2 Z2Z

>
1 Λ

1/2
1 U>1 + n−1U2Λ

1/2
2 Z2VZ1V

>
Z1

Z>2 Λ
1/2
2 U>2

plays a key role in the proof. It can be seen that

Σ̂0 = n−1U

Ir

Q

Λ
1/2
1 Z1Z

>
1 Λ

1/2
1

(
Ir Q>

)
U>.

Consequently, Σ̂0 is a positive semi-definite matrix with rank r, and P∗Y,1

is the projection matrix onto the rank r principal subspace of Σ̂0.

From Cai et al. (2015), Proposition 1, we have

‖PY,1 −P∗Y,1‖ ≤
2‖Σ̂− Σ̂0‖
λr(Σ̂0)

. (S2.7)
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We have the following upper bound for ‖Σ̂− Σ̂0‖.

‖Σ̂− Σ̂0‖

=n−1
∥∥∥U2Λ

1/2
2 Z2Z

>
2 Λ

1/2
2 U>2 −U2Λ

1/2
2 Z2VZ1V

>
Z1

Z>2 Λ
1/2
2 U>2

∥∥∥
=n−1

∥∥∥Λ1/2
2 Z2(In −VZ1V

>
Z1

)Z>2 Λ
1/2
2

∥∥∥
≤n−1

∥∥Z>2 Λ2Z2

∥∥
≤n−1

∥∥Z>2 Λ2Z2 − tr(Λ2)In
∥∥+ n−1 tr(Λ2)

=OP

(√
tr (Λ2

2)

n
+ λr+1 + n−1 tr(Λ2)

)

=OP

(
λr+1 + n−1 tr(Λ2)

)
,

(S2.8)

where the second last equality follows from (S2.4) and the last equality

follows from

√
tr (Λ2

2)

n
≤
√

λr+1 tr (Λ2)

n
≤ 1

2

(
λr+1 + n−1 tr (Λ2)

)
.

Now we deal with λr(Σ̂0). We have

λr(Σ̂0) =λr

(
n−1(Z1Z

>
1 )1/2Λ

1/2
1 (Ir + Q>Q)Λ

1/2
1 (Z1Z

>
1 )1/2

)
=λr

(
n−1(Z1Z

>
1 )1/2Λ1(Z1Z

>
1 )1/2 + n−1V>Z1

Z>2 Λ2Z2VZ1

)
.

It can be seen that Z2VZ1 is a (p− r)× r random matrix with iid N (0, 1)
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entries. Then Lemma 5 implies that∥∥n−1V>Z1
Z>2 Λ2Z2VZ1 − n−1 tr(Λ2)Ir

∥∥
=OP

(
n−1
√
r tr (Λ2

2) + rn−1λr+1

)
=OP

(
n−1
√
rλr+1 tr (Λ2) + rn−1λr+1

)
=oP

(
n−1 tr(Λ2)

)
,

(S2.9)

where the last equality follows from the condition rλr+1/ tr(Λ2)→ 0. Then

it follows from Weyl’s inequality that∣∣∣λr(Σ̂0)− λr
(
n−1(Z1Z

>
1 )1/2Λ1(Z1Z

>
1 )1/2 + n−1 tr(Λ2)Ir

)∣∣∣
≤
∥∥n−1V>Z1

Z>2 Λ2Z2VZ1 − n−1 tr(Λ2)Ir
∥∥

=oP
(
n−1 tr(Λ2)

)
.

On the other hand, (S2.2) and (S2.3) imply that

λr
(
n−1(Z1Z

>
1 )1/2Λ1(Z1Z

>
1 )1/2 + n−1 tr(Λ2)Ir

)
=λr

(
n−1Z>1 Λ1Z1

)
+ n−1 tr(Λ2)

=λr + oP (λr) + n−1 tr(Λ2).

Hence we have

λr(Σ̂0) = (1 + oP (1))(λr + n−1 tr(Λ2)). (S2.10)

Then the conclusion follows from (S2.7), (S2.8) and (S2.10).

Proof of Proposition 3. Note that

∥∥∥PY,1 −P†Y,1

∥∥∥ ≤ ∥∥PY,1 −P∗Y,1

∥∥+
∥∥∥P∗Y,1 −P†Y,1

∥∥∥ .
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Under the condition tr(Λ2)/(nλr)→ 0, Proposition 6 implies that

∥∥PY,1 −P∗Y,1

∥∥ = OP

(
λr+1

λr

+
tr(Λ2)

nλr

)
.

So we only need to deal with ‖P∗Y,1 −P†Y,1‖. We have∥∥∥P∗Y,1 −P†Y,1

∥∥∥
≤
∥∥∥P∗Y,1 −U

Ir

Q

(Ir Q>

)
U>
∥∥∥+

∥∥∥U
Ir

Q

(Ir Q>

)
U> −P†Y,1

∥∥∥

=
∥∥∥
Ir

Q

((Ir + Q>Q
)−1 − Ir

)(
Ir Q>

)∥∥∥+
∥∥U2QQ>U>2

∥∥
=
∥∥∥((Ir + Q>Q

)−1 − Ir

) (
Ir + Q>Q

) ∥∥∥+
∥∥U2QQ>U>2

∥∥
=2
∥∥Q>Q

∥∥ .
Note that

‖Q>Q‖ =
∥∥∥Λ−1/21 (Z1Z

>
1 )−1/2V>Z1

Z>2 Λ2Z2VZ1(Z1Z
>
1 )−1/2Λ

−1/2
1

∥∥∥
≤λ−1r

∥∥(Z1Z
>
1 )−1

∥∥∥∥V>Z1
Z>2 Λ2Z2VZ1

∥∥
=OP

(
tr(Λ2)

nλr

)
,

(S2.11)

where the second last equality follows from the fact ‖(Z1Z
>
1 )−1‖ = λr(Z1Z

>
1 )−1,

(S2.3), (S2.9) and Weyl’s inequality. Therefore, we have

∥∥∥P∗Y,1 −P†Y,1

∥∥∥ = OP

(
tr(Λ2)

nλr

)
.

This completes the proof.
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Proposition 7. Suppose that r = o(n) and nλr+1/ tr(Λ2)→ 0. Then

∥∥PY,2 −P∗Y,2

∥∥ = OP

(
min

(√
tr(Λ2)λ1

nλ2
r

, 1

))
.

where P∗Y,2 = U2Λ
1/2
2 Z2ṼZ1

(
Ṽ>Z1

Z>2 Λ2Z2ṼZ1

)−1
Ṽ>Z1

Z>2 Λ
1/2
2 U>2 .

Proof. We only need to prove that for any subsequence of {n}, there is a

further subsequence along which the conclusion holds. Thus, without loss

of generality, we assume tr(Λ2)λ1/(nλ
2
r) → c ∈ [0,+∞]. Since PY,2 and

P∗Y,2 are both projection matrices, we have
∥∥PY,2 −P∗Y,2

∥∥ ≤ 2 . Therefore,

the conclusion holds if c > 0. In the rest of the proof, we assume c = 0,

that is tr(Λ2)λ1/(nλ
2
r)→ 0.

Note that UY,2 is in fact the leading n−r eigenvectors of (Ip−PY,1)Σ̂(Ip−

PY,1). Under the condition nλr+1/ tr(Λ2)→ 0, Proposition 3 implies that

∥∥∥PY,1 −P†Y,1

∥∥∥ = OP

(
tr(Λ2)

nλr

)
.

It can be seen that

∥∥∥(Ip −PY,1)Σ̂(Ip −PY,1)− (Ip −P†Y,1)Σ̂(Ip −P†Y,1)
∥∥∥

≤
∥∥∥(P†Y,1 −PY,1)Σ̂(P†Y,1 −PY,1)

∥∥∥+ 2
∥∥∥(P†Y,1 −PY,1)Σ̂(Ip −P†Y,1)

∥∥∥ .
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Under the condition nλr+1/ tr(Λ2)→ 0, Proposition 1 implies that

‖Σ̂‖ =λ1

1 +
tr(Λ2)

nλ1

+OP

√ r

n
+

√
λr+1

λ1

tr(Λ2)

nλ1

+
λr+1

λ1


=λ1(1 + oP (1)).

Then ∥∥∥(P†Y,1 −PY,1)Σ̂(P†Y,1 −PY,1)
∥∥∥ ≤‖Σ̂‖∥∥∥P†Y,1 −PY,1

∥∥∥2
=OP

(
tr2(Λ2)λ1

n2λ2
r

)
.

(S2.12)

On the other hand, we have∥∥∥(P†Y,1 −PY,1)Σ̂(Ip −P†Y,1)
∥∥∥

≤
∥∥∥P†Y,1 −PY,1

∥∥∥∥∥n−1UΛ1/2Z
∥∥∥∥∥Z>Λ1/2U>(Ip −P†Y,1)

∥∥∥
=n−1/2

∥∥∥P†Y,1 −PY,1

∥∥∥∥∥∥Σ̂∥∥∥1/2 ∥∥∥Z>Λ1/2U>(Ip −P†Y,1)
∥∥∥

=OP

(
tr(Λ2)λ

1/2
1

n3/2λr

)∥∥∥Z>Λ1/2U>(Ip −P†Y,1)
∥∥∥ .

It is straightforward to show that

Z>Λ1/2U>(Ip −P†Y,1)

=ṼZ1Ṽ
>
Z1

Z>2 Λ
1/2
2 U>2 − Z>2 Λ2Z2Z

>
1 (Z1Z

>
1 )−1Λ

−1/2
1 U>1 .

(S2.13)

Then ∥∥∥Z>Λ1/2U>(Ip −P†Y,1)
∥∥∥

≤
∥∥Z>2 Λ2Z2

∥∥1/2 + λ−1/2r

∥∥Z>2 Λ2Z2

∥∥∥∥(Z1Z
>
1 )−1

∥∥1/2 .
It follows from (S2.4) and the condition nλr+1/ tr(Λ2)→ 0 that

‖Z>2 Λ2Z2‖ = (1 + oP (1)) tr(Λ2). (S2.14)
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Consequently,∥∥∥Z>Λ1/2U>(Ip −P†Y,1)
∥∥∥ =OP

(
tr1/2(Λ2)

)
+OP

(
tr(Λ2)√
nλr

)
=OP

(
tr1/2(Λ2)

)
.

Thus,

∥∥∥(P†Y,1 −PY,1)Σ̂(Ip −P†Y,1)
∥∥∥ = OP

(
tr3/2(Λ2)λ

1/2
1

n3/2λr

)
. (S2.15)

Combine (S2.12) and (S2.15), we obtain∥∥∥(Ip −PY,1)Σ̂(Ip −PY,1)− (Ip −P†Y,1)Σ̂(Ip −P†Y,1)
∥∥∥

=OP

(
tr2(Λ2)λ1

n2λ2
r

+
tr3/2(Λ2)λ

1/2
1

n3/2λr

)
.

Now we deal with (Ip−P†Y,1)Σ̂(Ip−P†Y,1). In view of (S2.13), we have

(Ip −P†Y,1)Σ̂(Ip −P†Y,1)

=n−1U2Λ
1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2 − n−1U2Λ

1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 QU>1

− n−1U1Q
>Λ

1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2 + n−1U1Q

>Λ
1/2
2 Z2Z

>
2 Λ

1/2
2 QU>1 .

Then ∥∥∥(Ip −P†Y,1)Σ̂(Ip −P†Y,1)− n
−1U2Λ

1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2

∥∥∥
≤n−1

∥∥∥Λ1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 Q

∥∥∥+ n−1
∥∥∥Q>Λ

1/2
2 Z2Z

>
2 Λ

1/2
2 Q

∥∥∥
≤n−1‖Z>2 Λ2Z2‖‖Q>Q‖1/2 + n−1‖Z>2 Λ2Z2‖‖Q>Q‖

=OP

(
tr3/2(Λ2)

n3/2λ
1/2
r

)
,

where the last equality follows from (S2.11) and (S2.14).
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Combine the above bounds, we obtain

∥∥∥(Ip −PY,1)Σ̂(Ip −PY,1)− n−1U2Λ
1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2

∥∥∥
=OP

(
tr2(Λ2)λ1

n2λ2
r

+
tr3/2(Λ2)λ

1/2
1

n3/2λr

)
.

(S2.16)

The matrix n−1U2Λ
1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2 shares the same non-zero eigen-

values as n−1Ṽ>Z1
Z>2 Λ2Z2ṼZ1 . Note that Z2ṼZ1 is a p × (n − r) random

matrix with iid N (0, 1) entries. Then it follows from Lemma 5 and the

condition nλr+1/ tr(Λ2)→ 0 that

∥∥∥n−1Ṽ>Z1
Z>2 Λ2Z2ṼZ1 − n−1 tr(Λ2)In−r

∥∥∥
=OP

(
n−1/2

√
tr(Λ2

2) + λr+1

)
=OP

(
n−1/2

√
λr+1 tr(Λ2) + λr+1

)
=oP

(
n−1 tr(Λ2)

)
.

(S2.17)

This bound, combined with Weyl’s inequality, leads to

λn−r

(
n−1Ṽ>Z1

Z>2 Λ2Z2ṼZ1

)
= (1 + oP (1))n−1 tr(Λ1). (S2.18)

It can be seen that the matrix P∗Y,2 is the projection matrix onto the rank

n−r principal subspace of n−1U2Λ
1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2 . Therefore, Cai
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et al. (2015), Proposition 1 implies that

∥∥PY,2 −P∗Y,2

∥∥
≤

2
∥∥∥(Ip −PY,1)Σ̂(Ip −PY,1)− n−1U2Λ

1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2

∥∥∥
λn−r

(
n−1U2Λ

1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2

)
=OP

(
tr(Λ2)λ1

nλ2
r

+

√
tr(Λ2)λ1

nλ2
r

)

=OP

(√
tr(Λ2)λ1

nλ2
r

)
,

where the second last equality follows from (S2.16) and (S2.18). This com-

pletes the proof.

Proof of Proposition 4. By some algebra, it can be seen that

∥∥∥P∗Y,2 −P†Y,2

∥∥∥ = (tr(Λ2))
−1
∥∥∥Ṽ>Z1

Z>2 Λ2Z2ṼZ1 − tr(Λ2)In−r

∥∥∥
=OP

(√
n tr(Λ2

2)

tr(Λ2)
+
nλr+1

tr(Λ2)

)

=OP

(√
nλr+1

tr(Λ2)

)
,

where the second last equality follows from (S2.17) and the last equality fol-

lows from the fact
√
n tr(Λ2

2)/tr(Λ2) ≤
√
nλr+1/ tr(Λ2) and the condition√

nλr+1/ tr(Λ2) → 0. Then the conclusion follows from the last display

and Proposition 7.
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S3 Proofs of Theorems 1 and 2

It can be seen that XJC is independent of Y. We write XJC = ΘC +

UΛ1/2Z†, where Z† is a p × (k − 1) matrix with iid N (0, 1) entries and is

independent of Z. Then

C>J>X>(Ip −PY)XJC

=Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† + C>Θ>(Ip −PY)ΘC

+ C>Θ>(Ip −PY)UΛ1/2Z† + Z†>Λ1/2U>(Ip −PY)ΘC.

(S3.1)

It can be seen that the first term of (S3.1) can be written as

Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† =

p∑
i=1

λi((Ip −PY)Σ(Ip −PY))ηiη
>
i ,

where η1, . . . , ηp are independent Nk−1(0k−1, Ik−1) random vectors and are

independent of PY.

Lemma 6. Suppose that nλ1/ tr(Σ)→ 0. Then

tr ((Ip −PY)Σ(Ip −PY)) = tr(Σ)− n tr(Σ2)

tr(Σ)
+OP

(
n(λ1 − λp)

√
nλ1

tr(Σ)

)
,

tr ((Ip −PY)Σ(Ip −PY))2 = tr(Σ2)− n tr2(Σ2)

tr2(Σ)
+OP (nλ1(λ1 − λp)).

Proof. First we approximate PY by a simple expression. We have

∥∥PY − (tr(Σ))−1YY>
∥∥ =

∥∥Y(Y>Y)−1Y> − (tr(Σ))−1YY>
∥∥

=(tr(Σ))−1
∥∥Y>Y − tr(Σ)In

∥∥ .
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Then from Lemma 5, we have

∥∥PY − (tr(Σ))−1YY>
∥∥ =(tr(Σ))−1

∥∥Z>ΣZ− tr(Σ)In
∥∥

=OP

(√
n tr(Σ2)

tr(Σ)
+

nλ1

tr(Σ)

)

=OP

(√
nλ1 tr(Σ)

tr(Σ)
+

nλ1

tr(Σ)

)

=OP

(√
nλ1

tr(Σ)

)
.

(S3.2)

Now we deal with tr ((Ip −PY)Σ(Ip −PY)). It can be seen that

tr ((Ip −PY)Σ(Ip −PY))

= tr (Σ)− tr (ΣPY)

= tr (Σ)− tr

((
Σ− tr(Σ2)

tr(Σ)
Ip

)
PY

)
− n tr(Σ2)

tr(Σ)
.

(S3.3)

For the second term, we have∣∣∣∣tr((Σ− tr(Σ2)

tr(Σ)
Ip

)
PY

)
− (tr(Σ))−1 tr

((
Σ− tr(Σ2)

tr(Σ)
Ip

)
YY>

)∣∣∣∣
=

∣∣∣∣tr((Σ− tr(Σ2)

tr(Σ)
Ip

)(
PY − (tr(Σ))−1 YY>

))∣∣∣∣
≤2n

∥∥∥∥Σ− tr(Σ2)

tr(Σ)
Ip

∥∥∥∥∥∥PY − (tr(Σ))−1 YY>
∥∥

=OP

(
n(λ1 − λp)

√
nλ1

tr(Σ)

)
,

where the last inequality follows from von Neumann’s trace theorem and

the fact Rank
(
PY − (tr(Σ))−1 YY>

)
≤ 2n, and the last equality follows

from (S3.2) and the fact tr(Σ2)/ tr(Σ) ∈ [λp,λ1]. On the other hand, it is
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straightforward to show that

E

(
(tr(Σ))−1 tr

((
Σ− tr(Σ2)

tr(Σ)
Ip

)
YY>

))
= 0,

and

Var

(
(tr(Σ))−1 tr

((
Σ− tr(Σ2)

tr(Σ)
Ip

)
YY>

))
=

2n

tr2(Σ)
tr

(
Σ2 − tr(Σ2)

tr(Σ)
Σ

)2

=
2n

tr2(Σ)

p∑
i=1

λ2
i

(
λi −

tr(Σ2)

tr(Σ)

)2

≤2nλ1(λ1 − λp)
2

tr(Σ)
.

Thus,

tr

((
Σ− tr(Σ2)

tr(Σ)
Ip

)
PY

)
= OP

(
n(λ1 − λp)

√
nλ1

tr(Σ)

)
.

Then the first statement follows from the last display and (S3.3).

Next we deal with tr ((Ip −PY)Σ(Ip −PY))2. We have

tr ((Ip −PY)Σ(Ip −PY))2 = tr(Σ2)− 2 tr(Σ2PY) + tr((ΣPY)2).

From von Neumann’s trace theorem, the second term satisfies

∣∣∣∣tr(Σ2PY)− n tr2(Σ2)

tr2(Σ)

∣∣∣∣ =

∣∣∣∣tr((Σ2 − tr2(Σ2)

tr2(Σ)
Ip

)
PY

)∣∣∣∣ ≤ nλ1(λ1 − λp),
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and the third term satisfies∣∣∣∣tr((ΣPY)2)− n tr2(Σ2)

tr2(Σ)

∣∣∣∣
=

∣∣∣∣tr((Σ +
tr(Σ2)

tr(Σ)
Ip

)
PY

(
Σ− tr(Σ2)

tr(Σ)
Ip

)
PY

)∣∣∣∣
≤2nλ1(λ1 − λp).

This completes the proof of the second statement.

Proof of Theorem 1. In the current context, Lemma 6 implies that

tr ((Ip −PY)Σ(Ip −PY)) = tr(Σ)− n tr(Σ2)

tr(Σ)
+ oP (

√
tr(Σ2)), (S3.4)

tr ((Ip −PY)Σ(Ip −PY))2 = (1 + oP (1)) tr(Σ2). (S3.5)

The fact λ1 ((Ip −PY)Σ(Ip −PY)) ≤ λ1 and (S3.5) imply that the first

term of (S3.1) satisfies the Lyapunov condition

λ1 ((Ip −PY)Σ(Ip −PY))√
tr
(
((Ip −PY)Σ(Ip −PY))2

) ≤ λ1√
(1 + oP (1)) tr2(Σ)

P−→ 0.

From Lemma 2, we have

Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† − tr ((Ip −PY)Σ(Ip −PY)) Ik−1√
tr ((Ip −PY)Σ(Ip −PY))2

L−→Wk−1.

Then it follows from (S3.4), (S3.5) and Slutsky’s theorem that

Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† − (tr(Σ)− n tr(Σ2)/tr(Σ)) Ik−1√
tr(Σ2)

L−→Wk−1.

(S3.6)
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Next we consider the second term of (S3.1). Note that

∥∥C>Θ>(Ip −PY)ΘC−C>Θ>ΘC
∥∥ =

∥∥C>Θ>Y(Y>Y)−1Y>ΘC
∥∥ .

We have ∥∥C>Θ>Y(Y>Y)−1Y>ΘC− tr(Σ)−1C>Θ>YY>ΘC
∥∥

≤
∥∥C>Θ>YY>ΘC

∥∥∥∥(Y>Y)−1 − tr(Σ)−1In
∥∥

≤
∥∥tr(Σ)−1C>Θ>YY>ΘC

∥∥∥∥(Y>Y)−1
∥∥∥∥Y>Y − tr(Σ)In

∥∥ .
From Lemma 5, we have∥∥Y>Y − tr(Σ)In

∥∥ =
∥∥Z>ΛZ− tr(Σ)In

∥∥
=OP (

√
n tr(Σ2) + nλ1)

=oP (tr(Σ)).

Then
∥∥(Y>Y)−1

∥∥ = λ−1n (Z>ΛZ) = (1 + oP (1)) tr(Σ). Therefore,∥∥C>Θ>Y(Y>Y)−1Y>ΘC− tr(Σ)−1C>Θ>YY>ΘC
∥∥

=oP
(∥∥tr(Σ)−1C>Θ>YY>ΘC

∥∥) .
Note that the columns of C>Θ>Y = C>Θ>UΛ1/2Z are iidNk−1(0k−1,C

>Θ>ΣΘC)

random vectors. Hence we can write C>Θ>Y = (C>Θ>ΣΘC)1/2Z∗, where

Z∗ is a (k − 1)× n random matrix with iid N (0, 1) entries. Then∥∥∥∥tr(Σ)−1C>Θ>YY>ΘC− n

tr(Σ)
C>Θ>ΣΘC

∥∥∥∥
≤ n

tr(Σ)

∥∥C>Θ>ΣΘC
∥∥∥∥n−1Z∗Z∗> − Ik−1

∥∥
=oP

(
n

tr(Σ)

∥∥C>Θ>ΣΘC
∥∥) ,
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where the last equality follows from the law of large numbers. Combine the

above arguments, we have

∥∥C>Θ>(Ip −PY)ΘC−C>Θ>ΘC
∥∥ = (1 + oP (1))

n

tr(Σ)

∥∥C>Θ>ΣΘC
∥∥

≤ (1 + oP (1))
nλ1

tr(Σ)

∥∥C>Θ>ΘC
∥∥

=oP

(√
tr(Σ2)

)
.

(S3.7)

Now we deal with the cross term of (S3.1). Note that

E[‖C>Θ>(Ip −PY)UΛ1/2Z†‖2F |Y]

=(k − 1) tr
(
C>Θ>(Ip −PY)Σ(Ip −PY)ΘC

)
≤(k − 1)λ1 tr

(
C>Θ>ΘC

)
.

Therefore,

‖C>Θ>(Ip −PY)UΛ1/2Z†‖ =OP

(√
λ1 tr (C>Θ>ΘC)

)
=oP

(√
tr(Σ2)

)
,

(S3.8)

where the last equality follows from the conditions λ1/
√

tr(Σ2) → 0 and

tr
(
C>Θ>ΘC

)
≤ (k − 1)

∥∥C>Θ>ΘC
∥∥ = O(

√
tr(Σ2)).
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It follows from (S3.7), (S3.8) and Weyl’s inequality that

∣∣T (X)−
(
λ1
(
Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† + C>Θ>ΘC

))∣∣
≤
∥∥C>Θ>(Ip −PY)ΘC−C>Θ>ΘC

+ C>Θ>(Ip −PY)UΛ1/2Z† + Z†>Λ1/2U>(Ip −PY)ΘC
∥∥

≤
∥∥C>Θ>(Ip −PY)ΘC−C>Θ>ΘC

∥∥+ 2
∥∥C>Θ>(Ip −PY)UΛ1/2Z†

∥∥
=oP

(√
tr(Σ2)

)
.

But (S3.6) implies that

1√
tr(Σ2)

(
λ1
(
Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† + C>Θ>ΘC

)
−
(
tr(Σ)− n tr(Σ2)/tr(Σ)

))
=λ1

(
Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† − (tr(Σ)− n tr(Σ2)/tr(Σ)) Ik−1√

tr(Σ2)

+
C>Θ>ΘC√

tr(Σ2)

)

∼λ1

(
Wk−1 +

C>Θ>ΘC√
tr(Σ2)

)
+ oP (1).

This completes the proof.

Proof of Corollary 1. It is straightforward to show that E t̂r(Σ) = tr(Σ)

and Var
(

t̂r(Σ)
)

= 2n−1 tr(Σ2). Then t̂r(Σ) = tr(Σ) + OP (
√
n−1 tr(Σ2)).
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Let Z1, . . . , Zn be the columns of Z. Then we have

t̂r(Σ2) =n−2 tr(Z>ΛZ− n−1 tr(Z>ΛZ)In)2

=n−2
n∑

i=1

(Z>i ΛZi − n−1
n∑

i=1

Z>i ΛZi)
2 + 2n−2

∑
1≤i<j≤n

(Z>i ΛZi)
2.

It can be seen that n−2
∑n

i=1(Z
>
i ΛZi−n−1

∑n
i=1 Z

>
i ΛZi)

2 = OP (n−1 tr(Σ2)).

On the other hand, we have E 2
∑

1≤i<j≤n(Z>i ΛZi)
2 = n(n−1) tr(Σ2). Fur-

thermore, Chen et al. (2010), Proposition A.2 implies that

Var

(
2
∑

1≤i<j≤n

(Z>i ΛZj)
2

)
= O

(
n2 tr2(Σ2) + n3 tr(Σ4)

)
= O

(
n3 tr2(Σ2)

)
.

Hence t̂r(Σ2) = (1 +OP (n−1/2)) tr(Σ2).

Thus, we have

t̂r(Σ)− nt̂r(Σ2)/t̂r(Σ)

= tr(Σ) +OP (
√
n−1 tr(Σ2))− n tr(Σ2)(1 +OP (n−1/2))

tr(Σ)(1 +OP (
√
n−1 tr(Σ2)/ tr2(Σ)))

= tr(Σ) +OP (
√
n−1 tr(Σ2))− n tr(Σ2)

tr(Σ)

(
1 +OP

(
1√
n

+

√
tr(Σ2)

n tr2(Σ)

))

= tr(Σ)− n tr(Σ2)

tr(Σ)
+ oP (

√
tr(Σ2)).

Therefore,

Q1 =
T (X)− (tr(Σ)− n tr(Σ2)/ tr(Σ))√

tr(Σ2)
+ oP (1).

Then the conclusion follows from Theorem 1.
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Lemma 7. Suppose that r = o(n), tr(Λ2)λ1/(nλ
2
r)→ 0, nλr+1/ tr(Λ2)→

0. Then uniformly for i = 1, . . . , r,

λi ((Ip −PY)Σ(Ip −PY))

=n−1 tr(Λ2)

(
1 +OP

(√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)
+

√
r

n

))
.

Proof. Note that

(Ip−PY)Σ(Ip−PY) = (Ip−PY,2)(Ip−PY,1)Σ(Ip−PY,1)(Ip−PY,2). (S3.9)

We first deal with (Ip−PY,1)Σ(Ip−PY,1). Under the condition nλr+1/ tr(Λ2)→

0, Proposition 3 implies that

‖UY,1U
>
Y,1 −P†Y,1‖ = OP

(
tr(Λ2)

nλr

)
.

From the decomposition

(Ip −PY,1)Σ(Ip −PY,1)

=(Ip −P†Y,1)Σ(Ip −P†Y,1) + (P†Y,1 −PY,1)Σ(Ip −P†Y,1)

+ (Ip −P†Y,1)Σ(P†Y,1 −PY,1) + (P†Y,1 −PY,1)Σ(P†Y,1 −PY,1),

we have ∥∥∥(Ip −PY,1)Σ(Ip −PY,1)− (Ip −P†Y,1)Σ(Ip −P†Y,1)
∥∥∥

≤2
∥∥∥P†Y,1 −PY,1

∥∥∥∥∥∥Σ(Ip −P†Y,1)
∥∥∥+ λ1‖P†Y,1 −PY,1‖2.

=OP

(
tr(Λ2)

nλr

)∥∥∥Σ(Ip −P†Y,1)
∥∥∥+OP

(
tr2(Λ2)λ1

n2λ2
r

)
.
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Note that∥∥∥Σ(Ip −P†Y,1)
∥∥∥

=
∥∥U2Λ2U

>
2 −U1Λ1Q

>U>2 −U2Λ2QU>1
∥∥

≤λr+1 +
∥∥Λ1Q

>∥∥+ λr+1 ‖Q‖

=λr+1 +
∥∥∥Λ1/2

1 (Z1Z
>
1 )−1/2V>Z1

Z>2 Λ
1/2
2

∥∥∥+ λr+1‖Q>Q‖1/2

≤λr+1 + λ
1/2
1

∥∥(Z1Z
>
1 )−1/2

∥∥∥∥V>Z1
Z>2 Λ2Z2VZ1

∥∥1/2 + λr+1‖Q>Q‖1/2

=OP

(√
tr(Λ2)λ1

n

)
,

where the last equality follows from (S2.9), (S2.11) and the condition nλr+1/ tr(Λ2)→

0. Thus,∥∥∥(Ip −PY,1)Σ(Ip −PY,1)− (Ip −P†Y,1)Σ(Ip −P†Y,1)
∥∥∥

=OP

(
tr3/2(Λ2)λ

1/2
1

n3/2λr

)
.

(S3.10)

From the decomposition

(Ip −P†Y,1)Σ(Ip −P†Y,1)

=U2QΛ1Q
>U>2 + U2Λ2U

>
2 −U2Λ2QU>1 −U1Q

>Λ2U
>
2 + U1Q

>Λ2QU>1 ,

we have ∥∥∥(Ip −P†Y,1)Σ(Ip −P†Y,1)−U2QΛ1Q
>U>2

∥∥∥
≤λr+1(1 + 2‖Q>Q‖1/2 + ‖Q>Q‖)

=OP (λr+1) ,

(S3.11)
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where the last equality follows from (S2.11). Note that U2QΛ1Q
>U>2 =

U2Λ
1/2
2 Z2VZ1(Z1Z

>
1 )−1V>Z1

Z>2 Λ
1/2
2 U>2 . We have

∥∥∥U2QΛ1Q
>U>2 − n−1U2Λ

1/2
2 Z2VZ1V

>
Z1

Z>2 Λ
1/2
2 U>2

∥∥∥
≤
∥∥∥U2Λ

1/2
2 Z2VZ1V

>
Z1

Z>2 Λ
1/2
2 U>2

∥∥∥∥∥(Z1Z
>
1 )−1 − n−1Ir

∥∥
≤
∥∥V>Z1

Z>2 Λ2Z2VZ1

∥∥∥∥(Z1Z
>
1 )−1

∥∥∥∥n−1Z1Z
>
1 − Ir

∥∥
=OP

(
r1/2 tr(Λ2)

n3/2

)
,

(S3.12)

where the last equality follows from (S2.3) and (S2.9). From (S3.9), (S3.10),

(S3.11) and (S3.12), we obtain that

‖(Ip −PY)Σ(Ip −PY)

− n−1(Ip −PY,2)U2Λ
1/2
2 Z2VZ1V

>
Z1

Z>2 Λ
1/2
2 U>2 (Ip −PY,2)

∥∥∥
=OP

((√
tr(Λ2)λ1

nλ2
r

+
nλr+1

tr(Λ2)
+

√
r

n

)
tr(Λ2)

n

)
.

Thus, the last display, together with Weyl’s inequality, implies that

uniformly for i = 1, . . . , r,

λi ((Ip −PY)Σ(Ip −PY))

=n−1λi

(
V>Z1

Z>2 Λ
1/2
2 U>2 (I−PY,2)U2Λ

1/2
2 Z2VZ1

)
+OP

((√
tr(Λ2)λ1

nλ2
r

+
nλr+1

tr(Λ2)
+

√
r

n

)
tr(Λ2)

n

)
.
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Note that

∥∥∥n−1V>Z1
Z>2 Λ

1/2
2 U>2 (I−PY,2)U2Λ

1/2
2 Z2VZ1

−
(
n−1 tr(Λ2)Ir − (n tr(Λ2))

−1 V>Z1
Z>2 Λ2Z2ṼZ1Ṽ

>
Z1

Z>2 Λ2Z2VZ1

)∥∥∥
≤
∥∥n−1V>Z1

Z>2 Λ2Z2VZ1 − n−1 tr(Λ2)Ir
∥∥

+ n−1
∥∥V>Z1

Z>2 Λ2Z2VZ1

∥∥∥∥∥PY,2 − (tr(Λ2))
−1 Λ

1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2

∥∥∥
=OP

((√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)

)
tr(Λ2)

n

)
,

where the last equality follows from (S2.9) and Proposition 4. Then it

follows from Weyl’s inequality that uniformly for i = 1, . . . , r,

λi ((Ip −PY)Σ(Ip −PY))

=n−1 tr(Λ2)

− (n tr(Λ2))
−1 λr+1−i

(
V>Z1

Z>2 Λ2Z2ṼZ1Ṽ
>
Z1

Z>2 Λ2Z2VZ1

)
+OP

((√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)
+

√
r

n

)
tr(Λ2)

n

)
.

(S3.13)

Now we deal with the matrix V>Z1
Z>2 Λ2Z2ṼZ1Ṽ

>
Z1

Z>2 Λ2Z2VZ1 . Note that

Z2VZ1 and Z2ṼZ1 both have iid N (0, 1) entries and they are mutually

independent. Then Lemma 5 implies that

∥∥∥V>Z1
Z>2 Λ2Z2ṼZ1Ṽ

>
Z1

Z>2 Λ2Z2VZ1 − tr(Λ2Z2ṼZ1Ṽ
>
Z1

Z>2 Λ2)Ir

∥∥∥
=OP

(√
r tr(Λ2Z2ṼZ1Ṽ

>
Z1

Z>2 Λ2)2 + r
∥∥∥Λ2Z2ṼZ1Ṽ

>
Z1

Z>2 Λ2

∥∥∥) .
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By some algebra, we have∥∥∥V>Z1
Z>2 Λ2Z2ṼZ1Ṽ

>
Z1

Z>2 Λ2Z2VZ1 − tr(Ṽ>Z1
Z>2 Λ2

2Z2ṼZ1)Ir

∥∥∥
=OP

(√
r
∥∥∥Ṽ>Z1

Z>2 Λ2
2Z2ṼZ1

∥∥∥ tr(Ṽ>Z1
Z>2 Λ2

2Z2ṼZ1)

+ r
∥∥∥Ṽ>Z1

Z>2 Λ2
2Z2ṼZ1

∥∥∥).
Since E tr(Ṽ>Z1

Z>2 Λ2
2Z2ṼZ1) = (n− r) tr(Λ2

2), we have

tr(Ṽ>Z1
Z>2 Λ2

2Z2ṼZ1) = OP

(
n tr(Λ2

2)
)

= OP (nλr+1 tr(Λ2)) .

On the other hand, Lemma 5 implies that

‖Ṽ>Z1
Z>2 Λ2

2Z2ṼZ1‖ = OP

(
tr(Λ2

2) + nλ2
r+1

)
= OP (λr+1 tr(Λ2)) .

Combine these bounds, we have

∥∥∥V>Z1
Z>2 Λ2Z2ṼZ1Ṽ

>
Z1

Z>2 Λ2Z2VZ1 − n tr(Λ2
2)Ir

∥∥∥ = OP

(√
rnλr+1 tr(Λ2)

)
.

The last display, combined with Weyl’s inequality, implies that uniformly

for i = 1, . . . , r,

(n tr(Λ2))
−1λi

(
V>Z1

Z>2 Λ2Z2ṼZ1Ṽ
>
Z1

Z>2 Λ2Z2VZ1

)
= OP (λr+1).

Then (S3.13) and the last display implies that uniformly for i = 1, . . . , r,

λi ((Ip −PY)Σ(Ip −PY))

=n−1 tr(Λ2) +OP

((√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)
+

√
r

n

)
tr(Λ2)

n

)
.
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This completes the proof.

Lemma 8. Suppose that r = o(n), tr(Λ2)λ1/(nλ
2
r)→ 0, nλr+1/ tr(Λ2)→

0. Then

p∑
i=r+1

λi ((Ip −PY)Σ(Ip −PY))

= tr(Λ2)−
n tr(Λ2

2)

tr(Λ2)

+OP

(
n(λr+1 − λp)

(√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)

)
+ rλr+1

)
.

Proof. Write Σ = U1Λ1U
>
1 + U2Λ2U

>
2 . Note that U1Λ1U

>
1 is of rank r.

Then Weyl’s inequality implies that for i = r + 1, . . . , p,

λi ((Ip −PY)Σ(Ip −PY)) ≥ λi
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
, (S3.14)

λi ((Ip −PY)Σ(Ip −PY)) ≤ λi−r
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
.

(S3.15)

Hence we have∣∣∣∣∣
p∑

i=r+1

λi ((Ip −PY)Σ(Ip −PY))− tr
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)∣∣∣∣∣
≤rλ1

(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
≤rλr+1.

(S3.16)
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Write

tr
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
= tr

(
Λ2U

>
2 (Ip −PY)U2

)
= tr(Λ2)− tr

((
Λ2 −

tr(Λ2
2)

tr(Λ2)
Ip−r

)
U>2 PYU2

)
− tr(Λ2

2)

tr(Λ2)
tr
(
U>2 PYU2

)
.

(S3.17)

For the third term, note that tr
(
U>2 PYU2

)
= tr(PY) − tr

(
PYU1U

>
1

)
.

Since PY is of rank n and U1 is of rank r, we have

| tr
(
U>2 PYU2

)
− n| ≤ r. (S3.18)

Next we deal with the second term. We have

∣∣∣∣tr((Λ2 −
tr(Λ2

2)

tr(Λ2)
Ip−r

)
U>2 PYU2

)
− tr

((
Λ2 −

tr(Λ2
2)

tr(Λ2)
Ip−r

)
U>2

(
P†Y,1 + P†Y,2

)
U2

)∣∣∣∣
=

∣∣∣∣tr((Λ2 −
tr(Λ2

2)

tr(Λ2)
Ip−r

)
U>2

(
PY −P†Y,1 −P†Y,2

)
U2

)∣∣∣∣ .
Since tr(Λ2

2)/tr(Λ2) ∈ [λp,λr+1], we have ‖Λ2 − (tr(Λ2
2)/tr(Λ2))Ip−r‖ ≤

λr+1 − λp. Also note that the rank of the matrix PY − P†Y,1 − P†Y,2 is at
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most 2n. Therefore, von Neumann’s trace theorem implies that∣∣∣∣tr((Λ2 −
tr(Λ2

2)

tr(Λ2)
Ip−r

)
U>2

(
PY −P†Y,1 −P†Y,2

)
U2

)∣∣∣∣
≤2n(λr+1 − λp)

∥∥∥PY −P†Y,1 −P†Y,2

∥∥∥
≤2n(λr+1 − λp)

(∥∥∥PY,1 −P†Y,1

∥∥∥+
∥∥∥PY,2 −P†Y,2

∥∥∥)
=OP

(
n(λr+1 − λp)

(√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)

))
,

(S3.19)

where the last equality follows from Proposition 3 and Proposition 4. Note

that

tr

((
Λ2 −

tr(Λ2
2)

tr(Λ2)
Ip−r

)
U>2

(
P†Y,1 + P†Y,2

)
U2

)
= tr

((
Λ2 −

tr(Λ2
2)

tr(Λ2)
Ip−r

)
U>2 P†Y,2U2

)
=

1

tr(Λ2)
tr

(
Ṽ>Z1

Z>2

(
Λ2

2 −
tr(Λ2

2)

tr(Λ2)
Λ2

)
Z2ṼZ1

)
It is straightforward to show that

E tr

(
Ṽ>Z1

Z>2

(
Λ2

2 −
tr(Λ2

2)

tr(Λ2)
Λ2

)
Z2ṼZ1

)
= 0,

and

Var

(
tr

(
Ṽ>Z1

Z>2

(
Λ2

2 −
tr(Λ2

2)

tr(Λ2)
Λ2

)
Z2ṼZ1

))
=2(n− r) tr

(
Λ2

2 −
tr(Λ2

2)

tr(Λ2)
Λ2

)2

≤2n tr(Λ2
2)(λr+1 − λp)

2

≤2nλr+1 tr(Λ2)(λr+1 − λp)
2.
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Thus,

tr

((
Λ2 −

tr(Λ2
2)

tr(Λ2)
Ip−r

)
U>2

(
P†Y,1 + P†Y,2

)
U2

)
=OP

(
(λr+1 − λp)

√
nλr+1

tr(Λ2)

)
.

The last display, combined with (S3.19), leads to

tr

((
Λ2 −

tr(Λ2
2)

tr(Λ2)
Ip−r

)
U>2 PYU2

)
=OP

(
n(λr+1 − λp)

(√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)

))
.

It then follows from (S3.17), (S3.18) and the last display that

tr
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
= tr(Λ2)−

n tr(Λ2
2)

tr(Λ2)

+OP

(
n(λr+1 − λp)

(√
tr(Λ2)λ1

nλ2
r

+

√
nλr+1

tr(Λ2)

)
+ rλr+1

)
.

Then the conclusion follows from (S3.16) and the last display.

Lemma 9. Suppose p > n, we have

p∑
i=r+1

λ2i ((Ip −PY)Σ(Ip −PY))

= tr(Λ2
2)−

n tr2(Λ2
2)

tr2(Λ2)
+OP

(
nλr+1(λr+1 − λp) + rλ2

r+1

)
.
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Proof. From (S3.14) and (S3.15), we have

∣∣∣∣∣
p∑

i=r+1

λ2i ((Ip −PY)Σ(Ip −PY))− tr
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)2∣∣∣∣∣
≤rλ21

(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
≤rλ2

r+1.

(S3.20)

It is straightforward to show that

tr
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)2
= tr(Λ2

2)− 2 tr(Λ2
2U
>
2 PYU2) + tr(Λ2U

>
2 PYU2)

2.

For the second term, we have

∣∣∣∣tr(Λ2
2U
>
2 PYU2)−

tr2(Λ2
2)

tr2(Λ2)
tr(U>2 PYU2)

∣∣∣∣
=

∣∣∣∣tr((Λ2
2 −

tr2(Λ2
2)

tr2(Λ2)
Ip−r

)
U>2 PYU2

)∣∣∣∣
≤nλr+1(λr+1 − λp),

where the last equality follows from von Neumann’s trace theorem. The

last display, combined with (S3.18), implies that

tr(Λ2
2U
>
2 PYU2) =

n tr2(Λ2
2)

tr2(Λ2)
+OP

(
nλr+1(λr+1 − λp) + rλ2

r+1

)
.
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For the third term, von Neumann’s trace theorem implies that∣∣∣∣tr(Λ2U
>
2 PYU2)

2 − tr2(Λ2
2)

tr2(Λ2)
tr(U>2 PYU2)

2

∣∣∣∣
=

∣∣∣∣tr((Λ2 −
tr(Λ2

2)

tr(Λ2)
Ip−r

)
U>2 PYU2

(
Λ2 +

tr(Λ2
2)

tr(Λ2)
Ip−r

)
U>2 PYU2

)∣∣∣∣
≤2nλr+1(λr+1 − λp).

Note that

tr(U>2 PYU2)
2 = tr

(
PY −PYU1U

>
1

)2
=n− 2 tr(PYU1U

>
1 ) + tr(PYU1U

>
1 )2

=n+OP (r).

Therefore, the third term satisfies

tr(Λ2U
>
2 PYU2)

2 =
n tr2(Λ2

2)

tr2(Λ2)
+OP

(
nλr+1(λr+1 − λp) + rλ2

r+1

)
.

Thus,

tr
(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)2
= tr(Λ2

2)−
n tr2(Λ2

2)

tr2(Λ2)
+OP

(
nλr+1(λr+1 − λp) + rλ2

r+1

)
.

Then the conclusion follows from the last display and (S3.20).

Proof of Theorem 2. We have

Z†>Λ1/2U>(Ip −PY)UΛ1/2Z†

=
r∑

i=1

λi((Ip −PY)Σ(Ip −PY))ηiη
>
i +

p∑
i=r+1

λi((Ip −PY)Σ(Ip −PY))ηiη
>
i .
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From Lemma 7, the first term satisfies

r∑
i=1

λi((Ip −PY)Σ(Ip −PY))ηiη
>
i = (1 + oP (r−1/2))n−1 tr(Λ2)

r∑
i=1

ηiη
>
i .

Then ∑r
i=1 λi((Ip −PY)Σ(Ip −PY))ηiη

>
i − rn−1 tr(Λ2)Ik−1√

rn−1 tr(Λ2)

=

∑r
i=1 ηiη

>
i − rIk−1√
r

+ oP (1).

(S3.21)

Next we deal with the term
∑p

i=r+1 λi((Ip − PY)Σ(Ip − PY))ηiη
>
i . In

the current context, Lemma 8 and Lemma 9 imply that

p∑
i=r+1

λi ((Ip −PY)Σ(Ip −PY)) = tr(Λ2)−
n tr(Λ2

2)

tr(Λ2)
+ oP

(√
tr(Λ2

2)

)
,

(S3.22)

p∑
i=r+1

λ2i ((Ip −PY)Σ(Ip −PY)) = (1 + oP (1)) tr(Λ2
2). (S3.23)

By Weyl’s inequality, we have

λr+1((Ip −PY)Σ(Ip −PY))

=λr+1

(
(Ip −PY)U1Λ1U

>
1 (Ip −PY) + (Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
≤λ1

(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)
≤λr+1.

The last display and (S3.22) imply that

λ2r+1

(
(Ip −PY)U2Λ2U

>
2 (Ip −PY)

)∑p
i=r+1 λ

2
i

(
(Ip −PY)U2Λ2U>2 (Ip −PY)

) ≤ λ2
r+1

(1 + oP (1)) tr(Λ2
2)

P−→ 0.
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Then Lemma 2 implies that

1√∑p
i=r+1 λ

2
i ((Ip −PY)Σ(Ip −PY))

(
p∑

i=r+1

λi((Ip −PY)Σ(Ip −PY))ηiη
>
i

−
p∑

i=r+1

λi((Ip −PY)Σ(Ip −PY))Ik−1

)
L−→Wk−1.

The last display, combined with (S3.22) and (S3.23), leads to

1√
tr(Λ2

2)

(
p∑

i=r+1

λi((Ip −PY)Σ(Ip −PY))ηiη
>
i

−
(
tr(Λ2)− n tr(Λ2

2)/ tr(Λ2)
)
Ik−1

)
L−→Wk−1.

(S3.24)

Note that
∑r

i=1 ηiη
>
i is independent of

∑p
i=r+1 λi((Ip−PY)Σ(Ip−PY))ηiη

>
i .

Then(S3.21) and (S3.24) implies that

Z†>Λ1/2U>(Ip −PY)UΛ1/2Z† − ((1 + r/n) tr(Λ2)− n tr(Λ2
2)/ tr(Λ2)) Ik−1√

rn−2 tr2(Λ2) + tr(Λ2
2)

∼ n−1 tr(Λ2)√
rn−2 tr2(Λ2) + tr(Λ2

2)
(W∗

k−1 − rIk−1) +

√
tr(Λ2

2)√
rn−2 tr2(Λ2) + tr(Λ2

2)
Wk−1

+ oP (1).

(S3.25)

This completes the proof of the first statement.

Now we prove the second statement. For the second term of (S3.1), we

have C>Θ>(Ip −PY)ΘC = C>Θ>ΘC−C>Θ>PYΘC. We need to deal

with C>Θ>PYΘC. Note that Proposition 3 implies that

∥∥PY,1 −U1U
>
1

∥∥ ≤ ∥∥∥PY,1 −P†Y,1

∥∥∥+ 2 ‖Q‖ = oP (1).



42 Rui Wang AND Xingzhong Xu

It follows from the last display and Proposition 4 that

∥∥∥C>Θ>PYΘC−C>Θ>U1U
>
1 ΘC−C>Θ>P†Y,2ΘC

∥∥∥
≤
∥∥C>Θ>PY,1ΘC−C>Θ>U1U

>
1 ΘC

∥∥
+
∥∥∥C>Θ>PY,2ΘC−C>Θ>P†Y,2ΘC

∥∥∥
≤
∥∥C>Θ>ΘC

∥∥(∥∥PY,1 −U1U
>
1

∥∥+
∥∥∥PY,2 −P†Y,2

∥∥∥)
=oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)

)
.

We have

C>Θ>P†Y,2ΘC = (tr(Λ2))
−1 C>Θ>U2Λ

1/2
2 Z2ṼZ1Ṽ

>
Z1

Z>2 Λ
1/2
2 U>2 ΘC.

Note that Z2ṼZ1 is a (p−r)× (n−r) matrix with iid N (0, 1) entries. Then

the columns of C>Θ>U2Λ
1/2
2 Z2ṼZ1 are iidNk−1(0k−1,C

>Θ>U2Λ2U
>
2 ΘC)

random vectors. Write C>Θ>U2Λ
1/2
2 Z2ṼZ1 = (C>Θ>U2Λ2U

>
2 ΘC)1/2Z∗,

where Z∗ is a (k−1)×(n−r) random matrix with iid N (0, 1) entries. Then

∥∥∥∥C>Θ>P†Y,2ΘC− n

tr(Λ2)
C>Θ>U2Λ2U

>
2 ΘC

∥∥∥∥
≤ n

tr(Λ2)

∥∥C>Θ>U2Λ2U
>
2 ΘC

∥∥∥∥n−1Z∗Z∗> − Ik−1
∥∥

=oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)

)
,

where the last equality follows from the law of large numbers, the local
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alternative condition and the condition nλr+1/ tr(Λ2)→ 0. But

n

tr(Λ2)

∥∥C>Θ>U2Λ2U
>
2 ΘC

∥∥ ≤ nλ2

tr(Λ2)

∥∥C>Θ>ΘC
∥∥

=oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)

)
.

Hence
∥∥∥C>Θ>P†Y,2ΘC

∥∥∥ = oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)
)

. Consequently,∥∥C>Θ>PYΘC−C>Θ>U1U
>
1 ΘC

∥∥ = oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)
)

. Thus,

the second term of (S3.1) satisfies

∥∥C>Θ>(Ip −PY)ΘC−C>Θ>U2U
>
2 ΘC

∥∥
=oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)

)
.

(S3.26)

Next we consider the cross term of (S3.1). Note that

E[‖C>Θ>(Ip −PY)UΛ1/2Z†‖2F |Y]

=(k − 1) tr(C>Θ>(Ip −PY)Σ(Ip −PY)ΘC)

≤(k − 1)λ1 ((Ip −PY)Σ(Ip −PY)) tr(C>Θ>ΘC)

=OP

(
n−1 tr(Λ2)

∥∥C>Θ>ΘC
∥∥) ,

where the last equality follows from Lemma 7. Under the condition r →∞

or tr(Λ2)/(n
√

tr(Λ2
2))→ 0, we have n−1 tr(Λ2) = oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)
)

.

Therefore,

‖C>Θ>(Ip −PY)UΛ1/2Z†‖ = oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)

)
.
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It follows from the last display, (S3.26) and Weyl’s inequality that

∣∣T (X)− λ1
(
Z†>Λ1/2U†(Ip −PY)UΛ1/2Z† + C>Θ>U2U

>
2 ΘC

)∣∣
=oP

(√
rn−2 tr2(Λ2) + tr(Λ2

2)

)
.

Then the second statement follows from the last display and (S3.25).

Proof of Corollary 2. From Proposition 2, we have

rn−2(t̂r(Λ2))
2 + t̂r(Λ2

2) = (1 + oP (1))(rn−2 tr2(Λ2) + tr(Λ2
2)),

and

(1 + r/n)t̂r(Λ2)− nt̂r(Λ2
2)/t̂r(Λ2)

=(1 + r/n) tr(Λ2) +OP

(
r

√
tr(Λ2

2)

n
+ rλr+1

)

−
n tr(Λ2

2)
(
1 +OP

(
r/n+ rλ2

r+1/tr(Λ
2
2)
))

tr(Λ2)
(

1 +OP

(
r
√

tr(Λ2
2)/n tr2(Λ2) + rλr+1/ tr(Λ2)

))
=(1 + r/n) tr(Λ2) +OP

(
r

√
tr(Λ2

2)

n
+ rλr+1

)

− n tr(Λ2
2)

tr(Λ2)

(
1 +OP

(
r

n
+
rλ2

r+1

tr(Λ2
2)

+ r

√
tr(Λ2

2)

n tr2(Λ2)
+
rλr+1

tr(Λ2)

))

=(1 + r/n) tr(Λ2)−
n tr(Λ2

2)

tr(Λ2)
+ oP

(√
tr(Λ2

2)

)
.

Therefore,

Q2 =
T (X)− ((1 + r/n) tr(Λ2)− n tr(Λ2

2)/ tr(Λ2))√
rn−2 tr2(Λ2) + tr(Λ2

2)
+ oP (1).
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On the other hand, it is not hard to see that the ratio consistency of t̂r(λ2)

and t̂r(Λ2
2) imply F−12 (1−α; t̂r(Λ2), t̂r(Λ2

2)) = F−12 (1−α; tr(Λ2), tr(Λ
2
2)) +

oP (1). Then the conclusion follows from Theorem 2 and Slutsky’s theorem.

Proof of Proposition 5. Under the conditions of Theorem 1, we have

nλ1/ tr(Σ)→ 0. From Lemma 5 and Weyl’s inequality, we have

λ1(Σ̂) =n−1λ1(Z
>ΛZ)

=n−1 tr(Σ) +OP

(√
tr(Σ2)

n
+ λ1

)

=(1 + oP (1))n−1 tr(Σ).

From the proof of Corollary 1, we have tr(Σ̂) = (1+oP (1)) tr(Σ). Therefore,

nλ1(Σ̂)

tr(Σ̂)

P−→ 1.

This completes the proof of (i).

Now we prove (ii). Under the conditions of Theorem 2, Proposition 1

implies that

nλ1(Σ̂)

tr(Σ̂)
=

nλ1(Σ̂)∑r
i=1 λi(Σ̂) +

∑n
i=r+1 λi(Σ̂)

=(1 + oP (1))
nλ1 + tr(Λ2)∑r
i=1 λi + tr(Λ2)

≥(1 + oP (1))
nλ1

rλ1 + tr(Λ2)

P−→∞.
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It follows that

Pr

(
nλ1(Σ̂)

tr(Σ̂)
< τ

)
→ 0.

Next we consider the consistency of r̂. Note that

{r̂ = r} =

{
nλi+1(Σ̂)∑n
j=i+1 λj(Σ̂)

≥ τ, i = 1, . . . , r − 1

}
∩

{
nλr+1(Σ̂)∑n
j=r+1 λj(Σ̂)

< τ

}
.

But Proposition 1 implies that uniformly for i = 1, . . . , r − 1,

nλi+1(Σ̂)∑n
j=i+1 λj(Σ̂)

≥ nλi+1(Σ̂)

(r − i)λi+1(Σ̂) +
∑n

j=r+1 λj(Σ̂)

=(1 + oP (1))
nλi+1 + tr(Λ2)

(r − i)λi+1 + (1− i/n) tr(Λ2)

P−→∞.

Thus, we only need to prove that

Pr

(
nλr+1(Σ̂)∑n
j=r+1 λj(Σ̂)

< τ

)
→ 1.

Weyl’ inequality implies that nλr+1(Σ̂) = λr+1(Z
>
1 Λ1Z1 + Z>2 Λ2Z2) ≤

λ1(Z
>
2 Λ2Z2). Then using Lemma 5, we have nλr+1(Σ̂) ≤ (1+oP (1)) tr(Λ2).

Thus,

nλr+1(Σ̂)∑n
j=r+1 λj(Σ̂)

≤ (1 + oP (1)).

This completes the proof.
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