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S1 Technical lemmas

We first recall the following basic facts about the operator norms of a ma-

trix.

Lemma S1. For any matriz A = (A;;) € R™™ we have

m m
| Allops = max > Ay and [|Allopeo = max Y |Ay]
7j=1,....m P i=1,....m =
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Proof. For any v = (vy,...,v,)" € R™\ {0}, we have

= < < max
vl 27:1 v 27:1 |v;] J=Lem £

HAle Zﬁl’ZTzl Aijvj| Z;nzl ‘Uj’ Zzﬂil ‘Aij’ i |A|
il

On the other hand, suppose in the first instance that A # 0. Let j* €
argmax;_, > " [Aj|, and let v = (v1,...,v,)" € R™ be given by

v; = sgn( A« )1 fi=j«y for i =1,...,m. Then

| Av]l

loll

m m
7j=1,....m
=1 =1

This equality also holds for any v # 0 when A = 0, so the result for the
case of || - ||op1 follows. The argument for the case of || - ||op 0o 18 similar and

is omitted. O

The lemma below is key in deriving both the asymptotic normality
of the leading term and the asymptotic negligibility of the residual terms.
It provides conditions under which we can control the deviations of the
process {Z(t,3) : t € [0,t,)} from {u(t,B) : t € [0,t,)}, where t, € [0,1,)

is an (initially arbitrary) truncation. It will be convenient to define some
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notation. Let

Lu(I8I1)
_ PPIEZ(L + Ky|| frll oo+ 2K 2| BI1 L) + Kze*P 5z (]| fr]|o+2(18]1 L)
Fr(t,) ’
(S1.1)
Lz(1Bll1) = L + 4Kz||B]: L. (51.2)

Lemma S2. Assume (A1) and (A2)(a) and let t, € T. For B € RP, let

_ L 3K ye2lBliKz
en = €(||B]1) == nFT(t*)—nZW(logn)F%/Q(t*) and fiz € > €,. Set
1 €— € € Fr(t,)
ho = ho(n, €) := mln{ , , , )
2018l + 1)L " 3Lz ([|Blh) " 3Lu(IBl1) * 2[1 7]l

Then, writing My = My(n, €) := t./ho + n> + 1, we have

5 1
P sup 12(08) — (Bl > ) < -+

te[0,t)

neQFT(t*)
2p + 2) M, -
+2p+2) OeXp( 1152K 7eMIBIi K2 (K, + %))

+ 2My exp (_72864”51[(2) ) )

Remark: Consider an asymptotic regime in which (A3)(a) holds and
F(t.) = O(n=0/279) for some & € (0,1/2). If [} t*fr(t)dt < oo for some

a >0 (i.e. (A2)(b) holds), then for such ¢,,

(1/2—6) t+ 1 t+
n~(1/2-9) = < | () dt
/E;lun—(w—é)) Jr < {FT_l(l — n_(l/z_‘s))} /0 fr(®)

in other words, Fin'(1—n=(1/279)) = O(n(1/2=9)/@) Tt therefore follows from
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Lemma S2 that if (A1), (A2) and (A3)(a) hold, then

sup [|Z(t,8) — pu(t, B)lw = 0.

te[0,t«)

Proof. As a first step, we prove that the process {u(t,3) : t € [0,t.)}
inherits a Lipschitz property from {Z(¢,3) : t € [0,t,)}. In fact, writing
W(t,B) ==Y (t)eP 20 for t,t+h € [0,t,) with h € (0, ho] (so in particular

(Bl +1)Lh < 1/2),

[E{w(t+h,8)} — E{w(t, B)}]
< [E{@(t + . )} — E{Y (1)e? #*+M}]
+ [B{Y (1)e? Z2t) —Ela(t, B)}]

< eHﬁllleHfTHOOh + ellﬁlth(ellﬁthh —-1)< eHﬁHle(HfTHOO +2||B||1 L) .
Similarly, again for ¢t,¢ + h € [0,t.) and h € (0, hg],

|E{Z(t + h)w(t+h,B)} —E{Z(t)yw(t,B)}|
< elBliKz 1 p + KzellﬁlthHfTHooh + KZeHB\th(eHﬂHth _ 1)

< WP (Lt Ky frlloo + 2K2]Bll L)h.

It follows that provided h € (0, hgl, so that Frp(t+h) > Fr(t)/2 for t, t+h €
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0,,), we have

H E{Z(t + h)w(t + h, B) }Ew(t, B) — E{ Z(t)w(t, B) }Ew(t + h, B) H
Ew(t + h, B)Ew(t, 3) -

< Lp([|8]1)h, (S1.3)

where L, (||3|l1) was defined in (S1.1). We now aim to prove a similar
property for the process {Z(t,3) : t € [0,t,)} (though this process may
have jumps). Let M :=n3 and let s; := F.'(j/M) for j =0,1,..., M —1.

Let Ej = Y1 1 izefs;.s;,1)}» and let Qg := ML {E; < 1}. Then

pas) <t (1o L) o n (o)l
0= M M M = on’
Now, fix t € [0,t,) and h € (0,hg] such that t,t + h € [s;,s;41) for

some j, and let Ry := {i : Y;(t) = 1} denote the risk set at time t. If

> icr, ViTieltitirn)y = 0, i.e. there are no observed events in [t, ¢ + h), then

Z [wi(t + h, B) — wi(t, B)|
i€ERy
B’ Z;(t+h)

eB ' Zilt+h) 3 Z;i(1) _ B ZiH)

.

JER, e JER,
T T 7.

(ZjeRt P 2 (Hh)) (ZjeRt eP Zj(t))

< 9(elBlhn _ q).

1€ Ry

On the other hand, if there is one observed event (corresponding to the
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individual %) in [t,t + h), then

g |wi(t+h,ﬂ) _wi(t716>| = E ‘wi<t+h75) _wi<t713)| +wi*(tvﬁ)
i€ERy iERt\{i*}
e2lBli Kz

< 9(elBhIh _ 1) 4
<2 ) | Ry |

It follows that on the event Qq, if ¢t € [0,¢.) and h € (0, ko] are such that

t,t+h € [s;,5;41) for some j, then

1Z(t+h.B8) — Z(t. B) I

=D Zit+ hywi(t + b, B) = > Zi(t)w;(t, B) H

1€ER: 1€ER:

K 62”ﬁ”1KZ
< Lz(18l)h + =5,
||

where Lz(||8]]1) was defined in (S1.2).
Now let Q := {|R:.| > nFr(t.) — n1/2(logn)FTl/2(t*)}, so that by a

standard Binomial tail bound (e.g. Shorack and Wellner, 1986, p. 440),
]P)(Qi) < ef(loan)/Z'

Fix € > ¢,, and partition [0,¢,) into at most [t./ho| + M < M, intervals

{lrj,rjs1) 1 j=0,..., My —1} such that for each j, there exists k for which
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ri,riv1) C Sk, Sgr1), and such that |r;;y —r;| < hg. Then
3> T+ j j

P sup  max 120+ )~ 20,8l > § ) < PO+ O

he(o, ho]-j =0,1,...,Mp—

<Ly toaye
~ 2n

(S1.4)

Finally, we seek to control the difference between Z(-,3) and u(-,3) at

To,-..,Tn,- To this end, note that for any ¢ € [0, t,),

HZ(t,,B) - M(t,ﬂ)Hoo n= > Zi(wit.B) E{Z(t)w }H

n=L Y (L, B) E{(t 5
Zz wi(t,B) —E{Z(t wtﬁ}H

_1 Zj lw]

+ KZE{w(t,ﬂ)}‘ L

1
TS (0 B) E{wu,m}“ (8L5)

Let
1 -
QQZZ{EZ:/ZU (t,B) > ]E{wtﬂ}}

so that by Bernstein’s inequality,

: E*w(t, B)

. 3nFT(t)
< eXp( 286Xp(4|\ﬁlth)>' (51.6)
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Then, by Bernstein’s inequality again,

n

EZ Zi(t)wi(t, B) - E{ZWW”HO@ ] 2}

N o)

P<{n z;: &5t 8)

<p(| Z Z,(t)i(t, ) — ]E{Z(t)ﬁ)(t,ﬁ)}Hoo > w)
< 2pexp <_32Kz exp(4||T;|2|iT(<Zt))(KZ + e/12)) ' (517)

Now the mean value theorem, for z,y > 0 with x > y/2,

|z —yl <4Ix;y|.

- = —' < sup 7 =
ze=(1-t)z+ty:te0,1] Tk Yy

Hence, by another application of Bernstein’s inequality,

({wetat. oo ms - w25 0 )
< P(‘%guﬁi(t,ﬁ) —E{w(t,ﬁ)}‘ > W)

B neQFT(t) )
128KZ exp(4||6||1KZ)(KZ + 6/24) ’

< Zexp(

(S1.8)

It follows from (S1.5), (S1.6), (S1.7) and (S1.8) that for any € > 0 and
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t €[0,t.),

]P)(”Z(tw6> - [J,(t,,B)HOO > 6)

B ne?Fr(t) )
128Kz exp(4(|B]1 K 7) (K7 + €/12)

_ 37”LFT(t)
*eXp( 28exp<4||ﬁ||1Kz>)' (51.9)

< <2p+2>exp(

From (S1.3), (S1.4) and (S1.9), together with the fact that L, (||B]1)ho <

¢/3, we conclude that for € > ¢,,

P( sup 12(0.6) - w9l > o)

te[0,t4)

<p( o w120+ 08) - 203, 8)] > §)

he (0,ho] I=01-Mo—1 3

(| max, | 120,,8) - iy Bl > 5 )

ne2Fr(t,) )
1152K 7 exp (4]|B]1 K 2) (K7 + €/36)

(og? 3nFr(t,) >

(log? n),/2 T

+e + Myexp| — ,
’ p( 28 exp(4(|8[[1 K7)

1
< — 4+ (2p+2)Myexp (—
2n

as required. O

The lemma below is used several times in controlling the residual terms

in (2.7).

Lemma S3. Assume (A1), (A2)(a), (A3)(b) and (A4)(a). For ,@
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in (2.2), let X< n~21og"*(np). Then, for every n € (0,1/3),

IVB)Z — 1|

L1y dolog'P(np) s
:Op{max(ﬂz lHoplT [p> l”op’ln 1/3=m ) L

Proof. Writing Wy :=n=" 37", [[{Zi(s) —p(s,8°)}** dN;(s) — X, we have

P®) - S
52 [0 = 26,3 - (200) - o )} )|
Wil
<[~ Z L (2i(s) = Z(5,8)) (2(:B) — (s 87) " dNi(s)|
12 (20— s 8) (206.8) - 7)) < Il

4KZZ/ 1Z(5.8) — (5. 8°) e dNi(3) + [ Wil

4KZZ/ 12(5,B) — Z(5,8°) ]l dN(s)

4KZ Z/ 1Z(s,8°) — (s, B%)||oc AN;(5) + |[Wi||oo.

(S1.10)
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Now, for any s € T,

1Z(5,8) = Z(5,8°) |1

HZ ()eﬁz” X Zi(s)Yi(s)e? Z)
( )GB Zi(s) Zz 1 l( )eﬁ Zl( ) o]
< QKZ(eKZHﬁ’ﬂo”I —1). (S1.11)

It therefore follows from Lemma 1(ii) that

D23 [1206.5) - 200l = 0, (HEL) 51z
Next, fix an arbitrary n € (0,1/3) and let ¢, := F;'(1—n~(/3-7)). Recalling
that R, = {i : Y;(t) = 1}, set Q. := {nF(t.)/2 < |R..| < 3nF(t,)/2}. Then
by Hoeffding’s inequality,

P(Q) < 2e 2, (S1.13)

Moreover, on (1,

4KZZ [ 12658 = s ) )

< 4Kz sup [|Z(s,8°) — pu(s, B°) oo + 12K 50137

s€[0,t)

= 0, (n~ /3=y, (S1.14)

where the final bound follows from Lemma S2. Finally, by (A1l)(a) and

Hoeffding’s inequality, we have that for every z > 0,

P(|Willo > o) < plp + 1)e "/ (22),
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so that
1/2
Wil = Op(ilog (”p)). (S1.15)

nl/2

We conclude from (S1.10), (S1.12), (S1.13), (S1.14) and (S1.15) that for

every n € (0,1/3),

IVB)E™ — I <= YopaIV(B) = Z|no

_ dologl/Q(np) _ (173
= 0 {2 o 050 )

as required. ]

The following result is a consequence of Cai et al. (2016, Lemma 7.1).

Lemma S4. Let © = (0y,...,0,)" = (0,;) € RP*? be symmetric and let

© = (0,...,0,)7 be an estimator of ©. On the event

{lle;l: <1©lh.j=1,...,p},

we have

.....



52. PROOFS OF PROPOSITIONS 13

S2 Proofs of Propositions

Proof of Proposition 1. Writing M; for the mean-zero martingale in the

Doob—Meyer decomposition of N; (cf. (2.3)), we have
IRy R - _ )
n'2e"B7(B°) = WZ/TCTE HZi(s)— Z(s,8°)} dN;(s)
i=1
1 — B _ .
= WZ/TCTZ 1{ZZ-(S) — Z(S,B )}dMl(s)
i=1
1 O ~ i
= WZ/TCTE Y Zi(s) — (s, B%)} dMi(s)
i=1
1 e s .
X [ SN0 - s 8}
i=1
1 < 1 —
= W;Unl_mz_;v’m’
say. Now, for each n € N, we have that U,y,...,U,, are independent

and identically distributed, with E(U,;) = 0 and Var(U,;) = ¢' 32 'e.

Moreover, for every € > 0,

1 & 5.
ne’S e Y EURT (v sentiz s tep2y)
=1

1

= 1Bl (uuanzers-ien) =0

as n — oo. It follows by the Lindeberg—Feller central limit theorem (e.g.

Gut, 2005, Theorem 7.2.1) that

1 n
W Z Um i) N(O, Vz).
i=1
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Next, we observe that Vi,...,V,, are exchangeable, with E(V,;) = 0.

Moreover, by, e.g., Andersen et al. (1993, pp. 74-75),

( mZVM) Var(V,,,)
= cTzlE(/O {Z(s,8°) — p(s, B°)} in (s, B°)Ao(s) ds>21c. (S2.1)

Now write t, == F.' (1 —nY/2) and Z, := {Z,(t) : t € T} and let S; :=
—log F, z,(T1) < —log Fr,z,(T1) = Qu, say, where Q121 ~ Exp(1).

Then

B[ 1265 — s 09 L. 870 5

SE{ sup [|Z(s,8°) — p(s, ) <sl|zl>}
SE[0,t4)
T ol
+4K§E(/ B’ Z1(s AO()dsﬂ{let*})
t*

1/2
< 912 {E{ sup [|Z(s, 8%) —u(saﬂo)H;H

S€E[0,t4)

+ AKGE{R (S0 11 | 21) }- (52.2)
First note that

E{E(Si1 {120} | 21)} < E{E(Q11 (0> 1o iy 1z, 0} | Z1)}
=E[{1 —log Fry|z, (t.) } Fry 2, (t.)]
< EFp 2, (t.) — EFpyz, () log EFpy 2, (1)
_ Ly len (52.3)

ni/2 " opl/2’
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where the second inequality follows by Jensen’s inequality. Now let C' =

C(IB°]l1) = 115212 K 5 exp(2||3°|l1 Kz) and choose €, . > 0 such that

nl/2e2
] 1 max{3,1+1/(2a)} . LTS 1
v+ exp(~"gmr) =1

where o > 0 is taken from (A2)(b). Thus, by (A3)(a), we have €,, =

o(n=Y4+9) for every ¢ > 0 and n'/%e, . — oo. Observe that

1 > 1 [
— = dFp(t) < — t*dFp(t
nl/2 /t* T( ) = ta/l) T( )7

*

so by (A2)(b), t, = O(n'/C»). Noting the definition of hy = hg(n,¢)
in Lemma S2 in the Appendix, we choose ny € N large enough that the

following conditions hold for n > ny:

1. € < 2Ky

2. nFp(t,) — n'/2(logn) Fp/%(t,) = n'/2 — n/tlogn > n'/2/2
3. € — M(Zi‘l# > €n4/2

4. 1+t /ho(n, €,.) < nt+/Co),

It follows that Mj := My(n,€,.), defined in Lemma S2, satisfies Mj <

2nmax{3,1+1/(20¢)} for n Z . Write

g(n) := i + o~ (1082 n)/2 4 4pmax{3,14+1/(20)} exp{— 3nl/? }
2n 28 exp(48°[11 Kz)
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Then, by Lemma S2, for n > ny,

o s 126 - o )L}

s€[0,t4)

16K% A
:/0 P( sup HZ B°) — u(s,ﬁo)Hoo > (5> do

s€[0,t«)

s€[0,t)

2Ky
<€, +4/ 63IP’< sup || Z(s,3°) — (S,BO)HOO > €> de

% nl/2e2
€3 exp <— > de + 16K ,g(n)

<e 1) Mg
—En,*+8<p+ ) 0/ 202

8 DMxC* [
= efl’* + (p+ 1) M / Bet/2 gt + 16K5g(n)
nl/4e, «/C

n

20*{10g (16(p + 1)npmax{3,1+1/2a)}) 4 |
SEfL*_i_ { g( (p ) ) }+16KZ ( ) 0(77,_(1_6))7
’ n

(52.4)
for every 6 > 0. From (S2.1), (S2.2), (S2.3) and (S2.4) and (A4)(c), we

deduce that

1 n
ar(m ZZ:; Vm)
<=2, E ( / 12(5,8°) — ls, 8L iin (s, 8 (5) ds) 0,

as required. O

Proof of Proposition 2. Define the event A := {||X~ 1V( B)— Il < A} =

{IV(B)="" = I||l.c < An}. Then by construction of © = (©y,...,0,)" as

an estimator of X' = ((Z7")y, ..., (Eil)p)T, on the event A, we have

19,1 < I(ZYlh, G=1,-,p,
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so in particular, ||é||op,oo < 1= Mfop.co, and
1ev(B) — 1|, < M.

Hence, using the fact that 3 and )7([‘3) are symmetric, on the event A,

~

1© — =7\ =[0I -V@BET) + (0V(B) - 1)
< O]lopc VBE™ = Iflae + = Hopi [OV(B) — Il|oe < 20 [|Z " lop1-

(52.5)

Hence, from Lemma S4, on the event A,

€"(© == B <10 = B op |8

77777

The desired conclusion therefore follows from Lemmas 1(i) and S3, together

with (A4)(c). O

Proof of Proposition 3. Note that

1IOM(B) + I
<10 = = YopooIM(B) + =loe

I opa IM(B) + Blloo + 10 = 7 lop,oo|E . (S2.6)
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For j=1,...,p, let €j (8°) denote the jth column of #(3°). Then
15;(8,) = £(8°) |
T{{Zi@) — Z(s,8,)}wi(s, B))

—{Zi(s) — Z(s,8%)} P wi(s, BO)} AN (s)
Z[ —Z(s B } w;(s B)

[e.9]

< sup
seT

< 4Kz swp||Z(s, B,) — Z(s,8%)||. +4Kzsup2|wzsﬂ)—wz< ,B%)].

seT €T 4
(82.7)
But, for any s € T,
12(s.8,) - Z(s,ﬁf’)Hm
HZ Yi(s)ePs 7o) X Zi(s)Yi(s)e? Z)
2im1 z(S)Gﬁ'Zi(S) S Yi(s)eP" 2l
or Z (5)|ePs 29 jﬂ”zxsq
im1 2 Ya(s)e 2o

< 2K 5 (eK2IB-A"Ih _ 1), (S2.8)

Similarly, for any s € T,
" Yi(s)ePs Zi) Yi(s)el Zile)

lez )|—Z
<QZ

i=1 Ze 1Y:'i( )6'3 Ze(s)

" Y(s 63;24() > = Ye(s)eP’ T2
=1
(5)]ePs i) _ eﬁ”zm,

< 2(fIB-A" _ 1), (52.9)
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It follows from (S2.7), (S2.8) and (52.9) that

IM(B) = 1(8°)]l = max_ 14 (3 ) — 0B ||oe < 16K%(€Kzllf3*ﬁ°||1 — ).

.....

(52.10)
Moreover,
1E(8%) + 2l
1 & u - on ) ®2 o
< HgZ/ Z{Zj(s) — Z(s,8°)} "w;(s, B°) dM;(s)
Z/ {Z Z(s,0°) wi(S,ﬂo))\o(s) ds—EH
(S52.11)

The first term is the entrywise maximum absolute norm of a random p x p
matrix. Fixing j,k € {1,...,p}, it is convenient to write its (j, k)th entry

as n~ 'y [-al(s) dM;(s), with
a(s) = auls Z{Zw (5,8} Z(s) — Zels, ) b, 87,

where Z;;(s) and Z;(s,[3°) are the jth components of Z;(s) and Z(s, 3°)

respectively. For t € T, we also define the right-continuous martingale

1n
W, .= — a(s)dM;(s),
Zéﬂ() (s)

n <
=1
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and claim that (W; : ¢t € T) is uniformly integrable. To see this, note that

1 K 0
sup E(W2) = — supIE/ a(s)%Y (s)e? TZ(S))\O(S) ds
teT nwer Jo
16K} _
< LY/ sup E[E{—log Fyz(T A t)|Z}]
o teT
16K _ - 16K
< —E[E{-log Fy(T)|2}] = —=,

which establishes the desired uniform integrability. Thus, by, e.g., Karatzas
and Shreve (1991, p.18) there exists a random variable W,, such that
E(|Wi,|) < oo and Wy =3 Wy, as t — t.. Now let t; := 0, let t; =
inf{t € T : Y0 T4r<sy = j} be the jth observed or censored event for
j=1,...,n, and let t,41 := ty. Then {¢;} is a sequence of increasing
stopping times. For j = 0,...,n + 1, define X; := W, , as well as the
o-algebra F; = F;, consisting of those events A for which AN{t; <t} € F,
for every t € 7. Then, writing d; := X; — X,_;, we have by the optional
sampling theorem (e.g. Karatzas and Shreve, 1991, Theorem 1.3.22) that
{dj : 7 =1,...,n+ 1} is a martingale difference sequence with respect to
the filtration {F; : j =0,1,...,n+ 1}.

We seek to control E(|d;|*|F;_1) for k € N with k > 2. Writing s; :=

ming:geRtj_l Tg for 7 =1,...,n and s,,1 := t,, note that d,,.; = 0 and for
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where the final inequality follows because for every j =1,...,

|d;| =

Y atan)

i=1 7 (tj-1:t)]

1 n
E =1 /(tjht]] a(S) dNZ(S) - =1 /(J 1t] ( )dA (S IB )
%( - )
- H;/@] B dAi(s, B°)
4K2( O)
1+ .B°) |,
Z/J 1,54] S )

n, if t; is the

time of a censored event, then s; > t;; if ¢; is the time of an observed event,

then 8]‘ = tj.

Now let i* € {1,...,n} denote the smallest index in Ry, |, so

that ¢* is F;,_,-measurable. Then

B =) /( }K(s)eﬁﬂzi(s))\o(s)ds
ti—1,85

iERtj,l

< 62||,30||1KZ (n —j+ 1)/ e'@OTZ"*(S)/\O(S) ds.

(tj—1,85]
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But, writing 2™ .= {Z;(t):i=1,...,n,t € T}, for any = > 0,

]P’(/ P 20 \o(s) ds > @ fj_l,zw)
(tj—1,85]
= P(—log Ffi*\fj_l,zw (s5) >z | Fj-1, (n))

7j—1

=P min T, > F:! e~
é@ERt . ¢ Tyx | Fj— 1Z<")( )

<n>)

Pt n (e™®)
e H exp{—/ Ty | Fj_1,2M) eﬁOTZZ(S)/\()(S) ds}
}

(€R;_\{i* ti-1

P o (€77)
<e ™ H exp{—eQHﬂ"llle/ Tix 1751200 e 2 ) (5) ds}
}

(€Ry;  \{i* tim

< exp{—(n —J+ 1)6_2“50”1sz}.

We deduce that

3y 0

< 2B Kz (n — i+ 1)Exp((n — i+ 1)6—2||5°||1Kz)7

Fi

where <y denotes the usual stochastic ordering. In particular,

B4, 1) < (£2)" Z() {(Z [ >)f}
< (?) 4k\\ﬂ"|l1KzZ (’lf)l! _ (%) ARIB K

Hence, for all k£ € N, we have

464IIB"II1Kz+1K% 2k

) (2%)!. (52.12)

E(|d; *1F;-1) < (

n
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From (S2.12), and writing v := 8e!IF° 1152+ 2 " e can apply Boucheron
et al. (2013, Theorem 2.3) and the fact that dy, ..., d,;1 have zero mean to
deduce that each d;|F;_; is a sub-gamma random variable with parameters
v?/n? and v/n. Now let G := o(dy,...,duy1). Tt follows from Section 2 of
de la Penia (1999) that for the sequence (d;), there exists a tangent sequence
(e;) satisfying

;| Fj1 £ ej|Fja £ el

and such that ey, ..., e, 1 are conditionally independent given G. Thus, for
x>0,
n+1 n
> < i —sT )
P(Zld] _m) < gge E{exp(szld]>}
j= j=

n 1/2

< inf e_sx{E exp (28 ej) }
s>0
j=1
n 1/2

s en(a o))
< i N v2s? < na?
inf exp| —sx expy ———~
~ 0<s<n/v P n—2vs) =0 d(ve +1v?) )’

7j=1
where the second inequality follows from Corollary 3.1 in de la Pena (1999),

the third inequality follows from the conditional independence of the se-
quence (e;) and the sub-gamma tail behaviour, and the last inequality holds

by taking
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Therefore, for x > 0,
1
p{ !
n —

> [ 34200~ 26808 wyle s

< 9 na?
= P eEp CA(vr+12) [

We deduce that

%Z /r D {2i(s) = 25,87} P (s %) dMi(s)

Zx}
oo

log'/?(np)

(S2.13)

For the second term in (S2.11), observe that

%Z [ 120~ 26w e ds 5|

o0

%2/ uls, 8)} (s, 8)Ao(s) ds — EH

> / 1205.6°) - o858l s

(S52.14)
For the first term in (52.14), we note that it is the maximum absolute
value of a random vector, each of whose components is a sample average of
independent and identically distributed random variables that are bounded

in absolute value by 8 K% and have expectation zero. Thus

Z/ (2105 nls. 801005, 8 uls) s - 5| = 0, (P20,

o0

(52.15)
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For the second term in (52.14), by (S2.2), (52.3), (S2.4) and Markov’s

inequality, we have that for any ¢ > 0,

%Xn: /ot+ 1Z(s5.8°) = ls, O)Hiowz‘(Saﬁo))\o(S) ds = oy(n~/270)).
B (S2.16)
We deduce from (52.11), (52.13), (S2.14), (S2.15) and (S2.16) that for every
6 >0,

1£(8°) + oo = 0p(n~1/279), (S2.17)

Combining (52.6) with (52.5) from the proof of Proposition 2, as well

as (52.10), (S2.17), Lemma 1(ii), (A4)(b) and (A4)(c), we have
[ (OM(B) + I)(B - B°)| < |IOM(B) + I|||B — Bl = 0,(n"V/?),

as required. O

S3 Further numerical results

We now include a high-dimensional simulation setting, with n = 200 and
p = 500. The covariates are multivariate Gaussian random vectors with
identity covariance matrix, the sparsity parameter d, = 3, the non-zero
coefficients are all 1, and the censoring rate is approximately 25%.

We use our method for screening and then apply the standard maximum

partial likelihood estimator (MPLE) to obtain confidence intervals for the
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variables that survive the screening. The corresponding results are collected
in Table 1. The debiased estimator and MPLE columns are the results based
on our method and an additional refining step, respectively. The results are
in the form of mean(standard deviation) over 100 repetitions. The columns
EC, Width and p-values are for empirical coverage, interval width and p-
values, respectively. The false positive (FP) and false negative (FN) are the

corresponding results after the screening.

Debiased estimators MPLE
EC Width p-values EC Width p-values FP FN
S | .436(.050) .355(.006) 0(0) .945(.033)  .378(0.004) 0(0)

3.131(.104)  0(0)
N | .977(.015)  .267(.003) .612(.026) | .977(.015)  .010(.006)  .596(.026)

Table 1: The high-dimensional setting. S and N rows are results for signal and noise

variables respectively.

There are different ways to use the outputs of our method to conduct
the first step screening. To produce Table 1, we sorted the p-values in
the increasing order, namely py < ... < p(,), and included the variables

corresponding to the m smallest p-values, with m chosen to satisfy

m m-+1
Zp(j) <0.05, and Zp(j) > 0.05.
Jj=1 j=1

We then pass on these variables to the second stage, where the MPLE is
deployed for refinement.

It can be seen from the false positive (FP) and false negative (FN)
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columns that the screening can identify the important variables effectively.
Comparing the empirical coverage (EC) columns, we see that this two-stage
method can significantly improve the empirical coverage of the confidence
intervals for the signal variables, since the original debiasing does not com-
pletely remove the bias for the signal variables. For further discussion of
the bias, we refer the readers to Section 4.1.4.

In the main text, we have assumed a boundedness condition on the co-
variates, but have generated the covariates from Gaussian distributions in
Section 4. Here we include a simulation with uniformly distributed covari-
ates, where our boundedness condition is satisfied. In this setting, we let
(n,p,d,) = (1000, 10, 1), non-zero coeflicients be 1, and covariates be gener-
ated as independent Unif(—2,2) random variables. The rest of the settings
and the methods are the same as those in Section 4.1.4. The results are
collected in Table 2, which shows the same patterns as what we have seen

for the Gaussian cases.



YI YU AND JELENA BRADIC AND RICHARD J. SAMWORTH

28

*8UI}39S UOTRINUIIS 9)BIIBA0D PIINLIISIP A[WLIONU() :F 9[R],

(g10°)TOYS" (0007)6TT" (110)096° (200°)000° (gTo7)9eg (000°)90T1" (1107)€E76° (100°)000" (100°)000" 0
(g10°)68%" (000")ozT" (zro°)ove6 (200°)z00"- (¢10')2es” (000°)90T1" (e10°)1€6° (100°)100"- (100°)000° [
(¥10°)60¢" (000)6TT" (010°)gg6° (100°)200°- (F10°)1%G" (000°)90T" (010°)8¢96" (100°)200"- (100°)100°- 0
(g10°)908" (000")6TT" (110°)8%6" (200°)100°- (¥10°)8€S" (000°)90T" (010°)€86" (100°)100°- (100°)100°- 0
(v10°)687" (000")6TT" (110°)086" (200°)000° (v10°)¥ES” (000°)90T" (110°)876° (100°)000° (100°)000° 0
(v10°)otg” (0007 )6TT" (0107096 (100°)000° (7107 )8vs" (000°)90T1" (010°)8¢96" (100°)000" (100°)000° 0
(v107)TTY (000")ozT" (010°)8¢96° (100°)200" [Sasladn (000°)90T1" (600°)€96° (100°)z00" (100°)000" 0
(¥10° )81 (000)6TT" (210°)2¥6 (200°)000° (vro)veg (000°)90T" (z10°)8€6" (100°)000° (100°) 100" 0
(v10°)16%" (000")61T" (110°)8%6" (200°)000° (¥10°)L28" (000°)90T" (110°)€¥6 (100°)000° (100°)000° 0
(000°)000° (000°)69T" (z10°)2v6" (200°)600° (000°)000" (000")z¥T1" (€10°) 126" (200°)¥00"- (200°) 270" - T
ATdIN o8N
(g10°)oPs” (000*)go0t1" (TT0)¥¥6" (100°)000° (¥10°)988" (000°)81T" (800°)696° (100°)000° (100°)000" 0
(g10°) 229" (000")¥oT1" (€107 )TEG (100°)100°- (¥10°)978" (000°)8T1T" (010°)996" (100°)100"- (100°)000° 0
(v10°)0Pe” (0o007)got1" (010°)9¢96° (100°)200"- (¥10°)09¢" (0007 )8TT" (800°)¥L6° (1007)200"- (100°)100"- 0
(v10°)€ePe (000)¥0T" (210°)1¥%6° (100°)100°- (¥10°)09¢" (000°)8TT" (800°)zL6" (100°)000° (100°)100°- 0
(v10°)9z8" (0o00*)go0tT" (110°)9%6" (100°)000° (P10 )9%g" (000°)8TT" (600°)296° (100°)000° (100°)000° 0
(v10°) 278" (000*)g0T" (010°)8S6" (100°)000° (€10°)99g" (000°)81T" (800°)zL6° (100°)000° (100°)000° 0
(v10)9ve (000*)go0T" (0T0°)986" (100°)200" (¥10°)99g" (000°)8T1T" (800°)z26° (100°)T00" (100°)000° 0
(v10°)699" (0o00°)go0t1" (z10°)686° (100°)000° (7107 )LLe (000°)8T1T1" (ot0°)€g6 (100°)000" (100°)T00" 0
(¥10°)828" (0o00°)go0t1" (z10°)686° (100)000° (e10°)8%g" (0007 )8TT" (600°)g96° (1007)000° (100)000° 0
(000°)000° (000*)8€T" (€10°)226" (200°)200°- (000°)000" (000°)8¢eT" (110°)9%6" (200°)z00"- (200°) 270"~ T
HAVIL t@\ (<)
(g10°) 128" (000°)80T" (110°)9%6" (100°)000° (g10°)g28" (000°)20T1" (110°)0%6" (100°)000° (100°)000° 0
(v107)T1S” (000*)80T" (z10°)2€6" (100°)100°- (P10 )L1G" (000°)20T1" (z10°)¥€6° (100°) 100"~ (100°)000° 0
(v10°)928" (000°)80T" (110)086" (100°)200"- (v10°)628" (000°)20T1" (010°)g¢6° (100°)200"- (100°)100°- 0
(v10°) 229" (000°)80T" (110 )976° (100°)100°- (vr0)¥eg (000°)20T1" (110°)87%6" (100°)000° (100°)100"- 0
(¥10°)0TS" (000°)80T1" (110°)976° (100)000° (vro)erg (000°)20T" (110°)9%6° (100°)000° (100)000° 0
(v10°)628" (000°)80T" (010°)gg6° (100)000° (v10')ze8” (000°)20T" (010°)g96° (100°)000° (100°)000° 0
(v10°)zES” (000°)80T" (010°)856" (100°)Z00" (¥10°)9€8" (000°)20T" (600°)296° (100°) 100" (100°)000° 0
(v10°)TPe” (000°)80T" (TT0) 196" (100°)000° (P10°)67S" (000°)20T1" (z10°)686° (100°)000" (100°) 100" 0
(v107)TTY (000°)80T" (110 )976° (100°)000° (eT0 619 (000°)20T1" (110°) 196" (100°)000° (100°)000" 0
(000°)000° (0007)g¥T1" (€10°)L26° (200°)000" (0007)000° (0007 )e¥T (e10°)TT6 (2007)200" - (200°) 470" - T
ADx1T0 ‘@ Ady ‘@
sonpea-d qIPIA om Lo —Fq sonrea-d PIm oa L9 — g Ly~ ty Lo




BIBLIOGRAPHY 29

Bibliography

Andersen, P. K., Borgan, 0, Gill, R. D. and Keiding, N. (1993). Statistical

Models Based on Counting Processes Springer—Verlag, New York.

Boucheron, S., Lugosi, G. and Massart, P. (2013). Concentration Inequali-

ties: A Nonasymptotic Theory of Independence. Oxford University Press.

Breslow, N. E. (1972). Contribution to discussion of paper by D. R. Cox.

J. Roy. Statist. Soc., Ser. B, 34, 216-217.

Cai, T. T., Liu, W. and Zhou, H. H. (2016). Estimating sparse precision
matrix: Optimal rates of convergence and adaptive estimation. Ann.

Statist., 44, 455-88.

de la Pena, V. (1999). A general class of exponential inequalities for mar-

tingales and ratios. Ann. Probab., 27, 537-564.
Gut, A. (2005) Probability: A Graduate Course. Springer, New York.

Karatzas, 1., and Shreve, S. E. (1991). Brownian Motion and Stochastic

Calculus (2nd edition). Springer-Verlag, New York.

Shorack, G. R. and Wellner, J. A. (1986) Empirical Processes with Appli-

cations to Statistics. Wiley, New York.



