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S1 Technical lemmas

We first recall the following basic facts about the operator norms of a ma-

trix.

Lemma S1. For any matrix A = (Aij) ∈ Rm×m, we have

‖A‖op,1 = max
j=1,...,m

m!

i=1

|Aij| and ‖A‖op,∞ = max
i=1,...,m

m!

j=1

|Aij|
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Proof. For any v = (v1, . . . , vm)
⊤ ∈ Rm \ {0}, we have

‖Av‖1
‖v‖1

=

"m
i=1

##"m
j=1 Aijvj

##
"m

j=1 |vj|
≤

"m
j=1 |vj|

"m
i=1 |Aij|"m

j=1 |vj|
≤ max

j=1,...,m

m!

i=1

|Aij|.

On the other hand, suppose in the first instance that A ∕= 0. Let j∗ ∈

argmaxj=1,...,m

"m
i=1 |Aij|, and let v = (v1, . . . , vm)

⊤ ∈ Rm be given by

vi = sgn(Aij∗) {i=j∗} for i = 1, . . . ,m. Then

max
j=1,...,m

m!

i=1

|Aij| =
m!

i=1

|Aij∗ | =
‖Av‖1
‖v‖1

.

This equality also holds for any v ∕= 0 when A = 0, so the result for the

case of ‖ · ‖op,1 follows. The argument for the case of ‖ · ‖op,∞ is similar and

is omitted.

The lemma below is key in deriving both the asymptotic normality

of the leading term and the asymptotic negligibility of the residual terms.

It provides conditions under which we can control the deviations of the

process {Z̄(t,β) : t ∈ [0, t∗)} from {µ(t,β) : t ∈ [0, t∗)}, where t∗ ∈ [0, t+)

is an (initially arbitrary) truncation. It will be convenient to define some
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notation. Let

Lµ(‖β‖1)

:=
e2‖β‖1KZ (L+KZ‖fT‖∞+2KZ‖β‖1L) +KZe

2‖β‖1KZ (‖fT‖∞+2‖β‖1L)
F̄T (t∗)

,

(S1.1)

LZ̄(‖β‖1) := L+ 4KZ‖β‖1L. (S1.2)

Lemma S2. Assume (A1) and (A2)(a) and let t∗ ∈ T . For β ∈ Rp, let

εn = εn(‖β‖1) := 3KZe2‖β‖1KZ

nF̄T (t∗)−n1/2(logn)F̄
1/2
T (t∗)

and fix ε > εn. Set

h0 = h0(n, ε) := min

$
1

2(‖β‖1 + 1)L
,

ε− εn
3LZ̄(‖β‖1)

,
ε

3Lµ(‖β‖1)
,
F̄T (t∗)

2‖fT‖∞

%
.

Then, writing M0 = M0(n, ε) := t∗/h0 + n3 + 1, we have

P
&

sup
t∈[0,t∗)

‖Z̄(t,β)− µ(t,β)‖∞ > ε

'
≤ 1

2n
+ e−(log2 n)/2

+ (2p+ 2)M0 exp

&
− nε2F̄T (t∗)

1152KZe4‖β‖1KZ (KZ + ε
36
)

'

+ 2M0 exp

&
− 3nF̄T (t∗)

28e4‖β‖1KZ)

'
.

Remark: Consider an asymptotic regime in which (A3)(a) holds and

F̄ (t∗) = O
(
n−(1/2−δ)

)
for some δ ∈ (0, 1/2). If

* t+
0

tαfT (t) dt < ∞ for some

α > 0 (i.e. (A2)(b) holds), then for such t∗,

n−(1/2−δ) =

+ t+

F−1
T (1−n−(1/2−δ))

fT ≤ 1,
F−1
T (1− n−(1/2−δ))

-α

+ t+

0

tαfT (t) dt;

in other words, F−1
T (1−n−(1/2−δ)) = O(n(1/2−δ)/α). It therefore follows from
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Lemma S2 that if (A1), (A2) and (A3)(a) hold, then

sup
t∈[0,t∗)

‖Z̄(t,β)− µ(t,β)‖∞
p→ 0.

Proof. As a first step, we prove that the process {µ(t,β) : t ∈ [0, t∗)}

inherits a Lipschitz property from {Z(t,β) : t ∈ [0, t∗)}. In fact, writing

w̃(t,β) := Y (t)eβ
⊤Z(t), for t, t+ h ∈ [0, t∗) with h ∈ (0, h0] (so in particular

(‖β‖1 + 1)Lh ≤ 1/2),

##E
,
w̃(t+ h,β)

-
− E

,
w̃(t,β)

-##

≤
##E

,
w̃(t+ h,β)

-
− E

,
Y (t)eβ

⊤Z(t+h)
-##

+
##E

,
Y (t)eβ

⊤Z(t+h)
-
− E

,
w̃(t,β)

-##

≤ e‖β‖1KZ‖fT‖∞h+ e‖β‖1KZ (e‖β‖1Lh − 1) ≤ e‖β‖1KZ (‖fT‖∞ + 2‖β‖1L)h.

Similarly, again for t, t+ h ∈ [0, t∗) and h ∈ (0, h0],

..E
,
Z(t+ h)w̃(t+ h,β)

-
− E

,
Z(t)w̃(t,β)

-..
∞

≤ e‖β‖1KZLh+KZe
‖β‖1KZ‖fT‖∞h+KZe

‖β‖1KZ (e‖β‖1Lh − 1)

≤ e‖β‖1KZ (L+KZ‖fT‖∞ + 2KZ‖β‖1L)h.

It follows that provided h ∈ (0, h0], so that F̄T (t+h) ≥ F̄T (t)/2 for t, t+h ∈
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[0, t∗), we have

‖µ(t+ h,β)− µ(t,β)‖∞

=

....
E
,
Z(t+ h)w̃(t+ h,β)

-
Ew̃(t,β)− E

,
Z(t)w̃(t,β)

-
Ew̃(t+ h,β)

Ew̃(t+ h,β)Ew̃(t,β)

....
∞

≤ Lµ(‖β‖1)h, (S1.3)

where Lµ(‖β‖1) was defined in (S1.1). We now aim to prove a similar

property for the process {Z̄(t,β) : t ∈ [0, t∗)} (though this process may

have jumps). Let M := n3, and let sj := F−1
T (j/M) for j = 0, 1, . . . ,M − 1.

Let Ej :=
"n

i=1 {Ti∈[sj ,sj+1)}, and let Ω0 := ∩M
j=1{Ej ≤ 1}. Then

P(Ωc
0) ≤ M

$
1−

&
1− 1

M

'n

− n

M

&
1− 1

M

'n−1%
≤ 1

2n
.

Now, fix t ∈ [0, t∗) and h ∈ (0, h0] such that t, t + h ∈ [sj, sj+1) for

some j, and let Rt := {i : Yi(t) = 1} denote the risk set at time t. If

"
i∈Rt {Ti∈[ti,ti+h)} = 0, i.e. there are no observed events in [t, t+ h), then

!

i∈Rt

|wi(t+ h,β)− wi(t,β)|

=
!

i∈Rt

####
eβ

⊤Zi(t+h)
"

j∈Rt
eβ

⊤Zj(t) − eβ
⊤Zi(t)

"
j∈Rt

eβ
⊤Zj(t+h)

("
j∈Rt

eβ
⊤Zj(t+h)

)("
j∈Rt

eβ
⊤Zj(t)

)
####

≤ 2(e‖β‖1Lh − 1).

On the other hand, if there is one observed event (corresponding to the
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individual i∗) in [t, t+ h), then

!

i∈Rt

|wi(t+ h,β)− wi(t,β)| =
!

i∈Rt\{i∗}

|wi(t+ h,β)− wi(t,β)|+ wi∗(t,β)

≤ 2(e‖β‖1Lh − 1) +
e2‖β‖1KZ

|Rt|
.

It follows that on the event Ω0, if t ∈ [0, t∗) and h ∈ (0, h0] are such that

t, t+ h ∈ [sj, sj+1) for some j, then

‖Z̄(t+ h,β)− Z̄(t,β)‖∞

=

....
!

i∈Rt

Zi(t+ h)wi(t+ h,β)−
!

i∈Rt

Zi(t)wi(t,β)

....
∞

≤ LZ̄(‖β‖1)h+
KZe

2‖β‖1KZ

|Rt|
,

where LZ̄(‖β‖1) was defined in (S1.2).

Now let Ω1 :=
,
|Rt∗ | ≥ nF̄T (t∗) − n1/2(log n)F̄

1/2
T (t∗)

-
, so that by a

standard Binomial tail bound (e.g. Shorack and Wellner, 1986, p. 440),

P(Ωc
1) ≤ e−(log2 n)/2.

Fix ε > εn, and partition [0, t∗) into at most ⌈t∗/h0⌉ + M ≤ M0 intervals

{[rj, rj+1) : j = 0, . . . ,M0− 1} such that for each j, there exists k for which
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[rj, rj+1) ⊆ [sk, sk+1), and such that |rj+1 − rj| ≤ h0. Then

P
&

sup
h∈(0,h0]

max
j=0,1,...,M0−1

‖Z̄(rj + h,β)− Z̄(rj,β)‖∞ >
ε

3

'
≤ P(Ωc

0) + P(Ωc
1)

≤ 1

2n
+ e−(log2 n)/2.

(S1.4)

Finally, we seek to control the difference between Z̄(·,β) and µ(·,β) at

r0, . . . , rM0 . To this end, note that for any t ∈ [0, t∗),

..Z̄(t,β)− µ(t,β)
..
∞ =

....
n−1

"n
i=1 Zi(t)w̃i(t,β)

n−1
"n

j=1 w̃j(t,β)
−

E
,
Z(t)w̃(t,β)

-

E
,
w̃(t,β)

-
....
∞

≤ 1

n−1
"n

j=1 w̃j(t,β)

....
1

n

n!

i=1

Zi(t)w̃i(t,β)− E
,
Z(t)w̃(t,β)

-....
∞

+KZE
,
w̃(t,β)

-####
1

n−1
"n

j=1 w̃j(t,β)
− 1

E
,
w̃(t,β)

-
####. (S1.5)

Let

Ω2 :=

$
1

n

n!

j=1

w̃j(t,β) ≥
1

2
E
,
w̃(t,β)

-%
,

so that by Bernstein’s inequality,

P(Ωc
2) ≤ exp

&
− nE2w̃(t,β)

8
,
Ew̃2(t,β) + e‖β‖1KZEw̃(t,β)/6

-
'

≤ exp

&
− 3nF̄T (t)

28 exp(4‖β‖1KZ)

'
. (S1.6)
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Then, by Bernstein’s inequality again,

P
&$

1

n−1
"n

j=1 w̃j(t,β)

....
1

n

n!

i=1

Zi(t)w̃i(t,β)− E
,
Z(t)w̃(t,β)

-....
∞

>
ε

2

%

/
Ω2

'

≤ P
&....

1

n

n!

i=1

Zi(t)w̃i(t,β)− E
,
Z(t)w̃(t,β)

-....
∞

>
εE

,
w̃(t,β)

-

4

'

≤ 2p exp

&
− nε2F̄T (t)

32KZ exp
(
4‖β‖1KZ

)
(KZ + ε/12)

'
. (S1.7)

Now the mean value theorem, for x, y > 0 with x ≥ y/2,

####
1

x
− 1

y

#### ≤ sup
x∗=(1−t)x+ty:t∈[0,1]

|x− y|
x2
∗

≤ 4|x− y|
y2

.

Hence, by another application of Bernstein’s inequality,

P
&$

KZE
,
w̃(t,β)

-####
1

n−1
"n

i=1 w̃i(t,β)
− 1

E
,
w̃(t,β)

-
#### >

ε

2

% /
Ω2

'

≤ P
&####

1

n

n!

i=1

w̃i(t,β)− E
,
w̃(t,β)

-#### >
εE

,
w̃(t,β)

-

8KZ

'

≤ 2 exp

&
− nε2F̄T (t)

128KZ exp(4‖β‖1KZ)(KZ + ε/24)

'
.

(S1.8)

It follows from (S1.5), (S1.6), (S1.7) and (S1.8) that for any ε > 0 and



S1. TECHNICAL LEMMAS 9

t ∈ [0, t∗),

P
(..Z̄(t,β)− µ(t,β)

..
∞ > ε

)

≤ (2p+ 2) exp

&
− nε2F̄T (t)

128KZ exp
(
4‖β‖1KZ

)
(KZ + ε/12)

'

+ exp

&
− 3nF̄T (t)

28 exp(4‖β‖1KZ)

'
. (S1.9)

From (S1.3), (S1.4) and (S1.9), together with the fact that Lµ(‖β‖1)h0 ≤

ε/3, we conclude that for ε > εn,

P
&

sup
t∈[0,t∗)

‖Z̄(t,β)− µ(t,β)‖∞ > ε

'

≤ P
&

sup
h∈(0,h0]

max
j=0,1,...,M0−1

‖Z̄(rj + h,β)− Z̄(rj,β)‖∞ >
ε

3

'

+ P
&

max
j=0,1,...,M0−1

‖Z̄(rj,β)− µ(rj,β)‖∞ >
ε

3

'

≤ 1

2n
+ (2p+ 2)M0 exp

&
− nε2F̄T (t∗)

1152KZ exp
(
4‖β‖1KZ

)
(KZ + ε/36)

'

+ e−(log2 n)/2 +M0 exp

&
− 3nF̄T (t∗)

28 exp(4‖β‖1KZ)

'
,

as required.

The lemma below is used several times in controlling the residual terms

in (2.7).

Lemma S3. Assume (A1), (A2)(a), (A3)(b) and (A4)(a). For 0β
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in (2.2), let λ ≍ n−1/2 log1/2(np). Then, for every η ∈ (0, 1/3),

‖0V(0β)Σ−1 − I‖∞

= Op

$
max

&
‖Σ−1‖op,1

do log
1/2(np)

n1/2
, ‖Σ−1‖op,1n−(1/3−η)

'%
.

Proof. Writing W1 := n−1
"n

i=1

*
T {Zi(s)−µ(s,βo)}⊗2 dNi(s)−Σ, we have

‖0V(0β)−Σ‖∞

≤
....
1

n

n!

i=1

+

T

,
(Zi(s)− Z̄(s, 0β))⊗2 − (Zi(s)− µ(s,βo))⊗2

-
dNi(s)

....
∞

+ ‖W1‖∞

≤
....
1

n

n!

i=1

+

T

(
Zi(s)− Z̄(s, 0β)

)(
Z̄(s, 0β)− µ(s,βo)

)⊤
dNi(s)

....
∞

+

....
1

n

n!

i=1

+

T

(
Zi(s)− µ(s,βo)

)(
Z̄(s, 0β)− µ(s,βo)

)⊤
dNi(s)

....
∞
+ ‖W1‖∞

≤ 4KZ

n

n!

i=1

+

T
‖Z̄(s, 0β)− µ(s,βo)‖∞ dNi(s) + ‖W1‖∞

≤ 4KZ

n

n!

i=1

+

T
‖Z̄(s, 0β)− Z̄(s,βo)‖∞ dNi(s)

+
4KZ

n

n!

i=1

+

T
‖Z̄(s,βo)− µ(s,βo)‖∞ dNi(s) + ‖W1‖∞.

(S1.10)



S1. TECHNICAL LEMMAS 11

Now, for any s ∈ T ,

‖Z̄(s, 0β)− Z̄(s,βo)‖∞

=

....

"n
i=1 Zi(s)Yi(s)e

!β⊤
Zi(s)

"n
i=1 Yi(s)e

!β⊤
Zi(s)

−
"n

i=1 Zi(s)Yi(s)e
βo⊤Zi(s)

"n
i=1 Yi(s)eβ

o⊤Zi(s)

....
∞

≤ 2KZ(e
KZ‖!β−βo‖1 − 1). (S1.11)

It therefore follows from Lemma 1(ii) that

4KZ

n

n!

i=1

+

T
‖Z̄(s, 0β)− Z̄(s,βo)‖∞ dNi(s) = Op

&
do log

1/2(np)

n1/2

'
. (S1.12)

Next, fix an arbitrary η ∈ (0, 1/3) and let t∗ := F−1
T (1−n−(1/3−η)). Recalling

that Rt = {i : Yi(t) = 1}, set Ω∗ :=
,
nF̄ (t∗)/2 ≤ |Rt∗ | ≤ 3nF̄ (t∗)/2

-
. Then

by Hoeffding’s inequality,

P(Ωc
∗) ≤ 2e−n1/3+2η/2. (S1.13)

Moreover, on Ω∗,

4KZ

n

n!

i=1

+

T
‖Z̄(s,βo)− µ(s,βo)‖∞ dNi(s)

≤ 4KZ sup
s∈[0,t∗)

‖Z̄(s,βo)− µ(s,βo)‖∞ + 12K2
Zn

−(1/3−η)

= Op(n
−(1/3−η)), (S1.14)

where the final bound follows from Lemma S2. Finally, by (A1)(a) and

Hoeffding’s inequality, we have that for every x > 0,

P
(
‖W1‖∞ > x

)
≤ p(p+ 1)e−nx2/(32K4

Z),
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so that

‖W1‖∞ = Op

&
log1/2(np)

n1/2

'
. (S1.15)

We conclude from (S1.10), (S1.12), (S1.13), (S1.14) and (S1.15) that for

every η ∈ (0, 1/3),

‖0V(0β)Σ−1 − I‖∞ ≤ ‖Σ−1‖op,1‖0V(0β)−Σ‖∞

= Op

$
max

&
‖Σ−1‖op,1

do log
1/2(np)

n1/2
, ‖Σ−1‖op,1n−(1/3−η)

'%
,

as required.

The following result is a consequence of Cai et al. (2016, Lemma 7.1).

Lemma S4. Let Θ = (Θ1, . . . ,Θp)
⊤ = (Θij) ∈ Rp×p be symmetric and let

Θ̌ = (Θ̌1, . . . , Θ̌p)
⊤ be an estimator of Θ. On the event

,
‖Θ̌j‖1 ≤ ‖Θj‖1, j = 1, . . . , p

-
,

we have

‖Θ̌−Θ‖op,∞ ≤ 12‖Θ̌−Θ‖∞ max
j=1,...,p

p!

i=1

{Θij ∕=0}.
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S2 Proofs of Propositions

Proof of Proposition 1. Writing Mi for the mean-zero martingale in the

Doob–Meyer decomposition of Ni (cf. (2.3)), we have

n1/2c⊤Σ−1ℓ̇(βo) =
1

n1/2

n!

i=1

+

T
c⊤Σ−1

,
Zi(s)− Z̄(s,βo)

-
dNi(s)

=
1

n1/2

n!

i=1

+

T
c⊤Σ−1

,
Zi(s)− Z̄(s,βo)

-
dMi(s)

=
1

n1/2

n!

i=1

+

T
c⊤Σ−1

,
Zi(s)− µ(s,βo)

-
dMi(s)

− 1

n1/2

n!

i=1

+

T
c⊤Σ−1

,
Z̄(s,βo)− µ(s,βo)

-
dMi(s)

=:
1

n1/2

n!

i=1

Uni −
1

n1/2

n!

i=1

Vni,

say. Now, for each n ∈ N, we have that Un1, . . . , Unn are independent

and identically distributed, with E(Un1) = 0 and Var(Un1) = c⊤Σ−1c.

Moreover, for every ε > 0,

1

nc⊤Σ−1c

n!

i=1

E
(
U2
ni {|Uni|>εn1/2(c⊤Σ−1c)1/2}

)

=
1

c⊤Σ−1c
E
(
U2
n1 {|Un1|>εn1/2(c⊤Σ−1c)1/2}

)
→ 0

as n → ∞. It follows by the Lindeberg–Feller central limit theorem (e.g.

Gut, 2005, Theorem 7.2.1) that

1

n1/2

n!

i=1

Uni
d→ N (0, ν2).
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Next, we observe that Vn1, . . . , Vnn are exchangeable, with E(Vn1) = 0.

Moreover, by, e.g., Andersen et al. (1993, pp. 74–75),

Var

&
1

n1/2

n!

i=1

Vni

'
= Var(Vn1)

= c⊤Σ−1E
&+ t+

0

,
Z̄(s,βo)− µ(s,βo)

-⊗2
w̃1(s,β

o)λ0(s) ds

'
Σ−1c. (S2.1)

Now write t∗ := F−1
T (1 − n−1/2) and Z1 := {Z1(t) : t ∈ T } and let S1 :=

− log F̄T̃1|Z1
(T1) ≤ − log F̄T1|Z1(T1) =: Q1, say, where Q1|Z1 ∼ Exp(1).

Then

E
&+ t+

0

..Z̄(s,βo)− µ(s,βo)
..2

∞w̃1(s,β
o)λ0(s) ds

'

≤ E
$

sup
s∈[0,t∗)

..Z̄(s,βo)− µ(s,βo)
..2

∞E(S1|Z1)

%

+ 4K2
ZE

&+ T1

t∗

eβ
o⊤Z1(s)λ0(s) ds {T1≥t∗}

'

≤ 21/2
1
E
$

sup
s∈[0,t∗)

..Z̄(s,βo)− µ(s,βo)
..4

∞

%21/2

+ 4K2
ZE

,
E
(
S1 {T1≥t∗}

## Z1

)-
. (S2.2)

First note that

E
,
E
(
S1 {T1≥t∗}

## Z1

)-
≤ E

,
E
(
Q1 {Q1≥− log F̄T1|Z1

(t∗)}
## Z1

)-

= E
3,

1− log F̄T1|Z1(t∗)
-
F̄T1|Z1(t∗)

4

≤ EF̄T1|Z1(t∗)− EF̄T1|Z1(t∗) logEF̄T1|Z1(t∗)

=
1

n1/2
+

log n

2n1/2
, (S2.3)
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where the second inequality follows by Jensen’s inequality. Now let C =

C(‖βo‖1) := 11521/2KZ exp(2‖βo‖1KZ) and choose εn,∗ > 0 such that

8(p+ 1)nmax{3,1+1/(2α)} exp

&
−
n1/2ε2n,∗
2C2

'
= 1,

where α > 0 is taken from (A2)(b). Thus, by (A3)(a), we have εn,∗ =

o(n−1/4+δ) for every δ > 0 and n1/4εn,∗ → ∞. Observe that

1

n1/2
=

+ ∞

t∗

dFT (t) ≤
1

tα∗

+ ∞

0

tα dFT (t),

so by (A2)(b), t∗ = O(n1/(2α)). Noting the definition of h0 = h0(n, ε)

in Lemma S2 in the Appendix, we choose n0 ∈ N large enough that the

following conditions hold for n ≥ n0:

1. εn,∗ ≤ 2KZ

2. nF̄T (t∗)− n1/2(log n)F̄
1/2
T (t∗) = n1/2 − n1/4 log n ≥ n1/2/2

3. εn,∗ − 6KZe‖β
o‖1KZ

n1/2 ≥ εn,∗/2

4. 1 + t∗/h0(n, εn,∗) ≤ n1+1/(2α).

It follows that M∗
0 := M0(n, εn,∗), defined in Lemma S2, satisfies M∗

0 ≤

2nmax{3,1+1/(2α)} for n ≥ n0. Write

g(n) :=
1

2n
+ e−(log2 n)/2 + 4nmax{3,1+1/(2α)} exp

$
− 3n1/2

28 exp(4‖βo‖1KZ)

%
.
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Then, by Lemma S2, for n ≥ n0,

E
$

sup
s∈[0,t∗)

..Z̄(s,βo)− µ(s,βo)
..4

∞

%

=

+ 16K4
Z

0

P
&

sup
s∈[0,t∗)

..Z̄(s,βo)− µ(s,βo)
..4

∞ > δ

'
dδ

≤ ε4n,∗ + 4

+ 2KZ

εn,∗

ε3P
&

sup
s∈[0,t∗)

..Z̄(s,βo)− µ(s,βo)
..
∞ > ε

'
dε

≤ ε4n,∗ + 8(p+ 1)M∗
0

+ ∞

εn,∗

ε3 exp

&
−n1/2ε2

2C2

'
dε+ 16K4

Zg(n)

= ε4n,∗ +
8(p+ 1)M∗

0C
4

n

+ ∞

n1/4εn,∗/C

t3e−t2/2 dt+ 16K4
Zg(n)

≤ ε4n,∗ +
2C4

,
log

(
16(p+ 1)nmax{3,1+1/(2α)})+1

-

n
+ 16K4

Zg(n) = o(n−(1−δ)),

(S2.4)

for every δ > 0. From (S2.1), (S2.2), (S2.3) and (S2.4) and (A4)(c), we

deduce that

Var

&
1

n1/2

n!

i=1

Vni

'

≤‖Σ−1‖2op,1E
&+ t+

0

..Z̄(s,βo)− µ(s,βo)
..2

∞w̃1(s,β
o)λ0(s) ds

'
→ 0,

as required.

Proof of Proposition 2. Define the event A := {‖Σ−10V(0β)− I‖∞ ≤ λn} =

{‖0V(0β)Σ−1 − I‖∞ ≤ λn}. Then by construction of 0Θ = (0Θ1, . . . , 0Θp)
⊤ as

an estimator of Σ−1 =
(
(Σ−1)1, . . . , (Σ

−1)p
)⊤

, on the event A, we have

‖0Θj‖1 ≤ ‖(Σ−1)j‖1, j = 1, . . . , p,
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so in particular, ‖0Θ‖op,∞ ≤ ‖Σ−1‖op,∞, and

..0Θ0V(0β)− I
..
∞ ≤ λn.

Hence, using the fact that Σ and 0V(0β) are symmetric, on the event A,

‖0Θ−Σ−1‖∞ =
..0Θ

(
I − 0V(0β)Σ−1

)
+
( 0Θ0V(0β)− I

)
Σ−1

..
∞

≤ ‖0Θ‖op,∞‖0V(0β)Σ−1 − I‖∞ + ‖Σ−1‖op,1‖0Θ0V(0β)− I‖∞ ≤ 2λn‖Σ−1‖op,1.

(S2.5)

Hence, from Lemma S4, on the event A,

|c⊤(0Θ−Σ−1)ℓ̇(βo)| ≤ ‖0Θ−Σ−1‖op,∞‖ℓ̇(βo)‖∞

≤ 24λn‖Σ−1‖op,1‖ℓ̇(βo)‖∞ max
j=1,...,p

rj

The desired conclusion therefore follows from Lemmas 1(i) and S3, together

with (A4)(c).

Proof of Proposition 3. Note that

‖0ΘM (5β) + I‖∞

≤ ‖0Θ−Σ−1‖op,∞‖M (5β) +Σ‖∞

+ ‖Σ−1‖op,1‖M (5β) +Σ‖∞ + ‖0Θ−Σ−1‖op,∞‖Σ‖∞. (S2.6)
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For j = 1, . . . , p, let ℓ̈j(β
o) denote the jth column of ℓ̈(βo). Then

‖ℓ̈j(5βj)− ℓ̈j(β
o)‖∞

≤
....

n!

i=1

+

T

1,
Zi(s)− Z̄(s, 5βj)

-⊗2
wi(s, 5βj)

−
,
Zi(s)− Z̄(s,βo)

-⊗2
wi(s,β

o)

2
dN̄(s)

....
∞

≤ sup
s∈T

....
n!

i=1

1,
Zi(s)− Z̄(s, 5βj)

-⊗2
wi(s, 5βj)

−
,
Zi(s)− Z̄(s,βo)

-⊗2
wi(s,β

o)

2....
∞

≤ 4KZ sup
s∈T

..Z̄(s, 5βj)− Z̄(s,βo)
..
∞ + 4K2

Z sup
s∈T

n!

i=1

|wi(s, 5βj)− wi(s,β
o)|.

(S2.7)

But, for any s ∈ T ,

..Z̄(s, 5βj)− Z̄(s,βo)
..
∞

=

....

"n
i=1 Zi(s)Yi(s)e

"β⊤
j Zi(s)

"n
i=1 Yi(s)e

"β⊤
j Zi(s)

−
"n

i=1 Zi(s)Yi(s)e
βo⊤Zi(s)

"n
i=1 Yi(s)eβ

o⊤Zi(s)

....
∞

≤ 2KZ

n!

i=1

Yi(s)|e
"β⊤
j Zi(s) − eβ

o⊤Zi(s)|
"n

ℓ=1 Yℓ(s)e
"β⊤
j Zℓ(s)

≤ 2KZ(e
KZ‖!β−βo‖1 − 1). (S2.8)

Similarly, for any s ∈ T ,

n!

i=1

|wi(s, 5βj)−wi(s,β
o)| =

n!

i=1

####
Yi(s)e

"β⊤
j Zi(s)

"n
ℓ=1 Yℓ(s)e

"β⊤
j Zℓ(s)

− Yi(s)e
βo⊤Zi(s)

"n
ℓ=1 Yℓ(s)eβ

o⊤Zℓ(s)

####

≤ 2
n!

i=1

Yi(s)|e
"β⊤
j Zi(s) − eβ

o⊤Zi(s)|
"n

ℓ=1 Yℓ(s)e
"β⊤
j Zℓ(s)

≤ 2
(
eKZ‖!β−βo‖1 − 1

)
. (S2.9)
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It follows from (S2.7), (S2.8) and (S2.9) that

‖M (5β)− ℓ̈(βo)‖∞ = max
j=1,...,p

‖ℓ̈j(5βj)− ℓ̈j(β
o)‖∞ ≤ 16K2

Z(e
KZ‖!β−βo‖1 − 1).

(S2.10)

Moreover,

‖ℓ̈(βo) +Σ‖∞

≤
....
1

n

n!

i=1

+

T

n!

j=1

,
Zj(s)− Z̄(s,βo)

-⊗2
wj(s,β

o) dMi(s)

....
∞

+

....
1

n

n!

i=1

+ t+

0

,
Zi(s)− Z̄(s,βo)

-⊗2
w̃i(s,β

o)λ0(s) ds−Σ

....
∞
.

(S2.11)

The first term is the entrywise maximum absolute norm of a random p× p

matrix. Fixing j, k ∈ {1, . . . , p}, it is convenient to write its (j, k)th entry

as n−1
"n

i=1

*
T a(s) dMi(s), with

a(s) = aj,k(s) :=
n!

i=1

,
Zij(s)− Z̄j(s,β

o)
-,

Zik(s)− Z̄k(s,β
o)
-
wi(s,β

o),

where Zij(s) and Z̄j(s,β
o) are the jth components of Zi(s) and Z̄(s,βo)

respectively. For t ∈ T , we also define the right-continuous martingale

Wt :=
1

n

n!

i=1

+

[0,t]

a(s) dMi(s),
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and claim that (Wt : t ∈ T ) is uniformly integrable. To see this, note that

sup
t∈T

E(W 2
t ) =

1

n
sup
t∈T

E
+ t

0

a(s)2Y (s)eβ
o⊤Z(s)λ0(s) ds

≤ 16K4
Z

n
sup
t∈T

E
3
E{− log F̄T̃ |Z(T ∧ t)|Z}

4

≤ 16K4
Z

n
E
3
E
,
− log F̄T̃ |Z(T̃ )|Z

-4
=

16K4
Z

n
,

which establishes the desired uniform integrability. Thus, by, e.g., Karatzas

and Shreve (1991, p.18) there exists a random variable Wt+ such that

E(|Wt+ |) < ∞ and Wt
a.s.→ Wt+ as t → t+. Now let t0 := 0, let tj :=

inf
,
t ∈ T :

"n
i=1 {Ti≤t} = j

-
be the jth observed or censored event for

j = 1, . . . , n, and let tn+1 := t+. Then {tj} is a sequence of increasing

stopping times. For j = 0, . . . , n + 1, define Xj := Wtj , as well as the

σ-algebra Fj = Ftj consisting of those events A for which A∩{tj ≤ t} ∈ Ft

for every t ∈ T . Then, writing dj := Xj − Xj−1, we have by the optional

sampling theorem (e.g. Karatzas and Shreve, 1991, Theorem 1.3.22) that

{dj : j = 1, . . . , n + 1} is a martingale difference sequence with respect to

the filtration {Fj : j = 0, 1, . . . , n+ 1}.

We seek to control E(|dj|k|Fj−1) for k ∈ N with k ≥ 2. Writing sj :=

minℓ:ℓ∈Rtj−1
T̃ℓ for j = 1, . . . , n and sn+1 := t+, note that dn+1 = 0 and for
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j = 1, . . . , n,

|dj| =
1

n

####
n!

i=1

+

(tj−1,tj ]

a(s) dMi(s)

####

=
1

n

####
n!

i=1

+

(tj−1,tj ]

a(s) dNi(s)−
n!

i=1

+

(tj−1,tj ]

a(s) dΛi(s,β
o)

####

≤ 4K2
Z

n

&
1 +

n!

i=1

+

(tj−1,tj ]

dΛi(s,β
o)

'

≤ 4K2
Z

n

&
1 +

n!

i=1

+

(tj−1,sj ]

dΛi(s,β
o)

'
,

where the final inequality follows because for every j = 1, . . . , n, if tj is the

time of a censored event, then sj > tj; if tj is the time of an observed event,

then sj = tj. Now let i∗ ∈ {1, . . . , n} denote the smallest index in Rtj−1
, so

that i∗ is Ftj−1
-measurable. Then

n!

i=1

+

(tj−1,sj ]

dΛi(s,β
o) =

!

i∈Rtj−1

+

(tj−1,sj ]

Yi(s)e
βo⊤Zi(s)λ0(s) ds

≤ e2‖β
o‖1KZ (n− j + 1)

+

(tj−1,sj ]

eβ
o⊤Zi∗ (s)λ0(s) ds.
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But, writing Z(n) := {Zi(t) : i = 1, . . . , n, t ∈ T }, for any x > 0,

P
&+

(tj−1,sj ]

eβ
o⊤Zi∗ (s)λ0(s) ds > x

#### Fj−1,Z(n)

'

= P
&
− log F̄T̃i∗ |Fj−1,Z(n)(sj) > x

#### Fj−1,Z(n)

'

= P
&

min
ℓ:ℓ∈Rtj−1

T̃ℓ > F̄−1

T̃i∗ |Fj−1,Z(n)(e
−x)

#### Fj−1,Z(n)

'

= e−x
6

ℓ∈Rtj−1\{i∗}

exp

$
−
+ F̄−1

T̃i∗ |Fj−1,Z(n)
(e−x)

tj−1

eβ
o⊤Zℓ(s)λ0(s) ds

%

≤ e−x
6

ℓ∈Rtj−1\{i∗}

exp

$
−e−2‖βo‖1KZ

+ F̄−1

T̃i∗ |Fj−1,Z(n)
(e−x)

tj−1

eβ
o⊤Zi∗ (s)λ0(s) ds

%

≤ exp
7
−(n− j + 1)e−2‖βo‖1KZx

8
.

We deduce that

n!

i=1

+

(tj−1,sj ]

dΛi(s,β
o)

#### Fj−1

≤st e
2‖βo‖1KZ (n− j + 1)Exp

(
(n− j + 1)e−2‖βo‖1KZ

)
,

where ≤st denotes the usual stochastic ordering. In particular,

E(|dj|k|Fj−1) ≤
94K2

Z

n

:k
k!

l=0

&
k

l

'
E
$& n!

i=1

+

(tj−1,sj ]

dΛi(s,β
o)

'l####Fj−1

%

≤
94K2

Z

n

:k

e4k‖β
o‖1KZ

k!

l=0

&
k

l

'
l! =

94K2
Z

n

:k

e4k‖β
o‖1KZk!e.

Hence, for all k ∈ N, we have

E(|dj|2k|Fj−1) ≤
94e4‖βo‖1KZ+1K2

Z

n

:2k

(2k)!. (S2.12)
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From (S2.12), and writing ν := 8e4‖β
o‖1KZ+1K2

Z , we can apply Boucheron

et al. (2013, Theorem 2.3) and the fact that d1, . . . , dn+1 have zero mean to

deduce that each dj|Fj−1 is a sub-gamma random variable with parameters

ν2/n2 and ν/n. Now let G := σ(d1, . . . , dn+1). It follows from Section 2 of

de la Peña (1999) that for the sequence (dj), there exists a tangent sequence

(ej) satisfying

dj|Fj−1
d
= ej|Fj−1

d
= ej|G

and such that e1, . . . , en+1 are conditionally independent given G. Thus, for

x > 0,

P
&n+1!

j=1

dj ≥ x

'
≤ inf

s>0
e−sxE

$
exp

&
s

n!

j=1

dj

'%

≤ inf
s>0

e−sx

$
E exp

&
2s

n!

j=1

ej

'%1/2

= inf
s>0

e−sx

1
E
$
E exp

&
2s

n!

j=1

ej

#### G
'%21/2

≤ inf
0<s<n/ν

exp

&
−sx+

ν2s2

n− 2νs

'
≤ exp

$
− nx2

4(νx+ ν2)

%
,

where the second inequality follows from Corollary 3.1 in de la Peña (1999),

the third inequality follows from the conditional independence of the se-

quence (ej) and the sub-gamma tail behaviour, and the last inequality holds

by taking

s =
nx

2(νx+ ν2)
<

n

ν
.
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Therefore, for x > 0,

P
$....

1

n

n!

i=1

+

T

n!

j=1

,
Zj(s)− Z̄(s,βo)

-⊗2
wj(s,β

o) dMi(s)

....
∞

≥ x

%

≤ 2p2 exp

$
− nx2

4(νx+ ν2)

%
.

We deduce that

....
1

n

n!

i=1

+

T

n!

j=1

,
Zj(s)− Z̄(s,βo)

-⊗2
wj(s,β

o) dMi(s)

....
∞

= Op

&
log1/2(np)

n1/2

'
.

(S2.13)

For the second term in (S2.11), observe that

....
1

n

n!

i=1

+ t+

0

,
Zi(s)− Z̄(s,βo)

-⊗2
w̃i(s,β

o)λ0(s) ds−Σ

....
∞

≤
....
1

n

n!

i=1

+ t+

0

,
Zi(s)− µ(s,βo)

-⊗2
w̃i(s,β

o)λ0(s) ds−Σ

....
∞

+
1

n

n!

i=1

+ t+

0

..Z̄(s,βo)− µ(s,βo)
..2

∞w̃i(s,β
o)λ0(s) ds.

(S2.14)

For the first term in (S2.14), we note that it is the maximum absolute

value of a random vector, each of whose components is a sample average of

independent and identically distributed random variables that are bounded

in absolute value by 8K2
Z and have expectation zero. Thus

....
1

n

n!

i=1

+ t+

0

,
Zi(s)−µ(s,βo)

-⊗2
w̃i(s,β

o)λ0(s) ds−Σ

....
∞
= Op

&
log1/2(np)

n1/2

'
.

(S2.15)
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For the second term in (S2.14), by (S2.2), (S2.3), (S2.4) and Markov’s

inequality, we have that for any δ > 0,

1

n

n!

i=1

+ t+

0

..Z̄(s,βo)− µ(s,βo)
..2

∞w̃i(s,β
o)λ0(s) ds = op(n

−(1/2−δ)).

(S2.16)

We deduce from (S2.11), (S2.13), (S2.14), (S2.15) and (S2.16) that for every

δ > 0,

‖ℓ̈(βo) +Σ‖∞ = op(n
−(1/2−δ)). (S2.17)

Combining (S2.6) with (S2.5) from the proof of Proposition 2, as well

as (S2.10), (S2.17), Lemma 1(ii), (A4)(b) and (A4)(c), we have

##c⊤
( 0ΘM (5β) + I

)
(0β − βo)

## ≤ ‖0ΘM (5β) + I‖∞‖0β − βo‖1 = op(n
−1/2),

as required.

S3 Further numerical results

We now include a high-dimensional simulation setting, with n = 200 and

p = 500. The covariates are multivariate Gaussian random vectors with

identity covariance matrix, the sparsity parameter do = 3, the non-zero

coefficients are all 1, and the censoring rate is approximately 25%.

We use our method for screening and then apply the standard maximum

partial likelihood estimator (MPLE) to obtain confidence intervals for the
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variables that survive the screening. The corresponding results are collected

in Table 1. The debiased estimator and MPLE columns are the results based

on our method and an additional refining step, respectively. The results are

in the form of mean(standard deviation) over 100 repetitions. The columns

EC, Width and p-values are for empirical coverage, interval width and p-

values, respectively. The false positive (FP) and false negative (FN) are the

corresponding results after the screening.

Debiased estimators MPLE

EC Width p-values EC Width p-values FP FN

S .436(.050) .355(.006) 0(0) .945(.033) .378(0.004) 0(0)
3.131(.104) 0(0)

N .977(.015) .267(.003) .612(.026) .977(.015) .010(.006) .596(.026)

Table 1: The high-dimensional setting. S and N rows are results for signal and noise

variables respectively.

There are different ways to use the outputs of our method to conduct

the first step screening. To produce Table 1, we sorted the p-values in

the increasing order, namely p(1) ≤ . . . ≤ p(p), and included the variables

corresponding to the m smallest p-values, with m chosen to satisfy

m!

j=1

p(j) ≤ 0.05, and
m+1!

j=1

p(j) > 0.05.

We then pass on these variables to the second stage, where the MPLE is

deployed for refinement.

It can be seen from the false positive (FP) and false negative (FN)
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columns that the screening can identify the important variables effectively.

Comparing the empirical coverage (EC) columns, we see that this two-stage

method can significantly improve the empirical coverage of the confidence

intervals for the signal variables, since the original debiasing does not com-

pletely remove the bias for the signal variables. For further discussion of

the bias, we refer the readers to Section 4.1.4.

In the main text, we have assumed a boundedness condition on the co-

variates, but have generated the covariates from Gaussian distributions in

Section 4. Here we include a simulation with uniformly distributed covari-

ates, where our boundedness condition is satisfied. In this setting, we let

(n, p, dp) = (1000, 10, 1), non-zero coefficients be 1, and covariates be gener-

ated as independent Unif(−2, 2) random variables. The rest of the settings

and the methods are the same as those in Section 4.1.4. The results are

collected in Table 2, which shows the same patterns as what we have seen

for the Gaussian cases.
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