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S1. Simulations
S2. Proof of the Inconsistency Issue in Example 1
In Example 1, x and Y are jointly normal. The normality yields that

m(y) = cov{x, I(Y <y)} =
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We sort the response in an ascending order to obtain Y(;) < Yoy < -+ <

Y(n). Denote by x(; the corresponding quantity associated with Y{;. For
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Table 1: The averages (standard deviations) of trace correlation(x 100) for

Scenario 1 where SIR;, denotes SIR with £ slices and ¥ =1I,,,.

P CUME SIR, SIR; SIRyo SR NEW

10 99.2(0.4) 96.9(14) 99.1(0.4)  99.4(0.3)  99.6(0.2)  97.5(2.2)
|:| 50 O45(15) S1.8(40) 940(15) 96.2(1.0)  96.9(0.8)  97.5(3.5)

100 84.2(3.7) 60.0(6.1) 83.8(3.3) 89.3(2.4)  90.8(2.0)  97.6(3.1)

(1.2)
200 - - - - - 97.6(3.1)
300 - - - - - 97.2(3.6)
10 97.1(15) 94.8(2.6) 96.8(1.7) 96.9(1.6)  96.7(1.8)  97.3(3.8)
50 83.0(49) 728(64) 81.7(52) 8L7(54)  79.8(6.3)  98.3(5.5)
100 61.6(7.9) A47.5(8.0) 588(8.3) 57.7(8.9) 51.6(11.2)  99.0(4.4)
) 150 33.5(8.6) 23.3(7.1) 30.4(89) 258(10.2) 13.9(9.9)  99.2(3.8)
200 - - - - - 99.3(3.7)
300 - - - - - 99.4(3.6)

10 988(0.6) 954(22) 989(0.5)  99.3(0.4)  99.4(0.3)  97.6(2.3)
50 91.6(24) T46(5.2) 92.9(1.8)  954(L.1)  96.2(1.0)  98.0(3.1)
5(5.1)  49.6(6.7) 80.8(3.7) 86.9(2.8)  88.5(25)  98.2(2.8)
200 - - - - - 98.1(3.0)

300 - - - - - 98.1(3.1)

10 889(5.5) 943(3.4) 843(85) 86.9(8.0)  86.5(8.7)  94.9(7.1)

50  59.0(6.0) 752(5.2) 53.6(6.7) 55.2(7.8)  52.4(7.8)  94.6(8.9)

100 39.6(4.5) 60.3(7.5) 35.9(4.5) 36.0(4.7)  332(47)  94.4(8.6)
(15)

200 - - - - - 93.8(9.4)

300 - - - - - 94.1(9.2)

10 89.4(55) 58.6(3.6) 88.0(6.3) 89.3(6.1)  87.7(7.4)  90.8(9.4)

50 545(7.3) 455(52) 55.6(7.6) 56.5(84)  51.8(88)  84.8(14.6)

100 34.4(5.5) 3L7(T.5) 354(6.0) 35.0(6.2) 312(58) 82.3(15.5)
e 200 - - - - - 79.9(16.2)

300 - - - - - 77.6(15.9)

10 97.7(0.9)  48.9(0.7)  96.9(1.2)  97.5(1.0)  97.5(1.0)  95.6(3.1)
50 845(2.8) 41.5(1.9) 80.2(3.3) 832(29)  829(3.2)  93.4(6.5)
100 63.6(4.7) 30.9(3.1) 57.8(4.7) 60.9(5.1)  57.4(62)  88.6(13.2)
(1.7)
200 - - - - - 76.6(22.2)

300 - - - - - 71.2(24.0)
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Table 2: The averages (standard deviations) of trace correlation(x 100) for

Scenario 3 where SIR; denotes SIR with k slices and 3 = (0.5, .

Do CUME SIR, SIR; SIRyo SIRs NEW

(1.2) with p = 1000
38 92.7(2.3) 744(58)  921(23)  95.7(1.3)  97.0(1.0)  97.2(3.2)
76 80.3(5.1) 52.0(6.4)  81.3(4.0)  89.2(2.6)  92.0(2.0)  96.8(3.7)
114 56.6(10.6)  33.1(6.1)  659(6.0)  782(46)  82.7(39)  96.6(4.0)
152 15.7@) 17.0(4.6)  435(74)  57T.2(77)  59.8(82)  96.5(4.4)

190 1.1(1.4) 3.5(2.3) 7.9(5.1) 4.2(4.8) 0.5(1.7) 96.3(4.7)

(1.5) with p = 1000
38 66.1(5.8) 80.6(7.6)  62.6(6.5)  67.0(6.8)  64.0(7.8)  93.6(9.8)
76 48.4(4.6) 65.5(9.2)  45.6(4.8)  47.4(5.9)  43.0(6.1)  92.8(11.3)
114 34.8(4.6)  48.6(125)  323(47)  32.0(54)  264(6.0)  92.4(11.6)
152 20.9(4.6)  294(13.7)  188(46)  16.6(53)  10.3(5.3)  91.5(12.2)

190 5.1(2.8) 10.0(9.5) 45(2.9) 2.7(2.0) 16(1.3)  90.6(12.7)

(1.2) with p = 5000
38 92.7¢2- 75.1(5.8) 92.3(22)  95.8(1.3) 97(0.9) 97.4(3.1)
76 81.1(5.0) 53.8(6.8) 82.0(3.8)  89.5(2.6)  92.3(2.0) 97.2(3.5)
114 59.9(9.6) 35.0(6.5) 674(59)  79.0(47)  83.5(3.9) 97.0(3.6)
152 18.1(12.9) 18.4(5.0) A54(77)  58.7(7.7)  61.2(8.3) 96.8(4.0)

190 1.4(1.7) 3.9(2.5) 8.6(5.6) 47(5.2) 0.5(1.7) 96.7(4.2)

(1.5) with p = 5000
38 66.9(6.3) 79.3(9.7) 63.3(6.9)  67.8(7.0)  64.8(7.9)  93.4(10.4)
76 49.6(4.7) 64.6(11.2)  46.6(5.1)  485(6.0)  44.1(6.1)  93.4(10.7)
114 36.2 479(13.6)  33.5(4.6)  332(53)  27.6(6.1)  93.0(11.2)
152 22.5(4.7) 30.1(135)  19.9(4.9)  17.7(55)  11.1(54)  92.3(12.0)

190 5.5(3.1) 12.4(12.4) 4.8(2.9) 3(2.3) 1.6(1.4) 91.7(12.4)
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Example 1, we have Y1) < Y(g) < -+ <Y, almost surely. Thus

A=Y Y D xeXin (Yl < Yo)l (Y < Yi)

i=1 j=1 k=1
= n3 Z Z{n + 1 —max (j, k) }x()X(x
j:l k=1

= 0 (x),X@s X)) T (X, X@), > Xm)

where T is an n X n matrix with its (j, k)-th element being T;; = n~*{n+
1—max (j, k) }. It can be verified that T is positive definite. By Gershgorin’s

circle theorem,

n

IT)<n 3 (n+1-j) <L,

Jj=1

We partition the matrix A into block matrices as

N w wT w w' 0 0%} ., ~ =
A - — + é A1 + AQ.
w W w 0 0 W
Denote the leading eigenvalue and eigenvector as A and (b,b™)", respec-

tively. By definition, bw + Wb = Ab. Therefore, v*||wl|j3 < ||[WDb|3 +

N?bll3 < (W12 + A%)[bI3 = (IWII* + A*)(1 = b%). Accordingly,

5 2[[wli3
P —Pf=2(1-0") > :
! [wli3 + [[W[* + A2

(S2.1)
The matrix A; has two non-zero eigenvalues, (w + \/w?® + 4|[w|[2)/2. By

Weyl’s inequality,

A< w + w22+ 4)|lw|3

+ W
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In other words,

w? + w? + 4||lwl|?
N <2 ( 5 Iwllz + HWH2) = 2w? + 4||w]|2 + 2||W .

With the above inequality, (52.1]) reduces to

~ 2 2
PP > s

— . S2.2
= 30 1 2[w]3 - [WIP (52.2)

Now, we study the asymptotic distribution of A. Let e, be a unit-length

p-vector with its k-th entry being one. We have

Awp=ethey=nY 3> xjuxisl(Y; < V)I(Yi < Y)).

i=1 j=1 k=1

For (a,b) = (1,1), by the classical result for U-statistics,

w = 1A\1,1 £>EX171X2,1I(Y1 <Y3)I(Ys <Y3) = Aqs. (52.3)

Define
o En Y N xI(Y; < V)V < Y).
i=1 j=1
Then
TLZC% = TL75 Z Xj’lXj/JI(Y} S Y;)[(Yk S Y;)I(Y}/ S Y;/>I<Yk S Y;/>
k=1 igkeil 5
RS Exo1x51 (Yo < Y1) I(Ys < Y1) I(Ys < Y3)I(Ys < Yi)

arctan \/5

= EmYi)m(Y)I(Ys <Y1)I(Y; <Yi) = Ar2(1 + 02)’
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and
p 9 p n 2
Wiz = D A=Y 90> xuxl(Y; < V)I(Yi < Y)

b=2 b=2 ik
z a i d a X; 1

_ d 2 AXp—

= { Cka7b} —ank n
b=2 k=1 k=1

p varctan\/g

- . S2.4
472(1 4 0?) ( )

We next study the eigenvalues of W. Write X; as the vector x; without the

first element. Define X(;) in a similar fashion. Following K, we have

W =n" (X0, X2 X)) T (X X@), X))

d 1/~ ~ ~ ~ ~ -

=n 1(X1>X27 T >Xn)T(X17X2> T 7Xn)T7
where we used the fact that Xy, -+ , X, are independent of the observations
{Y;:1 <7 <n}. Note that (521,322, . ,in) are composed of i.i.d. entries.

By [Yin et al/ (1988),
W < |ln (%1, Ra, -+, %) (K1, Koy -+, %) 23 (14 7)2 (S2.5)

Combining the results of ()—(), in probability, we have

=N 2 Zagcaan\gg
||P B PH%‘ Z g 1 vﬂar(ct:Z\}g 4
1272(1+02)2 +2 4r2(1+0?) + (1 + ﬁ)
Y
+ 37+

672(1402) (1)
arctan \/5

1
2arctan v/5(1+02)
i
6721+ oB)(1 - 1)

The proof is completed. 0
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S3. Some Useful Lemmas

We first present some useful lemmas to study the properties of m(y), A,
m(y) and A. These lemmas pave the road for proving Theorem 1 with
p = o(n) and Theorem 2 with log(p) = o(n). For notational clarity, in what

follows we assume without loss of generality that F(x) = 0.

LEMMA 1. For a p-dimension random vector z and a unit-length vector

e € 8?71 where SP~! denotes the unit Euclidean sphere in RP?,

pr(|[zlle > 1) < p sup pr(je’z| >1t), and
ecSp—1

pr(||z]] >t) < 5° sup pr(le’z| >t/2), for any ¢ > 0.
ecSr—1

Proof of Lemma B Let e be a unit-length p-vector with its k-th entry

being one. Apparently, ||z|. = mkax|e}£z], which entails that

p
pr(fzlle > 1) <> pr(lefz| > 1) <p sup pr(le’z| = 1),
k=1 ecSP—

which completes proof of the first part.
Next we turn to the second part. We use the e-net strategy. To be
precise, we construct a 1/2-net A/ of the unit sphere SP~!. By Lemma 5.2

of Vershynin (2012), the cardinality of A is less than 5°. Lemma 5.3 of
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Vershynin (2012) entails that [|z] < 2mz}\>f<]eTz|. Consequently,
ec

pr(lz) =) < pr(maxle’s) = 1/2) <> pr(le’s] = t/2)
ecN N

< 57 sup pr(le’z| > t/2).

ecSp—1

The proof for the second part is completed. 0O

LEMMA 2. Assume condition (A2). Then

sup [[m(y)m (y)]| < co and JJA]] < co.
ye

Proof of Lemma @ Let e be any unit-length vector. By Jensen’s inequality,
e'm(y)m”(y)e < E{(e"x)’I(Y < y)} < E{(e"x)*}.

By definition, [[m(y)m*(y)|| = sup{e"m(y)m"(y)e} and || Z|| = supE{(e"x)}.
The first part of Lemma m follows from Condition (A2) immediately.
Again, ||A]| = sup E{e'm(Y)m"(Y)e} < ||X|| < ¢. The proof is

completed. O

LEMMA 3. Assume condition (A3). Then, for any ¢ > 0,

pr(|X X"l >t) < pexp(l —Cnt), and

pr(Xxx"||>t) < 5 exp(l—Cnt).

Proof of Lemma B Let e be any unit-length vector. Note that {(e"x;),i =

1,...,n} are independent and sub-Gaussian. By Hoeffding type inequality
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(Vershynin, 2012, Proposition 5.10),
pr(|e™X| > t) < exp(1 — Cynt?), (A1)
where Cy > 0 which does not depend upon e. By Lemma m,

pr(||X||ee >t) < p exp(l— C’OntQ), and

pr(||X]| >t) < 5° exp(l — Cont?).
The proof is completed by using ||X X" || = [|IX[|2, and ||X X*|| = [|X|>. 7
LEMMA 4. Assume conditions (A2)-(A3). For any y € R and t > 0,

pr{lm(y) —m(y)|e >t} < p-exp(2—Cnt?), and

prilm(y) —m(y)| >t} < 5 exp(2 - Cnt?).

Proof of Lemma - For notational clarity we assumed F(x) = 0. By

definition,

m(y) — -
=1

1(Y; <y)— B{xI(Y < y)}] —i{n_IZI(Yi < y)} .

=1

Since x is sub-Gaussian and |(e™x)/(Y < y)| < [(e"x)|, {xI(Y < y)} must
also be sub-Gaussian for any unit-length vector e and any fixed y. Invoking

Proposition 5.10 of Vershynin (2012) again, we have

|

nt Y el (Y < y)} - E{e"xI(Y <y)}

=1

t ] < exp(1 — Cont?).

(A.2)
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In addition,

pr[ eTi{nlzn:I(Y; < y)}

i=1
The second inequality in (@) follows from (@) Combining (@) and

>t ] <pr(le™x| >t) < exp(l — Cont?).

(A.3)

(), for any unit length vector e, we obtain
pr{le"m(y) — e"m(y)| > t} < 2exp(l — Cnt?)
Therefore, by using Lemma, El, for any y € R,
pr{|[m(y) —m(y)ll >t} < 2p-exp(l—Cnt?), and
pr{llm(y) —m(y)l| =t} < 25 exp(l - Cnt?).
The proof is completed. 0O

LEMMA 5. Assume conditions (A1)-(A3). Write A = n ™! Yo, m(Y;)m"(Y;),

A=ntY" m(Y;)m*(Y;), and A = E{m(Y)m*(Y)}. Then

pr(HK — Al > 12+ 20(1)/275) < exp(2+logn +logp — Ont?), and

pr(||[A — Al > £+ 20(1]/275) < exp(2+logn + plogs — Ont?).

Proof of Lemma B We deal with the first part in details and sketch the

proof for the second part briefly. Recall the definition of A and A. We have

A—A=nt3 {m(Y)RT(Y) - m(Y)m" ()}
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Note that

A~

[m(y)m" (y) — my)m*(y)[ < [[MWy) —my)lZ + 20my)|lmy) - my)

< [[i@y) — my)[1% + 2c" [ @(y) — m(y)]|oo:

By Lemma @, for any t > 0, it follows that

pr {[8(y)@7 () — m(y)m® () > £+ 26} < pr{|iy) - m(y) > 1}

< p-exp(2 — COnt?),

We notice that the right hand sides of the above display do not depend

upon y. Thus

pr {Hr?l(Yk)rYlT(Yk) —m(Y)m" (V)] > + 205/21?} < pr{[m(Yi) - m(Yy)[lo >t}

= E|pr{li(%) - m(¥i) | = t} | Yi| <p-exp(2 - Cn?)
Consequently,

pr(|A — Alloe > 2 +2¢/%t) < Zpr{“rﬁ(Yk)r?lT(Yk) —m(Y)m" (Y[l > 2 + 205/%}
k=1

< np-exp(2 — Cnt?).

The proof of the first part is completed.

Next we turn to the second part. Note that

A~

[m(y)m” (y) — m(y)m™(y)[| < |@m(y) —m(y)|]* + 2[m(y)|[|[m(y) — m(y)|

A~

< |[m(y) - m)|* + 2¢°([@(y) — m(y)|
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and

pr(||f(y)@m" (y) — m(y)m"(y)|| > £ + 2¢)*t) < pr{||M(y) — m(y)| >t}

< 5 .exp(2 — Cnt?).
Following similar arguments, we can show that
pr{|]rﬁ(Yk)rﬁT(Yk) ~m(Y)m (V)] > ¢ + 2¢% } < 5. exp(2 — Ont?).
Therefore,

pr(&— & > 2 426 < S pr { M)A (V) — m(¥)m" ()] > + 26/}

< 5’n-exp(2 — Cnt?).

The proof is completed. 0

S4. Proof of Theorem 1

With the spectral decomposition, we have

ZilAzil Z)\kukuz and i_ Ki_ Z /\kukﬁg,
k=1
where ¢ > A\ > -+ > A\g > ¢;°, Adgy1 = -+ = )\, = 0, and N> >

Xp > 0. The projection matrices are P = Zzzl ugu, and P= Zzzl Uy,
respectively. We know ¢yt < AM(Z) < ¢p and ¢t < Ag(A), M (A) < ¢ by
conditions (A2)-(A3) and Lemma E By Theorem 2 of Yu et al| (2015),

AAAAAAA

IP—P|| <|[P - P < 4cid'?|ETART -5 AS ||,
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Therefore, it suffices to show
£~ 2 = 0, {(p/m)"?} and & ~ Al = O, { (max (p. logn)/n)"*}
Recall
S =n"! Z x;x" and A =n~! i m(Y;)m"(Y;),
i=1 i=1

where x and m(Y’) are sub-Gaussian. By Theorem 5.39 and Remark 5.40

of |Vershynin (2012), we have

pr {||§3 — 3| < max(, 52)} > 1—2exp(—cit?), 6 = C(p/n)? + (t/n*/?), and

pr{IA — A < max(6.6)} > 1-2exp(~es?), 6 = Clp/n) + (t/n""),

for any ¢ > 0. Setting t = Cy(p'/2) for sufficiently large C yields | — || =
0, {(p/n)"/*} and IA — Al = O, {(p/n)"/?} . Setting t = Ci(p/n) for
sufficiently large C in Lemma H yields that ||§3 —3| = |xx"| = O,(p/n).
Similarly, setting ¢t = C1{(max (p,logn)/n)"/?} in Lemma H for sufficiently
large C} entails that |[A — A = O, {(max (p,logn)/n)*/?} . We combine
the above results and use the triangle-inequality to obtain ||& — || =
0, {(p/n)"/*} and ||.//§ — Al = O, {max (p,logn)/n)"/?} . The proof is now

completed. O
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S5. Proof of Theorem 2
Write A = (Ay)pxp- For the (k,)-th element of (A —A),
(A=A =n""> {mp(Yo)mu(Ys) — Apa}-
i=1

Note that {mg(Y;)m,(Y;) — Ax.}, for i =1,... n, are independent centered
sub-exponential random variables. By Bernstein inequality (Vershynin,

2012, Proposition 5.16),

|

It follows immediately that

n Y {me(Y)mu(Y:) = Agg}

> t] < exp{l — Cnmin (#*,1)}.

p

pr(A Al zt) < 3 pr [

k=1 l=1

n e (Yo)mu(Yi) — Agg}

g

< exp{l+2logp — Cnmin (*,t)}.
Setting t = C' (log p/n)l/2 for sufficient large C' > 0 yields
pr {HA Al >C (logp/n)1/2} 0. (C.1)
It follows from Lemma H that
pr {HK — Al > C(logp/n)1/2} — 0, for some C' > 0. (C.2)
Combining the results of (@) and (@) entails that

1A = Al = 0, {(log p/m)"*}. (C.3)
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Since
O - 0 =QA0, - QAQ = (Q, — QAQ, + QAQ, — Q) + QA — A)Q,
we have

1© = Ollo < (1€ — QUL Al (161 + I€2111) + 12UFNA — Allec,

where we used the inequality ||[AB|ls < ||All1]|B|le for symmetric ma-
trix A and arbitrary matrix B. By the proof of Theorem 6 of Cai et al.
o1, Q) < 201 < co, and [, — QY = O, {51(p)(log p/n)-9/2}

Therefore, we have

16 — O]l = O, {51(p)togp/) =% + (1o p/n) 2} = O, {3 (p)log p/m) 2} .

Write ¢, = ||© — ©)||o and set the tuning parameter A, = 2t,. Decompose

Gk,l as G)k,l = Gk,ll(|®k,l| Z Qtn) + G)k,l[<|®k,l’ S Qtn) and
ék,ll(|ék,l| > 2t,) = ((:)kz — Gk,l)](|ék,l| > 2t,) + Gk,l]<|ék,l| > 2t,).

It follows immediately that

p
max E
k
=1

p
max E
k
=1

p p
— > > — >
mkaX; 1O — O 1(|Ok1] > 2t,) + mkaX; ©4il| (1] = 2ta) — 11Ol = 2t,)

(:)k,zf(|(:)k,z| > Aop) — @k,l‘

IA

O 1(|8] = 2t,) — O, 1(|O,] = 2t,)

p
I <2
+ml?><;y@k,l\ (1O < 2t,,)

IA

p
< .
+ max > 10kl 1(1®k] < 2t,)

=1
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On one hand, ’ékl — @k,lU(!@k,z\ > 2t,) < t,I(|®ky| > t,). On the other

hand,

118 > 2t,) — I(|®ky] > 2t,)| < (|| > 2tn > |Ors]) + I(|Oky| > 2t, > |Or))

VAN

I (‘|@k,l| — 2,

< ‘|©kl| - |®kl|‘>

< I (‘|@k,l| _ o

< |@k1 — G')k,l’) < I(|®O,| < 3ty).
The above two results yield that
p A~ A~
Hll?xz ‘Qk,z](|9k,z| > Xop) — @k,l‘
=1
p p p
S m]?XZtnIﬂ@kﬂ Z tn) + m]?XZ |®k,l|l(|®k,l| S Stn) + IHI?XZ |®k,l|](’®k,l| S Qtn)
=1 =1 =1
p p
< m]?xzm(@hn > t,) + 2m§xxz 105, 1(|©,] < 3t,)
=1 =1

P P
< ml?xlzl 790y, + 2 max lzl 1©.4]7(3t,)1 9 < Tsa(p)th .

Gershgorin’s circle theorem states that, for a symmetric p x p matrix A =

(Aki)pxp, its i-th largest principal eigenvalue A satisfies
p
max [\y(A)] < mgxlzl: |Agl.
Invoking the above Gershgorin’s circle theorem, we have,
p
18, — Ol < max " [l (18k1] = Aou) = Oril = Oy {51 (p)sa(p) (log p/m) /2.
=1

The proof is completed. 0



ON CUMULATIVE SLICING ESTIMATION 17

Acknowledgements

We thank the Editor, an Associate Editor, and two anonymous review-
ers for their insightful comments. Wang’s research is supported by Shanghai
Sailing Program 16YF1405700 and National Natural Science Foundation of
China 11701367. Yu’s research is supported by the National Natural Sci-
ence Foundation of China 11571111, the 111 project B14019, the Program
of Shanghai Subject Chief Scientist 14XD1401600, and the Shanghai Ris-
ing Star Program 16QQA1401700. Zhu is the corresponding author and his
research is supported by National Natural Science Foundation of China
(11731011), Chinese Ministry of Education Project of Key Research Insti-
tute of Humanities and Social Sciences at Universities (16JJD910002) and

National Youth Top-notch Talent Support Program of China.

References

Cai, T., W. Liu, and X. Luo (2011). A constrained ¢; minimization approach to sparse precision
matrix estimation. Journal of the American Statistical Association 106(494), 594-607.

Vershynin, R. (2012). Introduction to the non-asymptotic analysis of random matrices. In
Compressed sensing, pp. 210-268. Cambridge Univ. Press, Cambridge.

Yin, Y., Z. Bai, and P. R. Krishnaiah (1988). On the limit of the largest eigenvalue of the

large dimensional sample covariance matrix. Probability Theory and Related Fields 78(4),



REFERENCES18

509-521.

Yu, Y., T. Wang, and R. Samworth (2015). A useful variant of the Davis-Kahan theorem for

statisticians. Biometrika 102(2), 315-323.

School of Mathematical Sciences, MOE-LSC, Shanghai Jiao Tong University, Shanghai 200240,

China.

E-mail: chengwang@sjtu.edu.cn

Key Laboratory of Advanced Theory and Application in Statistics and Data Science, Ministry

of Education and School of Statistics, East China Normal University, Shanghai 200241, China.

E-mail: zyu@stat.ecnu.edu.cn

Institute of Statistics and Big Data and Center for Applied Statistics, Renmin University of

China, Beijing 100872, China.

E-mail: zhu.liping@ruc.edu.cn



	Simulations
	Proof of the Inconsistency Issue in Example 1
	Some Useful Lemmas
	Proof of Theorem 1
	Proof of Theorem 2

