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In this supplementary document, we provide the proofs for the theoretical results presented in
Section 2.3 of the main article. First, the notations are reproduced below.
Zy — the set of all relevant composite features;
Z§ — any subset of Zo;
so — the set of all relevant simple features;
sg — the set of relevant simple features contained in Zj;
Yz, — the covariance matrix of Zj, = (X, Xj, X; Xy);

Y(Z5) =Y —a—-X%, »! =25 — the residual of Y adjusting for the effects of Z, that

2§52
is, the difference between Y™ and its best linear predictor in terms of Zj.
¥y,2;. (Z5) — the covariance vector between Y (Zg) and Zj;

R(Y(2{), Z;1) — the multiple correlation coefficient between the Y (z) and Zj; given

by Byz,, (25)22), Bey0(20);

r(9(Z5), Zix) = (1/n)g " (Z5)H(Z1)9(25) — The sample version of R(Y (25), Z;1)-

For the sake of convenience, the theoretical results in Section 2.3 are restated before their proofs.



1 Proof of Lemma 1

Lemma 1. Assume the following conditions:
Al. |solPInp/n — 0.
A2. The cigenvalues of {X; s : |s| < 3|sg|} are bounded from below and above.

A3. Denote by Z;’s all the simple features. max; ;{Eexp(t(Z; — EZ;)(Z, — EZ)),Eexp(te?)} < C

for all |t| < n for some constants  and C.

Suppose that Zj-x- is the composite feature such that R(Y (Zg), Zj-x+) = max(j k)e(2;)e R(Y(Z%), Zik).

Then, as n — oo, uniformly for all Z§ C 2, with |Zg| < 3|sg|, we have

Plr(g(Zy), Z«px) = max r(y(Zy),Z; — 1,
(r@Z). 20 = s (@2 2

where 7(§(Z5), Zix) = (1/n)§ " (Z3)H(Z1)9(Z5) with §(Z) = [I — H(Z3)]y is the sample version
of R(Y(28), Zjeie)-
Proof of Lemma 1. It suffices to show that, uniformly for (j, k), Z§ C 2y, we have

r(9(25), Zin) = R(Y (25), Zj1) (1 + 0p(1))- (1)

Denote

a=%z,,(25), b=n""Z,9(Z;), A=Yz, B=n"'Z}Zj.

J

Then, we have

r(9(25), Zix) = R(Y(25),Zi) = b B 'b-a'A™'a

= b'B'—ANHb+(b—a)'Ab+a’A7 (b—a).



Therefore,

r(9(Z5). Zj) — R(Y (23), 21|

< BB T-ATY 4+ |(b—a) AT +]a" AT b - a)|

< BT =AM[]3 + [[ATHHIB - all2(llall2 + [[b]2)

= [IB71 = A7Y[[Ib]13 + A (A6 — all2(llall2 + [1b]]2)

< 2[B7 =AM (llalz + 16— all3) + AL, (A)]b — all2(2llalls + [[b - all2),

where, for a matrix C, ||C|| denotes its matrix norm, that is ||C|| = Amax(C) if C' is symmetric, and
IC] = v/ Amax(CTC), otherwise, for a vector ¢, |c||2 denotes its Lo-norm.

Under condition A2, ||allz and A (A) are both bounded, it remains to show that

|B~' — A7'|| = 0,(1), uniformly for all (j,k). (2)
and that
b —all2 = 0p(1), uniformly for all (j,k) and Zj with | 25| < 3|so]. (3)

Write A=! — B~ = A=1(B — A)B™!, we have

AT =B < JATHIB = AlB™H = Amax(A™ ) Amax (B~ B = A
< 3 AALn(B)B — Al

where | || o denotes the maximum of the absolute values of the entries of a matrix. Under condition
Al and A3, the entries of B converges uniformly to the corresponding entries of A, c.f., Lemma 3.1

of Luo and Chen (2014). Hence ! (B) is bounded since \_}

min min

(A) is bounded, and ||B — Al|cc — 0
uniformly for all (j, k). This establishes (2).

Note that Y'(Z5) =Y —a — %, .; 5! . Z5 and

zZ

a = COV(ij7Y(Zg)) = szk;y - szkxzszz_gl,zg
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Again, under condition Al and A3, b converges to @ uniformly, which establishes (3). The lemma

then follows.

2 Proof of Theorem 1

The additional conditions for Theorem 1 are as follows.

Bl. Asn — +o0,
\/ﬁjnéin 1€51/V/|s0] Inp — +o0,
50

where {;’s are the coefficients of the simple features in so.

B2. For all Z§ C 2, with |Z§| < 3|sol, denote s} as the set of relevant simple features contained in
Z¢ and 57~ = so\s¥. Define 2§ = {Zjp : Zj, & 28, Zjx N5t~ # 0}. There exists a 0 < ¢ < 1
such that

max _ R(Y(Z),Zjx) <q max _ R(Y(Z3), Zjk).

(4:k): 2k E 25 (4:k):Z;kEZS

B3. There exists a 0 < g2 < 1, such that for any s C sq,

g%%ff (B0 — Ejszgslzss())ﬂ <q2 ?émf |(Zjs0 — EjsE;s12830)€|-
So S

Theorem 1. Assume conditions Al — A3 and B1 — B3. Let s* be the selected set of simple features

by the procedures of SIGS. Then, we have, as n — oo, P (s* = s9) — 1.

Proof of Theorem 1.

(I) We first show that all relevant simple features are retained in the set Z§ selected at the first
stage of our SIGS procedure, that is, P(so C Z§) — 1.

Let Z{,---,2Z,--- be the sequence of the sets of composite featurers selected by the SIGS

procedure. By the nature of the sequential procedure, Z{ C --- C Z; C ---. For the ease of



*

notation, let s; denote s},

the set of simple features contained in Z;. Recall that by definition
2t =AZn: Zx ¢ 2, ZinOs;” # 0}

Under condition B2, Lemma 1 implies that, before all the relevant simple features are selected,
at each step of the first stage of SIGS, at least one new relevant simple feature will be contained in
the composite feature selected at that step. If the EBIC stopping rule is not activated, then there

is an I* <|sg| such that sy C s}.. In what follows, we show that the sequence will stop exactly at [*

by invoking the EBIC stopping rule with probability converging to 1. Let

D

EBIC(Z},,) — EBIC(Z;)

11— H(Z, )yl K N ) <N)]
= nln +(1ZF 1 —=1Z"DNInn + 2 —In
IT— Az 1l D2y (G z

(= HGE I - T - H )l
= 1<1 1T - BEIE )

+(1251] = 127 ) Inn + 2y Kl f1> ~n (le)] ‘

It suffices to show that if 2,71* # () then D < 0 and otherwise D > 0.

Case (i): ZF # 0
Note that under A2—-A3, for any positive number e,

P( max sup |u—'—(25S — Y )ul >e) < pG‘SO‘P(maxwij — 055 > L)
Is|<3lsol |ju|2=1 0. 3|s0]

2

Coexp{(4+ 6|sg|Inp) _Cln9|ZTP}7 4)

where o;; is the covariance between two simple features and 4, j range over all simple features. The
right hand side of (4) converges to 0 under Al. Therefore, there exists positive constants ¢ and d

such that, with probability tending to 1,

¢ < min )\min(n_lZ};Cij) < max)\max(n_lZ;Cij) <d (5)
(3k) (3k)

c < min Amin(R 1227 Z5) < max Amax(n 12T Z5) < d. 6

T Z§CZ20,|25|<3|s0] ( 0 0) T B CZ0,|25|<3]s0] ( 0 O) - ( )

Here and after, all claims are made in the asymptotic sense that the probability of the claims

converges to 1 as n goes to infinity. Now we focus on analysing the first term in D. Let Z* be the



composite feature selected at step | + 1, that is, ZJ,, = ( zZr Zr ) By using the formula for the

inverse of partioned four-block matrix, we have the the following identity,
11— H(Z)yl3 — Il — H(Zi)lyl3
= L -HEZyIE I -H( Zr Z° )yl

= YU -HzZ) 2z (271 - HZ) 2] 27 (- H(Z])]y.

Write
I —H(Z)Zw=Z"u+ Zjv=( 25 Z*) ( Z > — Zfm,
where v = —(Z; T Z)"1Z; T Z*u and ||n||2 > ||u||2. For any w with ||u2 = 1, we have
K\] N ZE a3 «T s
II = HEZNZ |3 > inf —5— > Anin(Z51 Z]41) > ne,
n 3
= HZZulE < 1Z2°0)3 < Anax(27 2°) < nd.

Therefore, the eigenvalues of [Z*"[I — H(Z})]Z*] ~! is within [1/(nd),1/(nc)]. Consequently,
Il = H(Z)yll3 — Il = H(Z5 )]yl = v~ tdy T - H(Z))Z* |3

Let Z** € Z/° be the composite feature which contains the simple feature z € sy N Z;¢ such that

[y"(I — H(Z}))z]? = maxjesonzy< [y (I — H(Z]))z;]% Then, we have

n= 2y T - H(Z)) 23]

v

r(@(20),2°) 2 r(9(2)), 2") 20 2d  ly T[T - H(Z)] 2|3

> n72d7' max [y (I - H(Z}))z;)

j€sonZ;e

Hence,

I = HEZOWIIE — I = H(Z )yl

> pled™? m (I = H(Z))z:]?

> nle jeSogﬁfc[y ( (21))7]

= nted? max*c[u—r([— H(Zl*))zj]Q[l +0,(1)], (7)
JESONZ]



where p = Fy = Z&€. We now derive a lower bound for the rightmost side of (7). We can write

p'I-HEZ)p = > &z/[I-H(EZ)k
JEsoN(Z])°
< > gl - H(Z)pl
jEsoNZye
< max |u'[I-H(Z)zl Y. 14l

JEsonZ j€s0N(Z})e
= max_|p"[I - H(Z)|z| |€snze

jesonZ;e L

On the other hand, denoting Z = Zsoynzpe and é = 5500256, we have
p'lI=HE)p = |[[-HE)w|3 = - H(EZ)ZE;

YU )

3
-

1ZZ‘TZE> )
T ~

Z' Z .
l l _<ZZ*TZ1*)_1Z1*TZ£>

(e zzrz)
Amin(Z[TFZwl) ||é||§’

v

where Z, = (Z Z}). Thus, we have

p (1= H(ZD)zi| 1€l > Amin(Z) Z0)11€13 (8)

max
: *
JEsoNZ;e

Since [[€]I5 = 3 161* = 3 1&;| miny €] = [|€]11 miny [, we have
J J

max_|p' [T = H(Z)]z5] 2 Anin(Z) Z0) min [¢]. (9)
JjE€soNZ; JESo
Hence,
=T 5 . 2
U= HEDIE — W~ HZi Wl e Pl B 2 0 ]
I = H(Z)yl13 - Amax(Z,Z,) €13 ’

> d7% (max|&])7?|so| Tt min [&5[*[1 + 0,(1)].
JESo JESo

Denote the rightmost side of the above inequality by R;. Therefore, the first term in D is smaller
than —nR;. The remaing term in D is less than 3Inn+2v1In N where N = p(p—1)/2. Hence, under

condition B1, D < 0 as n — oo.



Case (ii): ZF = 0.

The proof for the selection consistency of EBIC in Case II: sg, C s of Luo and Chen (2013) can
be followed verbatim to show that D > 0 if :’Z;* = (. Hence, the details are omitted.

(IT) We now show that P (s* = sg) — 1. We have shown in (I) that all relevant simple features
are in the set of simple features contained in the composite features selected in the first stage with
probability tending to 1, that is P (sg C Z5) — 1. The second stage is in fact a SLasso procedure
applied to the feature set Z;. Therefore, the selection consistency of the second stage can be proved
in the same way as that of the SLasso procedure.

Alternatively, we can proceed as follows. Let s7 C --- C sf C --- be the sequence of the feature
sets selected in the second stage of the SIGS procedure without activating the EBIC stopping rule.
Under condition B3, the true set of relevant simple features sg is one of those sets. That is, the
procedure selects all relevant simple features before any irrelevant simple features could be selected.

Then following the proof in (I), we can establish that, for any s; C so,

=

max |p' [T = H(s7)zj] > Amin(Zy, Zs,) min [¢]
jesy J€so
I = H(sp)lyll3 = 117 = H(s)lyll3 3
> d-3 N=2(g0 |~ min 1€ (2.
||[I—H(S?)]y||% Z ¢ (I]Iéaé‘?flfjl) |SO| ?éi%'gj‘

Hence, EBIC(s;, ;) — EBIC(s;) < 0 when s; C sg. Therefore, the sequence EBIC(s;) is decreasing
until it reaches sg. That if s; = s¢ then the above difference is greater than zero can be shown by

following the proof in Luo and Chen (2013) as in Case (i) of (I).
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