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S1 Notation

We introduce some notation here which will be used in the proofs. For any

(j − 1)-dimensional vector a = (a1, . . . , aj−1)T ∈ Rj−1, Bk,j(a) is defined

by Bk,j(a) := (bi = aj−1−k+i, 1 ≤ i ≤ k). Let Ω0,n be the true precision

matrix and Ω0,n = (Ip − A0,n)TD−1
0,n(Ip − A0,n) be its modified Cholesky

decomposition with A0,n = (a0,jl) and D0,n = diag(d0,j). It is easy to check

that the explicit forms of a0,j = (a0,j1, . . . , a0,j,j−1)T and d0,j are

a0,j = Var(X1,1:(j−1))
−1Cov(X1,1:(j−1), X1j),

d0,j = Var(X1j)− Cov(X1j, X1,1:(j−1))Var(X1,1:(j−1))
−1Cov(X1,1:(j−1), X1j),

(S1.1)

where X1,a:b = (X1a, . . . , X1b)
T denotes the sub-vector of the first observa-

tion X1 = (X11, . . . , X1p)
T ∈ Rp for any positive integers 1 ≤ a ≤ b ≤ p.

Since we assume X1, . . . , Xn
iid∼ Np(0,Ω

−1
0,n), X1,a:b can be replaced by Xi,a:b
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for any i = 2, . . . , n. For more details on the above expression (S1.1), refer

to Bickel and Levina (2008) (pages 202 and 221).

For a given k, we denote

a
(k)
0,j = Var(X1,(j−k):(j−1))

−1Cov(X1,(j−k):(j−1), X1j),

d0,jk = Var(X1j)− Cov(X1j, X1,(j−k):(j−1))Var(X1,(j−k):(j−1))
−1Cov(X1,(j−k):(j−1), X1j).

We denote the empirical estimators by V̂ar(X1,(j−k):(j−1)) = n−1XT
·,(j−k):(j−1)X·,(j−k):(j−1)

and Ĉov(X1,(j−k):(j−1), X1j) = n−1XT
·,(j−k):(j−1)X·,j for any j = 2, . . . , p. For

any j = 1, . . . , p, we define V̂ar(X1j) = n−1‖X·,j‖2
2.

S2 Proofs

S2.1 Proof of Proposition 1

Proof. First, we prove only the exponentially decreasing case, γ(k) = Ce−βk

for some β > 0 and C > 0, because the proposition trivially holds for the

exact banding case.

Suppose Ω0,n = (ω0,ij) ∈ U(ε0, γ) and let Ω0,n = (Ip − A0,n)TD−1
0,n(Ip −
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A0,n) where A0,n = (a0,ij) and D0,n = diag(d0,j). Note that

‖D−1
0,n‖ = max

j
d−1

0,j

= max
j

∥∥∥Var1/2(X1,1:j)

(
−a0,j

1

)∥∥∥−2

2

≤ max
j
λmin(Var(X1,1:j))

−1 ·
∥∥∥(−a0,j

1

)∥∥∥−2

2

≤ max
j
λmin(Var(X1,1:j))

−1

≤ λmin(Ω0,n)−1 ≤ ε−1
0

and

‖A0,n‖max ≤ max
j
‖a0,j‖2 = max

j
‖Var(X1,1:(j−1))

−1Cov(X1,1:(j−1), X1j)‖2

≤ max
j
‖Var(X1,1:(j−1))

−1‖‖Cov(X1,1:(j−1), X1j)‖2

≤ max
j
‖Var(X1,1:(j−1))

−1‖‖Var(X1,1:j)‖ ≤ ε−2
0

by the assumption ε0 ≤ λmin(Ω0,n) ≤ λmax(Ω0,n) ≤ ε−1
0 .

Furthermore,

‖A0,n −Bk(A0,n)‖∞ = max
i

∑
j<i−k

|a0,ij| ≤ γ(k), (S2.2)

‖A0,n −Bk(A0,n)‖1 = max
j

∑
i>j+k

|a0,ij| ≤
∞∑
m=k

γ(m) ≤ C ′γ(k),(S2.3)

for some C ′ > 1 because γ(k) = Ce−βk. Note that ω0,pp = d−1
0,p and

ω0,ij = −d−1
0,ja0,ji +

p∑
l=j+1

d−1
0,l a0,lia0,lj for any 1 ≤ i < j ≤ p. (S2.4)
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Then for 1 ≤ i < p, define k so that i = p− k − 1. Then, k ≥ 0 and

|ω0,ip| = d−1
0,p|a0,pi|

≤ ε−1
0 γ(k)

by (S2.2). On the other hand, for 1 ≤ i < j ≤ p − 1, define k so that

j − i = k + 1. Then, k ≥ 0 and

|ω0,ij| = | − d0,ja0,ji +

p∑
l=j+1

d−1
0,l a0,lia0,lj|

≤ d−1
0,j |a0,ji|+

p∑
l=j+1

d−1
0,l |a0,lia0,lj|

≤ ε−3
0

(
|a0,ji|+

p∑
l=j+1

|a0,li|

)

= ε−3
0

p∑
l=j

|a0,li| ≤ ε−3
0 C ′γ(k)

by (S2.3). Thus, we have

‖Ω0,n −Bk(Ω0,n)‖∞ = max
i

∑
j:|i−j|>k

|ω0,ij|

≤ max
i

∑
j>i+k

|ω0,ij|+ max
i

∑
j<i−k

|ω0,ji|

≤ 2ε−3
0 C ′

∞∑
m=k

γ(m) ≤ C ′′γ(k)

for some constant C ′′ > 0. This proves the first inequality.

Suppose Ω0,n ∈ U∗(ε0, γ). We need to prove that maxi
∑

j<i−k |a0,ij| =

maxi
∑i−k−1

j=1 |a0,ij| ≤ Cγ(k) for some constant C > 0. Note that from
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(S2.4), we have

d−1
0,p

p−k−1∑
j=1

|a0,pj| =

p−k−1∑
j=1

|ω0,jp| ≤ γ(k), (S2.5)

for any 0 ≤ k ≤ p− 2. We will show that

d−1
0,p−t

p−t−k−1∑
j=1

|a0,p−t,j| ≤ γ(k) + ε−2
0

t∑
m=1

(1 + ε−2
0 )m−1γ(k +m)(S2.6)

for any 1 ≤ t ≤ p−k−2 for some 0 ≤ k ≤ p−3. Then, (S2.5) and (S2.6) im-

ply Ω0,n ∈ U(ε0, C
′γ) for some C ′ > 0 because maxj d0,j ≤ maxj Var(X1j) ≤

ε−1
0 and we assume that γ(k) = Ce−βk and β > log(ε−2

0 + 1).

By (S2.4) and the assumption Ω0,n ∈ U∗(ε0, γ),

p−k−2∑
j=1

| − d−1
0,p−1a0,p−1,j + d−1

0,pa0,pja0,p,p−1| =

p−k−2∑
j=1

|ω0,j,p−1| ≤ γ(k) (S2.7)

for any 0 ≤ k ≤ p− 3. Thus, (S2.5) and (S2.7) imply that

d−1
0,p−1

p−k−2∑
j=1

|a0,p−1,j| ≤
p−k−2∑
j=1

| − d−1
0,p−1a0,p−1,j + d−1

0,pa0,pja0,p,p−1|+
p−k−2∑
j=1

|d−1
0,pa0,pja0,p,p−1|

≤ γ(k) + ε−2
0 γ(k + 1)

because Ω0,n ∈ U∗(ε0, γ) means |a0,p,p−1| ≤ ‖A0,n‖max ≤ ε−2
0 . Thus, (S2.6)

holds for t = 1. Now assume that (S2.6) holds for t − 1 and consider for

the case of t. Note that

γ(k) ≥
p−t−k−1∑
j=1

|ω0,j,p−t|

=

p−t−k−1∑
j=1

∣∣∣∣∣−d−1
0,p−ta0,p−t,j +

p∑
l=p−t+1

d−1
0,l a0,lja0,l,p−t

∣∣∣∣∣ ,
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which implies that

d−1
0,p−t

p−t−k−1∑
j=1

|a0,p−t,j|

≤ γ(k) +

p−t−k−1∑
j=1

p∑
l=p−t+1

d−1
0,l |a0,lja0,l,p−t|

≤ γ(k) + ε−2
0

p∑
l=p−t+1

d−1
0,l

p−t−k−1∑
j=1

|a0,lj|

= γ(k) + ε−2
0

t−1∑
t1=0

d−1
0,p−t1

p−t1−(k+t−t1)−1∑
j=1

|a0,p−t1,j|

≤ γ(k) + ε−2
0 γ(k + t)

+ ε−2
0

t−1∑
t1=1

(
γ(k + t− t1) + ε−2

0

t1∑
m=1

(1 + ε−2
0 )m−1γ(k + t− t1 +m)

)
.

(S2.8)

In (S2.8), one can check that the coefficient of γ(k + t− t′) is

ε−2
0 + ε−4

0

t−t′−1∑
m=1

(1 + ε−2
0 )m−1 = ε−2

0 (1 + ε−2
0 )t−t

′−1

for 0 ≤ t′ ≤ t− 1, and the coefficient of γ(k) is 1. Thus,

d−1
0,p−t

p−t−k−1∑
j=1

|a0,p−t,j| ≤ γ(k) + ε−2
0

t∑
m=1

(1 + ε−2
0 )m−1γ(k +m).

This completes the proof by induction.

Now suppose that γ(k) = Ck−α for some constant C > 0 and Ω0,n ∈

U(ε0, γ). We will show that Ω0,n ∈ U∗(ε0, γ′), where γ′(k) = C ′k1−α for

some constant C ′ > 0. Let Q = D
−1/2
0,n (Ip − A0,n), then by the proof of
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Lemma 2 in Liu and Ren (2017),

‖Ω0,n −Bk(Ω0,n)‖∞

≤ ‖(Q−Bk(Q))TQ‖∞ + ‖QT (Q−Bk(Q))‖∞ + ‖(Q−Bk(Q))T (Q−Bk(Q))‖∞(S2.9)

+ ‖Bk

[
(Q−Bk(Q))TBk(Q)

]
‖∞ + ‖Bk

[
Bk(Q)T (Q−Bk(Q))

]
‖∞ (S2.10)

+ ‖Bk

[
(Q−Bk(Q))T (Q−Bk(Q))

]
‖∞. (S2.11)

The two terms in (S2.10) are bounded above by C ′k1−2α for some constant

C ′ > 0 by the proof of Lemma 2 in Liu and Ren (2017). With a slightly

modified version of Lemma 24 and Lemma 25 in Liu and Ren (2017) by

considering ‖·‖1 and ‖·‖∞ instead of ‖·‖, one can show that the term (S2.11)

is also bounded above by C ′k1−2α. Three terms in (S2.9) are bounded above

by C ′k1−α by the modified version of Lemma 24 in Liu and Ren (2017) and

Lemma 8. It completes the proof.

S2.2 Proof of Minimax Lower Bounds: Theorem 1 and Theorem

3

Proof of Theorem 1. We follow closely the line of a proof in Cai et al. (2010).

Consider the polynomially decreasing case, γ(k) = Ck−α, first. Two pa-

rameter classes are considered depending on the relation between p and n.
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For exp(n1/(2α+1)) ≥ p case, we show that

inf
Ω̂n

sup
Ω0,n∈U11

E0n‖Ω̂n − Ω0,n‖ & min

(
n−α/(2α+1),

(p
n

)1/2
)
, (S2.12)

and for exp(n1/(2α+1)) ≤ p case, we show that

inf
Ω̂n

sup
Ω0,n∈U12

E0n‖Ω̂n − Ω0,n‖ &

(
log p

n

)1/2

(S2.13)

for some U11 ∪ U12 ⊂ U(ε0, γ). Then, it gives a lower bound for the param-

eter space U(ε0, γ),

inf
Ω̂n

sup
Ω0,n∈U(ε0,γ)

E0n‖Ω̂n − Ω0,n‖ ≥ inf
Ω̂n

sup
Ω0,n∈U11 ∪U12

E0n‖Ω̂n − Ω0,n‖

≥ inf
Ω̂n

sup
Ω0,n∈U11

E0n‖Ω̂n − Ω0,n‖I
(

exp(n1/(2α+1)) ≥ p
)

+ inf
Ω̂n

sup
Ω0,n∈U12

E0n‖Ω̂n − Ω0,n‖I
(

exp(n1/(2α+1)) < p
)

& min

{(
log p

n

)1/2

+ n−α/(2α+1),
(p
n

)1/2
}
,

which is the desired result.

Consider exp(n1/(2α+1)) ≥ p case first. Without loss of generality, we as-

sume k = min(n1/(2α+1), p) is an even number, and define a class of precision

matrices

U11 =

{
Ω(θ) ∈ Rp×p : Ω(θ) = (Ip − A(θ))T (Ip − A(θ)),

A(θ) = −τa
k/2∑
m=1

θmB(m, k), θ = (θm, 1 ≤ m ≤ k/2) ∈ {0, 1}k/2
}

where B(m, k) = (bij = I(i = m + 1, . . . , k and j = m), 1 ≤ i, j ≤ p) is

a p × p matrix and a = (nk)−1/2. If we choose sufficiently small constant
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τ > 0, it is easy to check that for any Ω(θ) ∈ U11, ε0 ≤ λmin(Ω(θ)) ≤

λmax(Ω(θ)) ≤ ε−1
0 and ‖A(θ) − Bk1(A(θ))‖∞ ≤ Ck1

−α for any k1 > 0, so

that U11 ⊂ U(ε0, γ) for all sufficiently large n.

We use the Assouad’s lemma (Assouad, 1983)

inf
Ω̂n

sup
Ω(θ)∈U11

2Eθ‖Ω̂n − Ω(θ)‖ ≥ min
H(θ,θ′)≥1

‖Ω(θ)− Ω(θ′)‖
H(θ, θ′)

k/2

2
min

H(θ,θ′)=1
‖Pθ ∧ Pθ′‖

where H(θ, θ′) =
∑k/2

m=1 |θm − θ′m|, ‖Pθ ∧ Pθ′‖ =
∫
pθ ∧ pθ′dµ, and Pθ and

pθ are the joint distribution function and density function, with respect

to a dominating measure µ, of observation X1, . . . , Xn
iid∼ Np(0,Ω(θ)−1),

respectively. If we show that

min
H(θ,θ′)≥1

‖Ω(θ)− Ω(θ′)‖
H(θ, θ′)

& a (S2.14)

and

min
H(θ,θ′)=1

‖Pθ ∧ Pθ′‖ ≥ c (S2.15)

for some constant c > 0, it will complete the proof. To show (S2.14),

define a p-dimensional vector v = (I(k/2 ≤ i ≤ k), 1 ≤ i ≤ p). By the

construction of Ω(θ) and v, one can check that

(
(Ω(θ)−Ω(θ′))v

)
l
=



(τa)2 k
2
(θ1θk/2 − θ′1θ′k/2) + τa(k

2
+ 1)(θ1 − θ′1) if 1 ≤ l ≤ k

2
− 1

(τa)2 k
2
(θk/2 − θ′k/2) + τak

2
(θk/2 − θ′k/2) if l = k

2

τa
(
θk+1−l − θ′k+1−l

)
if k

2
+ 1 ≤ l ≤ k

0 if l ≥ k + 1.
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Then, we have ‖(Ω(θ)− Ω(θ′))v‖2
2 ≥ (τa)2(k/2)2H(θ, θ′) and

‖Ω(θ)− Ω(θ′)‖ ≥ ‖(Ω(θ)− Ω(θ′))v‖2

‖v‖2

=
‖(Ω(θ)− Ω(θ′))v‖2√

k/2

≥
(

(k/2 × τa)2H(θ, θ′)

k/2

)1/2

=

(
k/2

H(θ, θ′)

)1/2

τaH(θ, θ′)

≥ τaH(θ, θ′).

Thus, we have shown the first part.

To show (S2.15), note that

‖Pθ ∧ Pθ′‖ =

∫
pθ>pθ′

pθ′dµ+

∫
pθ≤pθ′

pθdµ

=
(1

2
− 1

2

∫
pθ≤pθ′

pθ′dµ+
1

2

∫
pθ>pθ′

pθ′dµ
)

+
(1

2
− 1

2

∫
pθ>pθ′

pθdµ+
1

2

∫
pθ≤pθ′

pθdµ
)

= 1− 1

2

∫
pθ>pθ′

(pθ − pθ′)dµ−
1

2

∫
pθ≤pθ′

(pθ′ − pθ)dµ

= 1− 1

2

∫
|pθ − pθ′ |dµ.

Let ‖Pθ−Pθ′‖1 =
∫
|pθ−pθ′ |dµ. Thus, it suffices to show that ‖Pθ−Pθ′‖2

1 ≤
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1/2 when H(θ, θ′) = 1. Also note that

‖Pθ − Pθ′‖1 ≤ 2K(Pθ′ | Pθ)

= n
[
tr(Ω(θ′)−1Ω(θ))− log det(Ω(θ′)−1Ω(θ))− p

]
= n

[
tr(Ω(θ′)−1D1)− log det(Ω(θ′)−1D1 + Ip)

]
= n

[
tr(Ω(θ′)−1/2D1Ω(θ′)−1/2)− log det(Ω(θ′)−1/2D1Ω(θ′)−1/2 + Ip)

]

where K(Pθ′ | Pθ) =
∫

log(
pθ′
pθ

)pθ′dµ is the Kullback-Leibler divergence and

D1 = Ω(θ)−Ω(θ′). Let Ω(θ′)−1 = UV UT be the diagonalization of Ω(θ′)−1.

U is a orthogonal matrix whose columns are the eigenvectors of Ω(θ′)−1,

and V is a diagonal matrix whose ith diagonal element is the eigenvalue of

Ω(θ′)−1 corresponding to the ith column of U . It is easy to check that

‖Ω(θ′)−1/2D1Ω(θ′)−1/2‖2
F = ‖UV 1/2UTD1UV

1/2UT‖2
F

= ‖V 1/2UTD1UV
1/2‖2

F

≤ ‖V ‖2‖UTD1U‖2
F

= ‖Ω(θ′)−1‖2‖D1‖2
F

≤ Ck(τa)2
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for some constant C > 0 because ‖Ω(θ′)−1‖ ≤ ε−1
0 and

(
Ω(θ)

)
(i,j)

=



1 + (τa)2θi(k − i) if 1 ≤ i = j ≤ k
2

(τa)θi + (τa)2θiθj(k − j) if 1 ≤ i 6= j ≤ k
2

τaθi if 1 ≤ i ≤ k
2
, k

2
+ 1 ≤ j ≤ k

τaθj if k
2

+ 1 ≤ i ≤ k, 1 ≤ j ≤ k
2

0 otherwise.

Also note that, if λ1(θ, θ′) ≤ · · · ≤ λp(θ, θ
′) are the eigenvalues of Ω(θ′)−1/2D1Ω(θ′)−1/2,

we have
∑p

j=1 λj(θ, θ
′)2 = ‖Ω(θ′)−1/2D1Ω(θ′)−1/2‖2

F ≤ Ck(τa)2 = Cτ 2/n,

which implies |λj(θ, θ′)| ≤
√
Cτ/
√
n for all 1 ≤ j ≤ p. Thus, Ω(θ′)−1/2D1Ω(θ′)−1/2+

Ip is a positive definite matrix for all large n. Since ‖Ω(θ′)−1/2D1Ω(θ′)−1/2‖2
F

is small, by Lemma C.2 in Lee and Lee (2018),

‖Pθ − Pθ′‖1 ≤ nRn

where Rn ≤ C‖Ω(θ′)−1/2D1Ω(θ′)−1/2‖2
F for some constant C > 0. Thus, we

have ‖Pθ − Pθ′‖1 ≤ 1/2 for some small τ > 0 because nka2 = 1.

Now consider exp(n1/(2α+1)) ≤ p case. To show (S2.13), define a class

of diagonal precision matrices

U12 =

{
Ωm ∈ Rp×p : Ωm = Ip + τ

(
log p

n

)1/2 (
I(i = j = m)

)
, 0 ≤ m ≤ p

}

for some small τ > 0. Since p ≤ exp(cn) for some constant c > 0, U12 ⊂

U(ε0, γ) holds trivially. Let rmin = inf1≤m≤p ‖Ω0 − Ωm‖. We use the Le
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Cam’s lemma (LeCam, 1973)

inf
Ω̂n

sup
Ωm∈U12

Em‖Ω̂n − Ωm‖ ≥
1

2
rmin ‖P0 ∧ P̄‖

where P̄ = p−1
∑p

m=1 Pm and Pm is the distribution function of Np(0,Ω
−1
m )

with observation Xn. Note that rmin = τ(log p/n)1/2. We only need to show

that ‖P0 ∧ P̄‖ ≥ c for some constant c > 0. By the same argument with

Cai et al. (2010) (page 2129), it suffices to show that

∫
(p−1

∑p
m=1 fm)2

f0

dµ− 1 −→ 0, (S2.16)

as n→∞ where fm is the density function of Pm with respect to a σ-finite

measure µ. Note that

∫
(p−1

∑p
m=1 fm)2

f0

dµ− 1 =
1

p2

p∑
m=1

∫
f 2
m

f0

dµ+
1

p2

∑
m6=j

∫
fmfj
f0

dµ− 1

and
∫
fmfj/f0dµ = 1 for any m 6= j. Also note that

∫
f 2
m

f0

dµ = (1 + b)n/2
(

1− b

1 + 2b

)n/2
≤ enb

2/(1+2b)

≤ enb
2

= eτ
2 log p

where b = τ(log p/n)1/2. Thus, (S2.16) holds for some small τ > 0. It

completes the proof for the case of polynomially decreasing γ(k).

For the case of exponentially decreasing γ(k) = Ce−βk, consider k =
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min(log n, p) for U11 instead of k = min(n1/(2α+1), p). Then, similar argu-

ments for the lower bounds of U11 and U12 give the desired result.

For the exact banding γ(k), consider U11 with k = k0 and a = (log p/n)1/2,

then it completes the proof.

Proof of Theorem 3. We follow closely the line of a proof in Cai and Zhou

(2012). Consider the polynomially decreasing case, γ(k) = Ck−α, first.

Two parameter classes are considered depending on the relation between p

and n. For exp(n1/(2α+2)) ≥ p case, we show that

inf
Ω̂n

sup
Ω0,n∈G11

E0n‖Ω̂n − Ω0,n‖∞ & min
(
n−α/(2α+2),

p

n1/2

)
, (S2.17)

and for exp(n1/(2α+2)) ≤ p case, we show that

inf
Ω̂n

sup
Ω0,n∈G12

E0n‖Ω̂n − Ω0,n‖∞ &

(
log p

n

)α/(2α+1)

(S2.18)

for some G11 ∪ G12 ⊂ U(ε0, γ).

Consider exp(n1/(2α+2)) ≥ p case first. Define a class of precision ma-

trices

G11 =

{
Ω(θ) ∈ Rp×p : Ω(θ) = (Ip − A(θ))T (Ip − A(θ)),

A(θ) = −τa
k∑
s=2

θs−1Gs, θ = (θs) ∈ {0, 1}k−1

}
where Gs = (I(i = s, j = 1)) is a p × p matrix and a = n−1/2 and k =

min(n1/(2α+2), p). It is easy to show that G11 ⊂ U(ε0, γ) for some small
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constant τ > 0 and all sufficiently large n.

We use the Assouad’s lemma,

inf
Ω̂n

sup
Ω(θ)∈G11

2Eθ‖Ω̂n − Ω(θ)‖∞ ≥ min
H(θ,θ′)≥1

‖Ω(θ)− Ω(θ′)‖∞
H(θ, θ′)

k − 1

2
min

H(θ,θ′)=1
‖Pθ ∧ Pθ′‖.

It is easy to see that

min
H(θ,θ′)≥1

‖Ω(θ)− Ω(θ′)‖∞
H(θ, θ′)

≥ τa.

To show minH(θ,θ′)=1 ‖Pθ ∧ Pθ′‖ ≥ c for some c > 0, it suffices to prove that

‖Pθ − Pθ′‖1 ≤ 1. Note that

‖Pθ − Pθ′‖2
1 ≤ 2K(Pθ′ | Pθ)

≤ Cn‖Ω(θ′)−1/2D1Ω(θ′)−1/2‖2
F

for some constant C > 0 where D1 = Ω(θ)− Ω(θ′). By the same argument

used in the proof of Theorem 1, one can show that ‖Pθ − Pθ′‖2
1 ≤ C ′n(τa)2

for some constant C ′ > 0, and it is smaller than 1 for some small constant

τ > 0. Thus, we have proved the (S2.17) part.

Now consider exp(n1/(2α+2)) ≤ p case. To show (S2.18) part, define a

class of precision matrices

G12 =

{
Ωm ∈ Rp×p : Ωm = (Ip − Am)T (Ip − Am), Am = −τBm

(
log p

nk

)1/2

, 1 ≤ m ≤ m∗

}

whereBm = (I(m+1 ≤ i ≤ m+k−1, j = m)) is a p×pmatrix, m∗ = p/k−1

and k = (n/ log p)1/(2α+1). Without loss of generality, we assume that p can
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be divided by k. By the definition of G12, tedious calculations yield that

G12 ⊂ U(ε0, γ).

Let Ω0 = Ip and Pm be the distribution function of N(0,Ω−1
m ) with

observation Xn. It is easy to check that for any 0 ≤ m 6= m′ ≤ m∗,

‖Ωm − Ωm′‖∞ ≥ τ

(
k log p

n

)1/2

= τ

(
log p

n

)α/(2α+1)

by the definition of G12 and k. Since k2 ≤ p, for any 1 ≤ m ≤ m∗,

K(Pm | P0) ≤ Cn‖Ω−1/2
m′ D1Ω

−1/2
m′ ‖

2
F

≤ C ′τ 2 log p

≤ c logm∗

for some constants C,C ′ > 0, 0 < c < 1/8 and small τ > 0, which implies

that for any 1 ≤ m ≤ m∗,

1

m∗

m∗∑
m=1

K(Pm | P0) ≤ c logm∗

for some 0 < c < 1/8, so we can use Fano’s lemma,

inf
Ω̂n

sup
Ωm∈G12

Em‖Ω̂n − Ωm‖∞ ≥ min
0≤m6=m′≤m∗

‖Ωm − Ωm′‖∞
4

m∗
1/2

1 +m∗1/2

(
1− 2c−

( 2c

logm∗

)1/2
)
.

It completes the proof. For more details about Fano’s lemma, see Tsybakov

(2008).

For the case of exponentially decreasing γ(k) = Ce−βk, consider k =

min([log n log p]1/2, p) for G11 instead of k = min(n1/(2α+2), p). Then, similar
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arguments for the lower bound of G11 give the desired result.

For the exact banding γ(k), consider G11 with k = k0 and a = (log p/n)1/2,

then it completes the proof.

S2.3 Proof of the P-loss Convergence Rates: Theorem 2 and

Theorem 4

Lemma 1–5 are used to prove the main theorems.

Lemma 1. Let X1, . . . , Xn
iid∼ Np(0,Ω

−1
0,n) with Ω0,n ∈ U(ε0, γ) defined at

(2.8),

N1n =

{
Xn : max

j

∥∥V̂ar(X1,(j−k):j)
∥∥ ≤ C1

}
,

N2n =

{
Xn : max

j

∥∥V̂ar
−1

(X1,(j−k):j)
∥∥ ≤ C2

}
,

N3n =

{
Xn : max

j

∥∥V̂ar(X1,(j−k):j)− Var(X1,(j−k):j)
∥∥ ≤ (C3(k + log(n ∨ p))/n

)1/2
}
,

N4n =

{
Xn : max

j

∥∥V̂ar
−1

(X1,(j−k):j)− Var−1(X1,(j−k):j)
∥∥ ≤ (C4(k + log(n ∨ p))/n

)1/2
}
,

where C1 = ε−1
0 (2 +

(
(k + 1)/n

)1/2
)2, C2 = 4ε−1

0 (1−
(
(k + 1)/n

)1/2
)−2, C4 =

C3C
2
2ε
−2
0 and Nn =

⋂4
j=1Njn. If k + log p = o(n) and 1 ≤ k ≤ p − 1, then

for any large constant C3, there exists a positive constant C5 such that

P0n

(
Xn ∈ N c

n

)
≤ 6pe−n(1−((k+1)/n)1/2)2/8 + 4× 5ke−C3C5ε20(log(n∨p)+k),

for all sufficiently large n. Here, C5 does not depend on C3.
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Proof of Lemma 1. We will show that for any large constant C3,

P0n

(
Xn ∈ N c

1n

)
≤ 2pe−n/2, (S2.19)

P0n

(
Xn ∈ N c

2n

)
≤ 2pe−n(1−((k+1)/n)1/2)2/8, (S2.20)

P0n

(
Xn ∈ N c

3n

)
≤ 2× 5ke−C3C5ε20(k+log(n∨p)), (S2.21)

P0n

(
Xn ∈ N c

4n

)
≤ 2× 5ke−C3C5ε20(k+log(n∨p)) + 2pe−n(1−

√
(k+1)/n)2/8,(S2.22)

for some positive constants C4 and C5. The inequalities (S2.19) and (S2.20)

follow from Lemma B.7 in Lee and Lee (2018). Note that for any large

constant C3 > 0,

P0n

(
Xn ∈ N c

3n

)
≤ p 5k+1

(
e−C3C6ε20(k+log(n∨p)) + e−C

1/2
3 C7ε0{n(k+log(n∨p))}1/2

)
(S2.23)

for all sufficiently large n and some positive constants C6 and C7 by Lemma

B.6 in Lee and Lee (2018). If we take C5 = C6/2, the right hand side (RHS)

of (S2.23) is bounded by 2×5k exp{−C3C5ε
2
0(k+log(n∨p))} for any constant

C3 > 0 and all sufficiently large n because k+ log(n∨ p) = o(n). Similarly,

P0n

(
Xn ∈ N c

4n

)
≤ P0n

(
Xn ∈ N c

4n ∩N2n

)
+ P0n

(
Xn ∈ N c

2n

)
≤ P0n

(
max
j

∥∥V̂ar(X1,(j−k):j)− Var(X1,(j−k):j)
∥∥ ≥ C−1

2 ε0

(
C4
k + log(n ∨ p)

n

)1/2
)

+ 2pe−n(1−((k+1)/n)1/2)2/8

≤ 2× 5ke−C3C5ε20(k+log(n∨p)) + 2pe−n(1−((k+1)/n)1/2)2/8
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for C4 = C3C
2
2ε
−2
0 and all sufficiently large n. Since the inequalities (S2.21)

and (S2.22) also hold, this completes the proof.

Lemma 2. Consider model X1, . . . , Xn
iid∼ Np(0,Ω

−1
0,n) with Ω0,n ∈ U(ε0, γ)

defined at (2.8) and
∑∞

m=1 γ(m) <∞. Denote Ω̂nk = (Ip− Ânk)T D̂−1
nk (Ip−

Ânk), D̂nk = diag(d̂jk) and Ânk = (â
(k)
jl ) for 1 ≤ k ≤ p − 1, where

(â
(k)
j,j−k, . . . , â

(k)
j,j−1)T = â

(k)
j , and â

(k)
jl = 0 if 1 ≤ j ≤ l ≤ p or |j − l| > k. â

(k)
j

and d̂jk are defined at (2.6). If k3/2(k + log(n ∨ p)) = O(n), then

E0n

[
‖Ω̂nk − Ω0,n‖I(Xn ∈ Nn)

]
. k3/4

[(
k + log(n ∨ p)

n

)1/2

+ γ(k)

]
,

and if k(k + log(n ∨ p)) = O(n), then

E0n

[
‖Ω̂nk − Ω0,n‖∞I(Xn ∈ Nn)

]
. k

[(
k + log(n ∨ p)

n

)1/2

+ γ(k)

]
,

where the set Nn is defined at Lemma 1.

Proof of Lemma 2. Let

A0,nk = (a
(k)
0,jl) and D0,nk = diag(d0,jk), (S2.24)

where (a
(k)
0,j,j−k, . . . , a

(k)
0,j,j−1)T = a

(k)
0,j , and a

(k)
0,jl = 0 if 1 ≤ j ≤ l ≤ p or
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|j − l| > k. Define Ω0,nk = (Ip − A0,nk)
TD−1

0,nk(Ip − A0,nk). Note that

E0n

[
‖Ω̂nk − Ω0,n‖I(Xn ∈ Nn)

]
≤ E0n

[
‖Ω̂nk − Ω0,nk‖I(Xn ∈ Nn)

]
+ ‖Ω0,nk − Ω0,n‖

≤ E0n

[
‖ÂTnk − AT0,nk‖ ‖D−1

0,nk‖ ‖Ip − A0,nk‖I(Xn ∈ Nn)
]

+ E0n

[
‖D̂−1

nk −D
−1
0,nk‖ ‖Ip − A

T
0,nk‖ ‖Ip − A0,nk‖I(Xn ∈ Nn)

]
+ E0n

[
‖Ânk − A0,nk‖ ‖D−1

0,nk‖ ‖Ip − A
T
0,nk‖I(Xn ∈ Nn)

]
+ E0n

[
‖Ip − AT0,nk‖ ‖D̂−1

nk −D
−1
0,nk‖ ‖Ânk − A0,nk‖I(Xn ∈ Nn)

]
+ E0n

[
‖D−1

0,nk‖ ‖Â
T
nk − AT0,nk‖ ‖Ânk − A0,nk‖I(Xn ∈ Nn)

]
+ E0n

[
‖Ip − A0,nk‖ ‖ÂTnk − AT0,nk‖ ‖D̂−1

nk −D
−1
0,nk‖I(Xn ∈ Nn)

]
+ E0n

[
‖ÂTnk − AT0,nk‖ ‖D̂−1

nk −D
−1
0,nk‖ ‖Ânk − A0,nk‖I(Xn ∈ Nn)

]
+ ‖Ω0,nk − Ω0,n‖

(S2.25)

by the triangle inequality (See page 223 of Bickel and Levina (2008)). Also

note that

‖Ip − A0,nk‖∞ ≤ 1 + ‖A0,nk − A0,n‖∞ + ‖A0,n‖∞

≤ 1 + C(k1/2γ(k) + 1),

‖Ip − A0,nk‖1 ≤ 1 + ‖A0,nk − A0,n‖∞ + ‖A0,n‖1

≤ 1 + Ckγ(k) +
∞∑
m=1

γ(m),

for some constant C > 0 by Lemma 10, and ‖D−1
0,nk‖ ≤ maxj ‖Var−1(X1,(j−k):j)‖ ≤
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ε−1
0 using the similar argument to (S3.42). If we show that, on (Xn ∈ Nn),

‖Ânk − A0,nk‖∞ . k1/2

(
k + log(n ∨ p)

n

)1/2

, (S2.26)

‖Ânk − A0,nk‖1 . k

(
k + log(n ∨ p)

n

)1/2

, (S2.27)

‖D̂−1
nk −D

−1
0,nk‖∞ .

(
k + log(n ∨ p)

n

)1/2

, (S2.28)

‖Ω0,nk − Ω0,n‖ . k3/4γ(k) and ‖Ω0,nk − Ω0,n‖∞ . kγ(k), the proof is com-

pleted by (S2.25).

To show (S2.26), note that

‖Ânk − A0,nk‖∞

= max
j
‖â(k)

j − a
(k)
0,j‖1

≤ k1/2 max
j
‖â(k)

j − a
(k)
0,j‖2

= k1/2 max
j

∥∥∥V̂ar
−1

(X1,(j−k):(j−1))Ĉov(X1,(j−k):(j−1), X1j)

−Var−1(X1,(j−k):(j−1))Cov(X1,(j−k):(j−1), X1j)
∥∥∥

2

≤ k1/2

{
max
j

∥∥∥Var−1(X1,(j−k):(j−1)) (Ĉov(X1,(j−k):(j−1), X1j)− Cov(X1,(j−k):(j−1), X1j))
∥∥∥

2

+ max
j

∥∥∥(V̂ar
−1

(X1,(j−k):(j−1))− Var−1(X1,(j−k):(j−1)))Ĉov(X1,(j−k):(j−1), X1j)
∥∥∥

2

}
.
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The first part of the last line can be bounded above by

k1/2 max
j

∥∥∥Var−1(X1,(j−k):(j−1)) (Ĉov(X1,(j−k):(j−1), X1j)− Cov(X1,(j−k):(j−1), X1j))
∥∥∥

2

≤ k1/2 max
j

∥∥Var−1(X1,(j−k):(j−1))
∥∥∥∥∥Ĉov(X1,(j−k):(j−1), X1j)− Cov(X1,(j−k):(j−1), X1j)

∥∥∥
2

≤ k1/2 max
j

∥∥Var−1(X1,(j−k):(j−1))
∥∥∥∥∥V̂ar(X1,(j−k):j)− Var(X1,(j−k):j)

∥∥∥
. k1/2

(
k + log(n ∨ p)

n

)1/2

on (Xn ∈ Nn).

The first inequality holds by the definition of the spectral norm, and the

second inequality holds because the spectral norm of a matrix is larger than

a `2 norm of any columns. The second part can be bounded similarly

k1/2 max
j

∥∥∥(V̂ar
−1

(X1,(j−k):(j−1))− Var−1(X1,(j−k):(j−1)))Ĉov(X1,(j−k):(j−1), X1j)
∥∥∥

2

≤ k1/2 max
j

∥∥∥V̂ar
−1

(X1,(j−k):(j−1))− Var−1(X1,(j−k):(j−1))
∥∥∥∥∥∥V̂ar(X1,(j−k):j)

∥∥∥
. k1/2

(
k + log(n ∨ p)

n

)1/2

on (Xn ∈ Nn).

By similar arguments, we can show that the inequality (S2.27) holds:

‖Ânk − A0,nk‖1 ≤ kmax
j
‖â(k)

j − a
(k)
0,j‖max

≤ kmax
j
‖â(k)

j − a
(k)
0,j‖2

. k

(
k + log(n ∨ p)

n

)1/2

on (Xn ∈ Nn).

To show (S2.28), note that

‖D̂−1
nk −D

−1
0,nk‖∞ ≤ ‖D̂−1

nk ‖∞‖D
−1
0,nk‖∞‖D̂nk −D0,nk‖∞
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and ‖D̂−1
nk ‖∞ · ‖D

−1
0,nk‖∞ ≤ maxj ‖V̂ar

−1
(X1,(j−k):j)‖ · ε−1

0 ≤ C2ε
−1
0 on (Xn ∈

Nn) for C2 > 0 used in set N2n, by the similar argument to (S3.42). The

rest part is easily bounded above as follows:

‖D̂nk −D0,nk‖∞ = max
j
|d̂jk − d0,jk|

≤ max
j

∣∣∣V̂ar(X1j)− Var(X1j)
∣∣∣

+ max
j

∣∣∣Ĉov(X1j, X1,(j−k):(j−1)) â
(k)
j − Cov(X1j, X1,(j−k):(j−1)) a

(k)
0,j

∣∣∣
≤ max

j

∣∣∣V̂ar(X1j)− Var(X1j)
∣∣∣+ max

j

∣∣∣Ĉov(X1j, X1,(j−k):(j−1))
(
â

(k)
j − a

(k)
0,j

)∣∣∣
+ max

j

∣∣∣(Ĉov(X1j, X1,(j−k):(j−1))− Cov(X1j, X1,(j−k):(j−1))
)
a

(k)
0,j

∣∣∣
.

(
k + log(n ∨ p)

n

)1/2

on (Xn ∈ Nn).

Hence, by (S2.25), we have shown that

E0n

[
‖Ω̂nk − Ω0,nk‖I(Xn ∈ Nn)

]
. k3/4

(
k + log(n ∨ p)

n

)1/2

+ ‖Ω0,nk − Ω0,n‖

when k3/2(k + log(n ∨ p)) = O(n), and

E0n

[
‖Ω̂nk − Ω0,nk‖∞I(Xn ∈ Nn)

]
. k

(
k + log(n ∨ p)

n

)1/2

+ ‖Ω0,nk − Ω0,n‖∞

when k(k+ log(n∨ p)) = O(n). The conditions k3/2(k+ log(n∨ p)) = O(n)

and k(k + log(n ∨ p)) = O(n) are required due to the term

E0n

[
‖D−1

0,nk‖ ‖Â
T
nk − AT0,nk‖ ‖Ânk − A0,nk‖I(Xn ∈ Nn)

]
in (S2.25).
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If we show that ‖Ω0,nk−Ω0,n‖ . k3/4γ(k) and ‖Ω0,nk−Ω0,n‖∞ . kγ(k),

this completes the proof. By Lemma 10, we have ‖A0,nk−A0,n‖∞ . k1/2γ(k)

and ‖A0,nk − A0,n‖1 . kγ(k). Note that

‖D0,nk −D0,n‖∞ = max
j

∣∣∣a(k)T
0,j Var(X1,(j−k):(j−1))a

(k)
0,j − aT0,jVar(X1,1:(j−1))a0,j

∣∣∣
= max

j

∣∣∣∣((0T , a(k)T
0,j )− aT0,j)Var(X1,1:(j−1))

((
0

a
(k)
0,j

)
+ a0,j

)∣∣∣∣
≤ ‖A0,nk − A0,n‖∞max

j

(
‖a(k)

0,j‖2 + ‖a0,j‖2

)∥∥Var(X1,1:(j−1))
∥∥

. k1/2γ(k).

Thus, it is easy to show that ‖Ω0,nk−Ω0,n‖ . k3/4γ(k) and ‖Ω0,nk−Ω0,n‖∞ .

kγ(k) by the triangle inequality in (S2.25).

Lemma 3. Consider model X1, . . . , Xn
iid∼ Np(0,Ω

−1
0,n) and the k-BC prior.

Assume that Ω0,n ∈ U(ε0, γ) defined at (2.8) and
∑∞

m=1 γ(m) <∞. Let

π(dj | Xn) = IG
(
dj |

nj
2
,
n

2
d̂jk, dj ≤M

)
,

π̃(dj | Xn) = IG
(
dj |

nj
2
,
n

2
d̂jk

)
,

for j = 1, . . . , p, where d̂jk defined at (2.6). If M ≥ 9ε−1
0 , ν0 = o(n),

k + log p = o(n) and 1 ≤ k ≤ p− 1, then on (Xn ∈ Nn),

π(An, Dn | Xn) = π(d1 | Xn)

p∏
j=2

π(aj | dj,Xn)π(dj | Xn)

. π̃(d1 | Xn)

p∏
j=2

π(aj | dj,Xn)π̃(dj | Xn)

(S2.29)

for all sufficiently large n, where the set Nn is defined at Lemma 1.
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Proof of Lemma 3. We have

π(dj | Xn) =
IG
(
dj | nj/2, nd̂jk/2

)
I(dj ≤M)∫M

0
IG
(
d′j | nj/2, nd̂jk/2

)
dd′j

for j = 1, . . . , p. To show (S2.29), it suffices to prove, on (Xn ∈ Nn),[
min
j
π̃(dj ≤M | Xn)

]−p
≤ C

for some constant C > 0. Note that on (Xn ∈ Nn), C−1
1 ≤ d̂−1

jk ≤ C2 and

π̃(dj ≤M | Xn) = π̃(M−1 ≤ d−1
j | Xn)

= π̃
(
M−1 − nj

n
d̂−1
jk ≤ d−1

j −
nj
n
d̂−1
jk | Xn

)
= 1− π̃

(
d−1
j −

nj
n
d̂−1
jk < M−1 − nj

n
d̂−1
jk | Xn

)
.

By page 29 of Boucheron et al. (2013), if X is a sub-gamma random variable

with variance factor ν and scale parameter c,

max
[
P (X > (2νt)1/2 + ct), P (X < −(2νt)1/2 − ct)

]
≤ e−t(S2.30)

for all t > 0. Since a centered Gamma(a, b) random variable is a sub-

gamma random variable with ν = a/b2 and c = 1/b, applying t = nt′ with

t′ = (M − 2C1)2/(8M)2 < 1 to the inequality (S2.30),

e−nt
′ ≥ π̃

(
d−1
j −

nj
n
d̂−1
jk < −2

(nj
n

)1/2
d̂−1
jk (t′)

1/2 − 2d̂−1
jk t
′ | Xn

)
≥ π̃

(
d−1
j −

nj
n
d̂−1
jk < −4d̂−1

jk (t′)
1/2 | Xn

)
≥ π̃

(
d−1
j −

nj
n
d̂−1
jk < M−1 − nj

n
d̂−1
jk | Xn

)
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because M ≥ 9ε−1
0 > 2C1 for all sufficiently large n and ν0 = o(n). Thus,

for some constant C > 0, on (Xn ∈ Nn),

π̃(dj ≤M | Xn) ≥ 1− e−Cn, (S2.31)

and [
min
j
π̃(dj ≤M | Xn)

]−p
≤ (1− e−Cn)−p

= (1− e−Cn)−e
Cn×p/eCn

≤ (C ′)p/e
Cn −→ 1

as n→∞ for some constant C ′ > 0.

Lemma 4. Consider the model X1, . . . , Xn
iid∼ Np(0,Ω

−1
0,n) and the k-BC

prior. Assume that Ω0,n ∈ U(ε0, γ) defined at (2.8) and
∑∞

m=1 γ(m) < ∞.

If M ≥ 9ε−1
0 , ν0 = o(n), k + log p = o(n) and 1 ≤ k ≤ p− 1, then

Eπ
(
‖An − Ânk‖2

∞ | Xn

)
≤ Ck

(
k + log p

n

)
on (Xn ∈ Nn),

Eπ
(
‖An − Ânk‖2

1 | Xn

)
≤ Ck

(
k + log p

n

)
on (Xn ∈ Nn),

for some constant C > 0 and all sufficiently large n, where Ânk is defined

at Lemma 2.

Proof of Lemma 4. Let Eπ̃(· | Xn) denote the expectation with respect to

π̃(d1 | Xn)
∏p

j=2 π(aj | dj,Xn)π̃(dj | Xn) in Lemma 3. Note that on (Xn ∈
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Nn),

Eπ
(
‖An − Ânk‖2

∞ | Xn

)
≤ k Eπ

(
max
j
‖aj − â(k)

j ‖2
2 | Xn

)
≤ k Eπ

(
max
j

dj
n

∥∥∥V̂ar
−1

(X1,(j−k):(j−1))
∥∥∥∥∥∥( n

dj

)1/2

V̂ar
1/2

(X1,(j−k):(j−1)) (aj − â(k)
j )
∥∥∥2

2
| Xn

)
≤ kMC2

n
Eπ
(

max
j

∥∥∥( n
dj

)1/2

V̂ar
1/2

(X1,(j−k):(j−1)) (aj − â(k)
j )
∥∥∥2

2
| Xn

)
.

k

n
Eπ̃
(

max
j

∥∥∥( n
dj

)1/2

V̂ar
1/2

(X1,(j−k):(j−1)) (aj − â(k)
j )
∥∥∥2

2
| Xn

)
=

k

n
E
(

max
j
χ2
jk

)
by Lemma 3. χ2

jk is a chi-square random variable with kj = min(j −

1, k) degree of freedom. By the maximal inequality for chi-square random

variables (Example 2.7 in Boucheron et al. (2013)),

E
(

max
j
χ2
jk

)
= kj + E

(
max
j
χ2
jk − kj

)
≤ C (k + log p)

for some constant C > 0. Thus, we have

Eπ
(
‖An − Ânk‖2

∞ | Xn

)
≤ Ck

(
k + log p

n

)
on (Xn ∈ Nn), for some constant C > 0.

Let acj = (aj+1,j, . . . , amin(j+k,p),j)
T be the nonzero column vector of An.

Since the posterior distributions for acj ’s are the independent multivariate

normal distributions with finite variances whose rate is 1/n on (Xn ∈ Nn),
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it is easy to show that

Eπ
(
‖An − Ânk‖2

1 | Xn

)
≤ Ck

(
k + log p

n

)
on (Xn ∈ Nn), for some constant C > 0 using similar arguments.

Lemma 5. Consider the model X1, . . . , Xn
iid∼ Np(0,Ω

−1
0,n) and the k-BC

prior. Assume that Ω0,n ∈ U(ε0, γ) defined at (2.8) and
∑∞

m=1 γ(m) < ∞.

If M ≥ 9ε−1
0 , ν0 = o(n), k+log p = o(n), 1 ≤ k ≤ p−1 and k2 = O(n log p),

then

Eπ
(
‖D−1

n − D̂−1
nk ‖∞ | Xn

)
≤ C

(
log p

n

)1/2

on (Xn ∈ Nn)

for some constant C > 0 and all sufficiently large n, where D̂nk is defined

at Lemma 2.

Proof of Lemma 5. By Lemma 3, on (Xn ∈ Nn),

Eπ
(
‖D−1

n − D̂−1
nk ‖∞ | Xn

)
≤ CEπ̃

(
‖D−1

n − D̂−1
nk ‖∞ | Xn

)
for some constant C > 0. It is easy to show that

Eπ̃
(
‖D−1

n − D̂−1
nk ‖∞ | Xn

)
≤ Eπ̃

(
max
j

∣∣∣d−1
j −

nj
n
d̂−1
jk

∣∣∣ | Xn

)
+ max

j

∣∣∣∣n− njn
d̂−1
jk

∣∣∣∣
≤ 1

λ
log expEπ̃

(
λmax

j

∣∣∣d−1
j −

nj
n
d̂−1
jk

∣∣∣ | Xn

)
+

2k

n
C2

≤ 1

λ
logEπ̃

(
max
j
eλ|d

−1
j −

nj
n
d̂−1
jk | | Xn

)
+

2k

n
C2

≤ 1

λ
log

[
p max

j
Eπ̃
(
eλ|d

−1
j −

nj
n
d̂−1
jk | | Xn

)]
+

2k

n
C2
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for any λ > 0, on (Xn ∈ Nn). Let λ < nd̂jk/2. Note that the upper bound

for the moment generating function of |d−1
j − nj d̂−1

jk /n| is

Eπ̃
(
eλ|d

−1
j −

nj
n
d̂−1
jk | | Xn

)
=

∫ ∞
0

eλ|d
−1
j −

nj
n
d̂−1
jk |Gamma

(
d−1
j |

nj
2
,
n

2
d̂jk

)
dd−1

j

≤
∫ nj d̂

−1
jk /n

0

eλ(
nj
n
d̂−1
jk −d

−1
j )Gamma

(
d−1
j |

nj
2
,
n

2
d̂jk

)
dd−1

j

+ Eπ̃
(
eλ(d−1

j −
nj
n
d̂−1
jk ) | Xn

)
≤ eλ

nj
n
d̂−1
jk

∫ ∞
0

e−λd
−1
j Gamma

(
d−1
j |

nj
2
,
n

2
d̂jk

)
dd−1

j

+ exp

(
njλ

2

nd̂jk(nd̂jk − 2λ)

)

≤ eλ
nj
n
d̂−1
jk

(
nd̂jk

nd̂jk + 2λ

)nj/2

+ exp

(
njλ

2

nd̂jk(nd̂jk − 2λ)

)
.

The second inequality follow from page 28 of Boucheron et al. (2013). Since

λ < nd̂jk/2,

eλ
nj
n
d̂−1
jk

(
nd̂jk

nd̂jk + 2λ

)nj/2

= eλnj/(nd̂jk)

(
1 +

2λ

nd̂jk

)−nj/2

≤

(
1 +

2λ

nd̂jk

)λnj/(2nd̂jk)

=

(
1 +

2λ

nd̂jk

)nd̂jk/(2λ)λ2nj/(n
2d̂2jk)

≤ exp

(
λ2nj

n2d̂2
jk

)
,



KYOUNGJAE LEE AND JAEYONG LEE

where the first inequality follows from Lemma 7. Thus, on (Xn ∈ Nn),

Eπ̃
(
‖D−1

n − D̂−1
nk ‖∞ | Xn

)
≤ 1

λ
log

[
p max

j
Eπ̃
(
eλ|d

−1
j −

nj
n
d̂−1
jk | | Xn

)]
+

2k

n
C2

≤ log p

λ
+

1

λ
max
j

log

[
exp

(
λ2nj

n2d̂2
jk

)
+ exp

(
njλ

2

nd̂jk(nd̂jk − 2λ)

)]

+
2k

n
C2

≤ log p

λ
+

2 log 2

λ
+ max

j

(
λnj

n2d̂2
jk

+
njλ

nd̂jk(nd̂jk − 2λ)

)
+

2k

n
C2

≤ log p

λ
+

2 log 2

λ
+
λC2

2

n
+

λC2

(nC−1
2 − 2λ)

+
2k

n
C2

≤ C

(
log p

n

)1/2

for some constant C > 0 if we choose λ � (n log p)1/2.

Proof of Theorem 2. Note that

E0nEπ (‖Ωn − Ω0,n‖ | Xn)

≤ E0n [Eπ (‖Ωn − Ω0,n‖ | Xn) I(Xn ∈ Nn)] (S2.32)

+ E0n [Eπ (‖Ωn − Ω0,n‖ | Xn) I(Xn ∈ N c
n)] (S2.33)

where the set Nn is defined at Lemma 1. The term (S2.33) is bounded
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above by

E0n [(Eπ(‖Ωn‖ | Xn) + ‖Ω0,n‖) I(Xn ∈ N c
n)]

≤ E0n

[(
Eπ(‖Ip − An‖1‖Ip − An‖∞‖D−1

n ‖ | Xn) + ‖Ω0,n‖
)
I(Xn ∈ N c

n)
]

≤
{
E0n

[
Eπ(‖Ip − An‖1‖Ip − An‖∞‖D−1

n ‖ | Xn)
]2}1/2

P0n(Xn ∈ N c
n)1/2

+ ‖Ω0,n‖∞P0n(Xn ∈ N c
n)

≤ pκ P0n(Xn ∈ N c
n)1/2 + ‖Ω0,n‖∞P0n(Xn ∈ N c

n)

≤ (pκ + C)
(

6pe−n(1−((k+1)/n)1/2)2/8 + 4× 5ke−C3C5ε20(k+log(n∨p))
)1/2

. n−1

for all sufficiently large n and some positive constants κ,C3 and C5. The

fourth inequality follows from Lemmas 1 and 8. The third inequality holds

because[
Eπ(‖Ip − An‖1‖Ip − An‖∞‖D−1

n ‖ | Xn)
]2

≤
[
Eπ(p3 max

j,l
‖Ip − An‖2

max ·max
j
‖D−1

n ‖max | Xn)
]2

≤ p6
[
Eπ
(

(1 +
∑
j,l

ajl)
2 ·
∑
j

d−1
j | Xn

)]2

≤ 4p6
[∑

j

Eπ
(
d−1
j | Xn

)
+ Eπ

(
(
∑
j,l

ajl)
2 ·
∑
j

d−1
j | Xn

)]2

≤ 4p6
[
pmax

j
Eπ
(
d−1
j | Xn

)
+ p5 Eπ

(
max
j,j′,l

a2
jld
−1
j′ | Xn

)]2

≤ 4p6
[
pmax

j
Eπ̃
(
d−1
j | Xn

)
+ p8 max

j,j′,l
Eπ
(
a2
jld
−1
j′ | Xn

)]2

≤ 4p6
[
pmax

j

nj
n
d̂−1
jk + p8 max

j,j′,l

(
(â

(k)
jl )2 +M [(nV̂ar(X1,(j−k):(j−1)))

−1](l−j+k+1,l−j+k+1)

)nj′
n
d̂−1
j′k

]2

,
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whose expectation is bounded above by pc for some constant c > 0 by

Lemma 6 and its proof, where the fifth and sixth inequalities follow from

Lemma 3.

We decompose the term (S2.32) as follows:

E0n [Eπ (‖Ωn − Ω0,n‖ | Xn) I(Xn ∈ Nn)]

≤ E0n

[
Eπ
(
‖Ωn − Ω̂nk‖ | Xn

)
I(Xn ∈ Nn)

]
(S2.34)

+ E0n

[
‖Ω̂nk − Ω0,n‖I(Xn ∈ Nn)

]
, (S2.35)

where Ω̂nk is defined at Lemma 2. By Lemma 2, the upper bound for (S2.35)

is Ck3/4[((k+ log(n∨ p))/n)1/2 + γ(k)] for some constant C > 0 because we

assume that k3/2(k + log(n ∨ p)) = O(n). Note that the term (S2.34) can

be decomposed as (S2.25) and

‖Ip − Ânk‖1 ≤ ‖Ip − A0,nk‖1 + ‖Ânk − A0,nk‖1

≤ 1 +
∞∑
m=1

γ(m) + Ckγ(k) + Ck

(
k + log(n ∨ p)

n

)1/2

,

‖Ip − Ânk‖∞ ≤ ‖Ip − A0,nk‖∞ + ‖Ânk − A0,nk‖∞

≤ 1 + γ(1) + Ck1/2γ(k) + Ck1/2

(
k + log(n ∨ p)

n

)1/2

,

‖Ip − Ânk‖ ≤ ‖Ip − A0,nk‖+ ‖Ânk − A0,nk‖

≤ 1 +
∞∑
m=1

γ(m) + Ck3/4γ(k) + Ck3/4

(
k + log(n ∨ p)

n

)1/2

and ‖D̂−1
nk ‖ ≤ C2 on (Xn ∈ Nn) for some constant C > 0. By Lemma

4 and Lemma 5, it is easy to show that the upper bound for (S2.34) is
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Ck1/2((k + log(n ∨ p))/n)1/2 for some constant C > 0 because we assume

that k3/2(k + log(n ∨ p)) = O(n).

Proof of Theorem 4. We can use the same arguments used in the proof of

Theorem 2. It suffices to prove that

‖Ip − Ânk‖1 . k1/2 on (Xn ∈ Nn).

It trivially holds because we assume that k(k + log(n ∨ p)) = O(n).

S2.4 Proof of Corollary 1

Lemma 6 is used to prove Corollary 1.

Lemma 6. Consider the model X1, . . . , Xn
iid∼ Np(0,Ω

−1
0,n) and Ω0,n ∈ U(ε0, γ)

defined at (2.8). If k = o(n), then for given positive integer m,

E0n(d̂−mjk ) . (k + 1)m+1,

E0n((â
(k)
ji )m) . (k + 1)2m+1,

where d̂jk and â
(k)
ji be defined at (2.6).

Proof. Note that

E0n(d̂−mjk ) ≤ E0n‖V̂ar
−1

(X1,(j−k):j)‖m

≤ E0n

[
tr
(

V̂ar
−1

(X1,(j−k):j)
)]m

≤ (k + 1)m
k+1∑
l=1

E0n

[
V̂ar

−1
(X1,(j−k):j)(l)

]m
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where for any p × p matrix A, A(i) is the (i, i) component of A. Also

note that [V̂ar
−1

(X1,(j−k):j)](l) is a inverse-gamma distribution IG((n −

k)/2, n[Var−1(X1,(j−k):j)](l)/2) because diagonal elements of a inverse-Wishart

matrix are inverse-gamma random variables (Huang and Wand, 2013).

Since Ω0,n ∈ U(ε0, γ),

(k + 1)m
∑
l

E0n

[
V̂ar

−1
(X1,(j−k):j)(l)

]m
≤ (k + 1)m+1

(
nε−1

0

n− k − 2m

)m
. (k + 1)m+1.

Similarly,

E0n((â
(k)
ji )m) ≤ E0n

[
‖V̂ar

−1
(X1,(j−k):j)‖m‖V̂ar(X1,(j−k):j)‖m

]
≤ E0n

{[
tr
(

V̂ar
−1

(X1,(j−k):j)
)]m [

tr
(

V̂ar(X1,(j−k):j)
)]m}

≤
{
E0n

[
tr
(

V̂ar
−1

(X1,(j−k):j)
)]2m

E0n

[
tr
(

V̂ar(X1,(j−k):j)
)]2m

}1/2

. (k + 1)2m+1

because diagonal elements of a Wishart matrix are gamma random variables

(Rao, 2009), i.e. [V̂ar(X1,(j−k):j)](l) ∼ Gamma(n/2, n[Var(X1,(j−k):j)]
−1
(l) /2).

Proof of Corollary 1. Since

E0n‖Ω̂LL
nk − Ω0,n‖ ≤ E0n‖Eπ(Ωn | Xn)− Ω0,n‖+ E0n‖Eπ(Ωn | Xn)− Ω̂LL

nk ‖

≤ E0nEπ(‖Ωn − Ω0,n‖ | Xn) + E0n‖Eπ(Ωn | Xn)− Ω̂LL
nk ‖,
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it suffices to prove

E0n‖Eπ(Ωn | Xn)− Ω̂LL
nk ‖∞ ≤ Ck2

n

≤ k3/4

[(
k + log(n ∨ p)

n

)1/2

+ γ(k)

]

for some constant C > 0 because of the assumption k(k+log(n∨p)) = O(n).

Let Ωn = (ωij) and Ω̂LL
nk = (ω̂LLij ), then for i < j ≤ i+ k,

E0n

∣∣Eπ(ωij | Xn)− ω̂LLij
∣∣

≤ E0n

∣∣∣Eπ(d−1
j aji | Xn)− nj

n
d̂−1
jk â

(k)
ji

∣∣∣ (S2.36)

+
i+k∑
l=j+1

E0n

∣∣∣Eπ(d−1
l alialj | Xn)− nl

n
d̂−1
lk â

(k)
li â

(k)
lj

∣∣∣ (S2.37)

by (S2.4). The (S2.36) term can be decomposed by

E0n

∣∣∣(Eπ(d−1
j aji | Xn)− nj

n
d̂−1
jk â

(k)
ji

)
I(Xn ∈ Nn)

∣∣∣ (S2.38)

+ E0n

∣∣∣(Eπ(d−1
j aji | Xn)− nj

n
d̂−1
jk â

(k)
ji

)
I(Xn ∈ N c

n)
∣∣∣ . (S2.39)

To deal with the above terms, we need to compute the expectation of

truncated distributions. When Y is a truncated gamma distribution Y ∼

GammaTr(α, β, c1 ≤ Y ≤ c2), the expectation of Y is

EY =
α

β

∫ c2
c1
Gamma(y | α + 1, β)dy∫ c2
c1
Gamma(y | α, β)dy

(Coffey and Muller, 2000). Thus, one can show that (S2.38) is bounded
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above by

E0n

∣∣∣∣∣njn d̂−1
jk â

(k)
ji

(∫M
0
Gamma(d−1

j |
nj
2

+ 1, n
2
d̂jk)dd

−1
j∫M

0
Gamma(d−1

j |
nj
2
, n

2
d̂jk)dd

−1
j

− 1

)
I(Xn ∈ Nn)

∣∣∣∣∣
≤ C1C

2
2e
−cn

for all sufficiently large n and some positive constant c by the same argument

with (S2.31). On the other hand, (S2.39) is bounded above by

C
[
E0n(d̂−2

jk (â
(k)
ji )2)

]1/2

P0n(Xn ∈ N c
n)

. (k + 1)7/2P0n(Xn ∈ N c
n)

≤ 1

n2

for some constant C > 0 and all sufficiently large n by Lemma 1, Lemma 6

and the choice of large C3 in the set Nn.

The (S2.37) can be decomposed by

i+k∑
l=j+1

E0n

∣∣∣(Eπ(d−1
l alialj | Xn)− nl

n
d̂−1
lk â

(k)
li â

(k)
lj

)
I(Xn ∈ Nn)

∣∣∣(S2.40)

+
i+k∑
l=j+1

E0n

∣∣∣(Eπ(d−1
l alialj | Xn)− nl

n
d̂−1
lk â

(k)
li â

(k)
lj

)
I(Xn ∈ N c

n)
∣∣∣ .(S2.41)

Note that in (S2.40),

Eπ(d−1
l alialj | Xn) = Eπ(d−1

l Eπ(alialj | dl,Xn) | Xn)

= Eπ(d−1
l Eπ(ali | dl,Xn)Eπ(alj | dl,Xn) | Xn)

+ Eπ(d−1
l Covπ(ali, alj | dl,Xn) | Xn).
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If we prove that
∑i+k

l=j+1 E0n|Eπ(d−1
l Covπ(ali, alj | dl,Xn) | Xn)I(Xn ∈

Nn)| . k/n, (S2.40) is bounded above by Ck/n for some constant C > 0

by the similar arguments used in (S2.38). It is easy to show that

i+k∑
l=j+1

E0n

∣∣Eπ(d−1
l Covπ(ali, alj|dl,Xn) | Xn)I(Xn ∈ Nn)

∣∣
≤

i+k∑
l=j+1

E0n

[
Eπ
(
d−1
l

∣∣Covπ(ali, alj|dl,Xn)
∣∣ ∣∣∣∣ Xn

)
I(Xn ∈ Nn)

]

≤
i+k∑
l=j+1

E0n

(
Eπ
(
d−1
l [Varπ(ali|dl,Xn)Varπ(alj|dl,Xn)]1/2

∣∣∣Xn

)
I(Xn ∈ Nn)

)
.

k

n
.

Similar to (S2.39), (S2.41) is bounded above by C/n2 for some constant

C > 0. Thus, we have shown

E0n

∣∣Eπ(ωij | Xn)− ω̂LLij
∣∣ .

k

n

for any i < j ≤ i + k. Since ωii = d−1
i +

∑i+k
l=i+1 d

−1
l a2

li for i < p and

ωpp = d−1
p ,

E0n

∣∣∣Eπ(Ωn,ii | Xn)− Ω̂LL
ii

∣∣∣ .
k

n

can be shown easily for 1 ≤ i ≤ p by similar arguments. Thus, it implies

E0n‖Eπ(Ωn | Xn)− Ω̂LL
nk ‖∞ .

k2

n
.
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S3 Auxiliary results

Lemma 7. For any x, n > 0,

ex ≤
(

1 +
x

n

)n+x/2

.

The proof can be obtained by a simple algebra.

Lemma 8. If we assume that Ω0,n ∈ U(ε0, γ) (defined at (2.8)) and
∑∞

k=1 γ(k) <

∞, then

‖Ω0,n‖∞ < C

for some C > 0 not depending on p.

Proof. Let Ω0,n = (Ip − A0,n)TD−1
0,n(Ip − A0,n) be the modified Cholesky

decomposition of Ω0,n. Since ‖Ω0,n‖∞ ≤ ‖Ip − A0,n‖1‖D−1
0,n‖∞‖Ip − A0,n‖∞

and

‖Ip − A0,n‖∞ ≤ 1 + ‖A0,n‖∞ ≤ 1 + γ(1),

‖D−1
0,n‖∞ = max

j
d−1

0,j

= max
j

∥∥∥Var1/2(X1,1:j)

(
−a0,j

1

)∥∥∥−2

2

≤ max
j
λmin (Var(X1,1:j))

−1 = max
j

∥∥Var−1(X1,1:j)
∥∥ ≤ ε−1

0 ,

(S3.42)

we only need to prove ‖A0,n‖1 ≤ C for some C > 0. By the definition of
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U(ε0, γ), it is easy to show |a0,ij| ≤ γ(i− j) for all i > j. Thus,

‖A0,n‖1 = max
j

p∑
i=j+1

|a0,ij|

≤ max
j

p∑
i=j+1

γ(i− j)

≤
∞∑
m=1

γ(m) < ∞.

Lemma 9. For any positive integers p1 and p2, let A11, A12 and A22 be a

p1 × p1, p1 × p2 and p2 × p2 matrix,

‖A12‖ ≤

∥∥∥∥∥∥∥∥
A11 A12

AT12 A22


∥∥∥∥∥∥∥∥ ,

where || · || is the matrix L2 norm.

Proof. Note∥∥∥∥∥∥∥∥
A11 A12

AT12 A22


∥∥∥∥∥∥∥∥ = sup

‖x‖2=1

∥∥∥∥∥∥∥∥
A11 A12

AT12 A22

x

∥∥∥∥∥∥∥∥
2

= sup
‖x‖2=1

∥∥∥∥(A11x1 + A12x2

A22x2 + AT12x1

)∥∥∥∥
2

≥ sup
‖x2‖2=1

∥∥∥∥(A12x2

A22x2

)∥∥∥∥
2

≥ sup
‖x2‖2=1

‖A12x2‖2 = ‖A12‖

where x = (xT1 , x
T
2 )T and x1 ∈ Rp1 , x2 ∈ Rp2 . This completes the proof.
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Lemma 10. If we assume that Ω0,n ∈ U(ε0, γ), which is defined at (2.8),

then

‖A0,nk − A0,n‖∞ ≤ Ck1/2γ(k),

‖A0,nk − A0,n‖1 ≤ Ckγ(k)

for some C > 0, where A0,nk is defined at (S2.24).

Proof of Lemma 10. We only consider k < j − 1 case because A0,nk = A0,n

trivially holds when k ≥ j − 1. Note first that

‖A0,nk − A0,n‖∞ ≤ ‖A0,nk −Bk(A0,n)‖∞ + ‖Bk(A0,n)− A0,n‖∞.

The second term is bounded above by γ(k) by the definition of U(ε0, γ).

Denote

Var−1(X1,1:(j−1)) =

Ω11,j Ω12,j

Ω21,j Ω22,j

 ,

Cov(X1,1:(j−1), X1j) =

(
Σ1j

Σ2j

)
,

where Ω11,j is a (j− k− 1)× (j− k− 1) matrix, Ω22,j is a k× k matrix and

Σ2j = Cov(X1,(j−k):(j−1), X1j) is a k-dimensional vector. Since maxj ‖a0,j −

Bk−1,j(a0,j)‖1 ≤ γ(k) by assumption, it directly implies

max
j
‖Ω11,jΣ1j + Ω12,jΣ2j‖1 ≤ γ(k). (S3.43)
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Also note that Var−1(X1,(j−k):(j−1)) = Ω22,j−Ω21,jΩ
−1
11,jΩ12,j by the inversion

of partitioned matrix. With this fact, we have the following upper bound

for ‖A0,nk −Bk(A0,n)‖∞,

‖A0,nk −Bk(A0,n)‖∞ = max
j
‖a(k)

0,j −Bk−1,j(a0,j)‖1

= max
j
‖Ω21,jΣ1j + Ω21,jΩ

−1
11,jΩ12,jΣ2j)‖1

= max
j
‖Ω21,jΩ

−1
11,j(Ω11,jΣ1j + Ω12,jΣ2j)‖1

≤ max
j
‖Ω21,jΩ

−1
11,j‖1‖Ω11,jΣ1j + Ω12,jΣ2j‖1

≤ max
j
k1/2‖Ω21,jΩ

−1
11,j‖‖Ω11,jΣ1j + Ω12,jΣ2j‖1

≤ max
j
k1/2‖Ω21,j‖‖Ω−1

11,j‖ · γ(k)

≤ ε−2
0 k1/2γ(k).

The second inequality holds because ‖A‖1 ≤ p1
1/2‖A‖ for any p1×p2 matrix

A (Horn and Johnson, 1990). The third inequality follows from the Cauchy-

Schwarz inequality and (S3.43). The last inequality holds because ‖Ω21,j‖ ≤

‖Var−1(X1,1:(j−1))‖ = λmin(Var(X1,1:(j−1)))
−1 ≤ λmin(Ω0,n)−1 ≤ ε−1

0 and

‖Ω−1
11,j‖ = λmin(Ω11,j)

−1 ≤ λmin(Var−1(X1,1:(j−1)))
−1 = λmax(Var(X1,1:(j−1))) ≤

λmax(Ω0,n) ≤ ε−1
0 by Lemma 9 and Ω0,n ∈ U(ε0, γ). It proves the first part

of Lemma 10.

To show the second argument of Lemma 10, note that

‖A0,nk − A0,n‖1 ≤ ‖A0,nk −Bk(A0,n)‖1 + ‖Bk(A0,n)− A0,n‖1.
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The first term is bounded above by

‖A0,nk −Bk(A0,n)‖1 ≤ kmax
j
‖a(k)

0,j −Bk−1,j(a0,j)‖max

≤ kmax
j
‖a(k)

0,j −Bk−1,j(a0,j)‖

= kmax
j
‖Ω21,jΩ

−1
11,j(Ω11,jΣ1j + Ω12,jΣ2j)‖2

≤ kmax
j
‖Ω21,jΩ

−1
11,j‖‖Ω11,jΣ1j + Ω12,jΣ2j‖2

≤ ε−2
0 kγ(k)

by the similar arguments used in the previous paragraph. Also note that

‖Bk(A0,n)− A0,n‖1 =

p∑
i=j+k

|a0,ij|

≤
p∑

i=j+k

j∑
j′=1

|a0,ij′|

≤
p∑

i=j+k

γ(i− j)

≤
∞∑
m=k

γ(m).

If we assume the polynomially decreasing γ(k) = Ck−α, we have
∑∞

m=k γ(m) ≤

C ′kγ(k) for some constant C ′ > 0. If we assume the exact band or exponen-

tially decreasing γ(k) = Ce−βk, it is easy to show that
∑∞

m=k γ(m) ≤ C ′γ(k)

for some constant C ′ > 0. Thus, ‖A0,nk − A0,n‖1 is bounded above by

C ′′kγ(k) for some constant C ′′ > 0.
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