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Supplementary Material

This part contains the proofs of Theorems 3.1 to 3.5, which depend on a number of pre-

liminary lemmas.
Proofs of the theorems

We give the proofs of the main results here. Let C' > 0 denote a generic constant of which
the value may change from line to line. For a matrix A = (as;), set [|Allec = max; ) |ai]
and |A|e = max;;|ai;|. For a vector v = (v1,...,vx)7, set ||[v)leo = Z?:l |v;| and |v]eo =
maxi<;<k |v;|. We write Y; = Y;* + & with Y;* = [ a(t)X;(t)dt + W, a0 + g(Z] Bo). Denote
V=Y -1 Y éi=ei— 0 aépandY = (Ya,...,Ya)", & = (é1,...,8n)". Then
Vi =Vi+& and Y =Y +&. Define P(8) = I, — B()(B" (B)B(8))"'B’ (B), where I, is the

n X n identity matrix. By (3.5), (2.9) and (2.10), we have

Gn(a,B) = =[(Y —Wa)"P(B)(Y — Wa) +2(Y — Wa)" P(B)é + " P(B)&]. (A1)

1
n
Lemma A.1. Suppose that Assumptions 1 to 4 and 5’ hold. Then
LY -Wa)' (Y —Wa) = p(a) + o,(1),

where p(a) = (@ —a0)TE(VVT)(a — ao) — 2b3 E[Bg, (Z7B80)VT](a — ao) + bE T'(Bo, Bo)bo, and

0p(1) holds uniformly for @ in any bounded neighborhood of aq.
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Proof. Define &; = i fllf” Yo=Y - 130 Viéuand Yie = 2 300 V7 (€ —Ea).
Then Y; = Y;1 — Y5 and

Y'Y= Z Vi - 2VaYee + Yi2). (A2)

S|
:M—'

Denote Yizr = 370 5[5 320, Y17 (€5 — &)1€is, Yiez = D072 1(% — ) L Y 6y)és and

Yioz = 371, 3 (LY, Y7785) (€ — &5)- Then we have
Vi3 <3(Yiar + Yizz + Yisa). (A3)
From Lemma 5.1 of Hall and Horowitz (2007) it follows that

& — &y = Z - /A¢J¢k+§zg/(¢3j = $)9;, (A4)

k;ﬁJ

where A = K — K. Then we obtain
(LY Y Gy — &) <20 5 ynswll} Adibr)® +2(& [ (65 — 65)85)°
< 2[2]@7&] (/\,_)\k)z Zk 1 IA¢J¢I“ + 26] (f(é] - ¢J)¢J)27
where & = LS Y&, Lemma 1 of Cardot et al. (2007) yields that

uniformly for 1 < j < m. From (5.2) of Hall and Horowitz (2007) we have sup,, A — )] <

Al = Op(n~"/?) and

(b5 — 60)81)? < 11 — 6511 < O LB < cpjAf1PA; 252, (A-5)

(Aj=2j+1)?

where [||A]]| = ([, [, A%(s,t)dsdt)'/?. Using Parseval’s identity, we obtain

So(f b= [ ([ 8 <l1aIF =007

~ &2 &2
Assumption 5’ implies that |A; —A;| = 0p(Am/m). Consequently, >, . ﬁ =D ket (AEW[]:F
i— Ak J

op(1)], where 0,(1) holds uniformly for 1 < j < m. Using Lemma 2 of Cardot et al. (2007) and
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the fact that (A\; — Ax)? > (Ax — Akt1)?, we deduce that

)
Ykrs Ooaz B(ER)
S Czk?ﬁ] m[nilkk + az2)\i}

2 %2 2 %2
Ak al j-aj,

2 w2
ALk

1 A j—1 27 oo
S Clamy=ayi 2wt T oxe] T 2k=1 T oa)? T 2kt (97 T 2okm2jivt Oy ongy)?)

< C(n~ 'A% logj +1).

where ay = ar + >.7_, v/a0r. Assumption 2 yields that

m m
> A log i <m T2 it log s < AL PmP logm
j=1 j=1

and » 7, )\j_l < A\ntm. Therefore,

LYV S (0 T W - ) o T €)
= 0p(n 2N 2m* logm + n ™A m?).
Decomposing £ 377" Y&y =& + IS (& — &;) and using (A.6), we obtain
n ¥ m Ni=2)2 n * & m n
FXL Y SO S (S VL) I+ 0 (VNS o i €D)
=O0,(n N tm 4+ n 73N tmt logm + n 2N, 3m?).

By (A.10) of Tang (2015), it holds that
165 — &3l1* = Op(n™" 5 log 5)
uniformly for 1 < j < m. Using (A.7) and (A.8), we obtain
Rl Vs S (T 5x (o X Yras)?) (G X 1P (27, s — ¢411%)

= Op((n~'m® + n A m  logm + n A m*) log m).

Then by (A.3), (A.6), (A.7), (A.9) and Assumption 5’, we conclude that

D VE = 0,(n N m logm + nT AL M) = 0, (k7).

(A.7)

(A.9)

(A.10)
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Define &§ = 231", )\J-_I/QQJ'YZ*. Since E[maxi<j<m (£ — E(£))%] < S A LB Y <

Cn~'m, we then have maxi<j<m | — E(£])] = Op(n™"/?m'/?). Hence, we have

n ¥ n *2 m *2 m 5’?2 n * ok o
% Zi:l Y121 = % Zi:1 Yyt -2 Zj:l T Zj:l #M(Zizl 512]) + Zj;sj/ & €j’£jj/
=252 (a5 + X, vija0r)* A + E(V a0 + 9(Z27 Bo))?
=237 (ag + 7o viya0r)® Ay + T4 (a5 + 271 vla0r) X 4 0p(1)

= E(V a0 +9(Z"o))* + 0p(1),
(A.11)

where &;; = W Yo, &ij&jr. Combining (A.2), (A.10), (A.11) and (3.1), we conclude
n(Aj ' =

that
Y'YV = ol EVVT )ao + 268 E[Bg, (Z7Bo)V 7 ]ao + bE T'(Bo, Bo)bo + 0p(1). (A.12)

Similar to the proof of (A.12), we obtain that

IWIW = E(VVT) +0,(1), LY W = a0 E(VTV) + b] E[Bg, (Z27B0)V] + 0p(1).

Now Lemma A.1 follows from (A.12) and the preceding expression.

Lemma A.2. Under Assumptions 1, 4 and 5, it holds that

1
3 7§ BY)(Z “Ipd T
ﬂilcl)p 1<m]a<xml<l§ele<xx A2 &ij B)| =op(n Zhi logn),

1.1
peo, W\Q:Bw (2 B)Bup (2T B) — E(Bup(Z! B)Bus(ZI B))| = op(n” 2h logn),
€9pg

_1 -3
S IQ%M*E:BM; (2] B)Big(Z] B) — E[Big (2] B)Blg(Z! B)]| = 0p(n~ = hg * logn),
S

and

ﬂsup max|fZBk,3 (2T B) Bl (2T B) — EBig(ZF B)Bg(ZIB)]| = 0p(n” % hy % logn)
€O

forr=0,1,2.
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Proof. We give only the proof for the first step with r = 2, as the first step with r =0, 1
and the other steps follow from similar arguments. Define n;1:(Z78) = A;l/QéijBllvlﬁ(Z;‘Tﬂ).
Applying Assumptions 1 and Lemma E.1 of Kato (2012), we have maxi<;j<m,i<i<n |)\]._1/2§ij| =
Op((mn)*/*). Hence, by Assumption 5’, for any € > 0 and € > 0, there exists a positive constant

C’l such that

P{ max |)\j_1/2€ij| > C~’1n1/2h(1)/4(logn)7l} < e/4. (A.13)

1<j<m,1<i<n

Using Assumptions 1 and the fact that |Byg(Z]B)| < Chy?, we obtain

_1
|E[X; 2&; Bilg(Z] B)1

_1 _ 1 1
1 2€ij12C1in2 hg (logn) =1}
3 11 _1 [
<Cn~z2hy * (logn)BE[)\j 2¢5]* <en~2hy P logn/2.

Denote
7 zTr )\*% B (ZTB)I
Miki(Zi B) = A; *&ij Big(Z B) {M;%gﬁ‘<C~1n%h§(logn>,l}
1
—E\ 2&Big(ZB) 1 )
[ ! ! kﬂ( ) ‘H)‘j 2§ij‘<éln%h6l(logn)*1}
Then we have
7
P{supge, maxj k|2 S0, niki(Z]B)] > en”2hy * logn}
_1 ~ 1
< P{max; ;|\, 2&;| > Cin?hd (logn) '} (A.14)

- _1, -1
+P{supgce, max;k |25 Aki(ZIB)| > en” 2hy * logn/2}.

Using the fact that |B;€’ﬁ(ZlT,B)| < Chy?, again we obtain
_z
i1 (Z7 B)| < Cn®hy T (logn) ™", (A.15)

From Assumption 1, it follows that

zn: E(ij1:(Z1' B)) < CnX;  (EBig(ZI B)E(E]))'? < Cnhg ™/ (A.16)

i=1
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For B1 = (B11,...,B1a)" € Opy and B2 = (Ba1, ..., B2a)" € Opy, define [B2—B1| = maxi<r<q—1 |Bar—

_1 .
Bir|. Since 377, 237 2|&ij] = Op(m), then there exists a positive Cy such that
P> - D A 2 l€s] > Com} < /4. (A.17)
j=1 " i=1

From (2.6), for all B8 € ©,,, the total of different Byg(u) is not more than (s + 1)k,. Let ©,,

be divided into N disjoint parts O,41, - , Oy~ such that for any 8 € ©,,,1 <1 < N and any
1
1<]<m1<k<(s+1)kn,whenzj1n Dy “2)g] < Cam,

SWbgee,,, |25 ki (ZEB) — L300 Ak (Z] B
< suppee,, Ay ¥ (B S 601 Blp (Z26) — BLa(ZF Bl + (leil | Bia(Z'8) ~ Bia(Z1B))
< suppeo,,, Cha® Sy (20, Ay H el + BO 1) 18 - Bl
< Cmhg®|B - Bi] < sn’%hg% logn/4.
This can be done with N = C(mn1/2/(shg/4 logn))*~t. Using Bernstein inequality and (A.15),
(A.16) and Assumption 5’, for sufficiently large n, it follows that

e
P(supﬁegpo max; |2 S0 ki (Z7 B)| > en” 2h 4logn/2 > LEYL A 2|§“|<Cgm)

< P( UN, {max; DI ki (Z5 B1)

> nffh 410gn/4}>

2
€ nh(J
1

R M\\I

< kanNexp{ — (log n)® } < €/2.

7/2 (logn)— 15n2h 4logn

32Cnhy /2 +4Cn2 by

Now Lemma A.2 follows from (A.13), (A.14), (A.17) and the preceding inequality.

Lemma A.3. Assume that Assumptions 1, 2, 4 and 5’ hold. Then it holds that

1.7

—B (B)B(B) =T(B,B) + 0p(ho),
where o0, (h3) holds uniformly for 1 < k, k' < Kg and B € O,,.

Proof. Define

Bip1(Z B) = Bip(Zi B) — —ZBM, ZI'B)u, Bipa(ZIB) = ZBw ZI'B) (& — &u).
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We decompose the (k, k')th element of %BT(ﬂ)B(ﬁ) as

LS Bup(Z'B)Brp(ZIB) =130, (Bkﬁl(ZiTﬂ)Bk'ﬁl(ZiT.B) — Bup1(Z]'B)Big2(ZI'B)
—Buup2(Z]'B) B (Z]'B) + BkBQ(ZiTﬂ)Bk’ID(ZiTﬁ))-

Applying the Cauchy-Schwarz inequality, Lemma A.2, (A.8) and Assumptions 2 and 5, we

obtain

R 2
SUPgeo,, MaXk % i (Z;n=1 %[% e Bkﬂ(ZlTﬂ)(flj - flj)]fzj)
< suppee,, maxe ( 7L (5 S0 Bus(Z0B)(é — €)1 (S 24 S €
- pﬁe@po k i=1x;ln 1=1 PkB\4 15 1j J=1 7, i1 &g
o o .
< (suppeo,, maxk & Sy Big(ZB)) (5 L1y 1XP) (2, M2 (S, o S0, €6)

= O, (n "X\ tm*ho logm) = 0, (hd).
(A.18)

Similar to the proof of (A.7), (A.9) and using Lemma A.2, we then deduce that

n m € §ij n 2 2
SuPgeo,, MaXk % i=1 ( j:1( 5\; - A; )(% i Bkﬁ(ZlT.B)glj)>
= 0,(n 27 2m2hy 2 (log n)?) + 0p (2N mPh  (log n)?) 4+ Op(n2A;3m* ho log m)

+0,(n 2N m ho(logm)?) = op(h).
(A.19)

Using Lemma A.2 and Assumption 5’, we conclude that

LS Bipi(ZIB)Brpi(ZIB) =130 Bus(ZIB)Brp(Z]'B) — 23700 Pripr;
+ T pripw i (s 2T §) + ey PriP 36
= E[Big(Z" B) B (2" B)] + 0p(hi),

where pr; = Mﬁ S, &Br(Z] B). Now Lemma A.3 follows from (A.18), (A.19) and the
J
preceding equation.

Proof of Theorem 3.1. By arguments similar to those used in the proof of Lemmas A.1
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and A.3, it follows that

187 (8)(V - Wa) = TI(a, B) + o, (ho). (A.20)

n

Using Lemma A.3, (A.20) and arguments similar to those used in the proof of Lemma 1 of Tang

(2013), we then deduce that

~T

L Wa) B@)B" (8)B(®) B ()Y ~Wa) = I (o B (8,8)ll(e, ) +0,(1). (A21)
Therefore, Lemma A.1 and (A.21) imply that

LY -Wa)"PB)Y -Wa) =pla)—11" (e, )" (8,8)(e, B) + 0p(1)
(A.22)

=: G(a, B) + 0, (1),
where op(1) holds uniformly for 8 € ©,, and e is in any bounded neighborhood of ag. Similar
to the proof of Lemmas A.1 and A.3, it holds that %éTé = 02 + 0,(1), %(Y —Wa)Te =
op(ho) and %BT(,B)F: = 0p(ho). Similar to the proof of (A.21) and (A.22), we further have
(Y —Wa)TP(B)é = 0,(1) and LeTP(B)e = 0 + 0p(1). Therefore, from (A.1), (A.22) and
(3.2), it follows that

Gnla, B) = G(a, B) + 0p(1), (A.23)

where 0,(1) holds uniformly for 8 € ©,, and e is in any bounded neighborhood of ag. By the

fact that (@&, ) is the minimizer of G, (e, 8) and using (A.23), we have

Gn(@,B) < Gulao, Bo) = Glao, Bo) + 0p(1). (A.24)

By (A.1) and (A.22), we have that G(a,8) > 0 and G(a,8) > o*. From (3.2), one ob-

tains G(ao,B0) = 02 + 0,(1). Applying (A.23) and (A.24), we obtain that ¢° < G(a,B) =

Gn(é,B)+0p(1) < G(aw, Bo)+0,(1). Therefore, |G(&, B)—G(ao, Bo)| = 0p(1); that is, |G* (6_a)—
G*(00,—a)| = 0p(1). Since G*(0_4) is locally convex at 8,4, it follows that & —ag = 0,(1) and

B_4— Bo,—a = 0p(1). This completes the proof of (3.3).
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From (A.11), Assumption 5 and the fact that A\; < C/(jlogj), we have

e} q
> (a5 + > viaen)?A < Cm = o(hp). (A.25)
j=m+1 r=1

Applying Assumption 5 and (A.25), we can easily prove that (¥ — Wa)T (Y —Wa) = p(a) +
0p(h3) in Lemma A.1, LB" (8)B(B) = I'(8, 8) + 0, (hi) in Lemma A.3 and 2B" (8)(Y - Wa) =
(e, B) + 0p(h3). Consequently, it follows that Gy (a,B8) = G(a,B) + 0p(h3) and |G(&,8) —
G(ao,B0)| = 0p(hd). Now (3.4) follows from Assumption 7. This completes the proof of
Theorem 3.1.

Lemma A.4. Under Assumptions 1-6, it holds that

Gn(O-1.5(0-0)) = 20(8_) + 0,(1),

where 0,(1) holds uniformly for 8 € ©,,, a is in any bounded neighborhood of ag and Q(8_4) =

(Thr) (q+d—1)x (+d—1) With

Tkr = E(‘v/k‘;;) - E[B(ZT:B)VIC]TP71(ﬂaIB)E[B(ZTﬁ)‘V/rL k’ r=1,... 4, (A26)
T(a+r) = E[B(Z7B)Vi] ble, B) + E[B(Z" B)Vi] b, (e, B), (A.27)

for k,=1,...,¢;r=1,...,d—1, and

Taskyar) = b (0nB)Rek(B.B) + b, (e, B) Hi (B, B)lb(ev, B) — [[1F,.(cr, B)
(A.28)

~b" (o, B) Msr (B, B)]b(ex, B) + [ITF (e, B) — b (v, B) Hi (B, B)lbr (v, B),
for k,?“ = 17 .. '7d_17 E(Ckvﬂ) = F_l(ﬂ7ﬁ)H(a,ﬂ)7 Er(a7ﬁ) = _F_l(ﬂ7ﬂ)(Hg(ﬂvﬂ)+Hr(ﬁ7ﬂ))B(a7:3)+
I8, A1, (e, B), 1T (e, B) = 2H&P) o [Ty, (or, B) = ZM@B) Nfy.,(B,B') s & K x Ky ma-

trix whose (1, ')th element is E[By(Z7B) By, (278')) and Bu,(276) = ZELZP).
Proof. Let g, be the (k,r)th element of G, (0_4,b(0_4)). From (3.6) and (3.7), we
have that

o = %[W{WT _WIBB B)'B"W.], kir=1,....q, (A.29)
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jad j— 2 A T r 7 A T D j— . j—
Tk(g+r) = E[Wk‘Brb‘f’Wkar]’ k),—l,...,q,?‘—l,...,d—l, (A30)

b+ Bb)TBb — %(f/ — Wa — Bb) (Bub + Bib,), (A.31)

o

N 2
T (qk)(g+r) = E(

for k,r = 1,...,d — 1, where W, = (Wlk,...7Wnk)T fork=1,...,q, B = B(ﬂ,d), B, =

db(e,B_q)

B, (B_4) and b= l;(a,ﬁ,d), with for simplicity of notation, b, = Br(a,ﬂ,d) = —%5. and
ékr = ékr(ﬁfd) = %. Since (BTB)ABTB = I, we then have
~ T ~ ~ T ~
B BT -7~ _41/0B - ~T70B
o iF ) B"B+ (BB 1(8873 +BT(%) =0.
Hence,
8(~TB)_1 -7 - fops =T E T
55, — B B '(BIB+B B)B B’
Note that b = (BTB)_IBT(? — Wa). We further have
~T ~ 1 AT ~T ~ “T = =T = ~ L AP ~
b, =—( ) '[(BrB+B B,)(B B) B (Y—-Wa)—-B,(Y—-Wa). (A.32)
Similar to the proof of Lemmas A.2 and A.3, we obtain that
1 2=~ ~T %
~(BIB+B"B,) = HI(8,8) + H.(B.B) + 0 (h{). (A.33)

Furthermore, under Assumption 5, Lemma A.3 yields that B'B-= I'(B,B) + 0p(h3). Similar

1
to the proof of Lemma 1 of Tang (2013), we obtain that |(%BTB)_1 — (KuT'(B,8) Yoo =
op(hy). By Lemma 9 of Huang et al. (2004), we also have that ||(£ BTB)AHOO < C and

n
n

|(KuT(8,8)) oo < C. Using (A.33), we have |[HF (8, 8) + Hy (8, 8) | = O(1) and
| -(BIB+ B B)llw = |HI(8.6) + HoB.8)l +0,(h3) = 0,(1).  (A34)

Similar to the proof of (A.20), we obtain %BT(? —Wa) = I(a, B) + 0p(h3). Observe that

2~ ~T *

|Ti(a, B)[l~ = O(1) and hence |[L1B" (¥ — Wa)|e = O,(1). Let B, = L(BYB + B'B,),
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A,.(8,8) = H'(8,8) + H.(8,8) and ¥ = LB" (Y — Wa). Then

B)"'Y — (K.I'(8.B)) 'B.(%2B"B)"'Y

B)™' — (KaL(8,8)) " oo | Bl l|(52 B" B) ™[l ||¥ o0
= 0,(h3)0,(1)0p(1)0p (1) = 0, (h})

and

(K.T(B.8)) ' B.(%2B" B)"'Y — (K.I'(8.8)) ' H.(8,8)(“»B" B)'¥|~

< (KT8, 8)) oo By — H (B, 8)]oo | (X2 B B) ™ ||V |0

= O(l)op(h?))op(l)Op(l) = Op(h8)~

Furthermore, it holds that

(%B"B)"'B,(“B"B)"'¥
(A.35)
—(KaT(8,8)) " H(8,8)(KnT(8,8)) " Tl(ex, B) e = 0p(h)
Under Assumption 5, similar to the proof of (A.20), we deduce that
%fa?(f/ —Wa) = T, (e, B) + oy (h2). (A.36)
Similar to the proof of (A.35), we further deduce that
KnzgT= 1,1 57,5 = —17 2
(EeBT By (BT —Wa)) — (.1(8.8) 11 (@, 8)] = 0,(3). (A.37)
Combining (A.32), (A.35) and (A.37), we then have
b = br (@, B)|oe = 0p(ho). (A.38)
By arguments similar to those used in the proof of (A.35), we further have that
1:7 TE = -T _
b B Bib = b, (o, ) Hi(B, B)blex, B) + 0p(1). (A.39)

Similar to the proof of (A.39), we obtain that

5" BIBub =" (@ ) Ren (8, B)b(ex, B) + 0p(1), (A.40)
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L(¥Y —Wa — Bb)"(Bi,b+ Bib,) = [fif, (e, 8) — b (e, /)M, (B, B)lb(ev. B)
+ITE (e, B) = b (@, B) Hi(B. B)lbr (cx, B) + 0y (1).
Now (A.28) follows from (A.31), (A.39), (A.40) and the preceding expression. Using the fact
that 2 S°"  (Wix — L S0, W) (Wir — 2 00 Winéa) = E(ViV;) +0p(1), (A.26) and (A.27)
can be proved in a similar fashion. This completes the proof of Lemma A.4.
Lemma A.5. Under Assumptions 1 to 3 and 5, it holds that

Z Ajla; —

j=1

Z l&] = Op( 1)‘;le)3

>»‘H
3\H

where ¢ = 0% | ag€iq.
Proof Set S1 = Y70, Ajla; — x5 (5 iy Q) S2 = X7y 1 iy Gl — &)
and S5 =37 Aj(%j GO G&15)?. Note that
i Ajla; — i . Z GEj)]? < 3(S1+ S2 + S3). (A.41)
=1

Since Ela; — 5= (£ 37", G:&;)] = 0, then from Assumptions 1to 3, we obtain
J

m 1 1 n m 1 n 9.9
=3 —Var(=> G&) <Y N B < Cm/n. (A.42)
j=1 A "= j=1 n?A; i
Similar to the proof of (A.6), (A.7) and using Assumption 5, we deduce that
Sy = Op(n 2N 2mP logm 4+ n~ ' A 'm) = O, (n” ' A m) (A.43)

and

Sa <Oy, Bl (G4 R T, Gy — €))L+ 0 (1]

(A.44)
= 0,(n7 '\ F 3N mB logm 4+ n 722 m) = Op(n ALY,
Now Lemma A.5 follows from combining (A.41) to (A.44).
Lemma A.6. Denote
. dgo (2T - Zi
gor(Zs) = %\ﬁ:ﬁo ZbOkBk Z Bo) ( ir — BorZia - )
’ k=1 \/1 =B+ -+ By
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forr=1,...,d—1and Ay = gor(Z:) — %Zle goT(Zl)él. Under Assumptions 1, 2, 4 and 5,
it holds that

n

S ONTO & AN)? = Op(nm + X m" logm).

Proof Let A7, = gor(Zi) — 27—, y 1= (+ Y0n1 gor(Z1)&i)€ijr . Observe that

(Tl &An)® < 4( i §ijA:i>2

+4 7, 1 lJ = %[ Zl 1907‘(Zl)(£ljl _glj )]gu)

+4

(S 6 TP G — S T o (Z0d 1) (A
(S0 & TPy 1 S0 dor (206l — 60)
= 4(Tj1 + Tj2 + Tjs + Tja).

By direct computations and using Assumption 1, we obtain

B(E5AL®) < 2B(&598-(Z0) + 2B1€5, (ST, 55 (5 Eily 9or (Z0)€1)6i50)?)
< C(A\; +mA;/n? + (n— DmA;/n? +m2);/n?) < C)

and

‘ Z glljglszrzlArzg)l < C[(?’L - 1)(” + 2))‘ /n + (n - l)m)‘ /n} < On)‘
i1 F£ig

Hence, it follows that

n

E(le) = Z E(élsz:lQ) + Z E(£i1j§i2jA:ilA:i2) < Cn)‘] (A'46)

i=1 1o

Similar to the proof of (A.6) and using Assumption 1, we have

> 5!

i'=1

3\>~

ZQOT Zn)( §lj’ — &) = Op(n~ 222 m* logm).
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Since 7/_, 55 B(S1, §iy)? < Cn?A;, then

SN T S( - A, LS gor(Z0)(&jr — &u0)] )
< v Z =1 %,/ (Z?;lfijfij/)Q) (A.4T)

= 0p(n 2N 2m3 log m) Oy (n?m) = Op(A\,2m* logm).

Similar to the proof (A.7) and using Assumption 5, we deduce that

Mh%fﬁfEZLmMZmﬂﬂ

S A T < (Z;’f:l
( 7rL 77,L _ %]/(ZZL N ”51] ) ) (A48)
= 0p,(A2m? + n 7 i mt logm) = O, (A 2m? logm).
and
ST T < (X R T d0r(20)651%) L+ 0p(1)]
J
(A.49)

i1 &,-2]-) (Z;}:I PR (T €¢j’)2>

= op(A2m*logm).

X

(T %
= Op(n A m5 logm +n 723 m" (log m)?)

Now Lemma A.6 follows from combining (A.45)-(A.49) and Assumption 5

Lemma A.7. Under the Assumptions 1-3 and 5, it holds that

Cznm 11 S
n 1/2|Z;(EZCZ§U Z&J &ij) Ari| = op(1).
j=1M =1 i=1

Proof Let éj = %Zl 1 Qél] Applying the Cauchy-Schwarz inequality, we obtain

>
<.
Il
-
~.
Il
—

Using (A.4), (A.5), Assumption 5, Parseval’s identity and some arguments similar to those used
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to prove Lemma A.6, we deduce that

S (G — &) Ar)?
<2 (s N = M) T [ AGidk Y0y LinAri)® + (1 & Ar) ([ (65 — 05)¢5)°]
< CONANP I [y g = M) T2 (20 Gk Ari)® 4+ 07252 (D0, &5 Ari)]

= O0p,(A\ntm3logm +n7 '\ 3mb logm) = op(n).

Similar to the proof of (A.7) and using Assumption 5 , we obtain that

m
Z Le_ Op(n "Nt m 4+ 140722 mP logm +n~ 'A% m) = o,(1).

This completes the proof of Lemma A.7.

Lemma A.8. Set (; = ¢ — %27:1 G&;1. Under Assumptions 1-4 and 5, it holds that

n 2D G AN = 0,(1).
i=1
Proof Observe that

S GA =2 ey - 717(% Sy Gl S &y A

- Z;n:1 %(% i Clélj) Z?:l(éij —&ij)Ari + Z]O‘im—Q—I a; Y iy i Ari.

15

(A.50)
Lemmas A.5, A.6 and Assumption 5 imply that
_1 m n c n
n” 2|30 [a; — 717(% 21 G&u)] 200 &igAril
1 1
1 m n c 2 m — n 2
<n”2 (Zj:l Ajla; — %j(% pIy Q&j)]2> ’ (Zj:l AN, §z‘jAri)2> ’ (A.51)

= 0,(n 2N Pm 4 n A 2 mP 2 (log m)?) = 0,(1).

By arguments similar to those used in the proof of Lemma A.6 and using Lemma 6.1 of Cardot
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et al. (2007), we obtain that

(i @ Ly i Ar)® < (52000 0 (521 (0 &1 Ari)?)

= Op(nm™ 2T 4 X 2m ™2 logm) > e mi1 N = 0p(n).
(A.52)
Now Lemma A.8 follows from combining (A.50)-(A.52) and Lemma A.7.
Lemma A.9. Suppose that Assumptions 1-5 hold. Then
n~ V(Y — Wao — B(Bo)bo)" B,(Bo)bo =1 ngm i)ei +op(1).

Proof Using arguments similar to those used to prove Lemmas A.6 and A.7, we deduce that

STy A2 = Op(m), 02 S (3 SE o (Z06) = 0p(1) and
n 1 n ~ n 1 n
n—1/2§ 75 Egi Am-:o 17 _1/25 75 RZﬁ £z Ari = 0p(1).
i:l(n =1 ) o) =1 = e o

Hence

Y2z TB (Bo)bo _n_l/QZQOT(Zi)8i+0P(1)' (A.53)

i=1
Using (3.1) and the assumption that nh*” — 0, it follows that (31| R(Z] Bo)Ar:)> < (X7, R*(Z] Bo)) (X1, AZ) =

op(n). Consequently, we have
7 2R B, (Bo)bo = 0,(1), (A.54)

where R = (R(Z{ Bo), ..., R(Z1 Bo))" and R(Z] Bo) = R(Z{Bo) — £ 1y R(Z["Bo)Eu. Now
Lemma A.9 follows from Lemma A.8, (A.53) and (A.54).

Lemma A.10. Under the assumptions of Theorem 2, it holds that
n 2 (B(ao, Bo) — o) B (B0)B+(Bo)bo = n” 2e" B(Bo)L'™" (Bo, Bo) Hr (Bo, Bo)bo + 0, (1),

where B(80) = (B(Z{'Bo), ..., B(ZXB0))".



Partial functional partially linear single-index models 17

Proof Note that b(ao,B0) — bo = (B" (80)B(Bo)) 'B” (Bo)(Y — Wao — B(Bo)bo). By
(A.33), we obtain
|1 1B" (80)B,(BoYbolse = |Hx(Bo. Bo)boleo + 0p(h)
< maxi<i<k, E[Br(Z"Bo)|gor(Z)|] + 0p(h3) = Op(ho)

Similar to the proof of Lemma A.9, we have ||n7% (Y —Way —e — B(B0)bo) ' B(Bo)||s = 0p(1)
and |[n"2e"B(Bo)||se = Op(K~/?). Hence

"3 |(Y ~ Wan — e — B(8o)bo)"B(80) (B” (Bo)B(Bo)) ™" B” (80)B.(Bo)bo|

< Kln~ 3 [(Y — Wao — € — B(Bo)bo) " B(Bo)l|oo | (52 B" (Bo)B(Bo)) ™|

x|1B" (Bo)B(Bo)boloe = Kn0p(1)0,(1)0p(ho) = 0(1).

Using arguments similar to those used in the proof of (A.35), we can deduce that

|(B" (Bo)B(B0)) B (80)B(Bo)bo — T (Bo. Bo) Hy(Bo, Bo)bolse = 0y (ho).
Hence
In~ 36T B(Bo)[(B” (Bo)B(Bo)) "B (80)B.(Bo)bo — T (B, Bo) H(Bo. Bo)bol|
< [l 2" B(Bo) oo |(B” (B0)B(Bo)) ™ B" (B0)B-(Bo)bo — I~ (Bo. Bo) Hr (Bo, Bo)bolc

= Op(lez/Q)Op(hO) = op(1).

Using arguments similar to those used to prove Lemmas A.6 and A.7, we deduce that

n n

In~2e" (B(Bo) — B(Bo)) o0 =~ éZIZ}%[;ZBk (71 Bo)éull = op(1).

k=1 i=1

Therefore,
In=2€T(B(Bo) — B(Bo))T " (Bo, Bo) H:(Bo, Bo)bo]|

< Kalln™2€" (B(Bo) — B(Bo)) e [ (KT (Bo, B0)) ™" oo | H(Bo, Bo)bo oo

= Knop(1)Op(1)Op(ho) = o0p(1).
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This completes the proof of Lemma A.10.

Proof of Theorem 3.2. From Lemma A.4 and Assumption 7, we have

Gn(B a,b(B0)) = 2B~ 0) + 0p(1) = 2Q(Bo.—a) + 0p(1) = 2Q0 + 0,(1). (A.55)
Note that (¥ — Wao — B(Bo)b(ao, B0))” B, (Bo)b(ao, Bo) can be written as

(Y — Wao — B(Bo)b(co, B0))" By (Bo)blao, Bo)

= (Y — Wan — B(Bo)bo) "B (Bo)bo — (b(awo, Bo) — bo)"B” (B0) B, (Bo)bo

(A.56)

+(¥ — Wawo — B(Bo)bo)" B.(8o) (blao, Bo) — bo)

~(b(ew, Bo) —bo) "B (B0) B, (Bo) (blexo, Bo) — bo).
Similar to the proof of Lemma A.9, we have ||n~ 2 (¥ — Wao — B(B0)b0)T By (Bo) s = Op(K2/%)

and [n"2 (Y — Wao — B(Bo)bo)"B(Bo)|ee = Op(hi/?). Hence

B(co, Bo) —boloe < K2 [[(K2B" (80)B(Bo)) " [loo|B" (Bo)(¥ — Wao — B(Bo)bo)loe

Nl=

1
=0Op(n"2hy ?).

Further, we deduce that
n~ 3 (Y — Wao — B(Bo)bo)"B-(Bo) (b(ao. Bo) — bo)|
< [l (¥ — Wewo — B(Bo)bo)" B (o) sclblaxo. Bo) — bolos (A.57)
= 0p(n"/?h5?) = 0,(1).

Applying (A.34), we have

n=%|(b(wo, Bo) — bo) "B (B0) B (Bo) (b(exo, Bo) — bo))|
(A.58)
<13 K| 2B (B0) B (Bo) s [B(c0, Bo) — bo|% = Op(n2hg2) = 0,(1).

Now (Y — Wa — B(B_d)i))TWk can be written as

(Y —Waé — B(B_)b)" Wi = (¥ — Wé — B(Bo)bo) "W, — (b0, Bo) — bo)"B" (Bo)W
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for k=1,...,q. Similar to the proof of Lemma A.9, we deduce that
_1 5 =N =~ Trx _1 o=
n 2(1/—"‘70—3(,30)()0) Wi=n z2¢ Wk—i—op(l).

‘We decompose ETWk into three terms as

ETWk — ;1,:1 € (W'Lk _ ;n L E(Wlk‘sj)g > n 187, zm 5” ( Zl N Wlk&l] _ E(I/Vlkfg)>

-2 51% i Wik (gzl - gzl)

Similar to the proof of Lemma A.8, we have Y7 &;2 > | Wik (€ir — €i) = op(n). Since

ZE( ZEWzka &]) Z& lk+2a Z Vij&iss

i=1 j=1 i=1  j=m+1

S e X 52 (5 S0 Wik — EOWats)) = op(n) and S0, 0 25204 vigis = 0p(n), it

J

follows that niéeTWk = nféeT‘v/k + op(1), where V= (‘v/lk, e, ‘v/nk)T. Similar to the proof

of Lemma A.10, we have

n

(B(ao, Bo) — bo)TB (Bo)W . = n~ 267 B(Bo)I' "} (Bo, Bo) E(B(Z7 Bo)Wi) + 0p(1).

[N

Hence

n"3(Y —Wa — B(B_,)b)™Wi = n” 2" (Vi — B(Bo)T " (Bo, Bo) E(B(Z7 Bo)Wi)) + 0,(1).
(A.59)
Now (3.10) follows from (A.55)-(A.59), Lemmas A.9 and A.10, and the Central Limit Theorem.
This completes the proof of Theorem 3.2.

Lemma A.11. Under the assumptions of Theorem 3.3, it holds that
lb(@, B) —bo||* = Op(n~'K7).

Proof. From Assumption 6 and Lemma A.3, all the eigenvalues of (%BT (B)B(B))~!

are bounded away from zero and infinity, except possibly on an event whose probability tends
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to zero. We then have

B(@.B) — boll* < CKZB" (B)(Y — Wa — B(B)bo)|*/n*, (4.60)
where |ja|| = (a? + ...+ a})/? for a vector a = (a1, ...,ax)". Let F(a,B_4) = BT(ﬁ,d)(f’ -
Wa — B(ﬂ_d)bo). By a Taylor expansion, we have that

FlaB_0) = Fleo.Bo.0) = B (BL0W(@—ao)+ ™| By Boa) (A1)

T
where (", 8% ,")7 is between (&",8_,;)" and (af, 8% _4)", and

55|y = BIBLIT W' BB b) — BT (BB (B)b

Similar to the proof of (A.33) and (A.36), we obtain that
||*BT( )Y —Wa' —B(B2)bo)|* = |EB.(Z" )V ](@" — ao)l|* + 0,(1) = 05(1)

and ||%BT(ﬂ*)§T(ﬂ*)bo\|2 = O,(1). From Theorem 3.2, it holds that ||3_,—Bo._a|> = Op(n~1).

Hence

Haﬂ d‘ﬁ a=B* 4 (ﬁ '30'1 H <dZ’ 8,37‘ B a=B", H2H:3_,BOH2=OP(H). (A_62)

It is easy to prove that HBT (B~ )W (& — a0)||? = 0p(n). By arguments similar to those used to
prove Lemma A.9, we can prove that ||F(ao,B0,—a)||*> = Op(n). Now Lemma A.11 follows from
(A.60)-(A.62). This completes the proof of Lemma A.11.

Lemma A.12. Define a; = 3% LE[(Y —WTao — g(Z7B0))¢;]. Under the assumptions of
Theorem 3.3, it holds that

i Op(n™'mX;! 4+ n %mA;, Za])\ ).

j=1

Proof. Note that E[(Y — W ao—g(Z"B0))&;] = a;A;. Define I = L 37 [V, — W/ ap—

9(ZTBo)l&is — ajhj, o = L S0 [V — Wl ao — g(ZF Bo)](&j — &) and Is = L0 (W] (6 —
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ao) + (§(ZI'B) — (2] Bo)))éis. Then we have
D (a5 —a;)? <3 NI+ I+ I3)[1+ 0p(1)], (A.63)
j=1 j=1
where 0, (1) holds uniformly for j = 1,...,7. Since E(I1) = 0and E(I7) < L[}, ai E(§&7)+
a?);] < C\j/n, we obtain that
S ONPE =0,(n7 ') AT = 0p(n ALY, (A.64)
j=1 Jj=1
Let M(t) = E[(Yi — W a0 — g(Z] B0)) X (t)] = 3.7, ax rdr(t). Then
2 ~
<2, (LS00 - Wiao — g(ZFBo)Xi(t) — M()) dtll; — 61
N 2
+2( [ M@ (1) — #5(0)dt)
Applying Assumption 1, it holds that
2
B( [y (2 S, — Wlao — g(Z7Bo)) Xilt) — M(1)) dt)
<+ [ B(Yi — Wiao — g(Z{ Bo)* X7 (t))dt = O(n™1).

From (A.8), we obtain Z;h:1 )\]-_2||¢A5j — ¢i||* = Op(n~'n*A; 2 logm). By arguments similar to

those used in the proof of (5.15) of Hall and Horowitz (2007), it follows that

AN . 2 m M s 9. 9.5 3logm
S ([ MO0 - o)) = 05+ e ST ain + T,
=1 m moj=1 m
Hence, using the assumption that n71ﬁ12)\r_hl logm — 0, we obtain
DXL = 0p(n AL + 0T tmALR Y T alA ). (A.65)
=1 j=1

Define Is1 = 2 327" [3(Z B)—g0(Z] B)lij, Ts2a = £ o7 [Wi (6—0w0)+(g0(ZT B)—9(Z] Bo)))éis
and L]' = (ljkk’)KnXKn Wlth ljkk/ = (% Z?:l Bk(ZZT,B)é”)(% Z?:l Bk/(Z,LT,B)éZ]) We write
LS Bu(ZIB)ei; = £ 7 [Br(ZE Bo)&i; + (Br(ZIB) — Be(Z] Bo))&is + Bi(Z] B) (&5 — &ij)].

Then we have

Kn n

1 2 O a2 .
|Ljloo = max|Ljkw| < > (; > Bk(ZiTﬂo)&j) +o D 11118 = Bol*€%; + (i — &3)°)-

k=1 =1 =1
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2
Simple calculations yield Zi{:"l E(% > Bk (ZiT,BO)&j) < Cn™');. Applying Lemma A.11,
we obtain that [|b(&, B) — bo||% < Kn|b(a, B) — bo*> = O,(n~'K?2). Hence, under the assump-
tions of Theorem 3.3, it holds that
ST < T AR Ib(@ B) — bollZ - [T
= 0,(n " 2mA; hy  + 0 2mAZ by S 4+ M AZ 2 kg log ) (A.66)
= Op(n'mAL).
Using a Taylor expansion, Theorem 3.2, and the assumption that nhg” — 0, we deduce that
ST < (Zj; Ti? > éle) (% S W (6 — o) + (90(ZFB) - g(ZiTBO))]Q)

= O0,(mAZY + n 'mPAZ2 logm)Op(n ™ + h2P) = O, (n~ tmAZY).
P m m P 0 P

(A.67)
Now Lemma A.12 follows from combining (A.63)-(A.67).
Proof of Theorem 3.3. Note that
JCOROTES O SIS SIS ENC) SEA LIS D) WOV
T j=1 j=1 j=1 Jj=m+1
and
. m (Nj—A)2 _
St ;) = S, S5 ad L+ op (D] = Op(n T A T @A), (A.69)

Assumption 3 implies that fnZ] 1 J||¢] #;lI* = Op(in~t Z] La35%log j) = op(m/n) and
Pl a3 = O(m~**). Now (3.11) follows from Lemma A.12, (A.68) and (A.69). This
completes the proof of Theorem 3.3.
Proof of Theorem 3.4. From Assumption 6 and Lemma A.3, all the eigenvalues of
(KT:”B*T([A?)B*(,LA?))f1 are bounded away from zero and infinity, except possibly on an event
whose probability tends to zero. Similar to (3.1), there exists a spline function ¢g*(u) =

ZkKjl bow B (u) such that

sup  [g(u) — g"(u)| < Ch. (A.70)
uelUg,,,UP0]
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Let by = (boys-- -, b(*)K:L)T. Using the properties of B-splines (de Boor 1978), we obtain

S (@) — glw)Pdu < (b (@ B) — b2/ K+ h2).
i (A.71)

Using arguments similar to those used to prove Lemma A.11 and using the fact that

O Bi(ZiBo)R*(Z:B0))” = Op(n®h*"*),
where R*(u) = g(u) — kKjl bow B (1), one can prove that
b (@, B) = Bol* = Op(n ™ K5%) + Op(h* ™). (A.72)

Now (3.13) follows from (A.71) and the fact that A = O(K;™"). This completes the proof of
Theorem 3.4.

Proof of Theorem 3.5. Observe that

MSPE < 3{la — all% + (& — a0) "E(WW")(@ - @) + E([§(Z1118) — 9(Z11180)]|S)},

(A.73)
where [|[a—all% = [, [, K(s,t)[a(s) —a(s)][a(t) — a(t)]dsdt. Under the assumptions of Theorem
3.5, using arguments similar to those used in the proof of Theorem 2 of Tang (2015), we deduce

that

lla — aH%( — Op(nf(6+2'vfl)/(6+2v)). (A.74)
Write
Q(ZEHB) - Q(Zgﬂﬂo) = g(Zg;ﬂﬁ) - 9*(Z3;+1.3) + 9*(Zg+1ﬁ) - Q(Zgﬂﬂo)-

Using a Taylor expansion, Theorems 3.2 and 3.4, (A.71), and the property of B-spline function,
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we obtain

E([g(ZE+13) - g*(Z§+1,3)]2|8) <2E([9(Z%11Bo) — g% (Zp11B0))*|S)
FCR2(S 0 b — biil)*(B — Bo) " E(ZZ7T)(B — Bo)

= 0,(n” 1) + 0y (n2h~% + 0 hP~1) = O, (n~ i1).

Using a Taylor expansion, Theorem 3.2 and (A.70), we also obtain

E(lg"(ZE1B) — 9(Zi1Bol?IS) < 2E([g"(ZE41B0) — 9(Z141B0)I2[S)
+C(B — Bo)"E(ZZT)(B — Bo) = O, (h*).

Hence, E([§(Z118) — g(ZL180)]|S) = Op(n=2"/2PtD) Now (3.15) follows from (A.73),

(A.74) and Theorem 3.2. This completes the proof of Theorem 3.5.



