
Statistica Sinica: Supplement

A Simple and Efficient Estimation Method for Models

with Non-ignorable Missing Data

Chunrong Ai

Department of Economics, University of Florida, U.S.

Oliver Linton

Faculty of Economics, University of Cambridge, U.K.

Zheng Zhang

Institute of Statistics and Big Data, Renmin University of China, China

Supplementary Material

S1 Assumptions

We first introduce the smoothness classes of functions used in the nonpara-

metric estimation; see e.g. Stone (1982, 1994), Robinson (1988), Newey

(1997), Horowitz (2012) and Chen (2007). Suppose that X is the Cartesian

product of r-compact intervals. Let 0 < δ ≤ 1. A fucntion f on X is said

to satisfy a Hölder condition with exponent δ if there is a positive constant

L usch that ‖f(x1) − f(x2)‖ ≤ L‖x1 − x2‖δ for all x1,x2 ∈ X . Given a
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r-tuple α = (α1, ..., αr) of nonnegative integer, denote [α] = α1 + · · · + αr

and let Dα denote the differential operator defined by Dα = ∂[α]

∂x
α1
1 ···∂x

αr
r

,

where x = (x1, ..., xr).

Definition 1. Let s be a nonnegative integer and s := s0 + δ. The function

f on X is said to be s-smooth if it is s0 times continuously differentiable

on X and Dαf satisfies a Hölder condition with exponent δ for all α with

[α] = s0.

We use the notation a⊗2 := aaᵀ for a vector a. The following notation

are needed for our proof:

O(Z) :=
1− π(Z; γ0)

π(Z; γ0)
, S0(Z) := − ∇γπ(Z; γ0)

1− π(Z; γ0)
, (S1.1)

m(X) :=
E[O(Z)S0(Z)|X]

E[O(Z)|X]
, R(X) :=

E[O(Z)U(Z)|X]

E[O(Z)|X]
, (S1.2)

S1(T,Z; γ0) :=

(
1− T

π(Z; γ0)

)
m(X) , (S1.3)

S2(T,Z; γ0, θ0) := − T

π(Z; γ0)
U(Z) + θ0 −

(
1− T

π(Z; γ0)

)
R(X) , (S1.4)

κ
ᵀ

:= E
[
∇γπ(Z; γ0)

ᵀ

π(Z; γ0)
{R(Z)− U(X)}

]
· E
[
m(X)

π(Z; γ0)
∇γπ(Z; γ0)

ᵀ

]−1

,

(S1.5)

V γ0 = E
[

1− π(Z; γ0)

π(Z; γ0)
m(X)⊗2

]−1

(the efficient variance bound of γ0) ,

(S1.6)

Vθ0 = V ar
(
S2(T,Z; γ0, θ0)− κᵀ

S1(T,Z; γ0)
)
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(the efficient variance bound of θ0) . (S1.7)

The following assumptions are maintained in this paper:

Assumption 1. There exists a nonresponse instrumental variable X2, i.e.,

X = (X
ᵀ

1,X
ᵀ

2)
ᵀ
, such that X2 is independent of T given X1 and Y ; fur-

thermore, X2 is correlated with Y .

Assumption 2. The support of X, which is denoted by X , is a Cartesian

product of r-compact intervals, and we denote X = (X1, ..., Xr)
>.

Assumption 3. The functions E[O(Z)S0(Z)|X = x], E[O(Z)U(Z)|X =

x] and E[O(Z)|X = x] are s-smooth in x, where s > 0.

Assumption 4. There exist two finite positive constants a and a such that

the smallest (resp. largest) eigenvalue of E[uK(X)u>K(X)] is bounded away

from a (resp. a) uniformly in K, i.e.,

0 < a ≤ λmin(E[uK(X)uK(X)>]) ≤ λmax(E[uK(X)uK(X)>]) ≤ a <∞ .

Remark 1. Asssumption 4 implies that following results:

1.

E[‖uK(X)‖2] = tr
(
E
[
uK(X)uK(X)>

])
= O(K) ; (S1.8)

2. the matrices ā · IK×K−E[uK(X)uK(X)>] and E[uK(X)uK(X)>]−a ·
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IK×K are positive definite, and

a ≤ inf
k∈{1,...,K}

E[ukK(X)2] ≤ sup
k∈{1,...,K}

E[ukK(X)2] ≤ a . (S1.9)

Assumption 5. (i) The parameter spaces Γ and Θ are compact; (ii) The

efficient score function Seff (T,Z; γ, θ) := (S
ᵀ

1(T,Z; γ), S2(T,Z; γ, θ))
ᵀ

is

continuously differentiable at each (γ, θ) ∈ Γ×Θ, and E
[
∂Seff (γ, θ)/∂(γ>, θ)

]
is nonsingular at (γ0, θ0).

Assumption 6. The response probability π(x, y; γ) satisfies the following

conditions:

1. there exist two positive constants c̄ and c such that 0 < c ≤ π(x, y; γ) ≤

c̄ < 1 for all γ ∈ Γ and (x, y) ∈ X × R;

2. π(x, y; γ) is twice continuously differentiable in γ ∈ Γ, and the deriva-

tives are uniformly bounded.

Assumption 7. Suppose K →∞ and K3/N → 0.

S2 Some useful results

We present some results which will be used in the proof of Theorems 1 and

2.
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S2.1 Matrix inversion formula

• (General Formula) Let A, C, and C−1+DA−1B be non-singular square

matrices; then

(A + BCD)−1 = A−1 −A−1B(C−1 + DA−1B)−1DA−1 . (S2.10)

• (Matrix Inversion in Block form) Let a (m + 1) × (m + 1) matrix M

be partitioned into a block form

M =

A , b

b> , d


where A is a m×m matrix, b is a m dimensional column vector, d is

a constant. Then

M−1 =

A
−1 + 1

k
A−1bb>A−1, − 1

k
A−1b

− 1
k
b>A−1, 1

k

 , (S2.11)

where k = d− b>A−1b.

S2.2 Discussion on uK

To construct the GMM estimator, we need to specify the matching func-

tion uK(X) The most common class of functions are power series. Sup-

pose the dimension of covariate X is r ∈ N, namely X = (X1, ..., Xr)
>.

Let λ = (λ1, . . . λr)
> be an r-dimensional vector of nonnegative integers
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(multi-indices), with norm |λ| =
∑r

j=1 λj. Let (λ(k))∞k=1 be a sequence

that includes all distinct multi-indicesand satisfies |λ(k)| ≤ |λ(k + 1)|,

and let Xλ =
∏r

j=1 X
λj
j . For a sequence λ(k) we consider the series

ukK(X) = Xλ(k), k ∈ {1, ..., K}. Newey (1997) showed the following prop-

erty for the power series: there exists a universal constant C > 0 such

that

ζ(K) := sup
x∈X
‖uK(x)‖ ≤ CK , (S2.12)

where ‖ · ‖ denotes the usual matrix norm ‖A‖ =
√

tr(A>A).

S2.3 Convergence rate of L2 approximation

Suppose f : Rr → R is the function we want to approximate. Let fK(X)

be the L2-projection of f(X) on the space linearly spanned by uK(X), i.e.

fK(X) = β>KuK(X) (S2.13)

where

βK := E
[
uK(X)uK(X)>

]−1 E [uK(X)f(X)] .

In this section, we establish the L2-convergence rate of fK(X) to f(X),

which will be used for proving the theorems of our paper.

Lemma 1. Under Assumpitons 2 and 4, suppose the function f : Rr → R
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is s-smooth and fK is defined by (S2.13), then we have

E
[
|f(X)− fK(X)|2

]
= O

(
K−

2s
r

)
.

Proof. Since f(x) is s-smooth and the support X is compact by Assumpiton

2, from Section 2.3.1 of Chen (2007), we know that there exists β∗ ∈ RK

such that

sup
x∈X

∣∣f(x)− (β∗)>uK(x)
∣∣ = O(K−

s
r ) .

We first claim that

‖βK − β∗‖ = O(K−
s
r ) . (S2.14)

With the claim (S2.14), Cauchy-Schwarz inequality, and Assumption 4, we

can obtain that

E
[
|f(X)− fK(X)|2

]
=

∫
X

{
(βK − β∗)>uK(x) +

[
(β∗)>uK(x)− f(x)

]}2

dFX(x)

≤2(βK − β∗)>
∫
X
uK(x)uK(x)>dFX(x)(βK − β∗) + 2

∫
X

[
(β∗)>uK(x)− f(x)

]2
dFX(x)

≤2‖βK − β∗‖2 · λmax

(
E
[
uK(X)uK(X)>

])
+ 2 sup

x∈X

∥∥∥f(x)− (β∗)>uK(x)
∥∥∥2

=2‖βK − β∗‖2 ·O(1) +O(K−
2s
r ) = O(K−

2s
r ) .

We now prove the claim (S2.14). Note that

βK − β∗ =E
[
uK(X)uK(X)>

]−1 E
[
uK(X)f(X)>

]
− β∗
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=E
[
uK(X)uK(X)>

]−1 E
[
uK(X)f(X)>

]
− E

[
uK(X)uK(X)>

]−1 E
[
uK(X)uK(X)>β∗

]
=E

[
uK(X)uK(X)>

]−1 E
[
uK(X)

{
f(X)− (β∗)>uK(X)

}]
.

Then

‖βK − β∗‖2

=tr

(
E
[
uK(X)uK(X)>

]−1
E
[
uK(X)

{
f(X)− (β∗)>uK(X)

}]⊗2
E
[
uK(X)uK(X)>

]−1
)

≤λmax

(
E
[
uK(X)uK(X)>

]−1
)

· tr
(
E
[
uK(X)uK(X)>

]− 1
2 E
[
uK(X)

{
f(X)− (β∗)>u(X)

}]⊗2
E
[
uK(X)uK(X)>

]− 1
2

)
=λmax

(
E
[
uK(X)uK(X)>

]−1
)

· E
[{
f(X)− (β∗)>uK(X)

}
uK(X)>

]
E
[
uK(X)uK(X)>

]−1
E
[
uK(X)

{
f(X)− (β∗)>u(X)

}]
=λmax

(
E
[
uK(X)uK(X)>

]−1
)
· E
[∣∣∣∣E [{f(X)− (β∗)>uK(X)

}
uK(X)>

]
E
[
uK(X)uK(X)>

]−1
uK(X)

∣∣∣∣2
]

≤λmax

(
E
[
uK(X)uK(X)>

]−1
)
E
[∣∣∣f(X)− (β∗)>uK(X)

∣∣∣2]
≤λmax

(
E
[
uK(X)uK(X)>

]−1
)

sup
x∈X

∣∣∣f(x)− (β∗)>uK(x)
∣∣∣2 = O(K−

2s
r ) ,

where the first inequality follow from the fact that tr(AB) ≤ λmax(B)tr(A)

for any symmetric matrix B and positive semidefinite matrix A; the second

inequality follows from the fact that

E
[{
f(X)− (β∗)>uK(X)

}
uK(X)>

]
E
[
uK(X)uK(X)>

]−1
uK(X)

is the L2-projection of f(X)−(β∗)>uK(X) on the space spanned by uK(X),

which implies

∥∥∥∥E [{f(X)− (β∗)>uK(X)
}
uK(X)>

]
E
[
uK(X)uK(X)>

]−1

uK(X)

∥∥∥∥
L2

≤
∥∥∥f(X)− (β∗)>uK(X)

∥∥∥
L2

.
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This complete the proof of the lemma.

S3 Proof of Theorem 1

Define the objective functions:

Q̂N(γ, θ) :=

{
1

N

N∑
i=1

gK(Ti,Zi; γ, θ)

}>
Ŵ
−1

0

{
1

N

N∑
i=1

gK(Ti,Zi; γ, θ)

}
,

and

Q0(γ, θ) :=E [gK(T,Z; γ, θ)]> E[Ŵ 0]−1E [gK(T,Z; γ, θ)] .

By definition, (γ̌, θ̌) and (γ0, θ0) are unique minimizers of Q̂N(·, ·) and

Q0(·, ·) respectively. Note that

|Q̂N (γ, θ)−Q0(γ, θ)|

≤

∣∣∣∣∣∣
{

1

N

N∑
i=1

gK(Ti,Zi; γ, θ)− E [gK(T,Z; γ, θ)]

}>
Ŵ
−1

0

{
1

N

N∑
i=1

gK(Ti,Zi; γ, θ)

}∣∣∣∣∣∣ (S3.15)

+

∣∣∣∣∣E [gK(T,Z; γ, θ)]>
{
Ŵ
−1

0 − E[Ŵ 0]−1
}{ 1

N

N∑
i=1

gK(Ti,Zi; γ, θ)

}∣∣∣∣∣ (S3.16)

+

∣∣∣∣∣E [gK(T,Z; γ, θ)]> E[Ŵ ]−1
0

{
1

N

N∑
i=1

gK(Ti,Zi; γ, θ)− E [gK(T,Z; γ, θ)]

}∣∣∣∣∣ . (S3.17)

Consider the term (S3.15). Let

a1 :=
1

N

N∑
i=1

gK(Ti,Zi; γ, θ)− E [gK(T,Z; γ, θ)] and a2 :=
1

N

N∑
i=1

gK(Ti,Zi; γ, θ),

and λmax(A) (resp. λmin(A)) denote the maximum (resp. minimum) eigen-

value of a matrix A. We have that

|(S3.15)|2 =a>1 Ŵ
−1

0 a2a
>
2 Ŵ

−1

0 a1 ≤ λmax

(
a2a

>
2

)
· a>1 Ŵ

−1

0 Ŵ
−1

0 a1
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≤λmax

(
a2a

>
2

)
· λmax

(
Ŵ
−2

0

)
· ‖a1‖2.

By Assumptions 4 and 6.1, we have λmax

(
a2a

>
2

)
= Op(1) and λmax

(
Ŵ
−2

0

)
=[

λmin

(
Ŵ 0

)]−2

= Op(1). Note that

E
[
‖a1‖2

]
=

1

N
E
[
‖gK(T,Z; γ, θ)− E [gK(T,Z; γ, θ)]‖2

]
≤ 1

N
E
[
‖gK(T,Z; γ, θ)‖2

]
=

1

N
E

[(
1− T

π(Z; γ)

)2

· ‖uK(X)‖2
]

+
1

N
E

[(
θ − T

π(Z; γ)
U(Z)

)2
]

≤ 1

N
·O(1) · E[‖uK(X)‖2] +

1

N
·O(1) ≤ O

(
K

N

)
,

where the second inequality holds because of Assumption 6.1 that π(Z; γ)

is uniformly bounded away from zero; the last inequality holds because

E[‖uK(X)‖2] = tr
(
E[uK(X)uK(X)>]

)
≤ λmax

(
E[uK(X)uK(X)>]

)
·K = O(K).

Therefore, (S3.15) is of Op(
√
K/N) by Chebyshev’s inequality. Similarly,

(S3.17) is also of Op(
√
K/N).

We next consider (S3.16). Note that

|(S3.16)|2 =
∣∣∣E [a2]>

{
Ŵ
−1

0 − E[Ŵ 0]−1
}
a2

∣∣∣2 = E [a2]>
{
Ŵ
−1

0 − E[Ŵ 0]−1
}
a2a

>
2

{
Ŵ
−1

0 − E[Ŵ 0]−1
}
E [a2]

≤λmax

(
a2a

>
2

)
· E [a2]>

{
Ŵ
−1

0 − E[Ŵ 0]−1
}{
Ŵ
−1

0 − E[Ŵ 0]−1
}
E [a2]

=λmax

(
a2a

>
2

)
· tr
(
E [a2]E [a2]>

{
Ŵ
−1

0 − E[Ŵ 0]−1
}{
Ŵ
−1

0 − E[Ŵ 0]−1
})

≤λmax

(
a2a

>
2

)
· λmax

(
E [a2]E [a2]>

)
· tr
({
Ŵ
−1

0 − E[Ŵ 0]−1
}{
Ŵ
−1

0 − E[Ŵ 0]−1
})

,

where the last inequality follows from the fact that tr(AB) ≤ λmax(B)tr(A)

for any symmetric matrix B and positive semidefinite matrix A. By As-

sumptions 4 and 6.1, we have that λmax

(
a2a

>
2

)
= Op(1) and λmax

(
E [a2]E [a2]>

)
=

O(1). Note that
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tr
({
Ŵ
−1

0 − E[Ŵ 0]−1
}{
Ŵ
−1

0 − E[Ŵ 0]−1
})

=tr
(
Ŵ
−1

0

{
E[Ŵ 0]− Ŵ 0

}
E[Ŵ 0]−1E[Ŵ 0]−1

{
E[Ŵ 0]− Ŵ 0

}
Ŵ
−1

0

)
=tr

(
Ŵ
−1

0 Ŵ
−1

0

{
E[Ŵ 0]− Ŵ 0

}
E[Ŵ 0]−1E[Ŵ 0]−1

{
E[Ŵ 0]− Ŵ 0

})
≤λmax

(
Ŵ
−1

0 Ŵ
−1

0

)
· tr
({

E[Ŵ 0]− Ŵ 0

}
E[Ŵ 0]−1E[Ŵ 0]−1

{
E[Ŵ 0]− Ŵ 0

})
=λmax

(
Ŵ
−1

0 Ŵ
−1

0

)
· tr
(
E[Ŵ 0]−1E[Ŵ 0]−1

{
E[Ŵ 0]− Ŵ 0

}{
E[Ŵ 0]− Ŵ 0

})
≤λmax

(
Ŵ
−1

0 Ŵ
−1

0

)
· λmax

(
E[Ŵ 0]−1E[Ŵ 0]−1

)
tr
({

E[Ŵ 0]− Ŵ 0

}{
E[Ŵ 0]− Ŵ 0

})
≤Op(1) ·O(1) ·

∥∥∥Ŵ 0 − E[Ŵ 0]
∥∥∥2

= Op

(
K3

N

)
,

where the last inequality follows from the following fact and a use of Cheby-

shev’s inequality:

E
[∥∥∥Ŵ 0 − E[Ŵ 0]

∥∥∥2
]

=E

∥∥∥∥∥ 1

N

N∑
i=1

uK(X i)uK(X i)
> − E[uK(X)uK(X)>]

∥∥∥∥∥
2


=
1

N
E
[∥∥uK(X)uK(X)> − E[uK(X)uK(X)>]

∥∥2
]

≤ 1

N
E[‖uK(X)uK(X)>uK(X)uK(X)>‖]

≤ 1

N
sup
x∈X
‖uK(x)‖2 · E[‖uK(X)‖2] =

1

N
·O(K2) ·O(K)

=
K3

N
.

Then (S3.16) is of Op(
√
K3/N). Therefore, for each (γ, θ) ∈ Γ × Θ, we

have

|Q̂N (γ, θ)−Q0(γ, θ)| ≤ |(S3.15)|+ |(S3.16)|+ |(S3.17)| = Op

(√
K

N

)
+Op

(√
K3

N

)
+Op

(√
K

N

)

= op(1). (S3.18)
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where the last equality follows from Assumption 7. Next, we strengthen

above convergence result to sup(γ,θ)∈Γ×Θ |Q̂N(γ, θ)−Q0(γ, θ)| = op(1). Note

that

Q̂N (γ, θ) =

{
1

N

N∑
i=1

(
1−

Ti

π(Zi; γ)

)
uK(Xi)

}> [
1

N

N∑
i=1

uK(Xi)uK(Xi)
>
]−1{

1

N

N∑
i=1

(
1−

Ti

π(Zi; γ)

)
uK(Xi)

}

+

{
1

N

N∑
i=1

(
θ −

Ti

π(Zi; γ)
U(Zi)

)}2

=
1

N

N∑
i=1

(
Ê
[
1−

T

π(Z; γ)

∣∣∣∣X = Xi

])2

+

{
1

N

N∑
i=1

(
θ −

Ti

π(Zi; γ)
U(Zi)

)}2

,

where the operator Ê[·|X] is defined by

Ê [φ(Z)|X] :=

{
1

N

N∑
l=1

φ(Zi)uK(Xl)

}> [
1

N

N∑
l=1

uK(Xl)uK(Xl)
>

]−1

uK(X), ∀φ(·) ∈ L2,

which is the least square projection of φ(Z) on space linearly spanned by

the basis uK(X). Note that

‖∇(γ,θ)Q̂N (γ, θ)‖ ≤ 2

N

N∑
i=1

∣∣∣∣Ê [1− T

π(Z; γ)

∣∣∣∣X = Xi

]∣∣∣∣ · ∥∥∥∥Ê [ T

π(Z; γ)2
∇γπ(Z; γ)

∣∣∣∣X = Xi

]∥∥∥∥
+ 2 ·

∣∣∣∣∣ 1

N

N∑
i=1

(
θ − Ti

π(Zi; γ)
U(Zi)

)∣∣∣∣∣ ·
∥∥∥∥∥ 1

N

N∑
i=1

Ti
π(Zi; γ)2

∇γπ(Z; γ)U(Zi)

∥∥∥∥∥
+ 2 ·

∣∣∣∣∣ 1

N

N∑
i=1

(
θ − Ti

π(Zi; γ)
U(Zi)

)∣∣∣∣∣
≤ 1

N

N∑
i=1

∣∣∣∣Ê [1− T

π(Z; γ)

∣∣∣∣X = Xi

]∣∣∣∣2 +
1

N

N∑
i=1

∥∥∥∥Ê [ T

π(Z; γ)2
∇γπ(Z; γ)

∣∣∣∣X = Xi

]∥∥∥∥2

+ 2 ·

∣∣∣∣∣ 1

N

N∑
i=1

(
θ − Ti

π(Zi; γ)
U(Zi)

)∣∣∣∣∣ ·
∥∥∥∥∥ 1

N

N∑
i=1

Ti
π(Zi; γ)2

∇γπ(Z; γ)U(Zi)

∥∥∥∥∥
+ 2 ·

∣∣∣∣∣ 1

N

N∑
i=1

(
θ − Ti

π(Zi; γ)
U(Zi)

)∣∣∣∣∣ .
Using the least square projection property and Assumption 6, we have that

for all (γ, θ):

1

N

N∑
i=1

∣∣∣∣Ê [1− T

π(Z; γ)

∣∣∣∣X = Xi

]∣∣∣∣2 ≤ 1

N

N∑
i=1

(
1− Ti

π(Zi; γ)

)2

≤ (1 + c−1)2 <∞, (S3.19)

1

N

N∑
i=1

∥∥∥∥Ê [ T

π(Z; γ)2
∇γπ(Z; γ)

∣∣∣∣X = Xi

]∥∥∥∥2

≤ 1

N

N∑
i=1

(
Ti

π(Zi; γ)2
∇γπ(Zi; γ)

)2

≤ C2

c4
<∞,

(S3.20)



S3. PROOF OF THEOREM 1

where C := supγ∈Γ ‖π(·; γ)‖∞ <∞. Therefore, sup(γ,θ)∈Γ×Θ ‖∇(γ,θ)Q̂N(γ, θ)‖ =

Op(1). Similarly, we have that sup(γ,θ)∈Γ×Θ ‖∇(γ,θ)Q0(γ, θ)‖ = Op(1). All

conditions imposed in Corollary 2.2 of Newey (1991) are satisfied, then it

follows from Corollary 2.2 of Newey (1991) that

sup
(γ,θ)∈Γ×Θ

|Q̂N(γ, θ)−Q0(γ, θ)| p−→ 0,

which implies the consistency result ‖(γ̌, θ̌)− (γ0, θ0)‖ p−→ 0.

Next, we establish the convergence rate ‖(γ̌, θ̌) − (γ0, θ0)‖ =

Op(N
−1/2). Using the first order condition of optimization in Step I, we

obtain that

GK(γ̌, θ̌)> · Ŵ
−1

0 · ∇γ,θGK(γ̌, θ̌) = 0 . (S3.21)

An application of Mean Value Theorem yields:

01×(p+1) =
1
√
N
Gᵀ
K(γ0, θ0) · Ŵ

−1

0 ·
[

1

N
∇γ,θGK(γ0, θ0)

]
+
(√

N(γ̌ − γ0)ᵀ,
√
N(θ̌ − θ0)

)
·
[

1

N
∇γ,θGK(γ̃, θ̃)

]ᵀ
· Ŵ

−1

0 ·
[

1

N
∇γ,θGK(γ̃, θ̃)

]
+

[
1

N
GK(γ̃, θ̃)

]ᵀ
· Ŵ

−1

0 ·
[

1

N
∇2
γ,θGK(γ̃, θ̃)

](√
N(γ̌ − γ0)ᵀ,

√
N · (θ̌ − θ0)

)ᵀ
, (S3.22)

where (γ̃, θ̃) lies on the line joining (γ̌, θ̌) and (γ0, θ0). Obviously, in order

to show ‖(γ̌, θ̌)− (γ0, θ0)‖ = Op(N
−1/2), it suffices to establish the following

resutls:

1√
N
Gᵀ
K(γ0, θ0) · Ŵ

−1

0 ·
[

1

N
∇γ,θGK(γ0, θ0)

]
= Op(1) , (S3.23)



CHUNRONG AI, OLIVER LINTON AND ZHENG ZHANG{[
1

N
∇γ,θGK(γ̃, θ̃)

]ᵀ
· Ŵ

−1

0 ·
[

1

N
∇γ,θGK(γ̃, θ̃)

]}−1

= Op(1) , (S3.24)[
1

N
GK(γ̃, θ̃)

]ᵀ
· Ŵ

−1

0 ·
[

1

N
∇2
γ,θGK(γ̃, θ̃)

]
= op(1) . (S3.25)

We first prove (S3.23). By computing the second moment and using Cheby-

shev’s inequality, Inequality (S2.12), we can obtain that∥∥∥∥ 1

N
GK(γ0, θ0)

∥∥∥∥ = Op

(√
K

N

)
, (S3.26)

∥∥∥Ŵ 0 − E[Ŵ 0]
∥∥∥ = Op

(√
K3

N

)
, (S3.27)

∥∥∥∥ 1

N
∇γ,θGK(γ0, θ0)−B(K+1)×(p+1)

∥∥∥∥ = Op

(√
K

N

)
, (S3.28)

∥∥∥∥ 1

N
∇2
γ,θGK(γ0, θ0)− E

[
1

N
∇2
γ,θGK(γ0, θ0)

]∥∥∥∥ = Op

(√
K

N

)
. (S3.29)

Using (S3.26) and (S3.27), we can deduce that

1√
N
Gᵀ
K(γ0, θ0) · Ŵ

−1

0 ·
[

1

N
∇γ,θGK(γ0, θ0)

]
=

1√
N
Gᵀ
K(γ0, θ0) · E[Ŵ 0]−1 ·B(K+1)×(p+1) + op(1) .

Computing the variance of N−1/2Gᵀ
K(γ0, θ0) ·E[Ŵ 0]−1 ·B(K+1)×(p+1) yields:

∥∥∥∥V ar( 1√
N
Gᵀ
K(γ0, θ0) · E[Ŵ 0]−1 ·B(K+1)×(p+1)

)∥∥∥∥ (S3.30)

=
∥∥∥B>(K+1)×(p+1)E[Ŵ 0]−1E

[
gK(T,Z; γ0, θ0)⊗2]E[Ŵ 0]−1B(K+1)×(p+1)

∥∥∥
=E

[∥∥∥B>(K+1)×(p+1)E[Ŵ 0]−1gK(T,Z; γ0, θ0)
∥∥∥2
]

=E
[∥∥∥∥E [∇γπ(Z; γ0)

π(Z; γ0)
uK(X)>

]
E
[
uK(X)⊗2]−1

uK(X)

{
1− T

π(Z; γ0)

}
+ E

[
∇γπ(Z; γ0)

π(Z; γ0)

]{
θ0 −

T

π(Z; γ0)
U(Z)

}∥∥∥∥2]
+ E

[∣∣∣∣θ0 −
T

π(Z; γ0)
U(Z)

∣∣∣∣2
]
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≤2 · E

[∥∥∥∥E [∇γπ(Z; γ0)

π(Z; γ0)
uK(X)>

]
E
[
uK(X)⊗2]−1

uK(X)

∥∥∥∥2

·
{

1− T

π(Z; γ0)

}2
]

+ 2 ·
∥∥∥∥E [∇γπ(Z; γ0)

π(Z; γ0)

]∥∥∥∥2

· E

[{
θ0 −

T

π(Z; γ0)
U(Z)

}2
]

+ E

[∣∣∣∣θ0 −
T

π(Z; γ0)
U(Z)

∣∣∣∣2
]

≤2
(
1 + c−1)2 · E[∥∥∥∥E [∇γπ(Z; γ0)

π(Z; γ0)
uK(X)>

]
E
[
uK(X)⊗2]−1

uK(X)

∥∥∥∥2
]

+O(1) +O(1).

Note that E
[
∇γπ(Z;γ0)

π(Z;γ0)
uK(X)>

]
E [uK(X)⊗2]

−1
uK(X) is the L2-projection

of ∇γπ(Z;γ0)

π(Z;γ0)
on the space spanned by uK(X), which implies that

E

[∥∥∥∥E [∇γπ(Z; γ0)

π(Z; γ0)
uK(X)>

]
E
[
uK(X)⊗2]−1

uK(X)

∥∥∥∥2
]
≤ E

[∥∥∥∥∇γπ(Z; γ0)

π(Z; γ0)

∥∥∥∥2
]
<∞.

Then we have∥∥∥∥V ar( 1√
N
Gᵀ
K(γ0, θ0) · E[Ŵ 0]−1 ·B(K+1)×(p+1)

)∥∥∥∥ = O(1),

which implies (S3.23) by Chebyshev’s inequality.

We next consider to prove (S3.24). Note that

[
1

N
∇γ,θGK(γ, θ)

]ᵀ
· Ŵ

−1

0 ·
[

1

N
∇γ,θGK(γ, θ)

]
=

 M̂
(1)

p×p(γ), M̂
(2)

p×1(γ)(
M̂

(2)

p×1(γ)
)>

, 1

 ,

where

M̂
(1)

p×p(γ) :=
1

N

N∑
i=1

Ê
[

Ti
π(Zi; γ)2

∇γπ(Zi; γ)

∣∣∣∣Xi

]⊗2

+

{
1

N

N∑
i=1

Ti
π(Zi; γ)2

U(Zi)∇γπ(Zi; γ)

}⊗2

,

M̂
(2)

p×1(γ) :=
1

N

N∑
i=1

Ti
π(Zi; γ)2

U(Zi)∇γπ(Zi; γ).

By the least square projection property and Assumption 6, we have that
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for all γ ∈ Γ,

∥∥∥M̂ (1)

p×p(γ)
∥∥∥ ≤ 1

N

N∑
i=1

∥∥∥∥Ê [ Ti
π(Zi; γ)2

∇γπ(Zi; γ)

∣∣∣∣Xi

]∥∥∥∥2

+
1

N

N∑
i=1

∥∥∥∥ Ti
π(Zi; γ)2

U(Zi)∇γπ(Zi; γ)

∥∥∥∥2

≤ 1

N

N∑
i=1

∥∥∥∥ Ti
π(Zi; γ)2

∇γπ(Zi; γ)

∥∥∥∥2

+
1

N

N∑
i=1

∥∥∥∥ Ti
π(Zi; γ)2

U(Zi)∇γπ(Zi; γ)

∥∥∥∥2

≤C
2

c4
+
C2

c4
· 1

N

N∑
i=1

|U(Zi)|2 = Op(1),

and

‖M̂
(2)

p×1(γ)‖ ≤ 1

N

N∑
i=1

∥∥∥∥ Ti
π(Zi; γ)2

U(Zi)∇γπ(Zi; γ)

∥∥∥∥2

≤ C2

c4
· 1

N

N∑
i=1

|U(Zi)|2 = Op(1).

Therefore, we can justify (S3.24).

Proving (S3.25) is similar to proving sup(γ,θ)∈Γ×Θ |Q̂N(γ, θ)−Q0(γ, θ)| p−→

0. We can first show that for each fixed (γ, θ) ∈ Γ×Θ, [N−1GK(γ, θ)]
ᵀ·Ŵ

−1

0 ·[
N−1∇2

γ,θGK(γ, θ)
]
−E [gK(T,Z; γ, θ)]ᵀ ·E[Ŵ 0]−1 ·E

[
∇2
γ,θgK(T,Z; γ, θ)

]
=

op(1), then strengthen to sup(γ,θ)∈Γ×Θ |[N−1GK(γ, θ)]ᵀ·Ŵ
−1

0 ·[N−1∇2
γ,θGK(γ, θ)]−

E[gK(T,Z; γ, θ)]ᵀ ·E[Ŵ 0]−1 ·E[∇2
γ,θgK(T,Z; γ, θ)]| = op(1). Then in light of

the facts that ‖(γ̃, θ̃)−(γ0, θ0)‖ ≤ ‖(γ̌, θ̌)−(γ0, θ0)‖ p−→ 0 and E[gK(T,Z; γ0, θ0)] =

0, we can obtain (S3.25).

Finally, by combining (S3.23), (S3.24), (S3.25), and (S3.22), we can

conclude our desired result ‖(γ̌, θ̌)− (γ0, θ0)‖ = Op(N
−1/2).
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S4 Proof of Theorem 2

The consistency result ‖(γ̄, θ̄) − (γ0, θ0)‖ p−→ 0 holds by using a similar

argument of showing ‖(γ̌, θ̌)− (γ0, θ0)‖ p−→ 0 in Theorem 1.

We next show the asymptotic normality for the infeasible estimator

(γ̄, θ̄). Using the first order condition of optimization, we can obtain that

GK(γ̄, θ̄)T ·D−1
(K+1)×(K+1) · ∇γ,θGK(γ̄, θ̄) = 0 ,

then an application of Mean Value Theorem yields:

01×(p+1) =
1
√
N
Gᵀ
K(γ0, θ0) ·D−1

(K+1)×(K+1)
·
[

1

N
∇γ,θGK(γ0, θ0)

]
+
(√

N(γ̄ − γ0)ᵀ,
√
N(θ̄ − θ0)

)
·
[

1

N
∇γ,θGK(γ∗, θ∗)

]ᵀ
·D−1

(K+1)×(K+1)
·
[

1

N
∇γ,θGK(γ∗, θ∗)

]
+

[
1

N
GK(γ∗, θ∗)

]ᵀ
·D−1

(K+1)×(K+1)
·
[

1

N
∇2
γ,θGK(γ∗, θ∗)

](√
N(γ̄ − γ0)ᵀ,

√
N · (θ̄ − θ0)

)ᵀ
.

(S4.31)

where (γ∗, θ∗) lies on the line joining (γ̄, θ̄) and (γ0, θ0). Note that the

expression (S4.31) has the same structure as (S3.22), except for that the

weighting matrix used in (S4.31) isD−1
(K+1)×(K+1) while the weighting matrix

used in (S3.22) is Ŵ
−1

0 . Using a similar argument of showing sup(γ,θ)∈Γ×Θ |Q̂N(γ, θ)−

Q0(γ, θ)| p−→ 0 and (S3.25), we can obtain the following results:[
1

N
∇γ,θGK(γ∗, θ∗)

]ᵀ
·D−1

(K+1)×(K+1) ·
[

1

N
∇γ,θGK(γ∗, θ∗)

]
=(B(K+1)×(p+1))

ᵀ ·D−1
(K+1)×(K+1) ·B(K+1)×(p+1) + op(1) (S4.32)

and[
1

N
GK(γ∗, θ∗)

]ᵀ
·D−1

(K+1)×(K+1) ·
[

1

N
∇2
γ,θGK(γ∗, θ∗)

]
= op(1) . (S4.33)
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Combining (S3.28), (S4.31), (S4.32), and (S4.33) together, we can deduce

that
√
N(γ̄ − γ0)

√
N(θ̄ − θ0)

 =−
{

(B(K+1)×(p+1))
ᵀ ·D−1

(K+1)×(K+1) ·B(K+1)×(p+1)

}−1

· (B(K+1)×(p+1))
ᵀD−1

(K+1)×(K+1) ·
1√
N
GK(γ0, θ0) + op(1) .

Then

Cov



√
N(γ̄ − γ0)

√
N(θ̄ − θ0)


 =

(
(B(K+1)×(p+1))

ᵀ ·D−1
(K+1)×(K+1) ·B(K+1)×(p+1)

)−1

+ o(1)

=V K + o(1) .

Therefore, we can obtain that

√
NV

−1/2
K

 γ̄ − γ0

θ̄ − θ0

 =−
{
Bᵀ

(K+1)×(p+1) ·D
−1
(K+1)×(K+1) ·B(K+1)×(p+1)

}−1/2

·Bᵀ
(K+1)×(p+1)D

−1
(K+1)×(K+1) ·

1√
N
GK(γ0, θ0) + op(1).

(S4.34)

We next show that the normalized estimator
√
NV

−1/2
K

 γ̄ − γ0

θ̄ − θ0

 con-

verges to the normal distribution. The key part of the proof is to ver-

ify the Lindeberg type conditions imposed in Eicker (1966). Note that
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1√
N
GK(γ0, θ0) can be written as:

1√
N
GK(γ0, θ0) =


1√
N

∑N
i=1

[
1− Ti

π(Zi;γ0)

]
uK(X i)

1√
N

∑N
i=1

[
θ0 − Ti

π(Zi;γ0)
U(Zi)

]


=A(K+1)×N(K+1) · EN(K+1)×1 ,

where

A(K+1)×N(K+1) :=



1√
N

11×N , 01×N , 01×N , · · ·01×N , 01×N

01×N , 1√
N

11×N , 01×N , · · ·01×N , 01×N

...
...

...
...

01×N , 01×N 01×N , 1√
N

11×N , 01×N

01×N , 01×N 01×N , · · ·01×N
1√
N

11×N


is a (K + 1)×N(K + 1) matrix, and

EN(K+1)×1 := (v1×N(1), . . . ,v1×N(K),w1×N)> ,

v1×N(k) :=

([
1− T1

π(Z1; γ0)

]
ukK(X1), . . . ,

[
1− TN

π(ZN ; γ0)

]
ukK(XN)

)
,

w1×N :=

(
θ0 −

T1

π(Z1; γ0)
U(Z1), · · · , θ0 −

TN
π(ZN ; γ0)

U(ZN)

)

for k ∈ {1, . . . , K}, and 11×N (resp. 01×N) denotes a N -dimensional row

vector whose elements are all of 1’s (resp. 0’s). From Eicker (1966), the fol-

lowing Lindeberg type conditions are sufficient to ensure
√
NV

−1/2
K (γ̄ − γ0,

θ̄ − θ0

)> d−→ N(0, I(p+1)×(p+1)), namely,
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1. max
i∈{1,...,N(K+1)}

a>i
(
A(K+1)×N(K+1)A

>
(K+1)×N(K+1)

)−1
ai → 0, where ai is

the ith column of A(K+1)×N(K+1);

2. both sup
k∈{1,...,K}

E
[(

1− T
π(Z;γ0)

)2

ukK(X)2I
(∣∣∣(1− T

π(Z;γ0)

)
ukK(X)

∣∣∣ ≥ s
)]
→

0 and

E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2

I

(∣∣∣∣θ0 −
T

π(Z; γ0)
U(Z)

∣∣∣∣ ≥ s

)]
→ 0

as s→∞;

3. both inf
k∈{1,...,K}

E
[(

1− T
π(Z;γ0)

)2

ukK(X)2

]
> 0 and E

[(
θ0 − T

π(Z;γ0)
U(Z)

)2
]
>

0 .

Conditions 1 is natually satisfied by the definition of A(K+1)×N(K+1). Con-

dition 2 holds because

E

[(
1− T

π(Z; γ0)

)2

ukK(X)2I

(∣∣∣∣(1− T

π(Z; γ0)

)
ukK(X)

∣∣∣∣ ≥ s

)]

≤
(

1 +
1

c

)2

· E

[
ukK(X)2I

(
|ukK(X)| ≥ s

(
1 +

1

c

)−1
)]

s→∞−−−→ 0 ,

where c > 0 is lower bound of the propensity socre π(z; γ0) (Assumption 6),

and the last convergence holds from the fact sup
k∈{1,..,K}

E[u2
kK(X)] ≤ a (see

(S1.9)) and Dominated Convergence Theorem; the second part in Condition

2 also follows from Assumption 6 and Dominated Convergence Theorem.

Condition 3 holds because

E

[(
1− T

π(Z; γ0)

)2

uK(X)⊗2

]
= E

[
1− π(Z)

π(Z)
uK(X)⊗2

]
≥ 1− c̄

c̄
E
[
uK(X)⊗2] ≥ (1− c̄)a

c̄
· IK×K ,
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which implies that inf
k∈{1,...,K}

E
[(

1− T
π(Z;γ0)

)2

ukK(X)2

]
> 0; the second

part in Condition 3 is obvious. Therefore, Conditions 1, 2, and 3 are all

satisfied, then we can conclude our desired result that

√
NV

−1/2
K

(
γ̄ − γ0, θ̄ − θ0

)>
d−→ N

(
0, I(p+1)×(p+1)

)
.

S5 Proof of Theorem 3

Morikawa and Kim (2016) show that the efficient variance bounds of (γ0, θ0)

is V eff := E [Seff (T,Z; γ0, θ0)⊗2]
−1

, where Seff = (S>1 , S2)> and S1, S2

are defined in (S1.3) and (S1.4) respectively. Let V γ0 (resp. Vθ0) be the

efficient variance bound of γ0 (resp. θ0). After some simple computation,

we can find out

V γ0 =E

[
1− π(Z; γ0)

π(Z; γ0)
m(X)⊗2

]−1

and

Vθ0 = V ar
(
S2(T,Z; γ0, θ0)− κᵀ

S1(T,Z; γ0)
)

.

where

κ
ᵀ

= E

[
∇γπ(Z; γ0)

ᵀ

π(Z; γ0)
{R(Z)− U(X)}

]
· E
[
m(X)

π(Z; γ0)
∇γπ(Z; γ0)

ᵀ

]−1

.

From Theorem 2 we know have that
√
NV

−1/2
K

(
γ̄ − γ0, θ̄ − θ0

)>
d−→

N
(
0, I(p+1)×(p+1)

)
, therefore to prove Theorem 3, it suffices to show V K
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converges to the efficient variance bound of (γ0, θ0).

Since V K =
{
Bᵀ

(K+1)×(p+1) ·D
−1
(K+1)×(K+1) ·B(K+1)×(p+1)

}−1

, we first

find the expression of V K without the inverse. Using the inverse matrix

formula (S2.11), we can have:

D−1
(K+1)×(K+1) =


A−1
K×K + 1

c
A−1
K×KbKb

ᵀ

KA
−1
K×K , −1

c
A−1
K×KbK

−1
c
bTKA

−1
K×K , 1

c

 ,

(S5.35)

where

AK×K := E
[

1− π(Z; γ0)

π(Z; γ0)
uK(X)⊗2

]
, bK := E

[
1− π(Z; γ0)

π(Z; γ0)
U(Z)uK(X)

]
,

(S5.36)

c := E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− bTKA−1

K×KbK . (S5.37)

Then we have

Bᵀ
(K+1)×(p+1) ·D

−1
(K+1)×(K+1) ·B(K+1)×(p+1) =


Ãp×p, b̃p

b̃
ᵀ
p

1
c

 ,

where

Ãp×p := E
[
∇γπ(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · E
[
uK(X)

∇γπ(Z; γ0)ᵀ

π(Z; γ0)

]
+ c · b̃pb̃

ᵀ
p ,

(S5.38)
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b̃p := −1

c
E
[
∇γπ(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · bK +
1

c
E
[
∇γπ(Z; γ0)

π(Z; γ0)
U(Z)

]
.

(S5.39)

Using the matrix inversion formula (S2.11) again, we can obtain that

V K =
(
Bᵀ

(K+1)×(p+1) ·D
−1
(K+1)×(K+1) ·B(K+1)×(p+1)

)−1

=


Ã
−1

p×p + 1
c̃
Ã
−1

p×pb̃pb̃
ᵀ
pÃ
−1

p×p, −1
c̃
Ã
−1

p×pb̃p

−1
c̃
b̃
ᵀ
pÃ
−1

p×p
1
c̃

 ,

where

c̃ :=
1

c
− b̃ᵀpÃ

−1

p×pb̃p .

Then we can obtain that

V ar(
√
N(γ̄ − γ0)) = Ã

−1

p×p +
1

c̃
Ã
−1

p×pb̃pb̃
ᵀ
pÃ
−1

p×p + o(1), (S5.40)

V ar(
√
N(θ̄ − θ0)) =

1

c̃
+ o(1) . (S5.41)

In order to establish our Theorem 3, it suffices to show that (S5.40) and

(S5.41) converge to V γ0 and Vθ0 respectively. The proof is constituted of

two parts:

Proof of Part (I)

We first show that (S5.40) converges to V γ0 as N goes to infinity.
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Note that

V ar(
√
N(γ̄ − γ0)) = Ã

−1
p×p +

1

c̃
Ã
−1
p×pb̃pb̃

ᵀ
pÃ
−1
p×p + o(1)

=
[
Ãp×p − c · b̃pb̃

ᵀ
p

]−1

+ o(1)

=

{
E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)T

]
·A−1

K×K · E
[
uK(X)

∇π(Z; γ0)T

π(Z; γ0)

]}−1

+ o(1) (using (S5.38)) ,

(S5.42)

where the second equality can be straightforwardly verified as follows:(
Ã
−1

p×p +
1

c̃
Ã
−1

p×pb̃pb̃
ᵀ
pÃ
−1

p×p

)
·
(
Ãp×p − c · b̃pb̃

ᵀ
p

)
=Ip×p − c · Ã

−1

p×pb̃pb̃
ᵀ
p +

1

c̃
Ã
−1

p×pb̃pb̃
ᵀ
p −

c

c̃
Ã
−1

p×pb̃pb̃
ᵀ
pÃ
−1

p×pb̃pb̃
ᵀ
p

=Ip×p −
1

c̃
·
[
c̃c · Ã−1

p×pb̃pb̃
ᵀ
p + c · Ã−1

p×pb̃pb̃
ᵀ
p · b̃

ᵀ
pÃ
−1

p×pb̃p

]
+

1

c̃
Ã
−1

p×pb̃pb̃
ᵀ
p

=Ip×p −
1

c̃
·
[
Ã
−1

p×pb̃pb̃
ᵀ
p

]
+

1

c̃
Ã
−1

p×pb̃pb̃
ᵀ
p

(
since cc̃ = 1− c · b̃ᵀpÃ

−1

p×pb̃p

)
=Ip×p .

Therefore,

V ar(
√
N(γ̄ − γ0)) =

{
E
[
∇γπ(Z; γ0)

π(Z; γ0)
uK(X)T

]
·A−1

K×K · E
[
uK(X)

∇γπ(Z; γ0)T

π(Z; γ0)

]}−1

=E [fK(Z)fK(Z)ᵀ]−1 + o(1) , (S5.43)

where

fK(Z) :=− E
[
∇γπ(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
· E
[

1− π(Z; γ0)

π(Z; γ0)
uK(X)⊗2

]−1

uK(X) ·
(

1− T

π(Z; γ0)

)
.

Recalling the definitions of S0(Z; γ0) and O(Z) in (S1.1), we can obtain

that

fK(Z) =E [S0(Z; γ0)O(Z)uK(X)ᵀ] · E
[
O(Z)uK(X)⊗2]−1

uK(X)

(
1− T

π(Z; γ0)

)
=

{
E

[
E[S0(Z; γ0)O(Z)|X]√

E[O(Z)|X]

√
E[O(Z)|X]uK(X)ᵀ

]
· E
[(√

E[O(Z)|X]uK(X)
)⊗2

]−1
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·
√

E[O(Z)|X]uK(X)

}
1√

E[O(Z)|X]

(
1− T

π(Z; γ0)

)

=hK(X)
1√

E[O(Z)|X]

(
1− T

π(Z; γ0)

)
,

where

hK(X) :=E
[
E[S0(Z; γ0)O(Z)|X]√

E[O(Z)|X]

√
E[O(Z)|X]uK(X)

ᵀ

]
· E
[(√

E[O(Z)|X]uK(X)

)⊗2]−1

·
√

E[O(Z)|X]uK(X) .

Note that hK(X) is the least square projection of E[S0(Z;γ0)O(Z)|X]√
E[O(Z)|X]

on the

space linearly spanned by {
√
E[O(Z)|X]uK(X)}, by Assumption 3 and

Lemma 1, we can have

E

[∥∥∥∥hK(X)− E[S0(Z; γ0)O(Z)|X]√
E[O(Z)|X]

∥∥∥∥2
]

= O
(
K−

2s
r

)
= o(1) . (S5.44)

Therefore, we can have that

E
[
fK(Z)fK(Z)>

]
=E

[
hK(X)hK(X)>

1

E[O(Z)|X]

(
1− T

π(Z; γ0)

)2
]

=E
[
hK(X)hK(X)>

] (
since E

[(
1− T

π(Z; γ0)

)2 ∣∣∣∣X
]

= E[O(Z)|X]

)

→E
[
E[S0(Z; γ0)O(Z)|X] · E[S0(Z; γ0)O(Z)|X]>

E[O(Z)|X]

]
=E

[
m(X)m(X)>

(
1− T

π(Z; γ0)

)2
]
.

Then in light of (S5.43) we can obtain our desired result:

V ar(
√
N(γ̄ − γ0))→ E

[(
1− T

π(Z; γ0)

)2

·m(X)⊗2

]−1

= V γ0 .

Proof of Part (II)
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Next, we show that (S5.41) converges to Vθ0 as N goes to infinity.

Applying the matrix inverse formula (S2.10) to (S5.41), we have

V ar(
√
N(θ̄ − θ0)) =

[
1

c
− b̃ᵀpÃ

−1

p×pb̃p

]−1

+ o(1)

=c− c · b̃ᵀp ·
(
−Ãp×p + c · b̃pb̃

ᵀ
p

)−1

b̃p · c+ o(1) (by (S2.10))

=c+

(
E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · bK − E
[
∇π(Z; γ0)

π(Z; γ0)
U(Z)

])ᵀ

+ o(1)

·
{
E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · E
[
uK(X)

∇π(Z; γ0)ᵀ

π(Z; γ0)

]}−1

+ o(1)

·
(
E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · bK − E
[
∇π(Z; γ0)

π(Z; γ0)
U(Z)

])
+ o(1) ,

(S5.45)

where the last equality follows from the definitions of Ãp×p and b̃p in (S5.38)

and (S5.39), namely,

Ãp×p − c · b̃pb̃
ᵀ
p = E

[
∇π(Z; γ0)

π(Z; γ0)
uK(X)T

]
·A−1

K×K · E
[
uK(X)

∇π(Z; γ0)T

π(Z; γ0)

]
,

b̃p · c = −E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)T

]
·A−1

K×K · bK + E
[
∇π(Z; γ0)

π(Z; γ0)
U(Z)

]
.

In the following we show that

c = E

[(
θ0 −

T

π(Z)
U(Z)

)2
]
− E

[{(
1− T

π(Z; γ0)

)
R(X)

}2
]

+ o(1) ; (S5.46)

E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)T

]
·A−1

K×K · bK − E
[
∇π(Z; γ0)

π(Z; γ0)
U(Z)

]
= E

[
∇π(Z; γ0)

π(Z; γ0)
(R(X)− U(Z))

]
+ o(1) ;

(S5.47)

{
E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)T

]
·A−1

K×K · E
[
uK(X)

∇π(Z; γ0)T

π(Z; γ0)

]}−1

= Vγ0 + o(1) . (S5.48)

where c is defined in (S5.37).
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For the term (S5.46): Note that

c =E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]

− E [O(Z)U(Z)uK(X)ᵀ] · E
[
O(Z)uK(X)⊗2]−1 · E [O(Z)U(Z)uK(X)] (by definition (S5.37))

=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]

− E

[{
E [O(Z)U(Z)uK(X)ᵀ] · E

[
O(Z)uK(X)⊗2]−1 · uK(X)

(
1− T

π(Z; γ0)

)}2
]

=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]

− E
[{

E [E [O(Z)U(Z)|X] · uK(X)ᵀ] · E
[
E[O(Z)|X] · uK(X)⊗2]−1 · uK(X)

(
1− T

π(Z; γ0)

)}2]
=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]

− E
[{

E

[
E [O(Z)U(Z)|X]√

E[O(Z)|X]
·
√

E[O(Z)|X]uK(X)T
]
· E
[
E[O(Z)|X] · uK(X)⊗2]−1

×
√

E[O(Z)|X]uK(X) · 1√
E[O(Z)|X]

(
1− T

π(Z; γ0)

)}2]
.

Considering the last term in above expression, since

E

[
E [O(Z)U(Z)|X]√

E[O(Z)|X]
·
√

E[O(Z)|X]uK(X)ᵀ
]
· E
[
E[O(Z)|X] · uK(X)⊗2]−1 ·

√
E[O(Z)|X]uK(X)

is the L2-projection of E[O(Z)U(Z)|X]√
E[O(Z)|X]

on the space linearly spanned by

{
√

E[O(Z)|X]uK(X)}, by Assumption 3 and Lemma 1, we can have

E

[∣∣∣∣∣E
[
E [O(Z)U(Z)|X]√

E[O(Z)|X]
·
√

E[O(Z)|X]uK(X)ᵀ
]
· E
[
E[O(Z)|X] · uK(X)⊗2]−1√E[O(Z)|X]uK(X)

− E [O(Z)U(Z)|X]√
E[O(Z)|X]

∣∣∣∣∣
2]

= O(K−
2s
r ) = o(1) . (S5.49)

Then we can have that

c→E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− E

[{
E [O(Z)U(Z)|X]√

E[O(Z)|X]
· 1√

E[O(Z)|X]

(
1− T

π(Z; γ0)

)}2]
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=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− E

[{(
1− T

π(Z; γ0)

)
R(X)

}2
]
,

which is (S5.46).

For the term (S5.47). Consider the term

E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · bK − E
[
∇π(Z; γ0)

π(Z; γ0)
U(Z)

]
.

Using (S5.49), we can have

E
[
∇γπ(Z; γ0)

π(Z; γ0)
uK(X)>

]
·A−1

K×K · bK

=E
[
O(Z)U(Z)uK(X)>

]
· E
[
O(Z)uK(X)⊗2

]−1 · E
[
uK(X)

∇γπ(Z; γ0)

π(Z; γ0)

]
=E

[
R(X)

∇γπ(Z; γ0)

π(Z; γ0)

]
+ o(1) (using (S5.49)) .

Therefore, we can obtain that

E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · bK − E
[
∇π(Z; γ0)

π(Z; γ0)
U(Z)

]
→ E

[
∇π(Z; γ0)

π(Z; γ0)
(R(X)− U(Z))

]
,

which justifies our claim (S5.47).

For the term (S5.48). From Theorem 1 in Morikawa and Kim (2016), the

efficient influence function of γ0 is

ψeff (T,Z; γ0) = E
[
S1(T,Z; γ0)⊗2]−1 · S1(T,Z; γ0) = −E

[
∂

∂γ
S1(T,Z; γ0)

]−1

· S1(T,Z; γ0) .

The efficient variance bound of γ0 is

V γ0 =V ar(ψeff (T,Z; γ0))
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=E
[

1− π(Z; γ0)

π(Z; γ0)
m(X)⊗2

]−1

(S5.50)

=E
[
m(X)

π(Z; γ0)
∇γπ(Z; γ0)

ᵀ
]−1

E
[

1− π(Z; γ0)

π(Z; γ0)
m(X)⊗2

]{
E
[
m(X)

π(Z; γ0)
∇γπ(Z; γ0)

ᵀ
]−1

}ᵀ

.

(S5.51)

Using (S5.42), the fact that V ar(
√
N(γ̄−γ0))→ V γ0 , and (S5.51), we can

obtain that

L.H.S. of (S5.48) =

{
E
[
∇π(Z; γ0)

π(Z; γ0)
uK(X)ᵀ

]
·A−1

K×K · E
[
uK(X)

∇π(Z; γ0)ᵀ

π(Z; γ0)

]}−1

=V ar(
√
N(γ̄ − γ0)) + o(1)

→V γ0 = E
[
m(X)

π(Z; γ0)
∇γπ(Z; γ0)ᵀ

]−1

E
[
S1(T,Z; γ0)⊗2

](
E
[
m(X)

π(Z; γ0)
∇γπ(Z; γ0)ᵀ

]−1
)ᵀ

,

which justifies our claim (S5.48).

Combining (S5.45), (S5.46), (S5.47), (S5.48) and the definition of κ in

(S1.5), we can obtain that

V ar(
√
N(θ̄ − θ0))

→E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− E

[{(
1− T

π(Z; γ0)

)
R(X)

}2
]

+ κᵀE[S1(T,Z; γ0)⊗2]κ .

(S5.52)

To complete the proof, we remain to verify

(S5.52) = V ar(S2(T,Z; γ0, θ0)− κᵀS1(T,Z; γ0)) .

Note that

V ar (S2(T,Z; γ0, θ0)− κᵀS1(T,Z; γ0))

=E
[
S2(T,Z; γ0, θ0)2]− 2κᵀE [S1(T,Z; γ0)S2(T,Z; γ0, θ0)] + κᵀE

[
S1(T,Z; γ0)⊗2]κ .

Note that

E
[
S2(T,Z; γ0, θ0)2]
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=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− 2 · E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)(
1− T

π(Z; γ0)

)
R(X)

]

+ E

[(
1− T

π(Z; γ0)

)2

R(X)2

]

=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]

+ 2 · E
[

T

π(Z; γ0)
U(Z)

(
1− T

π(Z; γ0)

)
R(X)

]

+ E
[

1− π(Z; γ0)

π(Z; γ0)
R(X)2

]
=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− 2 · E

[
U(Z)

(
1− π(Z; γ0)

π(Z; γ0)

)
R(X)

]
+ E

[
1− π(Z; γ0)

π(Z; γ0)
R(X)2

]

=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− 2 · E

[(
1− π(Z; γ0)

π(Z; γ0)

)
R(X)2

]
+ E

[
1− π(Z; γ0)

π(Z; γ0)
R(X)2

]

=E

[(
θ0 −

T

π(Z; γ0)
U(Z)

)2
]
− E

[(
1− π(Z; γ0)

π(Z; γ0)

)
R(X)2

]

and

E [S1(T,Z; γ0)S2(T,Z; γ0, θ0)]

=− E
[(

1− T

π(Z; γ0)

)
m(X) · T

π(Z; γ0)
U(Z)

]
− E

[(
1− T

π(Z; γ0)

)2

m(X)R(X)

]

=E
[

1− π(Z; γ0)

π(Z; γ0)
m(X) · U(Z)

]
− E

[
1− π(Z; γ0)

π(Z; γ0)
m(X) ·R(X)

]
=E

[
1− π(Z; γ0)

π(Z; γ0)
m(X) · U(Z)

]
− E

[
E
[

1− π(Z; γ0)

π(Z; γ0)

∣∣∣∣X]m(X) ·R(X)

]
=E

[
1− π(Z; γ0)

π(Z; γ0)
m(X) · U(Z)

]
− E [m(X) · E[O(Z)U(Z)|X]]

=E
[

1− π(Z; γ0)

π(Z; γ0)
m(X) · U(Z)

]
− E

[
1− π(Z; γ0)

π(Z; γ0)
m(X) · U(Z)

]
=0 .

Thus, we can conclude (S5.52) = V ar(S2(T,Z; γ0, θ0) − κᵀS1(T,Z; γ0)).

The proof is completed.



S6. PROOF OF THEOREM 4

S6 Proof of Theorem 4

From the equation (S4.31), in order to prove ‖
√
N(γ̂ − γ̄, θ̂− θ̄)‖ p−→ 0, it is

sufficient to show

D̂(K+1)×(K+1)
p−→D(K+1)×(K+1) . (S6.53)

Note that

D̂(K+1)×(K+1) :=


N−1∑N

i=1
1−π(Zi;γ̌)
π(Zi;γ̌)

uK(Xi)
⊗2, N−1∑N

i=1
1−π(Zi;γ̌)
π(Zi;γ̌)

uK(Xi)U(Zi)

N−1∑N
i=1

1−π(Zi;γ̌)
π(Zi;γ̌)

uK(Xi)
ᵀ
U(Zi), N−1∑N

i=1

(
θ̌ − T

π(Zi;γ̌)
U(Zi)

)2


and

D(K+1)×(K+1) :=


E
[

1−π(Z;γ0)
π(Z;γ0)

uK(X)⊗2
]

, E
[

1−π(Z;γ0)
π(Z;γ0)

uK(X)U(Z)
]

E
[

1−π(Z;γ0)
π(Z;γ0)

uK(X)
ᵀ
U(Z)

]
, E

[(
θ0 − T

π(Z;γ0)
U(Z)

)2
]


For simplicity, we show that the upper left block of D̂(K+1)×(K+1) converges

in probability to that of D(K+1)×(K+1), namely∥∥∥∥∥ 1

N

N∑
i=1

1− π(Zi; γ̌)

π(Zi; γ̌)
uK(X i)

⊗2 − E
[

1− π(Z; γ0)

π(Z; γ0)
uK(X)⊗2

]∥∥∥∥∥ p−→ 0 ,

(S6.54)

and similar argument can be applied to the other three blocks are also of

convergence.

Using Mean Value Theorem, we can obtain that

1

N

N∑
i=1

1− π(Zi; γ̌)

π(Zi; γ̌)
uK(X i)

⊗2 − E
[

1− π(Z; γ0)

π(Z; γ0)
uK(X)⊗2

]
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=
1

N

N∑
i=1

1− π(Zi; γ0)

π(Zi; γ0)
uK(X i)

⊗2 − E
[

1− π(Z; γ0)

π(Z; γ0)
uK(X)⊗2

]
(S6.55)

− (γ̌ − γ0)> · 1

N

N∑
i=1

∇γπ(Zi; γ
∗)

π(Zi; γ∗)2
uK(X i)

⊗2 , (S6.56)

where γ∗ lies on the line joining γ0 and γ̌. By computing the second mo-

ments of (S6.55), and using Chebyshev’s inequality and Assumption 7, we

can claim that the term (S6.55) is of op(1).

Consider the term (S6.56). From Assumption 6, we know that the

funciton ∇γπ(Z; γ) is uniformly bounded and the propensity score π(Z; γ)

are uniformly bounded away from zero, thus we can find a finte constant

C > 0 such that

|(S6.56)| ≤ ‖γ̌ − γ0‖ · C ·

∥∥∥∥∥ 1

N

N∑
i=1

uK(X i)
⊗2

∥∥∥∥∥ .

Using Chebyshev’s inequality, Inequality (S2.12), and Assumption 7, we

can deduce that∥∥∥∥∥ 1

N

N∑
i=1

uK(X i)
⊗2 − E

[
uK(X)⊗2

]∥∥∥∥∥ = Op

(√
K3

N

)
= op(1) .

We also note that ‖E [uK(X)⊗2] ‖ ≤ λmax (E [uK(X)⊗2])·‖IK×K‖ = O(
√
K).

Therefore, in light of Theorem 1 and Assumption 7 we can deduce that

|(S6.56)| ≤ Op(N
−1/2) · C ·O(

√
K) = op(1) .

Since the terms (S6.55) and (S6.56) are all of op(1), we can justify (S6.54).
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S7 Proof of Theorem 5

Note that

V̂ K =
{
B̂
>
(K+1)×(p+1)D̂

−1

(K+1)×(K+1)B̂(K+1)×(p+1)

}−1

,

V K =
{
B>(K+1)×(p+1)D

−1
(K+1)×(K+1)B(K+1)×(p+1)

}−1

,

and V K
p−→ V eff . From (S6.53), we know that D̂(K+1)×(K+1)

p−→D(K+1)×(K+1).

Therefore, to prove the consistency result V̂ K
p−→ V eff , it suffices to show

B̂(K+1)×(p+1)
p−→ B(K+1)×(p+1).

We show that the upper left block of B̂(K+1)×(p+1) converges in proba-

bility to that of B(K+1)×(p+1), namely,

1

N

N∑
i=1

uK(X i)
∇γπ(Zi; γ̂)>

π(Zi; γ̂)2

P−→ E
[
uK(X)

∇γπ(Z; γ0)>

π(Z; γ0)

]
, (S7.57)

and similar arguments can be applied to show that the other three blocks

are also of convergence. Using Mean Value Theorem, we can have

1

N

N∑
i=1

uK(X i)
∇γπ(Zi; γ̂)>

π(Zi; γ̂)

=
1

N

N∑
i=1

uK(X i)
∇γπ(Zi; γ0)>

π(Zi; γ0)
(S7.58)

− 1

N

N∑
i=1

uK(X i)
∇γπ(Zi; γ

∗∗)>

π(Zi; γ∗∗)2
∇γπ(Zi; γ

∗∗)>(γ̂ − γ0) (S7.59)

+
1

N

N∑
i=1

uK(X i)
1

π(Zi; γ∗∗)
· ∇2

γπ(Zi; γ
∗∗)(γ̂ − γ0)· , (S7.60)
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where γ∗∗ lies on the line joining γ̂ and γ0. Consider the term (S7.58), we

have

E

∥∥∥∥∥ 1

N

N∑
i=1

uK(X i)
∇γπ(Zi; γ0)>

π(Zi; γ0)
− E

[
uK(X)

∇γπ(Z; γ0)>

π(Z; γ0)

]∥∥∥∥∥
2


≤ 1

N2

N∑
i=1

E

[∥∥∥∥uK(X i)
∇γπ(Zi; γ0)>

π(Zi; γ0)

∥∥∥∥2
]

≤ 1

N
E
[
‖∇γπ(Z; γ0)‖2

π(Z; γ0)2
· ‖uK(X)‖2

]
≤ O(1) · 1

N
E
[
‖uK(X)‖2

]
= O(K/N) = o(1) ,

where the second equality holds because ‖∇γπ(Z;γ0)‖2
π(Z;γ0)

is uniformly bounded,

while the last equality holds because of Assumption 7. Then in light of

Markov’s inequality, we can have∥∥∥∥∥ 1

N

N∑
i=1

uK(X i)
∇γπ(Zi; γ0)>

π(Zi; γ0)
− E

[
uK(X)

∇γπ(Z; γ0)>

π(Z; γ0)

]∥∥∥∥∥ = op(1) .

For the terms (S7.59) and (S7.60), by using a similar argument of showing

(S6.56) = op(1), we can obtain that both (S7.59) and (S7.60) are of op(1).

Therefore, we can justify the validity of (S7.57). Finally, we can claim our

consistency result V̂ K
p−→ V eff .
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