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Proof of Theorem 1

The following notations are used in the proof.
Let €2 be the true concentration matrix and suppose Fy(.) is a convex penalty on a positive

definite and symmetric matrix G. Let

N
l

argming (tr(EXG) — logdet(G) + F),(G))

Fo)
Il

argming (tr(SG) — log det(G) + Fi(G))

Q* = argming (tr(S*G) — logdet(G) + FY(G)).

LEMMA 1 Let Q be a real matriz and |.| be the operator norm of a matriz. Let A and B



be positive definite and symmetric matrices. Then

[tr(QA)| < Q] tr(A); (1)
log det(AB) < tr(AB) — p; (2)
tr(AB)tr [(B™' — A™")(A —B)] > |A - B|;. (3)

Proof: First, A = Z§:1 7;€5€;. Then using the Cauchy-Schwarz Inequality,
p p
[tr(QA)| < > %l6iQei| < D lQesl2 < Q] tr(A).
j=1 j=1
Second,
log det(AB) = log det(B2ABY?) < tr(B/2ABY?) — p = tr(AB) — p.

Finally, tr(B~'A+BA~'—2I) = tr(B~/2AB Y24+ BY2A~'BY/2-2I). Let C = B"'2AB~'/2,
then C is positive definite and C~' = BY2A~'B'/2. Since C + C~! — 21 is positive definite

7], we conclude tr(B™'A + A™'B — 2I) > 0. According to Ex 12.14 [?] (page 329)
tr(A) tr(B) > tr(AB) = 0 and tr(AB) = tr(BY?AB"?) (4)

where BY2AB'? is positive definite. Furthermore, according to the Cauchy-Schwarz In-



equality (trace version) [?] (page 325)

tr(ABA™'B) = tr [(AY2)'(AY?)(A72B)(A~*B)) = tr [(AY?)A2B)?) = tx(B?). (5)

Hence,

tr(AB) tr(B™*A + A™'B — 2I) (Note:AB is not necessarily positive definite)
= tr(BY2ABY?)tr(B~2AB Y2 + BYV2ATIBY2 — 21)
> tr(Bl/ZABl/QBfl/QABfl/Z + BI/QAB1/2B1/2A71B1/2 o 2B1/2AB1/2>

= tr(BY?A’B™12 + B/2ABA"'BY/2 - AB - BA) = tr(A> + ABA"'B - AB - BA)

\%

tr[(A-B)’] = |A - BJ}.

The proof is complete.

LEMMA 2 Let S; and Sy be two positive semidefinite p x p matrices, and

Q0 = argming (L(S1;G) + FY(G)); Q, = argming, (L£(S2; G) + FY(G)).

Then

tr[(Sy — S1)(Q1 — Q)] = tr [(257 — Q71 (21 — Q)] = 0. (6)



Proof: We establish

S — Q7' +H; =0, Sy;—Q +H,=0 (7)

where ﬁl and I/_\IQ are p x p matrices of sub-differentials. Thus

H, —H, = [S; — Si] + [Q7! - ;1] (8)

Moreover,

Qi (h—hs) = DSy — (D) — Sy + O (Q) (9)

(—)(h—ha) = (—2)S5 — (— ) () ™" — (—22)S1 + (— ) (1) 7. (10)

Using the monotonicity property of convex functions, we establish tr [(ﬁl —H,)(Q — QQ):I >

0, which implies

tr[(Sy — S1)(Q — Q)] = tr [(' — Q7N (2 - Q)] = 0. (11)

The proof is complete.

(Note: The inequality 0 < tr [(Z— S)(Q— ﬁ)] is automatically implied by the above result.)



LEMMA 3 Let H be the matriz of subdifferentials of FY(.) evaluated at Q. Then

~

0< L(Z:Q) - L(Z:Q) < Fro(Q) — Fr(€) (12)

For Ly penalty: FL(€) = tr [ﬁﬁ] =\ <p; tr [Eﬁ] FAQ =p. (13)

Proof: Obviously,

tr(2€Q) — logdet(2) + F),(Q) < tr(E0Q) — logdet(Q) + Fy, ().

Thus we conclude 0 < £(2; Q) — L(Z;Q) < F),(Q) — Fr.(Q).

Furthermore, we establish

~

T-Q '+ H=0 Z0-L+HQ2=0; tr[ZQ]+ tr[HQ]

p (14)
where tr [ﬁﬁ] = |9, for L, penalty.

The proof is complete.

LEMMA 4 Let H be the matriz of subdifferentials of FY(.) evaluated at Q. Then for Ly

penalty:

(SQ) + A|Q]1 = p; (15)

—FY() < L(S: Q) — L(S; Q) < p| QY222 — L] + tr(X) + Ap + plog(1/X). (16)



Proof: We establish

A~

S-Q'+H-=0; Sﬁ—Ip+ﬁﬁ=0; tr[Sﬁ]+tr[ﬁ9]=p (17)

where F}((AZ) = /\||SA2H1 =tr [ﬁﬁ] < p for the Lasso penalty.

Since tr(S2) — log det(€2) + FP(2) > tr(S) — log det(£2) + F;{(ﬁ),

~ A~

L(S;) — L(S; Q) = FY(Q) — FY(Q) > —FY(). (18)

On the other hand, since the sample covariance matrix S may be singular,

~ ~ ~

L(S;Q) — £(S; ) = tr [S(Q — Q)] — log det(€2) + log det(£2)
= tr(S— E)ﬁ] + tr [Eﬁ] + log det(€271) — tr [Sﬁ] + log det((S + AL,) ™)

+1log det((S + AL)Q)

N

|Q2SQY2 — L] tr(Z€) + tr(TQ) + tr X + Ap — p + plog(1/A) + tr(SQ) + A|Q]; — p

N

p|QY28QY? — L|| + tr(2) + Ap + plog(1/)).

The proof is complete.

LEMMA 5 Let H* be the matriz of subdifferentials of FY(.) evaluated at Q*. Then for Ly



penalty:

tr(QH*) + \|Q* |, = p; (19)
—FY(Q) < L(S% Q) — L£(S*; Q%) < p|QV2S* QY2 — 1| + tr(X) + pX + plog(1/1)20)
Proof: We establish

S @) E s SR LR 0 [0 a 9] -y

where FL (%) = A|Q*|, = tr [ﬁ*ﬁ*] < p for the Lasso penalty.

Since tr(S*Q) — log det(€2) + Ff(ﬁ) > tr(S*ﬁ*) — log det(ﬁ*) + F/{’(ﬁ*),

L(S*; ) — L(S*; Q%) = FY(Q) — FY(Q) > —FY(9). (22)

On the other hand, since the sample covariance matrix S* may be singular,

tr [S*(ﬁ — ﬁ*)] — log det(£2) + log det(£2%)
= tr[(S* — 2)Q] + tr(TQ) + log det(Q 1) — tr [S*Q*] + log det((S* + AL) ™)

+log det((S* + AL)Q2*)

N

tr[(S* — 2)Q] + tr(2Q) + tr(X) + pA — p + plog(1/X) + tr(S*Q*) + \|Q*|, —p

N

tr [(S* — E)Q] + tr(X) + pA + plog(1/X)

N

p|QY2S* QY2 — QV28QY2| 4 p|QY2SQY2 — 1| + tr(X) + pA + plog(1/X).



The proof is complete.

Proof of Theorem 1: The operator norm |QY2SQY2 — 1| is bounded by

E|QY?8QY? —1,| < 01(2(\/E + 3)
n n

1RY280QY2 —1,| < CK? (4 /m + m) with probability at least 1 — 2 exp(u)
n n

using a result of [?] (page 99-100), and the constants K and C' are defined as there.

According to [?] (page 129-130),

7o [o2
E(HQI/2S*(21/2—Ql/QSQl/QH‘Y) < C( K?plogp n K plogp>;
\ n n

7 72
Hﬂl/QS*Ql/Q - 91/2891/2H < C(\/KQP(logp + u) N K*p(logp + u))
n n

with probability at least 1 — 2exp(u), where C' is a absolute constant and

[A( _ maXKisn{HZlT\L\%? T ,2HZnH§} (23)
(1/n) Zizl 1Z)5
As for the Mallow’s metric dy (D}, Dy),
1 * A* PN
Edl (L(S Q%) L(S; Q)) <A,+B,+C, (24)



where

A, = ]%dl (L(S*; %), L(S*;Q)); (25)
B, = ]%dl (L(S*Q), L(S;Q)); (26)
C, - ]%dl (£(S: €), £(S; D)) (27)

Considering the independence of Y} SNZYl* (t=1,---,n) and the independence of Y;SNIYZ-

(1 =1, n), we establish
1 N n n N 1 N N
B, < —d; (tr(S*9Q), t(S) —d1 (DY QY:, > YY) < Sd((Y)QYT, YiQY)).
p i=1 i=1 p
Let Y ~ MVN(0,X) and Z = QY2Y ~ MV N(0,L,). Then Var(Y'GY) = 2tr(GEGY)
where

tr(GEGE) = tr(GY2EGY2GY2EGY?) < (1r(GY?RGY?))’ = (tr(GX))”.

Let So =

Consider

QY28QY2. Then E(Z*(Z*)'|Y) =

Var((Y*)GY*Y) = E(t? [QY2Y*(Y*)QY? - S) (B2 GE?)]|Y)

<t (ZVAGEVHE(|QVPYH(Y)QYE - So)PY) < r(GE)E(|Z*(Z*) — So)|?|Y).



Obviously, {Z*(Z*)' — Sy)}? is a symmetric and positive definite matrix and

1Z*(Z*)" = 8o)|* < HZ*(Z*) = So}*| < tr [{Z*(Z7)" — So}?]

= tr [{Z"(Z*)'}?] + tr [{So}?] — 2t [Z*(Z*)'So].

Therefore,

B(|z*(2*) ~S)PIY) = E(u[(Z7(Z°)P]|Y) —ux[8}] = E(|Z*|4]Y) — tr[83]

Var (|Z*3Y) < p) . Var((Zy)*|Y).
Therefore,

Var(Y'QY) < 2tr(Q20OX) < 2(tr($~22))2 < 2p%;

Var(Y*)GY*Y) <p’ > Var((Zn)’|Y).

Furthermore, since Y;k'ﬁYf (¢ = 1,---,n) are a bootstrapping sample from YZ’-SNIYZ-

1 /o~ ~
B, < —d; (Y7 QY] Y Q2Y) — 0 almost surely as n — 0.
p

Both A,, and C), converge to 0 almost surely by Lemmas 4 and 5.

The proof is complete.

10



