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Supplementary Material

PROOFS OF THE ASYMPTOTIC PROPERTIES.

In this part, we sketch the proofs for Theorems 1, 2 and 3. For this,
we will mainly use some results about empirical processes given in van der
Vaart and Wellner (1996).

Proof of Theorem 1.

To prove the consistency, we will verify the conditions of Theorem 5.7

of van der Vaart (1998). Let BV|[m, 73] denote the functions whose to-

tal variation in [y, 7] are bounded by a given constant. Define © =
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A® B ® BV®K[r, 7). Define the metric p(6,6) on the parameter space
O as p(h,0) = ¢ |2+ Xn, SUDje(ry ) | AR (E) — Ay (t)]. Then the class of
functions

F= {Ak(Ck)eXkTﬁ B eB,A, € BV[ﬁ,Tz]}

is a Donsker class. By the condition (A4), we know that

/H 1—exp[ G (Ak(Ck)e k b)}}Ak

b k=1
< exp [~y (MG E7) ] pbly) ab

is bounded away from zero. Therefore, I(6,0) = log L(0,0) (L(6,0) de-
fined in (2))belongs to some Donsker class due to the preservation property
of the Donsker class under the Lipschitz-continuous transformations. Then
we can conclude that supgeg [Pl(6, O) —Pl(6y, O)| converges in probability
to 0 as n — oo.

Now, we verify that another condition of Theorem 5.7 of van der Vaart

(1998) hold. That is, for any € > 0,

sup  PI(6,0) < Pi(6y, O).
p(6,600)>¢

Note that this condition is satisfied if we can prove the model is identifiable.
By condition (A5) and similar arguments to the proof of Theorem 2.1 of

Chang et al. (2007), we can show the identifiability of the model parameter-
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s. Now, by Theorem 5.7 of van der Vaart (1998), we have p(6,,,6p) = 0,(1),
which completes the proof of Theorem 1.

To prove the convergence rate of the proposed estimator in Theorem 2,
we need the following lemma.
Lemma 1. Let £ = {log L(8,7v,A) | 0 = (8,7,A) € ©} and P be any prob-
ability measure on the sample space, then log Nyj(e, £, Ly(P)) = O(1/e) as
¢ decreases to 0.
Proof of Lemma 1.

Let A ={A = (Ay,....,Ax) : M < A, < Myfork = 1,..., K},
its e—bracketing number is of the order of O(e'/¢). That is, for each F,
there exists a set of functions, (Af;, AY}), such that [|AY; — Afllo < e and
A < Ay < AY for some j.

We define

K

1(0) = log /b {Ar+ (=12 exp =Gy (X [AAE(Ch) + (1= AL ()]b)] b plbl) db.

k=1

— log bH Ak+ 1)2% exp [—Gk( XEB [ARAY (cx) + (1—Ak)A£j(C’k)]b>]}p(b]'y)db

Here, O is a vector whose components are covariates, censoring time and

the censoring indicators.
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K

£9.0) =1og [ T[ {0+ (1> exp [-Gu (MulC) ¥478) |} pieiy) .
b g=1

where ¥ = ((, A1, ..., Ag). Let 9 = (¢, AN+ (T—-ADAY, . ArAY +

(1= Ag)A%L)).

Further, by mean value theorem, we have

d+1

1,¢)(0) = 1(0,0) = f(#,0) = f(#,0) =} _ fi(9,0)(C = G)

i=1

+ 3 firarn(0,0) {Ak(AY; — M) (Ch) + (1= Ap) (Mg — A)(Ci) }

k=1
Here, f; denotes the partial derivative of f with respect to 1¥; and ¥J; is the

ith component of ¥. For (d+1) <i < (K+d+1), note that f;(¢,z)/(24;—1)

is positive, we have

(0)=1(6,0) = —ao||¢' ~¢[l+a1 Y (28 =1)[Ar(AL;=A) (Ci)+(1=AR) (A= AR (C)],

i=1

U
l(j,c’)

where ag, a; are some positive constants. By the definition of Aﬁj and Agj,
we know that lg,c’)(O) —1(0,0) > —ag||¢ —¢|| + are. The same arguments
lead to l(LM,)(O) —1(A,0) < ag||¢" = ¢|| — bye for a positive constant by.
Let (i,...,Cn be the points in M, such that for each ¢ € N, [|¢ —
Cmll < min{aie/ag, bie/ap} for some m, where 1 < m < N and N is the
bracketing number of AN, which is of the order of O(1/e%*!). Therefore,

for each (¢, A) in N, x [1/M, M]®¥, there exists (,, Ag; and AP, such that

l(Lm(O) <1(6,0) < lg,c)(O)'
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Furthermore, by mean value theorem, we have

K
1160 (O =G0 Oz p < E <bz > IAG(C) ~ Aﬁj(Ck)|2> = bym|| A (Ci)—Ag; (Cr)ll2,. < bame?,
i=1

where by is a positive constant and () denotes the distribution function for
the observation time C.

Therefore, by Example 19.11 of van der Vaart (1998), we get that
N (g, L, Ly(P)) is of the order of O(e/2e%"1) and log Njj(e, £, Lo(P)) =
O(1/e) as e decreases to 0. This completes the proof of Lemma 1.

Proof of Theorem 2.

By the Kullback-Leibler inequality, we know that P/(6, O) is maximized
at 8§ = 6y. So its first derivative at 6, is equal to 0, then by Taylor ex-
pansion, we know that for every € in a neighborhood of 6y, P(I(6,0) —
[(6y,0)) < —Cd*(0,6y) , where C is a positive constant. From the Lem-

ma 1, we know that the bracketing integral Jjj(n, L, Ly(P)), defined as

Jo'\/Tog Nyj(e, £, Ly(P)) de, is of the order of n*/2. Then the lemma 19.36

of van der Vaart (1998) gives

1/2
E* su n(P, —P)(I(6,0) — (6, 0))|| = O(1 1/2<1+ U M>’
d(gﬂgl))@\lf( )(1(8,0) = (6, O))|| = O(1)n il

where E* is the outer expectation and M; is a positive constant. Let

nl/2

bn(n) = nt/? (1 + ng\/ﬁMl). Then ¢,(n)/n is a decreasing function, and




SHUWEI LI

n?3¢,(n~13) = O(y/n) for large n. Furthermore, by Theorem 1, we know

that 6, is consistent. According the theorem 3.4.1 of van der Vaart and

Wellner (1996), we can conclude that d(6,, 6y) = {||§‘n — Gl + 2, [[Arn(c) = Ago(c)]? fk(c)dc}1/2 =
O,(n~1/3), which completes the proof of Theorem 2.

Proof of Theorem 3.

The score functions for 8 and v are denoted by Sz(#) and S, (6), re-

spectively, where Sz(6) = al(%’g’A) and S, (0) = %w. For k=1,... K,
we let hy(t) be a nonnegative and nondecreasing function on |7y, 7). De-
fine H = {h = (hq(t),...,hk(t))}. Consider parametric submodels A (t) =
(Are(t), ..., Ak e(t)), where A (t) = Ag(t) + ehi(t). For each k, the score

function along the kth submodels is given by,

Su (0] = TR
- L(G,O)l/ﬁAk(ﬁ,A, 0) in(ﬁ,A, 0) = - — 15 p(bly) db,
b =1 =1 1 —exp [—Gk (Ak(ck) eXif b)}
where
L(9,0) = / ﬁ { A+ (12 exp [~y (A(C) X7 0) |} ploly) b,

AR(B,4,0) = A+ (=1)2 exp | =Gy (M(Ci) XF70) |
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By(8,A,0) =G, (Ak(ck) e ? b) Xy (C )b
The efficient score for € at (Co, Ao) is 1(Co, Ao) = Se(Co, A0>_ZkK:1 S, (Co, No)[h7],
where S¢(Co, Ao) = (S5(00)7, S, (00))7, h; is a (d + 1)-vector function satis-

fying

T
P <S< Co, Ao) ZSAk Co, o) hk) (Z Say, CO:AO)[hk]> =0,

for each hy in H. By following similar calculations in Section 3 of Chang
et al. (2007), we can establish the existence of hj in the above equation.
The efficient Fisher information matrix Iy for ¢ at ((p, Ag) is defined
as P(1(Co, Mo)l(Co, Ag)T). In the following, we will show that I, is positive
definite. If the I, is singular, then there exists a nonzero vector v € R(@+1
such that vTIjr = 0. It follows that, with probability one, the score func-
tion along the submodel {(y + ev, Ajg + evThi, ... Ao + evThi} is zero.

Therefore,

K
0 0
T *
v — 4+ E hk_> '
<6C k=1 Y (€ Y1591 )=(C0,A10(c1)5-sAR0(CK))

log/bﬁ {Ak + (=1)%* exp [—Gk <yk Xk P b)} } p(b]y)db = 0.

Using the condition (A5), we know that v = 0, this is a contradiction.
Therefore, we can conclude that v" v = 0 implies v = 0. That is, the

efficient Fisher information matrix is positive.
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Define

0

Sk (0) [P, hy) = 5

Sa (05 A5 = Ay [y
e=0

for k =1,...,K and j = 1,..., K, where 0/0€|.—oA;e = h;. By Taylor

expansion, we can obtain

K

PI(Co, A) = PI(Co, Ag)+P {Z Sci(@)[Ar = Arol = > > Siy(0)[hy, Ar — Ako]}

k=1 k=1 j=1

K
+0, (Z A, — AkOHQ) .
k=1

Note that PI(Co, Ao) = 0, P(S¢(0)Sn, (0)[he]) = —P(S¢x(0)[Mn]),

P(SAk(Q)[ka]SAj(H)[hj]) = —P(Sk;(O)[hx, hy]), by the consistency and the
convergence rate of A,, we can conclude that PI(¢y,A,) = O,(n=2/3),
which implies v/nPI(¢o, Ay) = 0,(1). We know from Example 19.11 of
van der Vaart (1998) that the class of uniformly bounded functions with
bounded variations is a Donsker class. By using Theorem 2.10.6 of van
der Vaart and Wellner (1996), we can verify that I(¢,A) is a uniformly
bounded Donsker class. In addition, we have proved that én is consistency.

Therefore, \/n(P, — P)(I({n, An) — 1(Co, Ag)) = 0,(1). Due to the fact that
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P,l(6,) = Pi(6y) = 0 and PI(Cy, A) = 0,(1), we can have
—V/nP(1(0,) — 1(Co, A)) = VP,l(60) + 0,(1).
By the mean value theorem, we have
VAP A Gy = ) = VBI() + (1),

where ¢’ is a point between ¢, and (. Since 6, is consistency and P(—a%i (60)) =

P(1(66)1(6)7) = I, we can conclude that
Vil = Q) = I /aPul(00) + 0p(1) 5 N(0, I57).

This completes the proof of Theorem 3.



