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S1 Proof of Theorem 1

Let G be an open subset of Q2x. Then, by part 1 of Proposition 11 in Yin
et al. (2008), we have that Sy, x, C Syx, which implies that span{Syx,, :
G C Ox} C Syix.

By a result of Zhu and Zeng (2006), we have

span {0h(y | x)/0x : (x,y) € Ox X Qy} = Syx. (S1.1)
Apply the same result to (X, Y,) to obtain

span{Oh(y | x)/0x : (x,y) € G x Qy} = Sy, 1x,- (S1.2)

Now let (xg, 7o) be an arbitrary point in (Q2x, 2y ), and let G be an open

subset of Qx that contains xo. Then, by part 3 of Proposition 1, h.(y |
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x) = h(y | x) for all (x,y) € G x Qy. Therefore, [0hs(y | X)/0%X|xpy, =

[0h(y | x)/0%|xy,y,- Thus, by (S1.1) and (S1.2) we have
Sy|x - U{Syp(G G CQx} C span{Sy‘XG G C Ox}. (S1.3)

Furthermore, by part 2 of Proposition 11 of Yin et al. (2008), there
exists a compact set K C Qx such that Sy, x, = Sy|x, where (X,,Y,) is
defined as X restricted on K. Since U{G : G C Qx} forms an open cover
of the compact set K, there is a finite subcover U{G; : i =1,...,m} of K.
Hence by the same argument leading to (S1.3) we have Syjx C U{3Y|XGZ. :

i=1,...,m}, as desired. O

S2 Proof of Theorem 2

We have

[ hlp) 1 f
B, Vomy) = [P0 T i = s [ty | pe i

(S2.1)
Let h(y | x) and h(y | x) denote the first and second derivatives of h

with respect to x. By Taylor’s theorem, for any x € G, there is a & with

II€ — p,|| < ||G]| such that

M 1%) = by | o) + 7 (0 | )= 1) + g — )Ty | €)0x — o).

(S2.2)
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In the meantime,

Wy | e+ Pog(x = 1)) =h(y | 1e) + 0T (5 | )P, (x = )
b 50— 1) P,y | €)Pp, (x — 1),
(52.3)
However, by construction, it is easy to see that h(y | p,) € span(H,)
almost everywhere in €y. Hence PBGh(y | p.) = h(y | p.). Because
|x — .|| < ||G|| and the elements of h(y | €) are bounded, the third terms
on the right hand sides of (52.2) and (S2.3) are of the order O(]|G||*). Now

subtract (S2.2) from (S2.3),
hylx) = h(ylpe + Pp, (x — 1)) + O(IG]*) as |Gl = 0. (S24)

Substitute (S2.2) into the right hand side of (S2.1), using the relations

E(X; —p,) =0 and Var(X,) = X, to obtain

1
9s(y)

+

E(XG — Mg ‘ YG - y) - EGh(:y | I"l’c)

1 N
29:(1) /G[(X — o) (x = ) Ty | €)(x — po)lpe(x)dx.
(82.5)

Since ||x — p|| < |G| and the components of h(y | €) are bounded, the

second term on the right is of the order O(||G||?). In other words,

EXe —po | Ye=y) = Sah(y | o) +O(IGIP).

1
9s(y)
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Multiply both sides by X_", keeping in mind that 3, = O(||G|?), to obtain

SB(Xo — i, | Vo = y) =———h(y | p) + O(IG]).  (52:6)

1
95(v)

Meanwhile, if we multiply both sides of the above equality by Pg_, then,

because h(y | p,) € span(B,) for almost every y € Qy, we have

Pu 3 (X — po | y) = h(y | po) + O(IGI). (52.7)

1
9:(y)

Now subtract (S2.7) from (S2.6) to prove (3.1). O

S3 Proof of Theorem 3

Let p} be the center of G. Since p. has bounded derivative, p.(x) =

pe(pl) + O(||G||). Hence

o= [ (= i+ )i

=p + /G(X — 1) [pe(p) + O(|GI)]dx = pz, + O(IG]).

Hence the integral in the second term on the right hand side of (S2.5) is

/[(X — p5)(x = pi) h(y | €)(x — i) + O(IGIP)]lpe(p2) + O(IG)]dx

= /[(X — ) (x = pE)Th(y | €)(x — pi)lpa(pl)dx + O(|GI1)
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However, the leading term on the right is also of the order O(||G||®), because

/ (¢ — 1) (x — )Ty | €)(x — ) pe () dx

s / (x— p2)(x — )Ty | o) — ) + O(IGIP),

where the first term is 0 since GG is an open ball. The rest of the proof is to

the argument following (S2.5). O

Bibliography

Yin, X., B. Li, and R. D. Cook (2008). Successive direction extraction for
estimating the central subspace in a multiple-index regression. Journal

of Multivariate Analysis 99(8), 1733-1757.

Zhu, Y. and P. Zeng (2006). Fourier methods for estimating the central
subspace and the central mean subspace in regression. Journal of the

American Statistical Association 101, 1638-1651.



