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S1 Proof of Theorem 1

For simplicity, we drop τ in all notations for model parameters in the sub-

sequent section. For example, we denote θτ = θ,RL,τ = RL, RU,τ = RU .

As in the standard arguments in Huber (1967), it is sufficient to verify the

following three claims:

(a) supλ∈Λ n
−1
∣∣∣L̃n(λ)− Ln(λ)

∣∣∣→ 0 in the almost surely sense, where the

parameter space Λ is previously defined.

(b) E{ρτ [yt −Mt(λ)]} ≥ E{ρτ [yt −Mt(λ
0)]} for any λ ∈ Λ. Additionally,
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the equality holds if and only if λ = λ0.

(c)

E

{
sup

λ̃∈δΛ(η)

∣∣∣ρτ [yt −Mt(λ̃)]− ρτ [yt −Mt(λ)]
∣∣∣}→ 0, as η → 0,

where δΛ(η) = {λ̃ ∈ Λ : ∥λ̃−λ∥ < η}, 0 < η < 1 and λ ∈ Λ. Therefore,

this shows that E {ρτ [Mt(λ)]} is a continuous function of λ.

We first prove Claim (a). Let ȷn = min{t : yt−d ∈ (rL, rU ]}. By the

settings for the initial values, it holds that R̃t = 1 for 1 ≤ t ≤ ȷn and

Rȷn = Rȷn−1 = . . . = R1. We have

1

n

∣∣∣L̃n(λ)− Ln(λ)
∣∣∣

= (1−R1)

ȷn∏
t=1

I{rL < yt−d ≤ rU} ·
1

n

∣∣∣∣∣
ȷn∑
t=1

[ρτ (yt − xT
t θ1)− ρτ (yt − xT

t θ2)]

∣∣∣∣∣
≤

ȷn∏
t=1

I{a ≤ yt−d ≤ b} · 1
n

ȷn∑
t=1

sup
λ∈Λ

[|xT
t (θ2 − θ1)τ |+ |yt − xT

t θ2|+ |yt − xT
t θ1|] ,

which implies that Claim (a) holds if ȷn is finite. On the other hand,

applying the ergodic theorem, we obtain

1

ȷn

ȷn∑
t=1

sup
λ∈Λ

[|xT
t (θ2 − θ1)τ |+ |yt − xT

t θ2|+ |yt − xT
t θ1|]

→ E

{
sup
λ∈Λ

[|xT
t (θ2 − θ1)τ |+ |yt − xT

t θ2|+ |yt − xT
t θ1|]

}
<∞, (A.1)
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when ȷn → ∞ as n→ ∞, and E(|yt|2+δ) <∞. As in Li et al. (2015a), it is

easy to show that

ȷn∏
t=1

I{a ≤ yt−d ≤ b} → 0, as ȷn → ∞. (A.2)

Thus, (A.1) and (A.2) imply the validity of Claim (a).

Next, we prove Claim (b). Denote ψτ (w) = τ − I{w < 0}, and it holds

that, for u ̸= 0,

ρτ (u− v)− ρτ (u) = −vψτ (u) +

∫ v

0

[I(u ≤ s)− I(u < 0)]ds

= −vψτ (u) + (u− v)[I(0 > u > v)− I(0 < u < v)];

see Knight (1998). Moreover, E{ψτ (yt−xT
t θ

0
1)R

0
t |Ft−1} = 0 and E{ψτ (yt−

xT
t θ

0
2)(1−R0

t )|Ft−1} = 0. As a result,

E{ρτ [yt −Mt(λ)]} = E{ρτ [yt −Mt(λ
0)]}+ E{[ρτ (yt − xT

t θ1)− ρτ (yt − xT
t θ

0
1)]RtR

0
t}

+ E{[ρτ (yt − xT
t θ1)− ρτ (yt − xT

t θ
0
2)]Rt(1−R0

t )}

+ E{[ρτ (yt − xT
t θ2)− ρτ (yt − xT

t θ
0
1)](1−Rt)R

0
t}

+ E{[ρτ (yt − xT
t θ2)− ρτ (yt − xT

t θ
0
2)](1−Rt)(1−R0

t )}

= I1 + I2 + I3 + I4 + I5.
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where

I1 = E{ρτ [yt −Mt(λ
0)]},

I2 = E{(yt − xT
t θ1)(I{xT

t θ
0
1 > yt > xT

t θ1} − I{xT
t θ

0
1 < yt < xT

t θ1})RtR
0
t},

I3 = E{(yt − xT
t θ1)(I{xT

t θ
0
2 > yt > xT

t θ1} − I{xT
t θ

0
2 < yt < xT

t θ1})Rt(1−R0
t )},

I4 = E{(yt − xT
t θ2)(I{xT

t θ
0
1 > yt > xT

t θ2} − I{xT
t θ

0
1 < yt < xT

t θ2})R0
t (1−Rt)},

I5 = E{(yt − xT
t θ2)(I{xT

t θ
0
2 > yt > xT

t θ2} − I{xT
t θ

0
2 < yt < xT

t θ2})(1−R0
t )(1−Rt)}.

It can be shown that I1, I2, I3, I4 and I5 are all nonnegative, and thus

E{ρτ [yt −Mt(λ)]} ≥ E{ρτ [yt −Mt(λ
0)]}. Furthermore, the above equality

holds only when these nonnegative terms are all equal to zero.

From the equality

E{(yt − xT
t θ1)(I{xT

t θ
0
1 > yt > xT

t θ1} − I{xT
t θ

0
1 < yt < xT

t θ1})RtR
0
t} = 0,

we have

E{(yt − xT
t θ1)I{xT

t θ
0
1 > yt > xT

t θ1}RtR
0
t} = 0, (A.3)

and

E{(yt − xT
t θ1)I{xT

t θ
0
1 < yt < xT

t θ1}RtR
0
t} = 0. (A.4)

Thus (A.3) implies that

P{I{xT
t θ

0
1 > yt > xT

t θ1} = 0} ≥ P{RtR
0
t = 1} ≥ P{yt−d ≤ rL, yt−d0 ≤ r0L} > 0.
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We then have

P{0 > yt − xT
t θ

0
1 > xT

t (θ1 − θ01)} = P{xT
t θ

0
1 > yt > xT

t θ1} = 0.

By Assumption 4, we can obtain that xT
t (θ1 − θ01) ≥ 0 almost surely. On

the other hand, by (A.4), we can obtain that xT
t (θ1− θ01) ≤ 0 almost surely.

Thus we have θ1 = θ01.

Similarly, we can obtain that θ2 = θ02 from the equality

E{(yt − xT
t θ2)(I{xT

t θ
0
2 > yt > xT

t θ2} − I{xT
t θ

0
2 < yt < xT

t θ2})(1−R0
t )(1−Rt)}

= 0.

Based on the following two inequalities

E{(yt−xT
t θ1)(I{xT

t θ
0
2 > yt > xT

t θ1}−I{xT
t θ

0
2 < yt < xT

t θ1})Rt(1−R0
t )} = 0,

and

E{(yt−xT
t θ2)(I{xT

t θ
0
1 > yt > xT

t θ2}−I{xT
t θ

0
1 < yt < xT

t θ2})R0
t (1−Rt)} = 0.

As θ01 ̸= θ02, we have E{(1−Rt)R
0
t} = 0 and E{(1−R0

t )Rt} = 0, respectively.

As in Li et al. (2015a), we have rL = r0L, rU = r0U , and d = d0. Thus, Claim

(b) holds.
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To complete the proof, it is sufficient to verify Claim (c). We denote

λ̃ = (θ̃T
1 , θ̃

T
2 , r̃L, r̃U , d)T ∈ δΛ(η) with 0 < η < 1, then

ρτ [yt −Mt(λ̃)]− ρτ [yt −Mt(λ)]

= [ρτ (yt − xT
t θ̃1)− ρτ (yt − xT

t θ1)]Rt(r̃L, r̃U , d)Rt(rL, rU , d)

+ [ρτ (yt − xT
t θ̃2)− ρτ (yt − xT

t θ1)][1−Rt(r̃L, r̃U , d)]Rt(rL, rU , d)

+ [ρτ (yt − xT
t θ̃1)− ρτ (yt − xT

t θ2)]Rt(r̃L, r̃U , d)[1−Rt(rL, rU , d)]

+ [ρτ (yt − xT
t θ̃2)− ρτ (yt − xT

t θ2)][1−Rt(r̃L, r̃U , d)][1−Rt(rL, rU , d)].

Note that

[ρτ (yt − xT
t θ̃1)− ρτ (yt − xT

t θ1)]Rt(r̃L, r̃U , d)Rt(rL, rU , d)

=
{
− xT

t (θ̃1 − θ1)ψτ (yt − xT
t θ1) +

∫ xT
t (θ̃1−θ1)

0

[I{yt − xT
t θ1 ≤ s}

− I{yt − xT
t θ1 ≤ 0}]ds

}
×Rt(r̃L, r̃U , d)Rt(rL, rU , d)

≤ 3η∥xt∥.

In the same way,

[ρτ (yt − xT
t θ̃2)− ρτ (yt − xT

t θ2)][1−Rt(r̃L, r̃U , d)][1−Rt(rL, rU , d)] ≤ 3η∥xt∥.

On the other hand, it is easy to obtain that

|[1−Rt(r̃L, r̃U , d)]Rt(rL, rU , d)| ≤ |Rt(r̃L, r̃U , d)−Rt(rL, rU , d)|,

and

|[1−Rt(rL, rU , d)]Rt(r̃L, r̃U , d)| ≤ |Rt(r̃L, r̃U , d)−Rt(rL, rU , d)|.
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Moreover,

[ρτ (yt − xT
t θ̃1)− ρτ (yt − xT

t θ2)]Rt(r̃L, r̃U , d)[1−Rt(rL, rU , d)]

= [ρτ (yt − xT
t θ̃1)− ρτ (yt − xT

t θ1)]Rt(r̃L, r̃U , d)[1−Rt(rL, rU , d)]

+ [ρτ (yt − xT
t θ1)− ρτ (yt − xT

t θ2)]Rt(r̃L, r̃U , d)[1−Rt(rL, rU , d)]

≤ 3η∥xt∥+ [ρτ (yt − xT
t θ1) + ρτ (yt − xT

t θ2)]|Rt(r̃L, r̃U , d)−Rt(rL, rU , d)|.

In a similar way, we obtain that

[ρτ (yt − xT
t θ̃1)− ρτ (yt − xT

t θ2)]Rt(r̃L, r̃U , d)[1−Rt(rL, rU , d)]

≤ 3η∥xt∥+ [ρτ (yt − xT
t θ1) + ρτ (yt − xT

t θ2)]|Rt(r̃L, r̃U , d)−Rt(rL, rU , d)|.

Denote C1 = 12∥xt∥ and C2 = 2E{ρτ (yt − xT
t θ1) + ρτ (yt − xT

t θ2)}1+ς/2,

respectively. It is easy to show both C1 and C2 are finite when E{|yt|2+ς} <

∞. Applying Hölder’s inequality, we have

E

{
sup

λ̃∈δΛ(η)

∣∣∣ρτ [yt −Mt(λ̃)]− ρτ [yt −Mt(λ)]
∣∣∣}

≤ C1η + C2

(
E

{
sup

λ̃∈δΛ(η)
|Rt(rL, rU , d)−Rt(r̃L, r̃U , d)|

})ς/(2+ς)

.

Similar to Li et al. (2015a), we have

E

{
sup

λ̃∈δΛ(η)
|Rt(rL, rU , d)−Rt(r̃L, r̃U , d)|

}
→ 0, as η → 0.

We thus finish the proof of Claim (c).

Making use of the standard argument for strong consistency in Huber

(1967), based on the above three claims, it can be shown that λ̂n → λ0

almost surely. We then complete the proof of Theorem 1.
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S2 Proof of Theorem 2

As Theorem 1 indicates that θ̂n is strongly consistent, without loss of gen-

erality, we restrict the parameter space to a neighborhood of θ0, say,

ξ(∆) = {θ ∈ Θ, a < rL < rU < b : |θ−θ0| < ∆, |rL−r0L| < ∆, |rU−r0U | < ∆},

for 0 < ∆ < min{1, (r0U − r0L)/2}. First, we assume p = d = 1. And for

simplicity assume zL < 0, zU > 0.

Similar to Chan (1991), we need to verify that ∀ε > 0,∃K > 0,

P{L̃n(θ, r
0
L + zL, r

0
U + zU)− L̃n(θ, r

0
L, r

0
U) > 0} > 1− ε, (A.5)

where θ ∈ ξ(∆), |zL| > K/n, and |zU | > K/n.

Denote

A0 = {r0U < yt−1 ≤ r0U + zU , Rt−1 = 1}, B0 = {r0L + zL < yt−1 ≤ r0L, Rt−1 = 0},

Ajt = {yt−1, . . . , yt−j ∈ (r0L, r
0
U), r

0
U < yt−j−1 ≤ r0U + zU , Rt−j−1 = 1} for j ≥ 1,

and

Bjt = {yt−1, . . . , yt−j ∈ (r0L, r
0
U), r

0
L+zL < yt−j−1 ≤ r0L, Rt−j−1 = 0} for j ≥ 1,

where Rt = Rt(r
0
L + zL, r

0
U + zU). As Li et al. (2015a), we have

Rt(r
0
L + zL, r

0
U + zU)−Rt(r

0
L, r

0
U) = I{At(zL, zU)} − I{Bt(zL, zU)},

where At(zL, zU) =
∞∪
j=1

Ajt, and Bt(zL, zU) =
∞∪
j=1

Bjt. Moreover, it can be

shown that Bt(zL, zU) ⊂ {Bt(r
0
L, r

0
U) = 1} and At(zL, zU) ⊂ {At(r

0
L, r

0
U) =
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0}. Then,

L̃n(θ, r
0
L + zL, r

0
U + zU)− L̃n(θ, r

0
L, r

0
U)

=
n∑

t=1

[ρ(yt − xT θ1)− ρ(yt − xT θ2)][Rt(r
0
L + zL, r

0
U + zU)−Rt(r

0
L, r

0
U)]

=
n∑

t=1

[ρ(yt − xT θ1)− ρ(yt − xT θ2)][I{At(zL, zU)} − I{Bt(zL, zU)}]

= L̃1
n(zL, zU) + L̃2

n(zL, zU),

where

L̃1
n(zL, zU) =

n∑
t=1

[ρ(yt − xT θ1)− ρ(yt − xT θ2)]I{At(zL, zU)},

and

L̃2
n(zL, zU) =

n∑
t=1

[ρ(yt − xT θ2)− ρ(yt − xT θ1)]I{Bt(zL, zU)}.

Next, we show that ∀ε > 0, ∃K > 0, such that

P{L̃1
n(zL, zU) > 0} > 1− ε,

when θ ∈ ξ(∆),−∆ < zL < 0, and K/n < zU < ∆. Then

L̃1
n(zL, zU) =

n∑
t=1

{ρ(yt − xT θ1)− ρ(yt − xT θ2)} I{At(zL, zU)}

=
n∑

t=1

{−xT
t (θ1 − θ2)ψτ (yt − xT

t θ2)} I{At(zL, zU)}

+
n∑

t=1

{(yt − xT
t θ1)(I{xT

t θ2 > yt > xT
t θ1}

− I{xT
t θ2 < yt < xT

t θ1})}I{At(zL, zU)}.
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By Assumption 4, when ∆ is sufficiently small, for some υ1 > 0,

n∑
t=1

{(yt − xT
t θ1)(I{xT

t θ2 > yt > xT
t θ1} − I{xT

t θ2 < yt < xT
t θ1})}I{At(zL, zU)}

≥ υ1

n∑
t=1

I{At(zL, zU)}.

As P{yt − xT
t θ

0
2 < 0} = τ , we have for some constant υ2 > 0,

I{yt − xT
t θ2 < 0} = I{yt − xT

t θ
0
2 + xT

t (θ
0
2 − θ2) < 0}

= I{yt − xT
t θ

0
2 < 0}+ I{0 < yt − xT

t θ
0
2 < −xT

t (θ
0
2 − θ2)}

= I{yt − xT
t θ

0
2 < 0}+ I{xT

t θ
0
2 < yt < xT

t θ2}.

Furthermore,

n∑
t=1

{−xT
t (θ1 − θ2)ψτ (yt − xT

t θ2)} I{At(zL, zU)}

≤ υ2

{∣∣∣∣∣
n∑

t=1

ψτ (yt − xT
t θ

0
2)I{At(zL, zU)}

∣∣∣∣∣+
∣∣∣∣∣

n∑
t=1

yt−1ψτ (yt − xT
t θ

0
2)I{At(zL, zU)}

∣∣∣∣∣
}

+ υ2

{∣∣∣∣∣
n∑

t=1

I{xT
t θ

0
2 < yt < xT

t θ2}I{At(zL, zU)}

∣∣∣∣∣
+

∣∣∣∣∣
n∑

t=1

yt−1I{xT
t θ

0
2 < yt < xT

t θ2}I{At(zL, zU)}

∣∣∣∣∣
}
.
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Denote

TzL(zU) = E{I{At(zL, zU)}}, Tn,zL(zU) =
1

n

n∑
t=1

I{At(zL, zU)},

VzL(zU) = E{yt−1ψτ (yt − xT
t θ

0
2)I{At(zL, zU)}},

Vn,zL(zU) =
1

n

n∑
t=1

yt−1ψτ (yt − xT
t θ

0
2)I{At(zL, zU)},

Ṽn,zL(z1, z2) =
1

n

n∑
t=1

|yt−1ψτ (yt − xT
t θ

0
2)|I{At(zL, z2) ∩ Ac

t(zL, z1)},

ṼzL(z1, z2) = E{|yt−1ψτ (yt − xT
t θ

0
2)|I{At(zL, z2) ∩ Ac

t(zL, z1)}},

where θ ∈ ξ(∆),−∆ < zL < 0, K/n < zU < ∆, and z1 < z2, Ac
t(zL, z1) is

the complement set of At(zL, z1). There thus exists 0 < m < M and H > 0

such that

mzU ≤ TzL(zU) ≤MzU , V ar{I{At(zL, zU)}} ≤ HTzL(zU),

E{|yt−1ψτ (yt − xT
t θ

0
2)|I{At(zL, z2) ∩ Ac

t(zL, z1)}} ≤ H{TzL(z2)− TzL(z1)},

and

V ar{|yt−1ψτ (yt − xT
t θ

0
2)|I{At(zL, z2) ∩ Ac

t(zL, z1)}} ≤ H{TzL(z2)− TzL(z1)},

ṼzL(z1, z2) ≤ H{TzL(z2)− TzL(z1)}.

By Assumption 3, we have

V ar{nTn,zL(zU)} ≤ nHTzL(zU), and V ar{nVn,zL(zU)} ≤ nHTzL(zU),

and

V ar{nṼn,zL(z1, z2)} ≤ nH{TzL(z2)− TzL(z1)}.
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Moreover, we can obtain that, for any ε > 0, any η > 0 and all n,

P

{
sup

K/n<zU<∆,−∆<zL≤0

∣∣∣∣∣ 1

nTzL(zU)

n∑
t=1

I{At(zL, zU)} − 1

∣∣∣∣∣ < η

}
> 1− ε,

P

{
sup

K/n<zU<∆,−∆<zL≤0

∣∣∣∣∣ 1

nTzL(zU)

n∑
t=1

ψτ (yt − xT
t θ

0
2)I{At(zL, zU)}

∣∣∣∣∣ < η

}
> 1− ε.

and

P

{
sup

K/n<zU<∆,−∆<zL≤0

∣∣∣∣∣ 1

nTzL(zU)

n∑
t=1

yt−1ψτ (yt − xT
t θ

0
2)I{At(zL, zU)}

∣∣∣∣∣ < η

}
> 1−ε.

By Assumption 4, we also have

P

{
sup

K/n<zU<∆,−∆<zL≤0

∣∣∣∣∣ 1

nTzL(zU)

n∑
t=1

I{xT
t θ

0
2 < yt < xT

t θ2}I{At(zL, zU)}

∣∣∣∣∣ < η

}
> 1−ε,

and

P

{
sup

K/n<zU<∆,−∆<zL≤0

∣∣∣∣∣ 1

nTzL(zU)

n∑
t=1

yt−1I{xT
t θ

0
2 < yt < xT

t θ2}I{At(zL, zU)}

∣∣∣∣∣ < η

}
> 1−ε.

Thus we show that for any ε > 0,

P{L̃1
n(zL, zU) > 0} > 1− ε.

Similarly, we obtain the result for L̃2
n(zL, zU), and then that for L̃n(θ, r

0
L +

zL, r
0
U+zU)−L̃n(θ, r

0
L, r

0
U). Together with Claim (a) in the proof of Theorem

1, we finish the proof of (A.5) for p = d = 1, zL < 0 and zU > 0. Moreover,

the proof for the other cases is similar, and is hence ignored. The proof of

(a) is then completed.

As the proof of Claim (b) is routine and similar to Qian (1998), we omit

the the details.
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Next, we prove Claim (c). Denote Xt = (xT
t R̃t, xT

t (1 − R̃t))
T , V̂n =

√
n(θ̂ − θ0), and utτ = yt −XT

t θ
0. We have

ρτ [(yt − xT
t θ̂1)R̃t + (yt − xT

t θ̂2)(1− R̃t)] = ρτ [utτ −XT
t (n

−1/2V̂ )].

Thus we denote

Zn,τ (V ) =
n∑

t=1

{ρτ [utτ −XT
t (n

−1/2V )]− ρτ (utτ )}, (A.6)

and can obtain that if V̂n is a minimizer of Zn,τ (V ), then V̂n =
√
n(θ̂n−θ0).

By Knight’s identity (Knight, 1998),

ρτ (u− v)− ρτ (u) = −vψτ (u) +

∫ v

0

{I{u ≤ s} − I{u < 0}}ds,

we rewrite (A.6) as

Zn,τ (V ) =
n∑

t=1

{ρτ [utτ −XT
t (n

−1/2V )]− ρτ (utτ )}

= Z(1)
n,τ (V ) + Z(2)

n,τ (V ),

where

Z(1)
n,τ (V ) = − 1√

n

n∑
t=1

XT
t V ψτ (utτ ),

and

Z(2)
n,τ (V ) =

n∑
t=1

∫ 1√
n
XT

t V

0

{I{utτ ≤ s} − I{utτ < 0}}.
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Note that

ψτ (utτ ) = τ − I{(yt − xT
t θ

0
1)R̃t + (yt − xT

t θ
0
2)(1− R̃t) < 0}

= τ − I{[yt − F−1
t (τ)]R̃t + [yt − F−1

t (τ)](1− R̃t) < 0}

= τ − I{yt − F−1
t (τ) < 0}

= ψτ [yt − F−1
t (τ)],

and

XtXT
t =

 xtR̃t

xt(1− R̃t)

(xT
t R̃t xT

t (1− R̃t)
)

=

 xtxT
t R̃

2
t xtxT

t R̃t(1− R̃t)

xtxT
t R̃t(1− R̃t) xtxT

t (1− R̃t)
2


= diag[xtxT

t R̃t, xtxT
t (1− R̃t)].

Then using the martingale central limit theorem, we have

1√
n

n∑
t=1

XT
t ψτ [yt − F−1

t (τ)]
d−→W,

where W is a 2(p + 1)-dimensional vector normal variate with covariance

matrix τ(1− τ)Ω0. On the other hand,

E{Z(2)
n,τ (V )|Ft} =

n∑
t=1

∫ 1√
n
XT

t V

0

Ft[s+ F−1
t (τ)]− Ft[F

−1
t (τ)]

s
sds

=
n∑

t=1

∫ 1√
n
XT

t V

0

ft[F
−1
t (τ)]sds+ op(1)

=
1

2n

n∑
t=1

ft[F
−1
t (τ)]V TXT

t XtV + op(1),
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and thus

E{Z(2)
n,τ (V )|Ft−1}

d−→ 1

2
V TΩ1V.

We have

Zn,τ (V ) =
n∑

t=1

{ρτ (utτ −XT
t (n

−1/2V ))− ρτ (utτ )}

= Z(1)
n,τ (V ) + Z(2)

n,τ (V )

⇒ 1

2
V TΩ1V − V TW = Zτ (V ),

where ” ⇒ ” denotes the weak convergence. Knight (1998) and Pollard

(1991) have shown that if the finite dimensional distributions of Zn(·) con-

verge weakly to Z(·) and Z(·) has a unique minimum, then the convexity

of Zn(·) implies that V̂n converges in distribution to the minimizer of Z(·).

Thus by the lemma A of Knight (1989), we have

√
n(θ̂n − θ0)

d−→ τ(1− τ)Ω−1
1 Ω0Ω

−1
1 .

This finishes the proof of Theorem 2.
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S3 Proof of Theorem 3

Note that utτ = yt− θTXt, arguing as in the proof of Theorem 5 of Li et al.

(2015b), for any v ∈ R2p+2, we have

L∗(v) =
n∑

t=1

ωtρτ (yt − (θ + n−1/2v)TXt)−
n∑

t=1

ωtρτ (yt − θTXt)

= −vT · 1√
n

n∑
t=1

ωtψτ (utτ )Xt +
n∑

t=1

ωt

∫ n−1/2vTXt

0

I(utτ ≤ s)− I(et,τ < 0)ds

= −vT · 1√
n

n∑
t=1

ωtψτ (et,τ )Xt +
1

2
vTΩ∗

1v + o∗p(1),

where Ω∗
1 = 1

n

n∑
t=1

ωtft[F
−1
t (τ)]XT

t Xt = Ω1 + o∗p(1), and the notation o∗p(1)

is referred to the bootstrapped probability space. Moreover, L∗(v) is a

convex function with respect to v, thus we have the following Bahadur

representation

√
n(θ̂∗ − θ) = Ω−1

1

1√
n

n∑
t=1

ωtψτ (utτ )Xt + o∗p(1). (A.7)

On the other hand, by the proof of Claim (c), we have

√
n(θ̂ − θ) = Ω−1

1

1√
n

n∑
t=1

ψτ (utτ )Xt + op(1). (A.8)

(A.7) and (A.8) imply that

√
n(θ̂∗ − θ̂) = Ω−1

1

1√
n

n∑
t=1

(ωt − 1)ψτ (utτ )Xt + o∗p(1). (A.9)

Similar to the proof of Theorem 5 of Li et al. (2015b), we have the left-hand-

side of the (A.9) is tight. Subsequently, we complete the proof of Theorem
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3 by the central limit theorem and Cramer-Wold device.

S4 Proof of Theorem 4

By Theorems 1 and 2, d̂ is consistent with integer value, and the estimators

of r̂L and r̂U are super-consistent. Therefore, we can assume that the true

values of (r0L, r
0
U , d

0) are known in advance. As the regime indicator R0
t only

depends on (r0L, r
0
U , d

0), R0
t is known as well. For each 0 ≤ p ≤ pmax, let

θ01,(p) = argminE{ρτ [(yt − xT
t,pθ1,(p))R

0
t ]},

and

θ02,(p) = argminE{ρτ [(yt − xT
t,pθ2,(p))(1−R0

t )]},

where notation (p) indicates the dependence on p. Furthermore, let

σ̂1,(p) =
1

n1

n∑
t=1

ρτ{(yt−xT
t,pθ̂1,(p))R

0
t} and σ̂2,(p) =

1

n2

n∑
t=1

ρτ{(yt−xT
t,pθ̂2,(p))(1−R0

t )}

with

θ̂1,(p) = argmin
n∑

t=1

ρτ{(yt − xT
t,pθ1,(p))R

0
t},

and

θ̂2,(p) = argmin
n∑

t=1

ρτ{(yt − xT
t,pθ2,(p))(1−R0

t )}.

Define σ0
1,(p) = E{ρτ{(yt−xT

t,pθ1,(p))R
0
t}} and σ0

2,(p) = E{ρτ{(yt−xT
t,pθ2,(p))(1−

R0
t )}}. By the fact that θ̂k,(p)− θ̂0k,(p) = Op(

1√
n
), we obtain that, for k = 1, 2,
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and for any p,

σ̂1,(p) = σ0
1,(p) + op(1) and σ̂2,(p) = σ0

2,(p) + op(1).

Furthermore, we have

σ0
1,(0) ≥ σ0

1,(1) ≥ . . . ≥ σ0
1,(p0)

= σ0
1,(p0+1) = . . . = σ0

1,(pmax)

and

σ0
2,(0) ≥ σ0

2,(1) ≥ . . . ≥ σ0
2,(p0)

= σ0
2,(p0+1) = . . . = σ0

2,(pmax).

When p < p0, we have

BIC(p)−BIC(p0) = 2n1 ln(σ̂1,(p)/σ̂1,(p0))+2n2 ln(σ̂2,(p)/σ̂2,(p0))+(p−p0) ln(n1n2).

Therefore, we have σ0
1,(p0−1) > σ0

1,(p0)
when |θ01,p0 | ̸= 0, and σ0

2,(p0−1) > σ0
2,(p0)

when |θ02,p0| ̸= 0. Denote C = ln[σ0
1,(p)/σ

0
1,(p0)

]P (R0
t = 1)+ln[σ0

2,(p)/σ
0
2,(p0)

]P (R0
t =

0) > 0. Then

BIC(p)− BIC(p0) = Cn+ op(n). (A.10)

When p > p0, it is easy to obtain that n1σ̂1,(p)/σ̂1,(p0) = Op(1). Thus

n1 ln(σ̂1,(p)/σ̂1,(p0)) = Op(1). In the same way, we have n2 ln(σ̂2,(p)/σ̂2,(p0)) =

Op(1). Then by n1 = nP{R0
t = 1} and n2 = nP{R0

t = 0}, with p > p0 we
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have

BIC(p)− BIC(p0)

= 2n1 ln(σ̂1,(p)/σ̂1,(p0)) + 2n2 ln[σ̂2,(p)/σ̂2,(p0)] + (p− p0) ln(n1n2)

= (p− p0) ln(n1n2) +Op(1)

= 2(p− p0) ln(n) + (p− p0) ln[P (R
0
t = 1)P (R0

t = 0)] +Op(1).

Together with (A.10), we have BIC(p) − BIC(p0) > 0 when p ̸= p0. We

complete the proof of Theorem 4.
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