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S.1 Conditions in Theorem 1

.

These are conditions needed to establish the asymptotic properties of pβ in Theorem 1.

(C1) The univariate kernel function Kp¨q is symmetric, has compact support and is Lipschitz

continuous on its support. It satisfies

ż

Kpuqdu “ 1,

ż

uiKpuqdu “ 0pi “ 1, . . . ,m´ 1q, 0 ‰

ż

|u|mKpuqdu ă 8.

Thus K is a m-th order kernel. The d-dimensional kernel function is a product of d uni-

variate kernel functions, that is, Khpuq “ Kpu{hq{hd “ Πd
j“1Khpujq “ Πd

j“1Kpuj{hq{h
d

for u “ pu1, . . . , udq
T. Without causing misunderstanding, we use the same K regardless

of the dimension of its argument.

(C2) The probability density function of βTx, denoted by f
`

βTx
˘

, is bounded away from

zero and infinity.

(C3) Let rpβTxq “ Etapxq | βTxufpβTxq. The pm´ 1q-th derivatives of rpβTxq and fpβTxq

are locally Lipschitz-continuous as functions of βTx.

(C4) The bandwidth h “ Opn´κq for p2mq´1
ă κ ă p2dq´1.
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.

Since pαpβq solves (34), we obtain the Taylor expansion
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1
?
n

n
ÿ

i“1

ApβTXiq

”

apXiq ´mtβTXi, pαpβqu
ı

“
1
?
n

n
ÿ

i“1

ApβTXiq

”

apXiq ´mtβTXi,α0pβqu
ı

´
1

n

n
ÿ

i“1

ApβTXiq
BmpβTXi,αq

BαT

ˇ

ˇ

ˇ

α“α0pβq

?
ntpαpβq ´α0pβqu ` opp1q.

This leads to

?
ntpαpβq ´α0pβqu “

1
?
n

B´1
1

n
ÿ

i“1

ApβTXiq

”

apXiq ´mtβTXi,α0pβqu
ı

` opp1q.

Let mβtβ
TXi,α0pβqu “ BmpβTXi,αq{BveclpβqT|α“α0pβq, pαβpβq “ Bpαpβq{BveclpβqT and

α0,βpβq “ Bα0pβq{BveclpβqT. Since qβ solves (33), plugging the expression of pαpβq´α0pβq, we

further have

0 “
1
?
n

n
ÿ

i“1

gpYiq
”

apXiq ´mtqβ
T
Xi, pαpqβqu

ıT

“
1
?
n

n
ÿ

i“1

gpYiq
”

apXiq ´mtβTXi, pαpβqu
ıT

´
1

n
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ÿ

i“1

gpYiq
?
ntveclpqβ ´ βquT

”

mβtβ
TXi,α0pβqu `mαtβ

TXi, pαpβqupαβpβq
ıT

` opp1q

“
1
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ÿ

i“1

gpYiq
”
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ıT
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1
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i“1
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”
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ıT
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gpYiq
?
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”
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TXi,α0pβquα0,βpβq
ıT

` opp1q

“
1
?
n

n
ÿ

i“1

gpYiq
”

apXiq ´mtβTXi,α0pβqu
ıT

´
1

n3{2

n
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i“1
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j“1

gpYiq
´

B´1
1 ApβTXjq

”

apXjq ´mtβTXj ,α0pβqu
ı¯T

mT
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´
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n
ÿ

i“1

gpYiq
?
ntveclpqβ ´ βquT

”

mβtβ
TXi,α0pβqu `mαtβ

TXi,α0pβquα0,βpβq
ıT

` opp1q.
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We vectorize the above display and write the relation equivalently as

0 “
1
?
n

n
ÿ

i“1

vec

ˆ

gpYiq
”

apXiq ´mtβTXi,α0pβqu
ıT

˙

´
1
?
n

n
ÿ

j“1

1

n

n
ÿ

i“1

mαtβ
TXi,α0pβqu b gpYiq

´

B´1
1 ApβTXjq

”

apXjq ´mtβTXj ,α0pβqu
ı¯

´
1

n

n
ÿ

i“1

”

mβtβ
TXi,α0pβqu `mαtβ

TXi,α0pβquα0,βpβq
ı

b gpYiq
?
nveclpqβ ´ βq ` opp1q

“
1
?
n

n
ÿ

i“1

Ipa b gpYiq
”

apXiq ´mtβTXi,α0pβqu
ı

´
1
?
n

n
ÿ

i“1

B2

´

B´1
1 ApβTXiq

”

apXiq ´mtβTXi,α0pβqu
ı¯

´E
´”

mβtβ
TX,α0pβqu `mαtβ

TX,α0pβquα0,βpβq
ı

b gpY q
¯?

nveclpqβ ´ βq ` opp1q

“
1
?
n

n
ÿ

i“1

tIpa b gpYiq ´B2B
´1
1 ApβTXiqu

”

apXiq ´mtβTXi,α0pβqu
ı

´E
´”

mβtβ
TX,α0pβqu `mαtβ

TX,α0pβquα0,βpβq
ı

b EtgpY q | βTXu
¯?

nveclpqβ ´ βq

`opp1q. (S.1)

Because pαpβq solves (34) and since we assume the model is correct, α0pβq “ limnÑ8 pαpβq and

EtapXq | βTXu “ mtβTX,α0pβqu for any β. This leads to

E
´

rapXq ´mtβTX,α0pβqus b EtgpY q | β
TXu

¯

“ 0

for any β, hence

E
´”

´mβtβ
TX,α0pβqu ´mαtβ

TX,α0pβquα0,βpβq
ı

b EtgpY q | βTXu
¯

`E

ˆ

”

apXq ´mtβTX,α0pβqu
ı

b
BEtgpY q | βTXu

BveclpβqT

˙

“ E
´”

´mβtβ
TX,α0pβqu ´mαtβ

TX,α0pβquα0,βpβq
ı

b EtgpY q | βTXu
¯

`ΣA

“ 0.

We thus can rewrite (S.1) as

0 “
1
?
n

n
ÿ

i“1

!

Ipa b gpYiq ´B2B
´1
1 ApβTXiq

) ”

apXiq ´mtβTXi,α0pβqu
ı

´ΣA

?
nveclpqβ ´ βq ` opp1q,

which leads to the result in Theorem 1.
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Because pαpβq solves (45), we obtain the Taylor expansion

0 “
1
?
n

n
ÿ

i“1

mT
αtβ

TXi, pαpβquQ
´1
pβTXq

”

apXiq ´mtβTXi, pαpβqu
ı

“
1
?
n

n
ÿ

i“1

mT
αtβ

TXi,α0pβquQ
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pβTXq

”

apXiq ´mtβTXi,α0pβqu
ı

`

pα
ÿ

j“1

1

n

n
ÿ

i“1

BmT
αpβ

TXi,αq

BαT
j

ˇ

ˇ

ˇ

α“α0pβq
Q´1

pβTXq
”

apXiq ´mtβTXi,α0pβqu
ı?

ntpαjpβq ´α0jpβqu

´
1

n

n
ÿ

i“1

mT
αtβ

TXi,α0pβquQ
´1
pβTXq

BmpβTXi,αq

BαT

ˇ

ˇ

ˇ

α“α0pβq

?
ntpαpβq ´α0pβqu ` opp1q

“
1
?
n

n
ÿ

i“1

mT
αtβ

TXi,α0pβquQ
´1
pβTXq

”

apXiq ´mtβTXi,α0pβqu
ı

´
1

n

n
ÿ

i“1

mT
αtβ

TXi,α0pβquQ
´1
pβTXq

BmpβTXi,αq

BαT

ˇ

ˇ

ˇ

α“α0pβq

?
ntpαpβq ´α0pβqu ` opp1q.

This leads to

?
ntpαpβq ´α0pβqu “

1
?
n

B´1
3

n
ÿ

i“1

mT
αtβ

TXi, pαpβquQ
´1
pβTXq

”

apXiq ´mtβTXi,α0pβqu
ı

` opp1q.

Following the same derivation as that in the proof of Theorem 1, we then obtain the expansion

of qβ.

It is easy to verify that

E

"

´”

Ipa b EtgpY q | β
TXu ´B2B

´1
3 mT

αtβ
TX,α0pβquQ

´1
pβTXq

ı ”

apXq ´mtβTX,α0pβqu
ı¯T
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´1
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ı)

“ traceE
!´”
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TXu ´B2B

´1
3 mT

αtβ
TX,α0pβquQ

´1
pβTXq

ı

”
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*
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T
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pβTXqmαtβ
TX,α0pβquB

´1
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2

ı¯

“ trace
´

B2B
´1
3 ErmT

αtβ
TX,α0pβqu b Etg

T
pY q | βTXus ´B2B

´1
3 BT

2

¯

“ 0.
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S.4 Proof of Theorem 3

Because no constraints are imposed on f1pβ
TXq other than it is a valid pdf, hence its nuisance

tangent space contains all mean zero functions of βTX. In addition to being a valid conditional

pdf, f2pβ
TX, εq is subject to the mean zero condition. This restricts the corresponding nuisance

tangent space, and it is easy to verify that it has the form given in Λ2. The results of Λ3 can

be similarly derived as Λ1, by treating Y as the random variable. We omit the details of the

derivation of Λ1,Λ2 and Λ3 since they involve only standard practice. It is also easy to verify

that the three spaces are orthogonal to each other, hence we obtain the results concerning Λ.

It is also not hard to see that ΛK1 contains all the functions gpX, Y q such that EtgpX, Y q |

βTXu “ 0, ΛK2 contains all the functions gpX, Y q such that EtgpX, Y q | βTX, εu has the form

apβTXq`ApβTXqε, and ΛK3 contains all the functions gpX, Y q such that EtgpX, Y q | βTX, Y u

has the form apβTXq. Thus, taking the intersection of ΛK1 ,Λ
K
2 and ΛK3 , we obtain ΛK as

described in Theorem 3.

To obtain the efficient score, we first calculate the score function with respect to the

parameter of interest contained in β, i.e. β2. The score function is

Sβ2
“ vec

„

X2

"

Blogf1pβ
TXq

BXTβ
`
Blogf2pβ

TX, εq

BXTβ
´
Blogf2pβ

TX, εq

BεT

BmpβTX,β2q

BXTβ

`
Blogf3pβ

TX, Y q

BXTβ

*

´
BmT

pβTX,β2q

Bvecpβ2q

Blogf2pβ
TX, εq

Bε
.

We now decompose the score function into Sβ2
“ Seff `R, where

Seff “ vec

ˆ

ε2
Blogf1pβ

TXq

BXTβ
`
BQ2pβ

TXq

BXTβ

”

Id b
!

Q´1
2 pβTXqε2

)ı

`mpβTX,β2qε
T
2

ˆQ´1
2 pβTXq

BmpβTX,β2q

BXTβ
` ε2

Blogf3pβ
TX, Y q

BXTβ

˙

`
BmT

pβTX,β2q

Bvecpβ2q
Q´1

2 pβTXqε2,
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and

R “ vec

ˆ

mpβTX,β2q
Blogf1pβ

TXq

BXTβ
`mpβTX,β2q

Blogf2pβ
TX, ε2q

BXTβ
` ε2

Blogf2pβ
TX, ε2q

BXTβ

´
BQ2pβ

TXq

BXTβ

”

Id b
!

Q´1
2 pβTXqε2

)ı

´mpβTX,β2q

"

Blogf2pβ
TX, ε2q

BεT
2

` εT
2 Q´1

2 pβTXq

*

ˆ
BmpβTX,β2q

BXTβ
´

"

ε2
Blogf2pβ

TX, ε2q

BεT
2

` Ip´d

*

BmpβTX,β2q

BXTβ
`mpβTX,β2q

ˆ
Blogf3pβ

TX, Y q

BXTβ
`
BmpβTX,β2q

BXTβ

˙

´
BmT

pβTX,β2q

Bvecpβ2q

"

Blogf2pβ
TX, ε2q

Bε2
`Q´1

2 pβTXqε2

*

.

Here, when taking derivative of a matrix with respect to a row vector, we obtain a block row

matrix, with the jth block element is the derivative of the matrix with respect to the jth element

of the vector. We can easily check that indeed Sβ2
“ Seff ` R. It is also straightforward to

verify that Seff P ΛK. In addition, we easily obtain

R1 ” vec

"

mpβTX,β2q
Blogf1pβ

TXq

BXTβ
`
BmpβTX,β2q

BXTβ

*

P Λ1

R3 ” mpβTX,β2q
Blogf3pβ

TX, Y q

BXTβ
P Λ3.

Finally, using the relation

E

"

Blogf2pβ
TX, ε2q

BXTβ
| βTX

*

“ 0

E

"

ε2
Blogf2pβ

TX, ε2q

BXTβ
| βTX

*
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E

"

Blogf2pβ
TX, ε2q

BεT
2

| βTX

*

“ 0

E

"

ε2
Blogf2pβ

TX, ε2q

BεT
2

| βTX

*

“ ´Ip´d

E

"

ε2jε2j
Blogf2pβ

TX, ε2q

BεT
2

| βTX

*

“ 0,

through tedious but straightforward calculation, we can verify that

R2 ” vec

ˆ

mpβTX,β2q
Blogf2pβ

TX, ε2q

BXTβ
` ε2

Blogf2pβ
TX, ε2q

BXTβ

´
BQ2pβ

TXq

BXTβ

”

Id b
!

Q´1
2 pβTXqε2

)ı

´mpβTX,β2q

"

Blogf2pβ
TX, ε2q

BεT
2

` εT
2 Q´1

2 pβTXq

*

ˆ
BmpβTX,β2q

BXTβ
´

„

ε2
Blogf2pβ

TX, ε2q

BεT
2

` Ip´d



BmpβTX,β2q

BXTβ

˙

´
BmT

pβTX,β2q

Bvecpβ2q

"

Blogf2pβ
TX, ε2q

Bε2
`Q´1

2 pβTXqε2

*

P Λ2.

We can see that R “ R1 `R2 `R3, hence R P Λ. This shows that Seff is indeed the efficient

score.
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Similar to the derivation in proving Theorem 3, the form of Λ1,Λ3 are unchanged. Regarding

Λ2, because in addition to being a valid conditional pdf, f2pβ
TX,rε2q is subject to the mean zero

and constant variance conditions, the corresponding nuisance tangent space is further restricted.

It is also easy to verify that it has the form given in Λ2. The orthogonality of the three spaces

Λ1,Λ2 and Λ3 still holds, hence we obtain the results concerning Λ.

Obviously, ΛK1 and ΛK3 remain unchanged from in those in Theorem 3. ΛK2 contains all

the functions gpX, Y q such that EtgpX, Y q | βTX,rε2u has the form apβTXq ` ApβTXqrε2 `

BpβTXqrε2rε
T
2 . Thus, taking the intersection of ΛK1 ,Λ

K
2 and ΛK3 , we obtain ΛK as described in

Theorem 4. Note that our construction ensures that Eprε2v
T
| βTXq “ 0. We then can write

Λ1 “

”

hpβTXq : EthpβTXqu “ 0, EthT
pβTXqhpβTXqu ă 8,hpβTXq P Rpp´dqd

ı

Λ2 “

”

hpβTX,rε2q : EthpβTX,rε2q | β
TXu “ 0, Etrε2h

T
pβTX,rε2q | β

TXu “ 0,

EtvhT
pβTX,rε2q | β

TXu “ 0, EthT
pβTX,rε2qhpβ

TX,rε2qu ă 8,

hpβTX,rε2q P Rpp´dqd
ı

Λ3 “

”

hpβTX, Y q : EthpβTX, Y q | βTXu “ 0, EthT
pβTX, Y qhpβTX, Y qu ă 8,

hpβTX, Y q P Rpp´dqd
ı

ΛK “

”

gpX, Y q : EtgpX, Y q | βTX,rε2u “ ApβTXqrε2 `BpβTXqv,

EtgpX, Y q | βTX, Y u “ 0, EtgT
pX, Y qgpX, Y qu ă 8,gpX, Y q P Rpp´dqd

ı

.

To obtain the efficient score, we first calculate the score function with respect to the

parameter of interest contained in β, i.e. β2. The score function is different from that in
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Theorem 3 and we obtain

Sβ2
“ vec

„

X2

"

Blogf1pβ
TXq

BXTβ
`
Blogf2pβ

TX,rε2q

BXTβ
´
Blogf2pβ

TX,rε2q

BrεT
2

D´1
pβ2q

BmpβTX,β2q

BXTβ

`
Blogf3pβ

TX, Y q

BXTβ

*

`

ˆ

BD´1
pβ2q

Bvecpβ2q
T
rIpp´dqd b tX´mpβTX,β2qus

´D´1
pβ2q

BmpβTX,β2q

Bvecpβ2q
T

˙T
Blogf2pβ

TX,rε2q

Brε2
´
Blog dettDpβ2qu

Bvecpβ2q

“ vec

„

X2

"

Blogf1pβ
TXq

BXTβ
`
Blogf2pβ

TX,rε2q

BXTβ
´
Blogf2pβ

TX,rε2q

BrεT
2

D´1
pβ2q

BmpβTX,β2q

BXTβ

`
Blogf3pβ

TX, Y q

BXTβ

*

`

ˆ

BD´1
pβ2q

Bvecpβ2q
T
rIpp´dqd b tDpβ2qrε2us ´D´1

pβ2q
BmpβTX,β2q

Bvecpβ2q
T

˙T

ˆ
Blogf2pβ

TX,rε2q

Brε2
´
Blog dettDpβ2qu

Bvecpβ2q
.

The key difference is in how the score function should be decomposed, reflecting the change of

the spaces Λ and ΛK. We can rewrite

Sβ2
“ vec

„

X2

"

Blogf1pβ
TXq

BXTβ
`
Blogf3pβ

TX, Y q

BXTβ
`
Blogf2pβ

TX,rε2q

BXTβ

*

´vec

"

mpβTX,β2q
Blogf2pβ

TX,rε2q

BrεT
2

D´1
pβ2q

BmpβTX,β2q

BXTβ

*

´
BmT

pβTX,β2q

Bvecpβ2q

 

D´1
pβ2q

(T Blogf2pβ
TX,rε2q

Brε2

´vec

"

Dpβ2qrε2
Blogf2pβ

TX,rε2q

BrεT
2

D´1
pβ2q

BmpβTX,β2q

BXTβ

*

`

ˆ

BD´1
pβ2q

Bvecpβ2q
T
rIpp´dqd b tDpβ2qrε2us

˙T
Blogf2pβ

TX,rε2q

Brε2
´
Blog dettDpβ2qu

Bvecpβ2q

“ vec

„

X2

"

Blogf1pβ
TXq

BXTβ
`
Blogf3pβ

TX, Y q

BXTβ
`
Blogf2pβ

TX,rε2q

BXTβ

*

´

"

BmT
pβTX,β2q

BβTX
bmpβTX,β2q `

BmT
pβTX,β2q

Bvecpβ2q

*

 

D´1
pβ2q

(T Blogf2pβ
TX,rε2q

Brε2

´

ˆ„

BmT
pβTX,β2q

BβTX

 

D´1
pβ2q

(T


bDpβ2q

˙

vec

"

rε2
Blogf2pβ

TX,rε2q

BrεT
2

*

`C1pβ2qvec

"

rε2
Blogf2pβ

TX,rε2q

BrεT
2

*

´
Blog dettDpβ2qu

Bvecpβ2q

“ vec

„

X2

"

Blogf1pβ
TXq

BXTβ
`
Blogf3pβ

TX, Y q

BXTβ
`
Blogf2pβ

TX,rε2q

BXTβ

*

`K1pβ
TX,β2q

Blogf2pβ
TX,rε2q

Brε2
`K3pβ

TX,β2qvec

"

rε2
Blogf2pβ

TX,rε2q

BrεT
2

*

´
Blog dettDpβ2qu

Bvecpβ2q
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We decompose the score function into Sβ2
“ Seff ` R, where R P Λ and Seff P ΛK and

hence is the efficient score and. Here,

Seff “ vec

ˆ

Dpβ2qrε2
Blogf1pβ

TXq

BXTβ
`Dpβ2qrε2

Blogf3pβ
TX, Y q

BXTβ

˙

´K1pβ
TX,β2qrε2 `K2pβ

TX,β2qv ´K4pβ
TX,β2qv

and

R “ vec

"

mpβTX,β2q
Blogf1pβ

TXq

BXTβ
`mpβTX,β2q

Blogf3pβ
TX, Y q

BXTβ
`mpβTX,β2q

Blogf2pβ
TX,rε2q

BXTβ

*

`vec

"

Dpβ2qrε2
Blogf2pβ

TX,rε2q

BXTβ

*

`K1pβ
TX,β2q

Blogf2pβ
TX,rε2q

Brε2

`K1pβ
TX,β2qrε2 ´K2pβ

TX,β2qv `K3pβ
TX,β2qvec

"

rε2
Blogf2pβ

TX,rε2q

BrεT
2

` Ip´d

*

`K4pβ
TX,β2qv ´

Blog dettDpβ2qu

Bvecpβ2q
´K3pβ

TX,β2qvecpIp´dq.

It is obvious that Seff P ΛK. Careful and tedious calculations, through grouping the terms

in R as the second, the third, the fourth+fifth, the sixth+seventh+eighth, ninth+tenth, and

first+eleventh+twelfth terms, verify that R P Λ.
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