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The following regularity conditions are needed to prove the main results.

(C1) The probability P (C ≥ 1) > 0.

(C2) The censoring time C and the survival time T are independent.

(C3) The hazard function of T , λ(t) is bounded away from 0 and ∞, that

is, there exist constants b1 > 0 and b2 < ∞ such that b1 ≤ λ(t) ≤ b2.

To prove Lemma 1, we define the inner product < ·, · >1 as a special

case of < ·, · >λ when λ = 1 and the corresponding norm ∥g∥21 =< g, g >1.

Proof of Lemma 1. Let gn(t) be the B-spline function satisfying ∥gn −

g0∥∞ = O(n−vm). It follows from (P2), we can choose hn ∈ Ψm,I satisfying
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∥hn∥1 = O(n−(1−v)/2+n−vm) and ∥hn∥∞ = O(n−(1−v)/2+n−vm). For α ∈ R,

write

Hn(α) = ln,λ(gn + αhn)

= −
∫
I
exp{gn(t) + αhn(t)}Sn(t) dt+

1

n

n∑
i=1

∆i(gn + αhn)(Yi)

− 1

2
< Wλ(gn + αhn), gn + αhn >λ .

The derivative of Hn(α) with respect to α is

H ′
n(α) = −

∫
I
exp{gn(t) + αhn(t)}hn(t)Sn(t) dt+

1

n

n∑
i=1

∆ihn(Yi)

− α < Wλhn, hn >λ − < Wλgn, hn >λ

= −
∫
I

[
exp{g0(t)}+ exp{g0(t)}

{
gn(t)− g0(t) + αhn(t)

}
{1 + o(1)}

]
hn(t)Sn(t) dt− α < Wλhn, hn >λ − < Wλgn, hn >λ +

1

n

n∑
i=1

∆ihn(Yi)

= −α

∫
I
h2
n(t){1 + o(1)} exp{g0(t)}Sn(t) dt− α < Wλhn, hn >λ

−

[∫
I
exp{g0(t)}hn(t)Sn(t) dt−

1

n

n∑
i=1

∆ihn(Yi)

]

−
∫
I
{gn(t)− g0(t)}{1 + o(1)}hn(t) exp{g0(t)}Sn(t) dt− < Wλgn, hn >λ

≡ −αI1 − αI2 + I3 + I4 + I5.
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It follows from the condition (C3) that

|I1| =

∣∣∣∣∫
I
h2
n(t){1 + o(1)} exp{g0(t)}Sn(t) dt

∣∣∣∣
≤ {1 + o(1)}b2∥hn∥2L2

= Op(n
−(1−v) + n−2vm),

where ∥ · ∥L2 is the L2 norm.

Next, we consider I3. In view of the fact that Mi(t) is a martingale, we

have

E{|I3|2} =
1

n
E

[
∆ihn(Yi)−

∫
I
exp{g0(t)}hn(t)Sn(t) dt

]2
=

1

n
E

{∫
I
hn(t) dMi(t)

}2

=
1

n

∫
I
h2
n(t) exp{g0(t)}S(t) dt

= O(n−(2−v) + n−2vm−1).

Thereby, we have I3 = Op(n
− (2−v)

2 + n−vm−1/2). On the other hand, from

∥gn − g0∥∞ = O(n−vm), we get

|I4| =

∣∣∣∣−∫
I
{gn(t) − g0(t)}{1 + o(1)}hn(t) exp{g0(t)}Sn(t) dt

∣∣∣∣
≤

∣∣∣∣−∫
I
{gn(t) − g0(t)}{1 + o(1)}hn(t) exp{g0(t)}{Sn(t) − S(t)} dt

∣∣∣∣
+

∣∣∣∣∫
I
{gn(t) − g0(t)}{1 + o(1)}hn(t) exp{g0(t)}S(t) dt

∣∣∣∣
≤ Op(n

− 2−v
2

−vm + n−2vm−1/2) +O(n− 1−v
2

−vm + n−2vm).

Lastly, it follows from the property of B-spline that ∥g(m)
n (t)∥L2 ≤ b3, for some constant b3
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depending on ∥g(m)
0 (t)∥L2 and m. Thus, we have

|I5| = |< Wλgn, hn >λ|

≤ λ∥g(m)
n ∥L2∥hn∥1

= λOp(n
− 1−v

2 + n−vm) = op(n
−(1−v) + n−2vm).

As a result, we can conclude that αH ′
n(α) < 0. Further, it is not hard to see that

H ′′
n(α) = −

∫
I
exp

(
gn(t) + αhn(t)

)
h2
n(t)Sn(t) dt− < Wλhn, hn >λ ≤ 0,

which implies H ′
n(α) is a nonincreasing function. Hence, ĝn,λ ∈ [gn−αhn, gn+αhn]. Note that

∥ĝn,λ − g0∥∞ ≤ ∥ĝn,λ − gn∥∞ + ∥ĝn − g0∥∞

≤ α∥hn∥∞ +O(n−vm) = O(n− 1−v
2 + n−vm),

which goes to zero as n → ∞. Recall that any two norms in the finite dimension Space are

equivalent. Then, ∥ĝn,λ − gn∥1 = O(∥ĝn,λ − gn∥∞) = O(n− 1−v
2 + n−vm). Therefore, we have

∥ĝn,λ − g0∥1 ≤ ∥ĝn,λ − gn∥1 + ∥gn − g0∥1

≤ O(n− 1−v
2 + n−vm) + ∥gn − g0∥1.

By ∥gn − g0∥∞ = O(n−vm), ∥g(m)
n (t)∥L2 ≤ b3 and g0 ∈ Hm, we have

∥ĝn,λ − g0∥1 < C̃,

and

J(ĝn,λ − g0, ĝn,λ − g0) < C̃,

where C̃ only depends on g0 and m. The proof of Lemma 1 is complete.

Proof of Lemma 2. Following from equation (3.1) and Theorem 2 of Hoeffding (1963), we

have

P (∥Zn(g) −Zn(f)∥λ ≥ t) ≤ 2 exp

(
−t2

8∥f − g∥∞

)
.
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Together with Lemma 2.2.1 of Van Der Vaart and Wellner (1996), we have

∥∥∥Zn(f) −Zn(g)∥λ
∥∥
ψ2

≤ 8∥f − g∥∞,

where ∥ · ∥ψ2 denotes the orlicz norm associated with ψ2(s) = exp(s2) − 1. Applying Theorem

2.2.4 of Van Der Vaart and Wellner (1996), for any ε > 0, we have

∥∥∥∥∥ sup
f,g∈G,∥f−g∥∞≤ε

∥Zn(g) −Zn(f)∥λ

∥∥∥∥∥
ψ2

≤ C′
(∫ ε

0

√
log
{

1 +N(ι,G, ∥ · ∥∞)
}

+ ι
√

log
[
1 + {N(ι,G, ∥ · ∥∞)}2

])
dι

≈ ε1−
1

2m ,

where N(ι,G, ∥ · ∥∞) is the covering number, the minimum number of ∥ · ∥∞ ι-balls needed to

cover G. Thus,

P

(
sup

g∈G,∥g∥∞≤ε
∥Zn(g)∥λ ≥ t

)
≤ 2 exp(ε−2+1/mt2).

For brevity, we denote γ ≡ 1 − 1/(2m), Tn ≡ {5 log log(n)}1/2, bn =
√
n, ϵ = b−1

n , and

Qϵ = [− log(ϵ) − 1].
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Note that

P

(
sup
g∈G

bn∥Zn(g)∥λ
bn∥g∥γ∞ + 1

≥ Tn

)
≤P

(
sup

g∈G,∥g∥∞≤ϵ1/γ

bn∥Zn(g)∥λ
bn∥g∥γ∞ + 1

≥ Tn

)

+

Qϵ∑
l=0

P

(
sup

g∈G,(elϵ)1/γ≤∥g∥∞≤(e(l+1)ϵ)1/γ

bn∥Zn(g)∥λ
bn∥g∥γ∞ + 1

≥ Tn

)

≤P

(
sup

g∈G,∥g∥∞≤ϵ1/γ
bn∥Zn(g)∥λ ≥ Tn

)

+

Qϵ∑
l=0

P

(
sup

g∈G,∥g∥∞≤{e(l+1)ϵ}1/γ

bn∥Zn(g)∥λ
bn∥g∥γ∞ + 1

≥ Tn

)

≤2 exp
{
− (ϵ1/γ)−2+1/mT 2

n/n
}

+ 2

Qϵ∑
l=1

exp
(
−
[
{e(l+1)ϵ}1/γ ]−2+1/mT 2

n(el + 1)2/n
)

=2 exp(−T 2
n) + 2

Qϵ∑
l=1

2 exp{−e−2(l+1)T2
n(el + 1)2}

≤2(Qϵ + 2) exp(−T 2
n/4)

=b5 log(n){log(n)}−5/4 n→∞−−−−→ 0,

where b5 is a constant. We complete the proof of Lemma 2.

Proof of Theorem 1. Denote g = ĝn,λ − g0. By Lemma 1, it is clear that g ∈ G. Write

ln,λ(g0 + g) − ln,λ(g0) = Sn,λ(g0)g +
1

2
DSn,λ(g0)gg +

1

6
D2Sn,λ(g∗)ggg

≡ I1 + I2 + I3, (S0.1)

where g∗ = g0 + α1g and α1 ∈ [0, 1]. We will next discuss the order of each term in (S0.1).

From the definition of ĝn,λ, we can get that ln,λ(g0 + g) − ln,λ(g0) ≥ 0.

First, it follows from g ∈ G that there exists a constant c̃ such that exp{|g(t)|} ≤ c̃. Then,

we have
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|6I3| = |D2Sn,λ(g∗)ggg|

=

∣∣∣∣∣ 1n
n∑
i=1

∫
I
exp{g0(t) + α1g(t)}g3(t)I(Yi ≥ t) dt

∣∣∣∣∣
≤ ∥g∥∞

∣∣∣∣∣ 1n
n∑
i=1

∫
I
exp{g0(t) + α1g(t)}g2(t)I(Yi ≥ t) dt

∣∣∣∣∣
≤ c̃∥g∥∞

∣∣∣∣∣ 1n
n∑
i=1

∫
I
exp{g0(t)}g2(t)I(Yi ≥ t) dt

∣∣∣∣∣
≤ c̃∥g∥∞

n

∣∣∣∣∣
n∑
i=1

∫
I
exp{g0(t)}g2(t)I(Yi ≥ t) dt− n

∫
I
exp{g0(t)}g2(t)S(t) dt

∣∣∣∣∣
+ c̃∥g∥∞

∫
I
exp{g0(t)}g2(t)S(t) dt. (S0.2)

Denote ψ(Y ; g) =
∫
I exp{g0(t)}g(t)I(Y ≥ t)Kt dt and ψ̃(Y ; g) = b−1

2 c−1
m h1/2ψ(Y ; g). Then, we

have

∣∣∣∣∣
n∑
i=1

∫
I
exp{g0(t)}g2(t)I(Yi ≥ t) dt− n

∫
I
exp{g0(t)}g2(t)S(t) dt

∣∣∣∣∣
= {b−1

2 c−1
m h1/2}−1

∣∣∣∣∣
n∑
i=1

< ψ̃(Yi; g), g >λ − < Eψ̃(Yi; g), g >λ

∣∣∣∣∣ . (S0.3)

Under condition (C2), we have

∥ψ̃(Y ; g) − ψ̃(Y ; f)∥λ = b−1
2 c−1

m h1/2∥ψ(Y ; g) − ψ(Y ; f)∥λ

= b−1
2 c−1

m h1/2

∥∥∥∥∫
I
exp{g0(t)}{f(t) − g(t)}I(Y ≥ t)Kt dt

∥∥∥∥
λ

≤ b−1
2 c−1

m h1/2

∫
I
exp{g0(t)}∥Kt∥λ dt∥f − g∥∞

≤ b−1
2 c−1

m h1/2b2cmh
−1/2∥f − g∥∞

= ∥f − g∥∞.

Together with Lemma 2, the following inequality holds with probability one

∥∥∥∥∥
n∑
i=1

ψ̃(Yi; g) − Eψ̃(Yi; g)

∥∥∥∥∥
λ

≤
√
n
{
∥g∥1−1/(2m)

∞ + 1
}
{5 log log(n)}1/2 . (S0.4)
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For the first term in equation (S0.1), it directly follows from (S0.2) and (S0.3) that

c̃∥g∥∞
n

∣∣∣∣∣
n∑
i=1

∫
I
exp{g0(t)}g2(t)I(Yi ≥ t) dt− n

∫
I
exp{g0(t)}g2(t)S(t) dt

∣∣∣∣∣
≤ c̃∥g∥∞

n
{b−1

2 c−1
m h1/2}−1∥g∥λ

∥∥∥∥∥
n∑
i=1

ψ̃(Yi; g) − Eψ̃(Yi; g)

∥∥∥∥∥
λ

= Op[{5 log log(n)}1/2n−1/2h−1]∥g∥2λ.

As log{log(n)}/nh2 → 0, we have

c̃∥g∥∞
n

∣∣∣∣∣
n∑
i=1

∫
I
exp{g0(t)}g2(t)I(Yi ≥ t) dt− n

∫
I
exp{g0(t)}g2(t)S(t) dt

∣∣∣∣∣ = op(1)∥g∥2λ.

For the second term in (S0.1), we have

c̃∥g∥∞
∣∣∣ ∫

I
exp{g0(t)}g2(t)S(t) dt

∣∣∣ = c̃∥g∥∞V (g, g)

≤ c̃∥g∥∞∥g∥2λ.

Thus, we have |6I3| = op(1)∥g∥2λ. It then follows from the Cauthy-Schwarz inequality that

|I1| = |Sn,λ(g0)g| ≤ ∥Sn,λ(g0)∥λ∥g∥λ.

It follows from the proof of Corollary 1, for Sn,λ(g0), we have

∥Sn,λ(g0)∥λ =

∥∥∥∥∥−
∫
I
exp{g0(t)}KtSn(t) dt+

1

n

n∑
i=1

∆iKYi −Wλg0

∥∥∥∥∥
λ

≤ 1

n

∥∥∥∥∥
n∑
i=1

∫
I
Kt dMi(t)

∥∥∥∥∥
λ

+ ∥Wλg0∥λ = OP ((nh)−1/2 + λ1/2).

Regarding I2, we have

2I2 = DSn,λ(g0)gg

= DSn,λ(g0)gg −DSλ(g0)gg +DSλ(g0)gg

= −∥g∥2λ +DSn,λ(g0)gg −DSλ(g0)gg.
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This is because

|DSn,λ(g0)gg −DSλ(g0)gg|

=

∣∣∣∣∣ 1n
n∑
i=1

[∫
I
exp{g0(t)}I(Yi ≥ t)g2(t) dt−

∫
I
exp{g0(t)}S(t)g2(t) dt

]∣∣∣∣∣
≤ ∥g∥∞(

∫
I
exp{g0(t)}| < Kt, g >λ ||Sn(t) − S(t)|) dt)

= ∥g∥∞∥g∥λ
(∫

I
exp{g0(t)}∥Kt∥λ∥Sn(t) − S(t)∥∞ dt

)
= op(1)Op{(nh)−1/2}∥g∥λ.

Therefore, we have

∥g∥2λ{1 + op(1)} ≤
[
Op{(nh)−1/2 + λ1/2} + op{(nh)−1/2}

]
∥g∥λ,

which leads to ∥g∥λ = Op((nh)−1/2 + hm).

Proof of Theorem 2. For brevity, we denote g = ĝn,λ − g0, rn = M{(nh)−1/2 + hm},

g̃ = d−1
n g and dn = cmrnh

−1/2. Recall ∥g∥λ = Op((nh)−1/2 + hm) in Theorem 1. Then, there

exists a constant M such that the event Bn = {∥g∥λ ≤ rn} happens with large probability.

Since h = o(1) and log{log(n)}/(nh2) → 0 as n → ∞, it is easy to see that dn = o(1). On the

other hand, when event Bn happens, one can get ∥g̃∥∞ ≤ 1 and

J(g̃, g̃) = d−2
n λ−1λJ(g, g) ≤ d−2

n λ−1∥g∥2λ ≤ d−2
n λ−1r2n ≤ c−2

m hλ−1.

It then follows directly that g̃ ∈ F , where F = {g : ∥g∥∞ ≤ 1, J(g, g) ≤ c−2
m hλ−1} when the
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event Bn happens. Next, by a Taylor expansion, we have

Sn(ĝn,λ) − Sn(g0) − {S(ĝn,λ) − S(g0)}

= − 1

n

n∑
i=1

∫
I
exp{g0(t) + g(t)}I(Yi ≥ t)Kt dt+

1

n

n∑
i=1

∫
I
exp{g0(t)}I(Yi ≥ t)Kt dt

−
[
−
∫
I
exp{g0(t) + g(t)}S(t)Kt dt+

∫
I
exp{g0(t)}S(t)Kt dt

]
= − 1

n

n∑
i=1

∫
I
exp{g0(t)}[exp{g(t)} − 1]I(Yi ≥ t)Kt dt

+

∫
I
exp{g0(t)}[exp{g(t)} − 1]S(t)Kt dt

= − 1

n

n∑
i=1

∫
I
exp{g0(t)}

[
g(t) +

g(t)2

2
{1 + op(1)}

]
{I(Yi ≥ t) − S(t)}Kt dt

= − 1

n

n∑
i=1

∫
I
exp{g0(t)}g(t){I(Yi ≥ t) − S(t)}Kt dt

− 1

2n

n∑
i=1

∫
I
exp{g0(t)}g(t)2{I(Yi ≥ t) − S(t)}Kt dt{1 + op(1)}

≡ I1 + I2.

Observe that

∥2I2∥λ =

∥∥∥∥∥− 1

n

n∑
i=1

∫
I
exp{g0(t)}g2(t){I(Yi ≥ t) − S(t)}Kt dt{1 + op(1)}

∥∥∥∥∥
λ

=

∥∥∥∥∫
I
exp{g0(t)}g2(t){Sn(t) − S(t)}Kt dt{1 + op(1)}

∥∥∥∥
λ

≤
∫
I
exp{g0(t)}∥Kt∥λ dt∥Sn(t) − S(t)∥∞∥g∥2∞

≤ Op(n
−1/2)(cmh

−1/2)2∥g∥2λcmh−1/2

= Op{(n1/2h)−1}∥g∥2λcmh−1/2.

The fact log{log(n)}/(nh2) → 0 implies nh2 → ∞ as n→ ∞. Thus,

I2 = op(1)cmh
−1/2∥g∥2λ = op(1)cmh

−1/2{(nh)−1/2 + hm}2. (S0.5)

We next consider I1. Write

−I1 =
1

n

n∑
i=1

∫
I
exp{g0(t)}g(t){I(Yi ≥ t) − S(t)}Kt dt

=
1

n

n∑
i=1

ϕ(Yi, g) − E{ϕ(Yi, g)},
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where ϕ(Y, g) =
∫
I exp{g0(t)}g(t)I(Y ≥ t)Kt dt. We denote

ϕ̃(Y ; g̃) = b−1
2 (cmh

−1/2)−1d−1
n ϕ(Y, dng̃). By a careful evaluation, we can show that

∥ϕ̃(Y ; g̃) − ϕ̃(Y ; f̃)∥λ ≤ ∥f̃ − g̃∥∞.

Define

Zn(g) ≡ 1√
n

n∑
i=1

ϕ(Yi, g) − Eϕ(Yi, g).

In light of Lemma S.1 in Shang and Cheng (2013) and the proof of Lemma 2, we have

lim
n→∞

P

[
sup
g∈F

∥Zn(g)∥λ
h−(2m−1)/4m∥g∥1−1/(2m)

∞ + n−1/2
≤ {5 log log(n)}1/2

]
= 1.

Then, we have

∥I1∥λ = b2(cmh
−1/2)dn

∥∥∥∥∥ 1

n

n∑
i=1

ϕ̃(Yi, g̃) − E{ϕ̃(Yi, g̃)}

∥∥∥∥∥
λ

=
b2(cmh

−1/2)dn
n

{√
n∥g̃∥1−1/(2m)

∞ h−(2m−1)/(4m) + 1
}
{5 log log(n)}1/2.

In view of the fact that m > 1/2 and ∥g̃∥∞ ≤ 1, we get

b2(cmh
−1/2)dn
n

{√
n∥g̃∥1−1/(2m)

∞ h−(2m−1)/(4m) + 1
}
{5 log log(n)}1/2

= Op(h
−(6m−1)/(4m){n− 1

2 + h(2m−1)/(4m)}{5 log log(n)}
1
2 {(nh)−1/2 + hm})

= Op(h
− 6m−1

4m n−1/2{log log(n)}1/2{(nh)−1/2 + hm}). (S0.6)

Hence, combing (S0.5) and (S0.6), we have

Sn(ĝn,λ) − Sn(g0) − {S(ĝn,λ) − S(g0)}

= Op(h
− 6m−1

4m n− 1
2 {log log(n)}

1
2 {(nh)−

1
2 + hm} + h− 1

2 {(nh)−1 + h2m}).
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On the other hand, we note that

Sn(ĝn,λ) − Sn(g0) − {S(ĝn,λ) − S(g0)}

= Sn,λ(ĝn,λ) − Sn,λ(g0) − {Sλ(ĝn,λ) − Sλ(g0)}

= Sn,λ(ĝn,λ) − Sn,λ(g0) −
{
DSλ(g0)g +

∫
I

∫
I
sD2Sλ(g0 + s′sg)g2 ds ds′

}
= g − Sn,λ(g0) −

∫
I

∫
I
sD2Sλ(g0 + s′sg)g2 ds ds′ + Sn,λ(ĝn,λ).

For any h ∈ Hm, there exists hn ∈ Ψm,I such that ∥h − hn∥∞ = O(n−vm). Furthermore, by

the definition of Sn,λ(ĝn,λ), we have Sn,λ(ĝn,λ)hn = 0. Then, we further write

Sn,λ(ĝn,λ)h

= Sn,λ(ĝn,λ)(h− hn)

= Sn,λ(ĝn,λ)(h− hn) − Sn(g0)(h− hn) + Sn(g0)(h− hn)

=

[
−
∫
I
exp{g0(t)}g(t){1 + op(1)}{h(t) − hn(t)}Sn(t) dt− < Wλg0, h− hn >λ

]
−
∫
I
exp{g0(t)}{h(t) − hn(t)}Sn(t) dt+

1

n

n∑
i=1

∆i(h− hn)(Yi)− < Wλg0, h− hn >λ

≡ L1 + L2 + L3.

First, we consider L1. Write

|L1| =

∣∣∣∣∫
I
exp{g0(t)}g(t){1 + op(1)}{h(t) − hn(t)}Sn(t) dt+ < Wλg0, h− hn >λ

∣∣∣∣
≤

∣∣∣∣∣
[∫

I
exp{g0(t)}g2(t)Sn(t) dt

]1/2 [∫
I
exp{g0(t)}{h(t) − hn(t)}2Sn(t) dt

]1/2∣∣∣∣∣
× {1 + op(1)} + | < Wλg0, h− hn >λ |

≤ Op(∥g∥λ∥h− hn∥∞) + op(λn
−vm)

= Op(n
−vm{(nh)−1/2 + hm}) + op(h

2mn−vm).
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Second, we consider L2 and obtain

E{|L2|2} = E

[∣∣∣∣∣
∫
I
exp{g0(t)}{h(t) − hn(t)}Sn(t) dt− 1

n

n∑
i=1

∆i{h(Yi) − hn(Yi)}

∣∣∣∣∣
2]

=
1

n
E

[∣∣∣∣∫
I
exp{g0(t)}{h(t) − hn(t)} dMi(t)

∣∣∣∣2
]

≤ b4
n

∥h− hn∥2∞

= O(n−1−2vm),

where b4 is a constant. which implies |L2| = Op(n
−1/2−vm). Third, it is not hard to verify that

|L3| = Op(λn
−vm). Combining the asymptotic order of L1, L2 and L3, we have

∥Sn,λ(ĝn,λ)∥λ = Op(n
−1/2−vm + h2mn−vm + n−vm{(nh)−1/2 + hm}).

Lastly, we observe∥∥∥∥∫
I

∫
I
sD2Sλ(g0 + s′sg)g2 ds ds′

∥∥∥∥
λ

≤
∫
I

∫
I

∥∥D2Sλ(g0 + s′sg)g2
∥∥
λ
ds ds′.

In particular,

∥D2Sλ(g0 + s′sg)g2∥λ =

∥∥∥∥∫
I
exp{g0(t) + ss′g(t)}S(t)g2(t)Kt dt

∥∥∥∥
λ

≤ c̃(cmh
−1/2)∥g∥2λ.

Finally, we get

∥g − Sn,λ(g0)∥λ = Op(αn),

where

αn = n−1/2−vm + n−vm((nh)−1/2 + hm) + h−1/2((nh)−1 + h2m)

+h−(6m−1)/(4m)n−1/2(log log(n))1/2((nh)−1/2 + hm).

The proof of Theorem 2 is complete.

Proof of Theorem 3. For ease of presentation, we denote Rn = ĝn,λ − g∗ − Sn(g0) and

g∗ = (id −Wλ)g0. It follows directly from Theorem 2 that ∥Rn∥λ = Op(αn) = op(n
−1/2). It
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can be checked that ∥Sn∥λ = Op((nh)−1/2). Hence, Rn is asymptotically negligible compared

with Sn. In the following, we derive the asymptotic distribution of (nh)−1/2{ĝn,λ(t0)− g∗(t0)}.

Recall that for any t ∈ I and g ∈ Hm, we have < Kt, g >λ= g(t). Then, we have

|(nh)1/2 < Kt0 , ĝn,λ − g∗ − Sn(g0) >λ | ≤ ∥Kt0∥λ∥Rn∥λ(nh)1/2

≤ cmh
−1/2(nh)1/2op(n

−1/2)

= op(1).

Next, we write

−(nh)1/2 < Kt0 ,Sn(g0) >λ = (nh)1/2
[ ∫

I
exp{g0(t)}Sn(t)Kt(t0) dt− 1

n

n∑
i=1

∆iKYi(t0)
]

= (nh)1/2
[ ∫

I
exp{g0(t)}Sn(t)Kt0(t) dt− 1

n

n∑
i=1

∆iKt0(Yi)
]

= (nh)1/2
1

n

n∑
i=1

∫
I
Kt0(t) dMi(t)

=
1√
nh−1

n∑
i=1

∫
I
Kt0(t) dMi(t).

Observe that

V ar

{∫
I
Kt0(t) dMi(t)

}
=

∫
I
K2
t0(t) exp{g0(t)}S(t) dt = V (Kt0 ,Kt0).

Invoking hV (Kt0 ,Kt0) < h∥K∥2λ < c2m and hV (Kt0 ,Kt0) → σ2
t0 as n→ ∞, we have

(nh)1/2 < Kt0 ,Sn(g0) >λ
d−−→ N(0, σ2

t0)

as n→ ∞. The proof of Theorem 3 is complete.

Proof of Corollary 1. First, for any t,

Wλg0(t) =< Wλg0,Kt >λ=

∞∑
j=0

λγj
1 + λγj

hj(t)V (g0, hj).
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By the Cauchy-Schwarz’s inequality,

∞∑
j=0

λγj
1 + λγj

hj(t)V (g0, hj) ≤

{
∞∑
j=0

λγjV
2(g0, hj)

} 1
2
{

∞∑
j=0

λγj
(1 + λγj)2

h2
j (t)

} 1
2

≤ hm sup
j∈N

∥hj∥∞
√
J(g0, g0)

{
∞∑
j=0

λγj
(1 + λγj)2

} 1
2

.

Invoking g0 ∈ Hm and γj ≍ j2m, Wλg0(t) = O(hm−1/2). Hence,

√
nhWλg0(t) = O(n1/2hm) = o(1).

It follows directly from Theorem 3 that the results of Corollary 1 hold.

Proof of Theorem 5 (ii). For notational convenience, we denote ĝ = ĝn,λ, ĝ0 = ĝ0n,λ,

g = ĝ0 + ω0 − ĝ. By Theorem 4,

∥g∥λ = ∥ĝ0 + ω0 − ĝ∥λ ≤ ∥ĝ0 + ω0 − g0∥λ + ∥ĝ − g0∥λ = Op(rn),

where rn = (nh)−1/2 + hm. Applying Taylor expansion,

LRTn,λ = Ln,λ(ω0 + ĝ0) −  Ln,λ(ĝ)

= Sn,λ(ĝ)(ω0 + ĝ0 − ĝ) +

∫
I

∫
I
sDSn,λ(ĝ + ss′g)gg ds ds′.

It follows from the definition of Sn,λ(ĝ) that Sn,λ(ĝ)(ĝ0 + ω0 − ĝ) = 0. Hence, we write

LRTn,λ =

∫
I

∫
I
sDSn,λ(ĝ + ss′g)gg ds ds′

=

∫
I

∫
I
s
{
DSn,λ(ĝ + ss′g)gg −DSn,λ(g0)gg

}
ds ds′ +

∫
I

∫
I
sDSn,λ(g0)gg ds ds′

=

∫
I

∫
I
s{DSn,λ(ĝ + ss′g)gg −DSn,λ(g0)gg} ds ds′

+
1

2
{DSn,λ(g0)gg −DSλ(g0)gg} +

1

2
DSλ(g0)gg

≡ I1 + I2 + I3.

We first consider I1. Denote g̃ = ĝ + ss′g − g0 for any 0 ≤ s, s′ ≤ 1. Then, ∥g̃∥λ = Op(rn) and

DSn,λ(ĝ + ss′g)gg = DSn,λ(g̃ + g0)gg

= −
∫
I
exp{g0(t) + g̃(t)}g(t)g(t)Sn(t) dt− < Wλg, g >λ .
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Thus, we have

|DSn,λ(ĝ + ss′g)gg −DSn,λ(g0)gg|

=

∣∣∣∣−∫
I
[exp{g0(t) + ĝ(t)} − exp{g0(t)}]g(t)g(t)Sn(t) dt

∣∣∣∣
=

∣∣∣∣∫
I
exp{g0(t)}g̃(t){1 + op(1)}g2(t)Sn(t) dt

∣∣∣∣
≤ ∥g̃∥∞

∥∥∥∥∫
I
exp{g0(t)}g2(t)Sn(t) dt

∥∥∥∥
≤ ∥g̃∥∞

∫
I
exp{g0(t)}g2(t)|Sn(t) − S(t)| dt+ ∥g̃∥∞

∣∣∣∣∫
I
exp{g0(t)}g2(t)S(t) dt

∣∣∣∣ .
Under condition (C3) and the assumption that nh4 → ∞ as n→ ∞, we have

∥g̃∥∞
∫
I
exp{g0(t)}g2(t)|Sn(t) − S(t)| dt

= ∥g̃∥∞
∫
I
exp{g0(t)}g(t) < Kt, g >λ |Sn(t) − S(t)| dt

≤ ∥g̃∥∞∥Kt∥λ∥g∥λ∥Sn(t) − S(t)∥∞∥g(t)∥∞
∫
I
exp{g0(t)} dt

= Op(n
−1/2h−1)∥g∥2λ∥g̃∥∞

= op(1)∥g∥2λ∥g̃∥∞.

Moreover, note that

∥g̃∥∞
∥∥∥∥∫

I
exp{g0(t)}g2(t)S(t) dt

∥∥∥∥ ≤ ∥g̃∥∞∥g∥2λ,

which gives that |I1| = Op(1)∥g̃∥∞∥g∥2λ = Op(h
−1/2r3n).

We next consider I2. Write

2|I2| = |DSn,λ(g0)gg −DSλ(g0)gg|

=
1

n

∣∣∣∣∣
n∑
i=1

∫
I
exp{g0(t)}g2(t){I(Yi ≥ t) − S(t)} dt

∣∣∣∣∣
=

1

n

∣∣∣∣∣
⟨

n∑
i=1

∫
I
exp{g0(t)}g(t)Kt{I(Yi ≥ t) − S(t)} dt, g

⟩
λ

∣∣∣∣∣ .
We can show along the same lines of Theorem 2 that |I2| = Op(rna

′
n) and

a′n = h−(6m−1)/(4m)n−1/2{log log(n)}1/2{(nh)−1/2 + hm}.
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Lastly, we consider I3. Applying the fact that I3 = −∥g∥2λ/2 and combining the previous

arguments, we have

LRTn,λ = −∥g∥2λ
2

+Op(h
−1/2r3n + rna

′
n).

Recall that nh2m → 0. Hence, nh2m+1 → 0 as n → ∞. Together with nh4 → ∞, we have

h−1/2r3n + rna
′
n = o(n−1). As a result,

−2nLRTn,λ = n∥ĝ0 + ω0 − ĝ∥2λ + op(1).

Proof of Theorem 5 (iii). In view of −2nLRTn,λ = n∥ĝ0 + ω0 − ĝ∥2λ + op(1) in part (ii) of

Theorem 5, to show part (iii), it suffices to derive the asymptotic properties of n∥ĝ0 +ω0 − ĝ∥2λ.

It is not hard to see that

n1/2
∥∥ĝ0 + ω0 − ĝ − S0

n,λ(g00) + Sn,λ(g0)
∥∥
λ

≤ n1/2∥ĝ0 + ω0 − S0
n,λ(g00)∥λ + n1/2∥ĝ − Sn,λ(g0)∥λ

= Op(n
1/2an) = op(1).

Thus, we only need to focus on n1/2{S0
n,λ(g00) − Sn,λ(g0)}. Recall that

S0
n,λ(g00) = −

∫
I
exp{g0(t)}Sn(t)K∗

t dt+
1

n

n∑
i=1

∆iK
∗
Yi

−W ∗
λg

0
0

= −
∫
I
exp{g0(t)}Sn(t)

{
Kt −

Kt0(t)Kt0

K(t0, t0)

}
dt

+
1

n

n∑
i=1

∆i

{
KYi −

Kt0(Yi)Kt0

K(t0, t0)

}
−
{
Wλg0 −

(Wλg0)(t0)

K(t0, t0)
Kt0

}
.

Then, we have

S0
n,λ(g00) − Sn,λ(g0) =

Kt0

K(t0, t0)

[ 1

n

n∑
i=1

∫
I

Kt0(t) dMi(t) + (Wλg0)(t0)
]
,

and

√
n∥S0

n,λ(g00) − Sn,λ(g0)∥λ =

∣∣∣∣∣ 1√
K(t0, t0)

[
1√
n

n∑
i=1

∫
I
Kt0(t) dMi(t) +

√
n(Wλg0)(t0)

]∣∣∣∣∣ .
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Applying nh2m → 0, we get

√
n(Wλg0)(t0)

∥Kt0∥λ
≤

√
nh(Wλg0)(t0)

h1/2∥V 1/2(Kt0 ,Kt0)∥λ
= O(1)

√
nh(Wλg0)(t0)

σt0
= O(

√
nhm) = o(1).

Combining these gives

1√
K(t0, t0)

{
1√
n

n∑
i=1

∫
I
Kt0(t) dMi(t) +

√
n(Wλg0)(t0)

}
d−−→ N(0, ct0),

where

ct0 = lim
h→0

V (Kt0 ,Kt0)

∥Kt0∥2
∈ (0, 1].

As a result, it follows immediately that −2nLRTn,λ
d−−→ ct0χ

2
1 implying ∥ĝ0 + ω0 − ĝ∥λ =

Op(n
−1/2). Thereby, we prove the first part of Theorem 5. The proof of Theorem 5 is complete.

Proof of Theorem 6. For simplicity, we denote g = g0 − ĝn,λ and rn = (nh)−1/2 + hm. By a

Taylor expansion, we get

PLRTn,λ = ln,λ(g0) − ln,λ(ĝn,λ)

= Sn,λ(ĝn,λ)(g0 − ĝn,λ) +

∫
I

∫
I
sDSn,λ(ĝn,λ + ss′g) ds ds′

≡ I1 + I2.

We first consider I1. Along similar lines of the proof of Theorem 2, we have

|I1| = |Sn,λ(ĝn,λ)g|

≤ ∥Sn,λ∥λ∥g∥λ

= Op[n
−1/2−vm + h2mv−vm + n−vm{(nh)−1/2 + hm}]∥g∥λ

= Op(rn[n−1/2−vm + n−vm{(nh)−1/2 + hm}]).

Similar to the proof of Theorem 5(ii), it can be easily verified that

|I2| = −∥g∥2λ
2

+Op(h
−1/2r3n + rnα

′
n),
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where α′
n = h−(6m−1)/(4m)n−1/2{log log(n)}1/2rn. Thus,

PLRTn,λ = −∥g∥2λ
2

+Op(h
−1/2r3n + rnα

′′
n),

where α′′
n = α′

n+n−1/2−vm+n−vm{(nh)−1/2 +hm}. Under the conditions that m > (3+
√

5)/4,

1/(4m) ≤ v ≤ 1/(2m), nh2m+1 = O(1) and nh3 → ∞, we have

−2nPLRTn,λ = n∥g∥2λ + op(h
−1/2).

On the other hand, under Hglobal
0 , g0 is true function. Then, by Theorems 2 and 3, we

have ∥ĝn,λ − g0 − Sn,λ(g0)∥ = Op(αn) and n1/2αn = o(1). Combining these gives

n1/2∥g∥λ = n1/2∥Sn,λ(g0)∥λ + op(1).

Next, we consider ∥Sn,λ(g0)∥λ. Through direct calculations,

n∥Sn,λ(g0)∥2λ = n−1

∥∥∥∥∥
n∑
i=1

∫
I
Kt dMi(t)

∥∥∥∥∥
2

λ

+ 2 <

n∑
i=1

∫
I
Kt dMi(t),Wλg0 > +n∥Wλg0∥2λ.

We first approximate ∥Wλg0∥λ. To this end, we define mλ(j) ≡ |V (g0, hj)|2γj λγj
1+λγj

and m(j) ≡

|V (g0, hj)|2γj , j = 0, 1, 2, · · · . Note that |mλ(j)| is a sequence of functions satisfying |mλ(j)| ≤

m(j). Since g0 ∈ Hm,

∑
j

|V (g0, hj)|2γj =

∫
N

m(j) dµ(j) = J(g0, g0) <∞,

where µ(·) is the counting measure. Invoking limλ→0mλ(j) = 0,

∑
j

|V (g0, hj)|2
λγ2

j

1 + λγj
=

∫
N

mλ(j) dµ(j) → 0

as λ→ 0 by the Lebesgue dominated convergence theorem. That is,

∥Wλg0∥2λ =
∑
j

|V (g0, hj)|2
λ2γ2

j

1 + λγj
= o(λ).

Using this fact, we have

E

∣∣∣∣∣<
n∑
i=1

∫
I
Kt dMi(t),Wλg0 >

∣∣∣∣∣
2

= E

∣∣∣∣∣
n∑
i=1

∫
I
Wλg0(t) dMi(t)

∣∣∣∣∣
2

= n

∫
I
exp{g0(t)}S(t) {Wλ(g0(t))}2 dt

≤ n∥Wλ(g0(t))∥2λ = o(nλ).
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Together with nh2m+1 = O(1), it follows that

<

n∑
i=1

∫
I
Kt dMi(t),Wλg0 >= op{(nλ)1/2} = op(n

1/2hm) = op(h
−1/2).

So far, we have shown that

n∥Sn,λ(g0)∥2λ = n−1

∥∥∥∥∥
n∑
i=1

∫
I
Kt dMi(t)

∥∥∥∥∥
2

λ

+ op(h
−1).

In what follows, we derive the limiting distribution of n−1∥
∑n
i=1

∫
IKt dMi(t)∥2λ. A direct

calculation yields that

1

n

∥∥∥∥∥
n∑
i=1

∫
I
Kt dMi(t)

∥∥∥∥∥
2

λ

=
1

n

n∑
i=1

∫
I

∫
I
< Kt,Ks > dMi(t) dMi(s) +

1

n
Wn,

where Wn =
∑
i ̸=j
∫
I

∫
I < Kt,Ks > dMi(t) dMj(s). Denoting Wij = 2

∫
I

∫
I < Kt,Ks >

dMi(t) dMj(s), one can write Wn =
∑

1≤i<j≤nWij . So, Wn is clean [Jong (1987)]. Next,

we aim to derive the limiting distribution of Wn. Let σ2
n = V ar(Wn). Write

σ2
n =

n(n− 1)

2
E(W 2

ij)

= 2n(n− 1)E

{∫
I

∫
I
< Kt,Ks > dMi(t) dMj(s)

}2

= 2n(n− 1)

∞∑
l=0

1

(1 + λγl)2
.

More notation is needed here. Define G1, G2 and G4 as follows:

G1 ≡
∑
i<j

E(W 4
ij),

G2 ≡
∑
i<j<k

{
E(W 2

ijW
2
ik) + E(W 2

jiW
2
jk) + E(W 2

kiW
2
kj)
}
,

G3 ≡
∑

i<j<k<l

{E(WijWikWljWlk) + E(WijWilWkjWkl) + E(WikWilWjkWjl)} .

By Proposition 3.2 of Jong (1987), if G1, G2, G3 are all of lower order than σ4
n, σ−1

n Wn converges

weakly to the standard normal distribution. Now, we study the order of each Gi, i = 1, 2, 3.
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First, observe that

E{W 4
ij}

= 16E

{∫
I

∫
I
< Kt,Ks > dMi(t) dMj(s)

}4

= 16

∫
I

∫
I

∫
I

∫
I

∫
I

∫
I

∫
I

∫
I
< Kt1 ,Ks1 >< Kt2 ,Ks2 >< Kt3 ,Ks3 >< Kt4 ,Ks4 >

E
{
dMi(t1) dMj(s1) dMi(t2) dMj(s2) dMi(t3) dMj(s3) dMi(t4) dMj(s4)

}
≤ 16∥Kt1∥

4
λ∥Ks1∥

4
λ

∫
I
[E{dMi(t1)}]4

∫
I
[E{dMj(s1)}]4

= O(h−4),

which implies G1 = O(n2h−4). Next, by Cauchy-Schwarz inequity,

E{W 2
ijW

2
ik} ≤ [E{W 4

ij}]1/2[E{W 4
ik}]1/2 = O(h−4),

which gives G2 = O(n3h−4). A straightforward calculation yields that

E(WijWikWljWlk) = 16
∞∑
j=0

1

(1 + λγj)4
= O(h−1).

Therefore, G3 = O(n4h−1). Combining the fact that σ4
n = (σ2

n)2 = O(n4h−2) and the assump-

tions that nh3 → ∞ and h = o(1), G1, G2, G3 are of lower order than that of σ4
n. Hence, by

Jong (1987),

σ−1
n Wn

d−−→ N(0, 1)

as n→ ∞. Recall that ρ2λ =
∑∞
j=0

h
(1+λγj)2

. We have

1√
2h−1nρλ

Wn
d−−→ N(0, 1). (S0.7)

Lastly, we consider 1
n

∑n
i=1

∫
I

∫
I < Kt,Ks > dMi(t) dMi(s). By a direct calculation,

E

{∫
I

∫
I
< Kt,Ks > dMi(t) dMi(s)

}2

= O(∥Kt∥4λ) = O(h−2).

Then,

E

{
n∑
i=1

∫
I

∫
I
< Kt,Ks > dMi(t) dMi(s) − h−1σ2

λ

}2

≤ nE
{∫

I

∫
I
< Kt,Ks > dMi(t) dMi(s)

}2
= O(nh−2),
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where σ2
λ =

∑∞
j=0

h
1+λγj

. Combining these gives

1

n

n∑
i=1

∫
I

∫
I
< Kt,Ks > dMi(t) dMi(s) = h−1σ2

λ +Op{(n1/2h)−1}. (S0.8)

Combining (S0.7) and (S0.8), we have n∥Sn,λ∥2λ = Op(h
−1) and therefore n1/2∥Sn,λ∥λ =

Op(h
−1/2). As a result,

−2nPLRTn,λ = {n1/2∥Sn,λ∥λ + op(1)}2 + op(h
−1/2)

= n∥Sn,λ∥2λ + op(h
−1/2). (S0.9)

In view of (S0.7), (S0.8) and (S0.9), we have that as n→ ∞,

(2h−1σ4
λ/ρ

2
λ)−1/2 {−2nγλPLRTn,λ − nγλ∥Wλg0(t)∥2λ − h−1σ4

λ/ρ
2
λ

} d−−→ N(0, 1).

Proof of Theorem 7. First, it can be easily verified that m > (3 +
√

5)/4, 1/(4m) ≤ v ≤

1/(2m) and h ≍ n−d with 1/(2m + 1) ≤ d < 1/3 satisfy those conditions in Theorem 6.

Throughout this proof, we only consider gn0 = g0 + gn for gn ∈ A in H1. To prove Theorem 7,

we write

−2n · PLRTn,λ = −2n{ln,λ(g0) − ln,λ(gn0)} − 2n{ln,λ(gn0) − ln,λ(ĝn,λ)}

≡ I1 + I2. (S0.10)

We first consider I1. For simplicity, we denote

Ri =

[
−
∫
I
exp{g0(t)}I(Yi ≥ t) dt+ ∆ig0(Yi)

]
−[

−
∫
I
exp{gn0(t)}I(Yi ≥ t) dt+ ∆ign0(Yi)

]
= −

∫
I
gn(t) dMi(t) −

∫
I

∫
I
exp{gn0(t) − sgn(t)}g2n(t)I(Yi ≥ t) dt ds.
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Then,

E{R2
i } ≤ 2

∫
I
g2n(t)S(t) exp{gn0(t)} dt

+ 2E

[∫
I

∫
I
exp{gn0(t) − sgn(t)}g2n(t)I(Yi ≥ t) dt ds

]2
= O(∥gn∥2λ + ∥gn∥4λ).

Therefore, we can get

E

{∣∣∣∣∣
n∑
i=1

(Ri − ERi)

∣∣∣∣∣
2}

≤ nE{R2
i } = (n∥gn∥2λ + n∥gn∥4λ).

Combining these gives

n [ln,λ(g0) − ln,λ(gn0) − E{ln,λ(g0) − ln,λ(gn0)}] = Op(n
1/2∥gn∥λ + n1/2∥gn∥2λ).

On the other hand, invoking DSλ(g)gngn < 0 for any g ∈ Hm, there exists constant c′ > 0 such

that

E{DSn,λ(g∗n0
)gngn} ≤ c′E{DSn,λ(gn0)gngn}

= −c′∥gn∥2λ.

Then, we have

E{ln,λ(g0) − ln,λ(gn0)} = E

{
Sn,λ(gn0)(−gn) +

1

2
DSn,λ(g∗n0

)gngn

}
≤ λJ(gn0 , gn) − c′∥gn∥2λ

2

≤ {J(gn, gn) + J(g0, gn)} − c′∥gn∥2λ
2

≤ {J(gn, gn) + J(g0, g0)1/2J(gn, gn)1/2} − c′∥gn∥2λ
2

= O(λ) − c′∥gn∥2λ
2

.

It then follows that

I1 ≥ n∥gn∥2λ +Op(nλ+ n1/2∥gn∥λ + n1/2∥gn∥2λ)

= n∥gn∥2λ{1 +Op(λ∥gn∥−2
λ + n−1/2∥gn∥−1

λ + n−1/2)}. (S0.11)



24 M. Hao, Y. Lin AND X. Zhao

Second, we consider I2. Under alternative hypothesis H1n, note that ∥ĝn,λ − gn0∥ =

Op{(nh)−1/2 + hm}. It then follows by the FBR in Theorem 2 that

inf
n≥N

inf
gn∈A

Pgn0
(∥ĝn,λ − gn0 − Sn,λ(gn0)∥λ ≤Mrn) → 1, (S0.12)

where rn = (nh)−1/2+hm, Pgn0
means the probability relies on gn0 . Along the lines of Theorem

6, we can show I2 has the same limiting distribution as in Theorem 6, uniformly for any gn ∈ A.

In other words, uniformly over all gn ∈ A,

(2νn0)−1/2(I2 − n∥Wλgn0∥
2
λ − h−1σ2

n0,λ) = Op(1), (S0.13)

where νn0 = h−1σ4
n0,λ

/ρ2n0,λ
, σ2

n0,λ
and ρ2n0,λ

are defined the same as σ2
λ and ρ2λ but with

eigenvalues and eigenvectors obtained under gn0 . Next, let Vn0 and V0 be functions defined

similarly to V in Section 2. Thus, for any f ∈ Hm,

|Vn0(f, f) − V0(f, f)| =

∣∣∣∣∫
I

[
exp{gn0(t)} − exp{g0(t)}

]
S(t)f2(t) dt

∣∣∣∣
≤ ∥ exp{gn(t)}∥∞V0(f, f)∥gn∥∞

= ζV0(f, f)∥gn∥∞.

It follows from the suppplementary material (page 56) of Shang and Cheng (2013) that

σ2
n0,λ − σ2

λ = O(h−1/2∥gn∥λ). (S0.14)

Combining (S0.11), (S0.13) and (S0.14) gives

(2νn)−1/2(−2nrλPLRTn,λ − νn)

=(2νn)−1/2{−rλ(I1 + I2) − νn}

=(2νn)−1/2rλ(I2 − n∥Wλgn0∥
2
λ − h−1σ2

n0,λ) + (2νn)−1/2rλn∥Wλgn0∥
2
λ

+ (2νn)−1/2rλI1 + (2νn)−1/2rλh
−1(σ2

n0,λ − σ2
λ)

≥Op(1) + (2νn)−1/2rλn∥gn∥2λ{1 +Op(λ∥gn∥−2
λ + n−1/2∥gn∥−1

λ + n−1/2)}

+O(h−1∥gn∥λ),
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where Op(1) holds uniformly in A, νn = h−1σ4
λ/ρ

2
λ and rλ is defined in Theorem 6. Let

λ∥gn∥−2
λ ≤ 1/C, n−1/2∥gn∥−1

λ ≤ 1/C, Ch−1∥gn∥λ ≤ (nh1/2)∥gn∥2λ, and ∥gn∥2λ ≥ C(nh1/2)−1

for some sufficiently small constant C. In other words,

|(2νn)−1/2(−2nrλPLRTn,λ − νn)| ≥ cα,

where cα is the critical value (based on N(0, 1)) to Hglobal
0 at nominal level α. This leads to

∥gn∥2λ ≥ C{h2m + (nh1/2)−1}. (S0.15)

Combining (S0.12) and (S0.15), we complete the proof of Theorem 7.


