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The following regularity conditions are needed to prove the main results.

(C1) The probability P(C' > 1) > 0.
(C2) The censoring time C' and the survival time 7" are independent.
(C3) The hazard function of T', A(f) is bounded away from 0 and oo, that

is, there exist constants by > 0 and by < 0o such that by < A(¢) < bs.

To prove Lemma 1, we define the inner product < -,- >; as a special

case of < -, >y when A =1 and the corresponding norm ||g||? =< g, g >1.

Proof of Lemma 1. Let g,(¢) be the B-spline function satisfying ||g, —

9ol = O(n™"™). It follows from (P,), we can choose h,, € V,, 7 satisfying
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[halli = O(n= 0924 n="m) and [|hy || = O(n~U79/24n="™). For a € R,

write

H,(a) = l,x(gn + ahy)

I

- /exp{gn(t) + ah,(t)}S,(t) dt + % Z Ai(gn + ahy)(Y;)

1
) < Wi(gn + ahy), gn + ahy >y .

The derivative of H,(«) with respect to « is

H (o) = —/exp{gn(t)+ozh ()} (1)S, (1) dit + - ZAh

I

—a < Wyhy, hy >\ — < Wign, by >
_— / [explgo(t)} + exp{go(t)} {ga(t) — go(t) + ahn()}{1 + o(1)}]

I

1 n
B (D)Sa(t) dt — o < Wk, By >3 = < Wiga, >+ > " Aiha(Y;)
=1

_ —a/hi(tm +o(1)} exp{go ()} S () dt — a < Wik, b

- [/GXP{QO( )P dt——ZM

- /H{gn(t) — go(t)H1 + o(1) } o (t) exp{go(t) }:Sn (t) di— < Wign, hn >

= —Oéll —a12+]3+]4+l5.
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It follows from the condition (C3) that

= ] [0+ o} elan(v}s. ) d
< {1+ o(D)}ballhnl2,

_ Op<n—(1—v)+n—2vm)7

where || - ||z is the Ly norm.

Next, we consider 3. In view of the fact that M;(t) is a martingale, we

have

1 2

E{|II"} = —E {Aihn(Yi)—/exp{go(t)}hn(t)sn(t)dt

n I

_ %E {/th(t) dMi(t)}z

_ % / B2 (t) exp{go(t) } S(t) dt
— O(n~2 4 p2my,

(2—v)

Thereby, we have Iy = Op(n~" 2 + n~"""Y2). On the other hand, from

Hgn - 90”00 = O(n_vm)v we get

L = \ 190 - o} +o0 >}hn<t>exp{go@)}sn(t)dt\
< \ [0 - o} +o01 )}hnu)exp{go(t)}{sn(t)fsm}dt\
] [19:0) = 0 (OH1 + 0} (1) explan(2)} (1) dt\

2—v

Op(n—T—um+n—2um—l/2)+O(n—

5= —vm + n—2v'm).

IN

Lastly, it follows from the property of B-spline that || gﬁlm>(t)|| 2 < bs, for some constant b3



4 M. Hao, Y. Lin AND X. Zhao

depending on ||g{™ (¢)|| .2 and m. Thus, we have

15| |< Wign, hn >

IN

Mgs™ Iz 1l

1—v

= NOp(n~ Z +n ") =o0,(n 7Y 472,
As a result, we can conclude that aH,,(a) < 0. Further, it is not hard to see that

H () = — /H exp (gn (1) + ahn () B2 ()50 () di— < Wb, b >3 <0,

which implies HJ, () is a nonincreasing function. Hence, Gn,» € [gn — @hn, gn + ah,]. Note that

gn.x = golloo < Nlgn.x = gnlloo + llGn — gollo

1—v

< aflbnlle +O0(n™"") = O™ 2 +n7""),
which goes to zero as n — o0o. Recall that any two norms in the finite dimension Space are
equivalent. Then, ||gn,x — gnll1 = O(|gn.x — gnlloo) = O(n_kTv + n~"™). Therefore, we have
[gn.x —golli < lgn.x —gnllr + llgn — gollr

1—v
< O™z +n7"") + lgn — gollr-
By [lgn — gollee = O(n™"™), |9 ()| 12 < bs and go € H™, we have
lgn.x — goll1 < C,

and

J(gn,)\ — go, gn,)\ - gO) < 07

where C only depends on go and m. The proof of Lemma 1 is complete.

Proof of Lemma 2. Following from equation (3.1) and Theorem 2 of Hoeffding (1963), we

have

P([2n(9) = Zn(H)lx 2 ) < 2exp (ﬁ) '
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Together with Lemma 2.2.1 of Van Der Vaart and Wellner (1996), we have

124(5) = Za@Ils]l,,, <8I — glloes

where || - ||y, denotes the orlicz norm associated with 12 (s) = exp(s®) — 1. Applying Theorem

2.2.4 of Van Der Vaart and Wellner (1996), for any € > 0, we have

sup 12n(9) = Zn(H)lIx

£.9€G,|lf—glloc <€

b2
< (/ \/log{l + NG, | [l)} —|—L\/log [1+{N(,G,]|- Hoo)}ﬂ) du
0
~ 5172}”7
where N(¢,G, || - |loo) is the covering number, the minimum number of || - || ¢-balls needed to

cover G. Thus,

p sup  [|Za(g)lla >t | < 2exp(e M%),
960 lgllo <

For brevity, we denote v = 1 — 1/(2m), T,, = {5loglog(n)}*/?, b, = /n, € = by;', and

Qe = [ log(e) —1].
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Note that

bn [l Zn(g)llx )
Psup ——="= >T,
(geg ballgllde + 1

§P< wp Dl Zn(9)la >Tn>

90 lgleo<et/r brllglloe +1 7

QE
3P < wp bl Z(9)l1n n)

DI
= \ged. (1o < gl e <(et+De1/7 nllgllee +1

9€G,llglloo <€/

Q.
bl Zn
3P sup [ 7(g)IIA ST,
= \sea lglloo<fet+Deyr/y ballgllss +1

<P ( sup bal|Zn(9)lIx = Tn)

<2exp { — (/") 72TV ™TE n}
Qe
+2 ZeXp (_ [{e0HD /=2 /my2 (et 1)2/n)
=1
Qf Py
=2exp(—T2) + 2 Z 2exp{—e 2V Tn (! 4 1)}
=1
<2(Qe +2) exp(-T5/4)

=bs log(n){log(n)} /" === 0,
where bs is a constant. We complete the proof of Lemma 2.

Proof of Theorem 1. Denote g = gn,» — go. By Lemma 1, it is clear that g € G. Write

1 1 .
loa(go +9) —lna(go) = Sna(go)g+ §D3n,x(go)gg + 6D23n,x(9 )999

I + I + I, (S0.1)

where g* = go + a1g and a1 € [0,1]. We will next discuss the order of each term in (SO).
From the definition of gn,x, we can get that I, x(go + g) — ln,a(go) > 0.
First, it follows from g € G that there exists a constant ¢ such that exp{|g(¢)|} < & Then,

we have
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613| = | DS x(g%)999]

L3 [otantt + agnis v > nai

IN

llglloo

23 [explant) + g}’ OI0v = s

IN

eligllo

L3 [exwlan0e 0103 = o) a

< ¢llglloo
n

> / exp{go(D)}g*(DI(Yi > t) dt — n / exp{go(t)}g* (1)S(2) dt

gl / exp{go(t)} g2 (1) S(t) dt. (S0.2)

Denote (Y5 g) = [;exp{go(t)}g(t)I(Y > t)K;dt and D(Y;9) = by tentht?9(Y; g). Then, we

have

> [explan(®}a* @10 = )t = [expon(t))a* () (1)

= {bz e WP DD < d(Yisg),g >a — < EY(Yisg), 9 >al (50.3)
i=1
Under condition (C2), we have
1(Y59) = (Y Nla = by 'en W 2[(Yig) = (Y3 f)llx
= e 02| [explan®HF0) — g = s
I A
< by n? [explan(® Kl delf - gl
I
< bylen B Phacinh T2 f — gl
= [If = 9lle-
Together with Lemma 2, the following inequality holds with probability one
S 0(Yisg) — B(Yig)| < Vi {llgllis /™ 41} (5 loglog(n)} /2 (50.4)
i=1 A
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For the first term in equation (BI), it directly follows from (8IIX) and (SI3) that

ellglloo
n

I

> [explan(®}ba* 010 = e = [[expan(t)}a* (1)5(e)

IN

ol 5110172 gl
n

Ziz(m;g) — Ed(Yi; )

A
= O,[{5loglog(n)}"*n~" >~ "]||g]3.

As log{log(n)}/nh* — 0, we have

¢
Aol = o, (V)lgl:

2": / exp{go(t)}g*(DI(Y: = t)dt —n / exp{go ()} (DS (2) dt

For the second term in (BI), we have

clal<| [eplan®la’ 05O = dlol<Vo.0)

IA

~ 2
Ellgllsollgll-

Thus, we have |6I3] = 0,(1)]|g||3. It then follows from the Cauthy-Schwarz inequality that
1] = |80, (90)g] < [|Sn,2(g0)Ixllgllx-

It follows from the proof of Corollary 1, for Sp,(go), we have

1 n
_ /Hexp{go(t)}msn(t) dt+ > AiKy, ~ Wago

=1

[Snalgo)lx = ‘

A

1< _
1> / KidMi(®)|| + [Wagoll = Op((mh) /2 + 2V/2),
i=1"1 A
Regarding I2, we have
2l = DS x(g0)gg

= DS, x(90)g99 — DSA(g0)gg + DSx(g0)9g

= —|lglX + DSn.x(g0)99 — DSx(g0)gg.
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This is because

[DS,2(90)99 — DSx(g0)ggl

%Z {/exp{go VH(Y; > t)g*(t) dt — /]Iexp{go(t)}s’(t)gz(t) dt}

< gl exp{on(®}] < Kuvg > [154(6) = 5(0)) o)
= lgllllglls ( [eplanHIRAl1.(0) — SOl dt)
— 0, (VO {(nh) Y} glla.

Therefore, we have

91341+ 0p(1)} < [0p{(mh) /2 + X/} + 0,{(nh) ™/} lglla,

which leads to ||g||x = Op((nh)~'/% + A™).

Proof of Theorem 2. For brevity, we denote g = gn.x — go, rn = M{(nh)fl/2 + h™},
G =dy'g and d,, = cmrnh /2. Recall ||g|lx = Op((nh)~*? + h™) in Theorem 1. Then, there
exists a constant M such that the event B, = {||g||» < rn} happens with large probability.
Since h = o(1) and log{log(n)}/(nh?) — 0 as n — oo, it is easy to see that d,, = o(1). On the

other hand, when event B, happens, one can get |||l < 1 and
J(§:9) = dn” XA (9,9) < di”AlglIX < d AT < e hAT

It then follows directly that § € F, where F = {g : ||lgllc < 1,J(g,9) < cmhA™'} when the
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event B, happens. Next, by a Taylor expansion, we have

Sn(Gn,2) = Sn(go) = {S(Gn.r) — S(g0)}

_ _% Z/ﬂexp{go(t) gV > 6K dt + %Z/ﬂexp{go(t)}I(Yi > 0K, dt

_ {_ /]I explgo(t) + g(t)}S () Ko dt + /H explgo(t)}S(8) K dt]

23 fesplootHexpla(t) = 110 > 8
+ [explon()explo(t)) ~ USEK. di
= ——Z/exp{go [ - —){1 + op(1 )}} {I(Yi = t) = S(t)} K dt
- -1 Zl /H exp{go(t)}g(OLI(Ys > ) — S(E)} K, dt
Ly [ explan (a1 > 1) = S(}K: dt{1 +0,(1)
.
Observe that

(12721

A

H—Z/exr){go )}g* ({I(Y: 2 t) — S(t)}Ke dt{1 + 0p(1)}
’/HeXp{go(t)}g (0){Sn(t) — S(6)} K¢ di{1 + 0p(1)}

/ﬂ exp{go () HIKl|x dt]1Sn () — S(#) o 1%

A

IN

< Op(n ) (emh ™) gl Remh
= O{(n*h) " HlglRemh 2.
The fact log{log(n)}/(nh?) — 0 implies nh? — co as n — co. Thus,
L = op(Demh™||g|} = 0p(Demh™ /2 {(nh) 712 + 1), (50.5)
We next consider I;. Write

-no= 1Y / exp{go ()} g(OAL(Y: > 8) — S(O)}K, dt

_ % > 6(Yig) — E{6(YVi.g)}.
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where ¢(Y,g) = [;exp{go(t)}g(t)I(Y > t) K, dt. We denote

(Y5 3) = by (emh™/?) 7 d 1 ¢(Y, dng). By a careful evaluation, we can show that
16(Y39) = (V3 HlIx < 1F = Glloe-
Define
1 n
Vi

In light of Lemma S.1 in Shang and Cheng (2013) and the proof of Lemma 2, we have

127 (9)1]x 1/2
su < {5loglog(n =1.
geg h7(2m71)/4mHgH;l/(Qm) +n-1/2 < {5loglog(n)}

lim P

n—oo

Then, we have

S 0%5) — B ))

=1

I11]lx = ba(cmh™/?)dn

A

_ ba(emh™?)d,, _1=1/(2m) 5 —(2m—1)/(4m) 1/2
= 2o S LVmllglis +1} {5loglog(m)}'/*.

In view of the fact that m > 1/2 and ||g|lec < 1, we get

bs(cmh™*/?)dy, 1= 1/(@m)  —(2m—1)/(4m
2lemh o £ g/ nemb/m) 1) 15 log log(n) /2

= Op(h= DI {73 g I 5 loglog(n)} {(nh) T + 1)

6m—1

Op(h™ tm n~Y*{loglog(n)}'/2{(nh)~ "% + B™}). (S0.6)

Hence, combing (BIIH) and (BIIH), we have

Sn(Gn,x) = Sn(g0) = {S(Gn.x) —S(90)}

= Op(h~ T n 2 {loglog(n)}2 {(nh)"% + K™} + h™2 {(nh)~" + h>™}).
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On the other hand, we note that

Sn(Gn,2) — Sn(go) — {S(gn,n) — S(g0)}
= Sua(Gnr) = Sna(g0) = {Sr(Gn,n) — Salgo)}
= Su(Gn,x) — Sna(g0) — {DSA(!]O)Q + /H/HSDQSA(QD +5'sg)g’ ds ds’}

= g Sunlgo) - / / DSy (go + 5's9)g% ds ds' + S x(Gnr).
IJI

For any h € H™, there exists h, € ¥,z such that ||h — hp|lec = O(n™""). Furthermore, by

the definition of Sp A (gn,r), we have Sp A (gn,r)hn = 0. Then, we further write

SnA(Gn.2)h

= SnA(Gn2)(h = hn)

= Sna(Gna) (B —hn) —Sn(go)(h — hn) + Sn(go)(h — hy)

= {— /Hexp{go(t)}g(t){l + op(V)HA) = B (£)}Sn(t) dt— < Wago, h — hn >»

— Aexp{go(t)}{h(t) — hn(t)}Sn(t) dt + % zn: Az(h — hn)(Y;)— < Wixgo, h—hn, >

=L+ L+ Ls.
First, we consider Li. Write

|L1| = ‘/Hexp{go(t)}g(t){l + op(DHA() = hn(t)}Sn(t) di+ < Wago, h — hn >x

<

| [emtanna* 5.0 ar v | [explanHrO - ha0)5. 00t -

x{1+o0p(1)} 4| < Wago,h — hn >x |
< Op(llgllallh = hnlloo) + 0p(An~"™)

= Op(n ™" {(nh) ™% + K"}) + 0p (0",
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Second, we consider L2 and obtain
2
E{|L2|’} = E

[ exptaolOHh(®) = i (15.(6) dt = S0 ARV = (¥}

Q]

= %E U/ﬂexp{go(t)}{h(t) — ha(t)} dMi(t)

A

P a2,
— O(n—l—QUM)7

where by is a constant. which implies |La| = O,(n~Y/27"™). Third, it is not hard to verify that

|L3| = Op(An~""). Combining the asymptotic order of Li, L2 and L3, we have
IS0 A(Gr)lIx = Op(n™ 27 4 B0 ™™ 0™ {(nh) /2 4 h™}).

Lastly, we observe

In particular,

//sD2S>\(go +5'sg)g* ds ds’ < //HD2SA(90 +s/sg)g2H)\ ds ds’.
1J1 1J1

A

HW&@+%WNA=’/WMWH%MMWW®Kﬁ

I A

IN

&emh™ )93

Finally, we get
llg — Sn.a(go)llx = Op(am),
where
Qy, = n71/27vm _’_nf'um((nh)fl/Q + hm) + h71/2((nh)71 + h2”rn)

+h7(6'm71)/(4m)n71/2(1Og10g(n))1/2((nh)71/2 + h'm)

The proof of Theorem 2 is complete.

Proof of Theorem 3. For ease of presentation, we denote R, = gnx — ¢* — Sn(go) and

g* = (id — Wx)go. It follows directly from Theorem 2 that ||Rn|[x = Op(an) = op(n~/?). Tt
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can be checked that ||S,|[x = Op((nh)~?). Hence, R, is asymptotically negligible compared
with S,,. In the following, we derive the asymptotic distribution of (nh)~*2{g.(to) — g* (to)}-

Recall that for any t € [ and g € H™, we have < K, g >x= g(t). Then, we have

N

[(nh)'"? < Kig,gur = 9" = Salgo) >x | < [[Kig[a]| Ralla(nh)"/?

IN

cmh—l/Q(nh)l/Qop(n—l/Z)

= op(1).
Next, we write

_(nh)1/2 < Kty,Snl(go) >x = (nh)l/2[/exp{go(t)}sn(t)Kt(to) dt — %ZAiKyi(to)]

I i=1

1 n
= (nh)l/2 [ /exp{go(t)}sn(t)Kto (t)dt — - Z A Ky, (Yl)]
I i=1
_ (nh)l/2% > / Koy () dM(1)
i=1 71
1 n
=03 [ K ar
Observe that
Var { [t dMi(t)} - / K2, (t) exploo ()} S(0) dt = V (Krg, Kap).
I I
Invoking hV (Kyy, Kio) < h|K||3 < c2, and hV (K, Ki,) — 07, as n — 0o, we have
(nh)!/? < Ky, Sn(g0) >rx— N(0,07,)

as n — co. The proof of Theorem 3 is complete.

Proof of Corollary 1. First, for any ¢,

¢S]

)\ .
Wigo(t) =< Wago, Ki >x=Y 1 +7;\7,hj(t)v(go7hj)~
3=0 7
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By the Cauchy-Schwarz’s inequality,

oo

1 1
M - MJ B2 :
'l

oo )\’Y 2
< W™ sup |15 |0 v/ (g0, 90) {Z y }
= (14 My;)?

Invoking go € H™ and ; =< j2™, Wago(t) = O(h™ /?). Hence,
VnhWago(t) = O(n'*/?h™) = o(1).
It follows directly from Theorem 3 that the results of Corollary 1 hold.
Proof of Theorem 5 (ii). For notational convenience, we denote § = gn., §° = gﬂm
g=¢° 4+ wo — §. By Theorem 4,
lgllx = 118" +wo = gllx < 113° +wo = golla + 113 = gollx = Op(rs),
where r, = (nh) "2 + h™. Applying Taylor expansion,
LRTy» = Laa(wo +§") = Ena(9)
=Sna(@)(wo+3° —9) + /H/HsDSn,A(Q +s5'g)ggds ds’.
It follows from the definition of S, x(§) that Snx(§)(§° + wo — §) = 0. Hence, we write
LRT, » = /H/HSDS,L,,\(Q + ss'g)gg dsds’
= /]1/]18 {DSn,A(f] + ss/g)gg — DS, 2 (g0)99 } dsds’ + /H/HSDSn7A(go)gg dsds’
= [ [#4DSuaa+ 559199 = DS, r(a0)as) ds
+ %{DSn,A(go)gg — DSx(g90)99} + %DSA (90)99
=L+ 1>+ Is.
We first consider I. Denote § = § + ss'g — go for any 0 < s,s” < 1. Then, ||g|[» = Op(r,) and
DS\ (g + 55'9)99 = DSn. (3 + 90)99

- / explgo(t) + 5 }a(D)g(£)Sn(t) di— < Wrg,g >» -
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Thus, we have
|DSn A (G + 55'9)99 — DSn,A(90)99]
- \— Jiexpion( + 40} — explan (01905, () dt\
- \ Jeplan@a0 0+ 00150150 dt]
<l H [etana 05,0 dtH
< J13lleo / exp{go(t)}g(1)|Sn () — S dt + |3 ] / exp{go(t)}g*(H)S(2) dt|
I I
Under condition (C3) and the assumption that nh* — oo as n — oo, we have
131100 / exp{go(t)} g2 (1) Sn(t) — S(t)] dt
=l / exp{go(B)}a(t) < Ku,g >» [Sn(t) — S(1)] dt
< gl el llgIrl1Sn(t) — S(E)lloollg(®)l]oo / exp{go(t)} di
= 0,27 M)lgI2 115
= o931 le-

Moreover, note that

T H [eiaiswso dtH < gl

which gives that |11 = Op(1)||g]lllgl} = Op(h="/?13).

‘We next consider Is. Write

2| L] |DSr.,x(90)99 — DSx(g0)g9]

> / explgo(0)}g* (VAT(Y: > 1) — SW)} dt

—_

I ‘<Z/Hexp{go(t)}g(t)Kt{l(Yi >t) — S(t)}dt7g>

A

We can show along the same lines of Theorem 2 that |I2| = Op(rna;,) and

a, = hf(ﬁmfl)/um)n*lm{log log;(n)}l/z{(nh)*l/2 +h"}
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Lastly, we consider I3. Applying the fact that Is = —||g||3/2 and combining the previous

arguments, we have

2
LRT, = _||92HA + Op(h Y273 + rnal,).

Recall that nh®™ — 0. Hence, nh>™™! — 0 as n — oo. Together with nh* — oo, we have
hY23 4 rpal, = o(n™1). As a result,

—2nLRT,.» = n[|§° + wo — §|| + 0p(1).

Proof of Theorem 5 (iii). In view of —2nLRT,, » = n||g° + wo — §||3 + 0p(1) in part (ii) of
Theorem 5, to show part (iii), it suffices to derive the asymptotic properties of n||§° +wo — §||3.

It is not hard to see that

02 15° + wo — § — SYA(99) + Sna(90)])

1/2

IN

n'?)16° + wo — 82 (g0)IIx + n'/?(|g — Sux(g0)lIx

= 0,(n"?a,) = 0,(1).
Thus, we only need to focus on n1/2{527)\(98) — Sn.a(90)}. Recall that
Sa(90) = — /Hexp{go(t)}Sn(t)Kt* dt + %iamg - Wigo
i=1
—— [entmos.o {x - feOft a

K(to,to)

Then, we have

ShaloB) = Snr(o0) = s [ 3 [ K0 aM) + (Wago) )]

and

VAllS?A(98) = Sna(go)ll = lm [jﬁ > [ Koty amsce) + \/%(Wxgo)(to)} ‘ .
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Applying nh®™ — 0, we get

V(Wago)(to) . Vnh(Wiago)(to)  _
[Keolla = BI2VI2(Kg, Ko )Ix Tt

Combining these gives

1 1< d
_ ] — Ky, (t) dM;(t) + /n(W, t — N(0,¢ty),
K (to, o) {\/EZI/H to (1) dM;(t) + v/n(Wago)( o)} (0, ct)
where
I V(KtovKto)
Ctg = A%W S (0, 1]

As a result, it follows immediately that —2nLRT),, x < o X3 implying ||§° + wo — §l[x =

Op (nfl/Z). Thereby, we prove the first part of Theorem 5. The proof of Theorem 5 is complete.

Proof of Theorem 6. For simplicity, we denote g = go — §n.» and r, = (nh)"Y2+h™. By a

Taylor expansion, we get

PLRT.x» = Inx(90) = lna(Gn,n)
= Sua(Gn2)(g0 — Gnr) + //SDSn,)\(gn,A + ss'g) dsds’
IJ1

I + L.

We first consider I;. Along similar lines of the proof of Theorem 2, we have

| 11] |Snx (Gn,0) 9]

IN

[[Snall7llgllA
_ Op[n—1/2—vm+h2mv—vm+n—vm{(nh)—1/2+hm}“|g“>\

_ Op(rn[nfl/vam+n7vm{(nh)71/2 +hm}])
Similar to the proof of Theorem 5(ii), it can be easily verified that

2
1l = 1A 4 0, (h11203 1),
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where o), = h~(6m=D/U4m) =12 160 10g(n)}*/?r,. Thus,

2
PLRT, » = — HQZH/\ + 0, (218 4+ 1)),

where /) = al, +n"27"™ £ """ {(nh) "2 £ h™}. Under the conditions that m > (3++/5)/4,

1/(4m) < v < 1/(2m), nh*™ 1 = O(1) and nh® — oo, we have
—2nPLRT,, » = nllg|3 + op(h™/?).

On the other hand, under HZ'"*, go is true function. Then, by Theorems 2 and 3, we

have ||gn,x — go — Sn.x(90)]| = Op(an) and n'/2a, = o(1). Combining these gives
n'2llgllx = n'2[1Sn.x(g0)l1x + 0p(1)-
Next, we consider ||Sy,x(go)||x. Through direct calculations,

i/HKt dM;(t)

We first approximate ||Wago||x. To this end, we define my(j) = |V (go, h;)|*v; liz\g and m(j) =
J

AllSu(g0) I3 =" +2< 3 [ Kb, Wagn > +nlWam.
=1

2
A

[V (go, hs)[*yj, 5= 0,1,2,---. Note that |m(j)| is a sequence of functions satisfying |my(5)| <

m(j). Since go € H™,

S Va0 ) = [ m)duti) = I(an. ) < .

where p(-) is the counting measure. Invoking limx—_,o mx(j) = 0,

2
14+ Ay;

S 1Vigo:h) 35— = | mai) duts) 0

as A — 0 by the Lebesgue dominated convergence theorem. That is,

A2y2
Wagol3 = V(go, hy) [ =——L— = o(N).
[WagollX ;I (90, ;)] T, o(A)
Using this fact, we have
E|< Z/Kt dM;(t),Wago >| = E Z/Wxgo(t) dM;(t)
i=1 71 i=1 71

— / exp{go(t)}S(6) {Wa(go (1))} dt

IA

n[[Walgo(8))II3 = o(n).
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Together with nh*™ ! = O(1), it follows that
<30 [ M0, Wago >= 0, {(n0)2} = oy(n'*h™) = o, (h /).
So far, we have shown that
2
+o,(h7H).

nSna(go)|R =n" dMi(1)

In what follows, we derive the limiting distribution of n™'|| 37| [i Ki dM;i(t)||3. A direct

calculation yields that

SRR

dM;(t)

= 1Z//< Ki, Ko > dM;(t) dM,(s) + L.,
nizl 1J1 n

where W, = >, [ [ < K¢, Ks > dM;(t)dM;(s). Denoting Wi; = 2 [, [ < K¢, Ky >
dM;(t) dM;(s), one can write Wy = >, _, ., Wij. So, Wy is clean [Jong (1987)]. Next,

we aim to derive the limiting distribution of W,,. Let ol = Var(Wy). Write

0721 — wE(Wé)

n—lE{//<Kt,K >dM()dM()}2

-1)
n(n ; 1—|—/\’W

More notation is needed here. Define G1, G2 and G4 as follows:

G =Y EW,

i<j
z {E k +E(W]1ng)+E(Wk1WkJ)}

i<j<k

Gs = Z {EWi; Wi Wi; W) + E(Wi; WaWi; W) + E(Wie Wa Wi Wii) }

1<j<k<l

By Proposition 3.2 of Jong (1987), if G1, G2, G3 are all of lower order than o7, o, ' W,, converges

weakly to the standard normal distribution. Now, we study the order of each G;,¢ = 1,2,3.
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First, observe that
E{W;}

= 16E{/H/H< K, K > dM;(t) de(S)}4

6 [ [ [[ ][] ] <Kuko < Koy > Koy Koy > K K>
rJiJiJrJuJiJiJi

E{ dAM; (t1) dM; (s1) dM;(t2) dM; (s2) dM; (ts) dM; (s5) dMi(ts) de(54)}
<161 I [(E( N (14 (s
=0(h™"),
which implies G1 = O(n?h™*). Next, by Cauchy-Schwarz inequity,
E{WEWi} < [B{WS}'P[E{Wi )" = o(h™"),

which gives G2 = O(n®h™*). A straightforward calculation yields that

EW; Wiy Wi: W) = 16 — — =0(h .
(Wi; Wi Wi W) ;(1+Mj)4 (h77)

Therefore, G3 = O(n*h™'). Combining the fact that o5 = (¢2)% = O(n*h™?) and the assump-
tions that nh® — oo and h = o(1), G1,G2, Gs are of lower order than that of oi. Hence, by
Jong (1987),

o'W, -5 N(0,1)
as n — co. Recall that p2 = S°0° % We have

J=0 (1+Xv;

1
V2h~Inpy

Lastly, we consider =37 | [ [ < K;, K. > dM;(t) dM;(s). By a direct calculation,

W, -2 N(0,1). (0.7)

E {/H/H< K, K, > dM;(t) dMi(s)}2 = O(||K¢||3) = O(h™?).

Then,

- 2
E{Z/ﬂ/ﬂ< K, Ky > dM;(t) dM;(s) —hlai}
=1

< nE{ /H/H< Kt,KS > dMl(t) dMZ(S)}Q = O(’nhiQ),
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2 [ee] h P .
where o3 =377 ;- Combining these gives

%Z//< Ki, Ko > dM;(t) dM;(s) = h™ o3 + Op{(n"?h)""}. (S0.8)
i=1 V1V

Combining (S807) and (BIH), we have n|S,al|3 = Op(h™') and therefore n'/?||Sna|lx =

O,(h™Y?). As a result,

—2nPLRT,, M 2|Snallx + 0p(1)}2 + 0p (K™ 1?)

n)|Suall3 + op(h713). (S0.9)

In view of (B4), (SOR) and (BI), we have that as n — oo,

(2h710§/p§)71/2 {—Zn’y)\PLRTn,)\ — n’yAHWAgo(t)Hi — hilai/pi} <, N(0,1).

Proof of Theorem 7. First, it can be ecasily verified that m > (34 v/5)/4, 1/(4m) < v <
1/(2m) and h =< n~? with 1/(2m + 1) < d < 1/3 satisfy those conditions in Theorem 6.
Throughout this proof, we only consider gn, = go + gn for gn € A in H;. To prove Theorem 7,

we write

—2n - PLRTy x = —2n{ln,2(90) — ln,x(9no)} — 20{ln.A(Gno) — ln,2(Gn.n)}

=1L+ Is. (SO.lO)
We first consider I;. For simplicity, we denote

R; = {— /Hexp{go(t)}I(Yi >t)dt+ Aigo(Yi)} —
[— [explon OV = 0dt+ Mgy (V)

. / gn () ML (1) — / / explgno (t) — sgn(t)}g2 (O)1(Yi > ) dt ds.
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Then,

B{R} <2 [ A0S0 explgn, (1)) de
I
2
28 [ [exp(9ma(0) = s9 ()OI = O s
IJ1
= O(llgnll3 + llgnll3)-

Therefore, we can get
E {

Combining these gives

n

> (R — ER;)

i=1

2
} < nE{R}} = (n)lgnll +nllgnl3)-

7 [lnx(90) = Inx(gno) — E{ln.x(90) = Inx(gno) ] = Op(n*?llgnllx + 1| lgnll3).

On the other hand, invoking DSx(g)gngn < 0 for any g € H™, there exists constant ¢ > 0 such

that

E{DS 7 (gno)gngn} < ¢ E{DSy x(gno)gngn}
’ 2
= —C|lgnllx-

Then, we have

B{lnr(00) = 10 (00)) = E{S0r(0)(-:) + 3 DSus )

llgn I

< AJ(Gngs gn) — 5

/ 2
c n
< (I(g090) + T(g0,90)} — LI

cNlgnll?
< AT (gn ) + I (90, 90)""* T (g, 9n)/*} — M

C/ n 2

It then follows that

1/2 1/2

I > nlgalX + Op(nA +n 9113

lgnlix +n

= nl|gnll3 {1+ Op(Allgnllx® + 27 2llgnlls* +n~%)) (S0.11)
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Second, we consider I;. Under alternative hypothesis Hi,, note that ||gn,x — gnoll =

Op{(nh)~*? 4 h™}. Tt then follows by the FBR in Theorem 2 that

Jnf inf Pony (1.0 = gno = Sna(gno)llx < Mra) = 1, (50.12)

where r,, = (nh)" 2 +n™, Py,,, means the probability relies on g»,. Along the lines of Theorem

6, we can show I2 has the same limiting distribution as in Theorem 6, uniformly for any g, € A.

In other words, uniformly over all g, € A,

(20n0) " ? Iz — l|[Wiagn, I3 — B oy 2) = Op(1), (S0.13)

where v, = hilafm’/\/p%o’,\, 0207/\ and pio’,\ are defined the same as % and p3 but with

eigenvalues and eigenvectors obtained under gn,. Next, let V,, and Vi be functions defined

similarly to V' in Section 2. Thus, for any f € H™,

Vol 0) = Vol 1)1 = | [ [ex00n0 () = explan(0)] (07
< exp{gn () Hloo Vo (f, F)llgnlloo
= Vo (S, H)llgnlloe-
It follows from the suppplementary material (page 56) of Shang and Cheng (2013) that
Tagx — 05 = O(h™"|lgnll5). (S0.14)
Combining (80), (SI13) and (S0Id) gives
(2Vn)71/2(—2nr>\PLRTn,>\ — Un)
=(2vn) " {=ra(li + L) — v}
=(2v) ATz — 1| Wagno IR — B ongn) + (20n) " 2ran][Wagn, 13
+ (2vn) V2L 4 (20) TV PR T (02 A — 03)
>0p(1) + (20n) " Zranllgal3{1 + Op(NllgallX* + 07" lgnl T + 07"}

+O(h gnlla),
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where O,(1) holds uniformly in A, v, = h 'o}/p3 and ry is defined in Theorem 6. Let

Mlgnlly® < 1/C, 0™ 2|lgallit < 1/C, Ch7 ignllx < (nh'?)]lgnll3, and [lgnl} = C(nh'/2)~

for some sufficiently small constant C'. In other words,
|(2v0) (=207 PLRT 5 — vn)| > ca,
where ¢, is the critical value (based on N(0,1)) to HZ'**" at nominal level . This leads to

lgnll > C{R*™ + (nh"/?)7'}. (S0.15)

Combining (BI1Z) and (8II13), we complete the proof of Theorem 7.



