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S1 Definition and Regularity Conditions

Let H be the separable Hilbert space of square integrable functions on [0, 1],

and let < φ1, φ2 >≡
∫ 1

0
φ1(t)φ2(t)dt denote the inner product of the functions

φ1, φ2 in H. Then the L2 norm ‖·‖2 is the norm induced by the inner product.

Let α(·) be a function inH. Let γ be the B-spline coefficient such that Br(·)Tγ

converges to α(·), uniformly on [0, 1] when the number of the B-spline inner

knots goes to infinite, and Br(·)Tγ0 converges to α0(·), the true function. Here

Br = (Br1, . . . , Brdγ )T is the rth order B-spline basis vector. Note that for

identifiability, we assumed α0(0) = Br(0)Tγ0 = 1, i.e., γ1 = Br1(0)−1{1 −∑dγ
k=2Brk(0)γk} = 1. So we only have dγ − 1 B-spline coefficients to estimate,

and we denote γ− = (γ2, . . . , γdγ )T. Further, we denote α(X) =
∫ 1

0
X(t)α(t)dt

and α0(X) =
∫ 1

0
X(t)α0(t)dt. We denote the functional sup norm as ‖ · ‖∞,

and the Lp norm as ‖ · ‖p.
In addition, we define Γ(β) to be a second moment based linear operator

such that

Γ(β)φ(t) ≡
∫ 1

0

E{βTX(t)βTX(s)}φ(s)ds

= E{< βTX, φ > βTX(t)}

while its empirical version can be written as

Γn(β)φ(t) ≡ n−1

n∑
i=1

< βTXi, φ > βTXi(t).

Using these definitions, we can write

< Γ(β)Brk, Brl > = E

(∫ 1

0

Brk(t)β
TXi(t)dt

∫ 1

0

Brl(t)β
TXi(t)dt

)
,



< Γn(β)Brk, Brl > = n−1

n∑
i=1

∫ 1

0

Brk(t)β
TXi(t)dt

∫ 1

0

Brl(t)β
TXi(t)dt.

Define C(β) as a dγ × dγ matrix with its (k, l) element < Γ(β)Brk, Brl >, and

Ĉ(β) as a dγ × dγ matrix matrix with its (k, l) element < Γn(β)Brk, Brl >.

The locally efficient score function for β,γ can be written as

Seffβ(Y,Z,β,γ, g∗)

= [g∗(Y,βTZγ)− E{g∗(Y,βTZγ)|βTZγ}]Θβ{Z− E(Z | βTZγ)}γ,

Seffγ(Y,Z,β,γ, g∗)

= [g∗(Y,βTZγ)− E{g∗(Y,βTZγ)|βTZγ}]Θγ{Z− E(Z | βTZγ)}Tβ.

Here g∗(Y,βTZγ) = f ∗
′

2 (Y,βTZγ)/f ∗(Y,βTZγ), f ∗(Y,βTZγ) is the possibly

misspecified conditional density of Y given βTZγ and f ∗
′

2 (Y,βTZγ) is the

derivative of f ∗(Y,βTZγ) with respect to βTZγ. When f is correctly specified,

i.e. when f ∗ = f , we denote the resulting g∗ as g. Θβ = (IJ−1,0) and

Θγ = (0, Idγ−1). Note that when f ∗(Y,βTZγ) = f(Y,βTZγ), the true density

function, the locally efficient score is the efficient score of (2). Throughout the

text, A1 = op(A2) for arbitrary vectors or matrices A1, A2 means that A1 has

smaller order than A2 component wise.

We first list the regularity conditions under which we perform our theoret-

ical analysis.

(A1) The kernel function K(·) is non-negative, has compact support, and

satisfies
∫
K(s)ds = 1,

∫
K(s)sds = 0 and

∫
K(s)s2ds < ∞, and∫

K2(s)ds <∞.

(A2) The bandwidth h in the kernel smoothing satisfies nh2 →∞ and nh8 →
0 when n→∞.

(A3) Assume α0 ∈ {α ∈ Cq([0, 1]), α is one-to-one, and α0(0) = 1}. The

spline order r ≥ q.

(A4) We define the knots t−r+1 ≤ . . . ≤ t0 = 0 and tN+r ≥ . . . ≥ tN+1 = 1.

Let N be the number of interior knots and [0, 1] be divided into N + 1
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subintervals. In this case, dγ = N + r. Let hp be the distance between

the (p+1)th and pth interior knots of the order r B-spline functions and

let hb = max
r≤p≤N+r

hp. There exists a constant Chn , 0 < chb < ∞, such

that

max
r≤p≤N+r

hp = O(N−1) and hb/ min
r≤p≤N+r

hp < chb ,

where N is the number of knots which satisfies N →∞ as n→∞, and

N−1n(logn)−1 →∞ and Nn−1/(2q+1) →∞.

(A5) γ0 is a spline coefficient such that supt∈[0,1] |Br(t)
Tγ0 − α0(t)| = Op(h

q
b).

The existence of such γ0 has been shown in De Boor (1978).

(A6) Xj(·), j = 1, . . . , J are continuous random functions in t ∈ [0, 1]. For each

t, |E{Xj(t)}| < ∞. ‖βTX(·)‖2 is finite almost surely for any bounded

β. E{βTXi(·) | βTZiγ} and its first two derivatives have finite L2 norm

almost surely for any bounded β,γ. The second moment operator Γ(β)

is strictly positive definite.

(A7)

E[{Seffβ(Yi,Zi,β,γ, g
∗)T,Seffγ(Yi,Zi,β,γ, g

∗)T}T]

is a smooth function of (βT,γT)T and has unique root for β,γ.

(A8) f ∗(Y,βTZγ) is a continuous density function and has bounded derivative

with respect to the second argument. f ∗(Y,βTZγ) is bounded away

from 0 and ∞ on its support. This implies g∗(Y,βTZγ) is a continuous

bounded function and g∗(Y,βTZγ) is bounded away from 0 and∞ on its

support. Let fZ(βT
0 Ziγ0) be the density for βT

0 Zγ0. fZ has two bounded

derivatives, and fZ is bounded away from 0 and ∞ on its support.
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S2 Proofs of the propositions in the main text

S2.1 Proof of Proposition 1

Assume the problem is not identifiable. Then there exist {f,β, α(t)} 6=
{f̃ , β̃, α̃(t)} such that

f

{
Y,

J∑
j=1

βj

∫ 1

0

α(t)Xj(t)dt

}
= f̃

{
Y,

J∑
j=1

β̃j

∫ 1

0

α̃(t)Xj(t)dt

}
(S1)

for all Y and all functionsX1(·), . . . , XJ(·). Because (S1) holds for allXj(·), j =

1, . . . , J , it holds when Xj(t) = 0 for j = 1, . . . , J − 1 as well. Note that

βJ = β̃J = 1, we then have

f

{
Y,

∫ 1

0

α(t)XJ(t)dt

}
= f̃

{
Y,

∫ 1

0

α̃(t)XJ(t)dt

}
. (S2)

Let XJ(t) = a(t) + δb(t) and let δ → 0, this yields

f ′2

{
Y,

∫ 1

0

α(t)a(t)dt

}∫ 1

0

α(t)b(t)dt

= lim
δ→0

(
f

[
Y,

∫ 1

0

α(t){a(t) + δb(t)}dt
]
− f

{
Y,

∫ 1

0

α(t)a(t)dt

})
/δ

= lim
δ→0

(
f̃

[
Y,

∫ 1

0

α̃(t){a(t) + δb(t)}dt
]
− f̃

{
Y,

∫ 1

0

α̃(t)a(t)dt

})
/δ

= f̃ ′2

{
Y,

∫ 1

0

α̃(t)a(t)dt

}∫ 1

0

α̃(t)b(t)dt, (S3)

where f ′2(Y, ·), f̃ ′2(Y, ·) denote the partial derivatives of f, f̃ with respect to the

second component. Set b(t) to be the delta function with mass at 0. Because

α(0) = α̃(0) = 1, this yields

f ′2

{
Y,

∫ 1

0

α(t)a(t)dt

}
= f̃ ′2

{
Y,

∫ 1

0

α̃(t)a(t)dt

}
for any a(·), hence subsequently from (S3),∫ 1

0

α(t)b(t)dt =

∫ 1

0

α̃(t)b(t)dt
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for any b(·). Because α(t), α̃(t) are continuous, the latter directly yields α(t) =

α̃(t). From (S2), this further indicates f(Y, ·) = f̃(Y, ·). It is now easy to see

from (S1) that by taking X1(t), . . . , Xj−1(t), Xj+1(t), . . . , XJ(t) to be zero, we

can obtain βj = β̃j for j = 1, . . . , J − 1. This contradicts the assumption

{f,β, α(t)} 6= {f̃ , β̃, α̃(t)}. Hence the model in (1) is indeed identifiable.

S2.2 Proof of Proposition 2

Recall that we can write βTZiγ as
∫ 1

0
Br(t)

TγβTXi(t)dt. Note that

E([Seffβ{Yi,Xi(·);β0, α0(·), g∗}T,Seffγ{Yi,Xi(·);β0, α0(·), g∗}T]T) = 0,

where [Seffβ{Yi,Xi(·);β0, α0(·), g∗}T,Seffγ{Yi,Xi(·);β0, α0(·), g∗}T]T is the vec-

tor which replaces the occurrence of Br(·)Tγ in the vector

[Seffβ(Yi,Zi,β0,γ, g
∗)T,Seffγ(Yi,Zi,β0,γ, g

∗)T]T by α0(·). So the uniform con-

vergence of Br(·)Tγ0 to α0(·) leads to

E{Seffβ(Yi,Zi,β0,γ0, g
∗)T,Seffγ(Yi,Zi,β0,γ0, g

∗)T}T = o(1).

On the other hand, from the estimating equation

n−1

n∑
i=1

{Ŝeffβ(Yi,Zi, β̂, γ̂, g
∗)T, Ŝeffγ(Yi,Zi, β̂, γ̂, g

∗)T}T = 0,

using the consistency of the nonparametric kernel estimation, we have

n−1

n∑
i=1

{Seffβ(Yi,Zi, β̂, γ̂, g
∗)T,Seffγ(Yi,Zi, β̂, γ̂, g

∗)T}T = op(1).

The law of large numbers further leads to

E{Seffβ(Yi,Zi,β,γ, g
∗)T, (S4)

Seffγ(Yi,Zi,β,γ, g
∗)T}T|β=β̂,γ=γ̂ = op(1).

The unique root property in Condition (A7) implies that the derivative of

E[{Seffβ(Yi,Zi,β,γ, g
∗)T, (Yi,Zi,β,γ, g

∗)T}]T
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with respect to (βT,γT)T is a nonsingular matrix in the neighborhood where

the function value is 0. Therefore, the left hand side of both (S4) and (S4) are

invertible functions of (βT,γT)T. This implies β̂ − β0 = op(1) and γ̂ − γ0 =

op(1) by the continuous mapping theorem.

S2.3 Proof of Proposition 3

Denote the nuisance tangent space corresponding to f and the marginal density

of Z as respectively Λf and Λz. Taking derivative of the loglikelihood function

with respect to the nuisance parameters in each parametric submodel and then

taking the closure of their union, we have

Λz = {f(Z) : ∀f such that E(f) = 0}

Λf = {f(Y,βTZγ) : ∀f such that E(f | Z) = E(f | βTZγ) = 0}.

We can easily verify that Λz ⊥ Λf , hence Λ = Λz⊕Λf , where Λ is the nuisance

tangent space.

Thus, Λ⊥ = Λ⊥z ∩ Λ⊥f . It is easy to see that Λ⊥z = {f(Y,Z) : E(f | Z) = 0}.
We now show that Λ⊥f = {f(Y,Z) : E(f | Y,βTZγ) = E(f | βTZγ)}. We

show this in two aspects. First, it is easy to verify that functions having

the above conditional expectation property are elements in Λ⊥f . To show the

second aspect that elements in Λ⊥f have to satisfy the conditional expectation

requirement, consider any f(Y,Z) ∈ Λ⊥f . We choose g = E(f | Y,βTZγ) −
E(f | βTZγ). Obviously, g ∈ Λf hence E(gTf) = 0. We write this relation

alternatively as

0 = E(gTf) = E{gTE(f | Y,βTZγ)}

= E(gTg) + E{gTE(f | βTZγ)}

= E(gTg) + E{E(g | βTZγ)TE(f | βTZγ)}

= E(gTg) + 0.

This implies g itself should be zero. This means f indeed satisfies the condi-

tional expectation requirement.
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We are now ready to prove the form of Λ⊥. For convenience, we denote

set described in the proposition A first and we will establish Λ⊥ = A through

proving Λ⊥ ⊂ A and A ⊂ Λ⊥. To see A ⊂ Λ⊥, we can verify that for

any f(Y,Z) − E(f | Y,βTZγ) ∈ A, we obviously have E{f(Y,Z) − E(f |
Y,βTZγ) | Z} = E(f | Z) − E(f | βTZγ) = 0, thus A ⊂ Λ⊥z . The form of

elements in A also ensures that E{f(Y,Z)−E(f | Y,βTZγ) | Y,βTZγ} = 0 =

E{f(Y,Z) − E(f | Y,βTZγ) | βTZγ}. Thus A ⊂ Λ⊥f . This shows A ⊂ Λ⊥.

We now show Λ⊥ ⊂ A. Assume g(Y,Z) ∈ Λ⊥. Then E(g | Z) = 0 and

E(g | Y,βTZγ) = E(g | βTZγ) = E{E(g | Z) | βTZγ} = 0. This means

we can always write g(Y,Z) as f(Y,Z) − E(f | Y,βTZγ). The additional

requirement of E(g | Z) = 0 further imposes E(f | Z) = E{E(f | Y,βTZγ) |
Z} = E(f | βTZγ). Thus, we indeed have Λ⊥ ⊂ A.

S3 Proofs of the theorems in the main text

S3.1 Proof of Theorem 1

By the consistency shown in Proposition 2, we expand the score function as

0 = n−1/2

n∑
i=1

{
g∗{Yi,βT

0 Ziγ̂(β0)} (S5)

−
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}g∗{Yj,βT
0 Zjγ̂(β0)}∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}

}

Θγ

{
Zi −

∑J
j=1Kh{βT

0 Zjγ̂(β0)− βT
0 Ziγ̂(β0)}Zj∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}

}T

β0

= R + Tn1/2{γ̂−(β0)− γ−0 }, (S6)

where

R = n−1/2

n∑
i=1

{
g∗(Yi,β

T
0 Ziγ0)−

∑J
j=1 Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)g∗(Yj,β
T
0 Zjγ0)∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

}

×Θγ

{
Zi −

∑J
j=1Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)Zj∑J
j=1 Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)

}T

β0,
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T = n−1

n∑
i=1

∂

[{
g∗(Yi,β

T
0 Ziγ)−

∑J
j=1Kh(β

T
0 Zjγ − βT

0 Ziγ)g∗(Yj,β
T
0 Zjγ)∑J

j=1Kh(β
T
0 Zjγ − βT

0 Ziγ)

}

×Θγ

{
Zi −

∑J
j=1Kh(β

T
0 Zjγ − βT

0 Ziγ)Zj∑J
j=1 Kh(β

T
0 Zjγ − βT

0 Ziγ)

}T

β0

]
/∂(βT

0 Ziγ)

∣∣∣∣
γ=γ∗

βT
0 ZiΘ

T
γ ,

and γ∗ is the point on the line connecting γ̂(β0) and γ0.

The Asymptotic Property of R Now R can be written as R = R0 +

R1 + R2 + R3, where

R0 = n−1/2

n∑
i=1

[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
Zi − E(Zi|βT

0 Ziγ0)
}T

β0,

R1 = n−1/2

n∑
i=1

[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×

{
E(Zi|βT

0 Ziγ0)−
∑J

j=1Kh{βT
0 Zjγ0 − βT

0 Ziγ0}Zj∑J
j=1 Kh{βT

0 Zjγ0 − βT
0 Ziγ0}

}T

β0,

R2 = n−1/2

n∑
i=1

[
E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

−
∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)g∗(Yj,β
T
0 Zjγ0)∑J

j=1 Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

]
Θγ

×
{
Zi − E(Zi|βT

0 Ziγ0)
}T

β0,

R3 = n−1/2

n∑
i=1

[
E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

−
∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)g∗(Yj,β
T
0 Zjγ0)∑J

j=1 Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

]
Θγ

×

{
E(Zi|βT

0 Ziγ0)−
∑J

j=1Kh{βT
0 Zjγ0 − βT

0 Ziγ0}Zj∑J
j=1 Kh{βT

0 Zjγ0 − βT
0 Ziγ0}

}T

β0.

Further, we write R1 = R11 + R12, where

R11 = n−1/2

n∑
i=1

[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
E(Zi|βT

0 Ziγ0)
∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ(βT
0 Ziγ0)
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−
∑J

j=1 Kh{βT
0 Zjγ0 − βT

0 Ziγ0}Zj

nfZ(βT
0 Ziγ0)

}T

β0,

R12 = n−1/2

n∑
i=1

[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
E(Zi | βT

0 Ziγ0)
∑J

j=1Kh{βT
0 Zjγ0 − βT

0 Ziγ0}
nfZ(βT

0 Ziγ0)

−
∑J

j=1 Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ(βT
0 Ziγ0)

}T

β0

×

{
nfZ(βT

0 Ziγ0)∑J
j=1 Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)
− 1

}

= R11

{
nfZ(βT

0 Ziγ0)∑J
j=1 Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)
− 1

}
,

where fZ(βT
0 Ziγ0) is the density for βT

0 Zγ0.

We first analyze R11. Using the U statistics property, we write R11 as

R11 = R111 + R112 −R113 + op(R111 + R112 −R113), where

R11

= n−3/2

n∑
i=1

J∑
j=1

[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
E(Zi|βT

0 Ziγ0)Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ{βT
0 Ziγ0)

−Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ{βT
0 Ziγ0)

}T

β0

= R111 + R112 −R113 + op(R111 + R112 −R113),

where

R111 =

{
n−1/2

n∑
i=1

E

([
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
E(Zi|βT

0 Ziγ0)Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ{βT
0 Ziγ0)

−Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ{βT
0 Ziγ0)

}T

β0|Oi

)
,

R112 = n−1/2

J∑
j=1

E

([
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ
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×
{
E(Zi|βT

0 Ziγ0)Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ{βT
0 Ziγ0)

−Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ{βT
0 Ziγ0)

}T

β0|Oj

)
,

R113 = n1/2E

([
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
E(Zi|βT

0 Ziγ0)Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ{βT
0 Ziγ0)

−Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ{βT
0 Ziγ0)

}T

β0

)}
,

where Oi is the random variable corresponding to the ith observation. Now

because the summand for R111, i.e.,

E

([
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
E(Zi|βT

0 Ziγ0)Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ{βT
0 Ziγ0)

−Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ{βT
0 Ziγ0)

}T

β0|Oi

)
=

[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
[
E(Zi | βT

0 Ziγ0)E{Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)|Oi}
fZ(βT

0 Ziγ0)

−E{Kh(β
T
0 Zjγ0)− βT

0 Ziγ0)Zj|Oi}
fZ(βT

0 Ziγ0)

]T

β0

=
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
[
E(Zi | βT

0 Ziγ0)E{Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)|Oi}
fZ(βT

0 Ziγ0)

−E[Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)E(Zj|βT
0 Zjγ0)|Oi]

fZ(βT
0 Ziγ0)

]T

β0

=
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
[
E(Zi | βT

0 Ziγ0)Tβ0

{
1 +

∫
K(s)s2

2fZ(βT
0 Ziγ0)

×∂
2fZ{a(βT

0 Ziγ0, sh)}
∂a(βT

0 Ziγ0, sh)2
dsh2

}
− E(Zi | βT

0 Ziγ0)Tβ0 −
∫

s2K(s)

2fZ(βT
0 Ziγ0)

×∂
2[E{Zi | βT

0 b(β
T
0 Ziγ0, sh)}Tβ0fZ{b(βT

0 Ziγ0, sh)}]
∂b(βT

0 Ziγ0, sh)2
dsh2

]

10



=
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
[
E(Zi | βT

0 Ziγ0)Tβ0

∫
∂2fZ{a(βT

0 Ziγ0, sh)}
∂a(βT

0 Ziγ0, sh)2

s2K(s)

2fZ(βT
0 Ziγ0)

ds

−
∫
∂2[E{Zi | b(βT

0 Ziγ0, sh)}Tβ0fZ{b(βT
0 Ziγ0, sh)}]

∂b(βT
0 Ziγ0, sh)2

s2K(s)

2fZ(βT
0 Ziγ0)

ds

]
h2,

(S7)

where a(βT
0 Ziγ0, sh), b(βT

0 Ziγ0, sh) are points on the line connecting βT
0 Ziγ0

and βT
0 Ziγ0+sh. Note that a(βT

0 Ziγ0, sh), b(βT
0 Ziγ0, sh) depend on the values

of both βT
0 Ziγ0 and sh and will go to βT

0 Ziγ0 when h→ 0. Now note that[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
[
E(Zi | βT

0 Ziγ0)Tβ0

∫
∂2fZ{a(βT

0 Ziγ0, sh)}
∂a(βT

0 Ziγ0, sh)2

s2K(s)

2fZ(βT
0 Ziγ0)

ds

−
∫
∂2[E{Zi | b(βT

0 Ziγ0, sh)}Tβ0fZ{b(βT
0 Ziγ0, sh)}]

∂b(βT
0 Ziγ0, sh)2

s2K(s)

2fZ(βT
0 Ziγ0)

ds

]
can be written as∫ 1

0

C1i(t)ΘγBr(t)dt =

∫ 1

0

C1i(t){Brk(t), k = 2, . . . , dγ}Tdt,

with

C1i(t)

=
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
×
[
E(Xi(t)

Tβ0 | βT
0 Ziγ0)

∫
∂2fZ{a(βT

0 Ziγ0, sh)}
∂a(βT

0 Ziγ0, sh)2

s2K(s)

2fZ(βT
0 Ziγ0)

ds

−
∫
∂2[E{Xi(t)

Tβ0 | b(βT
0 Ziγ0, sh)}fZ{b(βT

0 Ziγ0, sh)}]
∂b(βT

0 Ziγ0, sh)2

s2K(s)

2fZ(βT
0 Ziγ0)

ds

]
.

Obviously E{C1i(t)} = 0 and hence |E{C1i(t)}| <∞. From Conditions (A6)

and (A8), ‖C1i(·)‖2 <∞, a.s., so by Lemma 3, we have

‖R111‖∞ = Op{h2
√
hblog(n)}, (S8)

which also implies

‖R113‖∞ = ‖E(R111)‖∞ = O{h2
√
hblog(n)}. (S9)
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Further, the summand of R112, i.e.,

E

([
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θγ

×
{
E(Zi|βT

0 Ziγ0)Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ{βT
0 Ziγ0)

−Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ{βT
0 Ziγ0)

}T

β0|Oj

)
= E

(
E
([
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
|βT

0 Ziγ0,Oj

)
Θγ

×
{
E(Zi|βT

0 Ziγ0)Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

nfZ{βT
0 Ziγ0)

−Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)Zj

nfZ{βT
0 Ziγ0)

}T

β0

∣∣∣∣Oj

)
= 0.

(S10)

Combining (S8), (S10), (S9), we get

R11 = Op{h2
√
hblog(n)}. (S11)

Further, to treat R12, note that{
nfZ(βT

0 Ziγ0)∑J
j=1Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)
− 1

}

=

{
fZ(βT

0 Ziγ0)− n−1
∑J

j=1 Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

n−1
∑J

j=1 Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

}
= Op{h2 + (nh)−1/2} (S12)

hence

‖R12‖∞ = op{h2
√
hblog(n)}. (S13)

Thus, combining (S11) and (S13), we have

‖R1‖∞ = Op{h2
√
hblog(n)}. (S14)
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Using similar derivation as those led to (S14) while exchange the roles of Z

and g∗, we can obtain

‖R2‖∞ = Op{h2
√
hblog(n)}. (S15)

For R3, we first note that∣∣∣∣
[
E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0} −

∑J
j=1Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)g∗(Yj,β
T
0 Zjγ0)∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

] ∣∣∣∣
= Op(h

2 + n−1/2h−1/2)

by the uniform consistency of the kernel estimator. Further, the summand in

R3 has the form[
E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0} −

∑J
j=1 Kh(β

T
0 Zjγ0 − βT

0 Ziγ0)g∗(Yj,β
T
0 Zjγ0)∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

]
Θγ

×

{
E(Zi|βT

0 Ziγ0)−
∑J

j=1Kh{βT
0 Zjγ0 − βT

0 Ziγ0}Zj∑J
j=1Kh{βT

0 Zjγ0 − βT
0 Ziγ0}

}T

β0

=

∫ 1

0

(h4 + n−1h−1)C2i(t)ΘγBr(t)dt

=

∫ 1

0

(h4 + n−1h−1)C2i(t){Brk(t), k = 2, . . . , dγ}Tdt,

where

C2i(t)

= (h4 + n−1h−1)−1

[
E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

−
∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)g∗(Yj,β
T
0 Zjγ0)∑J

j=1Kh(β
T
0 Zjγ0 − βT

0 Ziγ0)

]

×

{
E{Xi(t)

Tβ0|βT
0 Ziγ0} −

∑J
j=1Kh{βT

0 Zjγ0 − βT
0 Ziγ0}Xj(t)

Tβ0∑J
j=1Kh{βT

0 Zjγ0 − βT
0 Ziγ0}

}
.

Note that E{C2i(t)} 6= 0, |E{C2i(t)}| <∞, ‖C2i(·)‖2 <∞, a.s. by Conditions

(A2), (A6) and the uniform consistency of the kernel estimator. So by Lemma

3, we have

R3 = n−1/2

n∑
i=1

∫ 1

0

(h4 + n−1h−1)C2i{Brk(t), k = 2, . . . , dγ}Tdt

13



= Op{(n1/2h4 + n−1/2h−1)hb}. (S16)

We now assess (S7). We write

R0

= n−1/2

n∑
i=1

[g∗{Yi,βT
0 Ziγ0} − E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}]Θγ

×
{
Zi − E(Zi|βT

0 Ziγ0)
}T

β0

= n−1/2

n∑
i=1

∫ 1

0

C3i(t)ΘγBr(t)dt

= n−1/2

n∑
i=1

∫ 1

0

C3i(t){Brk(t), k = 2, . . . , dγ}Tdt,

where

C3i(t) = [g∗{Yi,βT
0 Ziγ0} − E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}][Xi(t)

Tβ0

−E{Xi(t)
Tβ0|βT

0 Ziγ0}].

We can easily verify that E{C3i(t)} 6= 0, E{C3i(t)} < ∞ and ‖C3i(·)‖2 <

∞, a.s. by Condition (A6). Therefore, by Lemma 3 we know

‖R0‖∞ = Op(n
1/2hb). (S17)

Comparing (S14), (S15), (S16) with (S17), from Condition (A2), it is clear

that R0 dominates R1,R2 and R3. We further analyze R0 by writing

R0 = R00 + R01 + R02 (S18)

where

R00 = n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]Θγ

×
[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0 (S19)

and

R01 = n−1/2

n∑
i=1

(
[g∗{Yi,βT

0 Ziγ0} − E{g∗{Yi,βT
0 Ziγ0}|βT

0 Ziγ0}]

14



−[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]

)
Θγ

×
[
Zi − E{Zi|βT

0 Ziγ0}
]T

β0,

R02 = n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]Θγ

×
([

Zi − E{Zi|βT
0 Ziγ0}

]
−
[
Zi − E{Zi|βT

0 α0(Xi)}
])T

β0.

To analyze R00, we write it as

R00 = n−1/2

n∑
i=1

∫ 1

0

C4i(t)ΘγBr(t)dt

= n−1/2

n∑
i=1

∫ 1

0

C4i(t){Brk(t), k = 2, . . . , dγ}Tdt,

where

C4i(t)

= [g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}][Xi(t)

Tβ0

−E{Xi(t)
Tβ0|βT

0 α0(Xi)}].

We can check that E{C4i(t)} = 0 and ‖C4i(·)‖2 <∞ a.s. by Condition (A6).

Thus, by Lemma 3,

‖R00‖∞ =
√
hblog(n). (S20)

Further

R02 = n−1/2

n∑
i=1

∫ 1

0

hqbC5i(t)ΘγBr(t)dt

= n−1/2

n∑
i=1

∫ 1

0

hqbC5i(t){Brk(t), k = 2, . . . , dγ}Tdt,

where

C5i(t) = h−qb [g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]
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×
(

[Xi(t)
Tβ0 − E{Xi(t)

Tβ0|βT
0 Ziγ0}]− [Xi(t)

Tβ0

−E{Xi(t)
Tβ0|βT

0 α0(Xi)}]
)
.

Now E{C5i(t)} = 0 because

E

{
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

×
([

Xi(t)
Tβ0 − E{Xi(t)

Tβ0|βT
0 Ziγ0}

]
− [Xi(t)

Tβ0

−E{Xi(t)
Tβ0|βT

0 α0(Xi)}]
)}

= E

[
E

{
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]|Xi

}
×
([

Xi(t)
Tβ0 − E{Xi(t)

Tβ0|βT
0 Ziγ0}

]
− [Xi(t)

Tβ0

−E{Xi(t)
Tβ0|βT

0 α0(Xi)}]
)]

= 0.

Further ‖C5i(·)‖2 < ∞, a.s. by Condition (A6). Therefore, by Lemma 3 we

have

‖R02‖∞

= ‖n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]Θγ

×
([

Zi − E{Zi|βT
0 Ziγ0}

]
−
[
Zi − E{Zi|βT

0 α0(Xi)}
])T

β0‖∞

= Op{hqb
√
hblog(n)}.

In addition,

R01 = n−1/2

n∑
i=1

∫ 1

0

hqbC6i(t)ΘγBr(t)dt

= n−1/2

n∑
i=1

∫ 1

0

hqbC6i(t){Brk(t), k = 2, . . . , dγ}Tdt,

where

C6i(t) = h−qb

(
[g∗{Yi,βT

0 Ziγ0} − E{g∗{Yi,βT
0 Ziγ0}|βT

0 Ziγ0}]
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−[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 Ziγ0}|βT
0 α0(Xi)}]

)
×
[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 Ziγ0}
]
,

with E{C6i(t)} 6= 0, |E{C6i(t)}| <∞, ‖C6i(·)‖2 <∞, a.s. by Condition (A6).

Therefore, by Lemma 3 we have

‖R01‖∞ = ‖n−1/2

n∑
i=1

(
[g∗{Yi,βT

0 Ziγ0} − E{g∗{Yi,βT
0 Ziγ0}|βT

0 Ziγ0}]

−[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 Ziγ0}|βT
0 α0(Xi)}]

)
Θγ

×
[
Zi − E{Zi|βT

0 Ziγ0}
]T

β0‖∞

= Op(h
q+1
b n1/2).

Now by the fact that R01 + R02 = Op{hq+1
b n1/2 + hqb

√
hblog(n)} and ‖R00‖ =

Op{
√
hblog(n)} by (S20), we have R01 + R02 = op(R00) by Condition (A4).

Therefore, by (S18) we have R0 = R00 +op(R00), combining with the fact that

R0 dominates R1,R2,R3 and R = R0 + R1 + R2 + R3 in (S5), we have

R = R00 + op(R00), (S21)

i.e.,

n−1/2

n∑
i=1

{
g∗{Yi,βT

0 Ziγ0} −
∑J

j=1Kh{βT
0 Zjγ0 − βT

0 Ziγ0}g∗{Yj,βT
0 Zjγ0}∑J

j=1Kh{βT
0 Zjγ0 − βT

0 Ziγ0}

}

×Θγ

{
Zi −

∑J
j=1Kh{βT

0 Zjγ0 − βT
0 Ziγ0}Zj∑J

j=1Kh{βT
0 Zjγ0 − βT

0 Ziγ0}

}T

β0 = R00 + op(R00),

where R00 is given in (S19).

The Asymptotic Property of T Now consider the term

T =

(
n−1

n∑
i=1

∂

[{
g∗(Yi,β

T
0 Ziγ)

−
∑J

j=1Kh(β
T
0 Zjγ − βT

0 Ziγ)g∗(Yj,β
T
0 Zjγ)∑J

j=1Kh(β
T
0 Zjγ − βT

0 Ziγ)

}
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×Θγ

{
Zi −

∑J
j=1 Kh(β

T
0 Zjγ − βT

0 Ziγ)Zj∑J
j=1Kh(β

T
0 Zjγ − βT

0 Ziγ)

}T

β0

]
/∂(βT

0 Ziγ)

∣∣∣∣
γ=γ∗

βT
0 ZiΘ

T
γ

)
(S22)

in (S5). We decompose T as

T = T0 + T1 + T2,

where

T0 =

{
n−1

n∑
i=1

∂

([
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
Θγ

×
[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

)
/∂{βT

0 α0(Xi)}βT
0 ZiΘ

T
γ

}
,

T1 =

{
n−1

n∑
i=1

∂

([
g∗(Yi,β

T
0 Ziγ)− E{g∗(Yi,βT

0 Ziγ)|βT
0 Ziγ}

]
Θγ

×
[
Zi − E{Zi|βT

0 Ziγ}
]T

β0

)
/∂(βT

0 Ziγ)

∣∣∣∣
γ=γ∗

βT
0 ZiΘ

T
γ

}
−
{
n−1

n∑
i=1

∂

([
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
Θγ

×
[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

)
/∂{βT

0 α0(Xi)}βT
0 ZiΘ

T
γ

}
,

T2 =

(
n−1

n∑
i=1

∂

[{
g∗(Yi,β

T
0 Ziγ)−

∑J
j=1Kh(β

T
0 Zjγ − βT

0 Ziγ)g∗(Yj,β
T
0 Zjγ)∑J

j=1Kh(β
T
0 Zjγ − βT

0 Ziγ)

}

×Θγ

{
Zi −

∑J
j=1Kh(β

T
0 Zjγ − βT

0 Ziγ)Zj∑J
j=1Kh(β

T
0 Zjγ − βT

0 Ziγ)

}T

β0

]
/∂(βT

0 Ziγ)

∣∣∣∣
γ=γ∗

βT
0 ZiΘ

T
γ

)
−
{
n−1

n∑
i=1

∂

([
g∗(Yi,β

T
0 Ziγ)− E{g∗(Yi,βT

0 Ziγ)|βT
0 Ziγ}

]
Θγ

×
[
Zi − E{Zi|βT

0 Ziγ}
]T

β0

)
/∂(βT

0 Ziγ)

∣∣∣∣
γ=γ∗

βT
0 ZiΘ

T
γ

}
.

Now

‖T0‖∞ = max
k=1,...,dγ

dγ∑
l=1

∣∣∣∣n−1

n∑
i=1

[ ∫ 1

0

C̃7i(t){Brk(t)}dt
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×
∫ 1

0

βT
0 Xi(s){Brl(s)−Brl(0)/Br1(0)Br1(s)}ds

]∣∣∣∣
= max

k=1,...,dγ

dγ∑
l=1

∣∣∣∣n−1

n∑
i=1

[ ∫ 1

0

C̃7i(t){Brk(t)}dt

×βT
0 Xi(ξ1){Brl(ξ1)−Brl(0)/Br1(0)Br1(ξ1)}

]∣∣∣∣
= max

k=1,...,dγ

∣∣∣∣n−1

n∑
i=1

[ ∫ 1

0

C̃7i(t){Brk(t)}dt

×βT
0 Xi(ξ1)

]∣∣∣∣ dγ∑
l=1

∣∣∣∣{Brl(ξ1)−Brl(0)/Br1(0)Br1(ξ1)}
∣∣∣∣

= max
k=1,...,dγ

∣∣∣∣n−1

n∑
i=1

∫ 1

0

C̃7i(t){Brk(t)}dt

×βT
0 Xi(ξ1)

∣∣∣∣M
= max

k=1,...,dγ

∣∣∣∣n−1

n∑
i=1

∫ 1

0

anC7i(t){Brk(t)}dt
∣∣∣∣,

where ξ1 is a point in (0, 1), and

M =

dγ∑
l=1

∣∣∣∣{Brl(ξ1)−Brl(0)/Br1(0)Br1(ξ1)}
∣∣∣∣

≤
dγ∑
l=1

Brl(ξ1) +

dγ∑
l=1

Brl(0)/Br1(0)Br1(ξ1)

< ∞,

which holds by (3.4) on page 141 in DeVore and Lorentz (1993), and an is the

sequence such that βT
0 Xi(ξ1) = Oa.s.(an). Note that an does not need to be

bounded. Here

C̃7i(t) = ∂

([
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
×
[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 α0(Xi)}
]T

β0

)
/∂{βT

0 α0(Xi)}

and

C7i(t) = a−1
n ∂

([
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
19



×
[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 α0(Xi)}
]T

β0

)
/∂{βT

0 α0(Xi)}

×MβT
0 Xi(ξ1).

Now E{C7i(t)} 6= 0, |E{C7i(t)}| < ∞, and ‖C7i(·)‖2 < ∞. By Lemma 3, we

have ‖T0‖∞ = Op(hban). Similarly,

‖T1‖∞ = max
k=1,...,dγ

|n−1

n∑
i=1

∫ 1

0

hqbanC8i(t){Brk(t)}dt|

where

C8i(t) = h−qb a−1
n

{
∂

([
g∗(Yi,β

T
0 Ziγ)− E{g∗(Yi,βT

0 Ziγ)|βT
0 Ziγ}

]
×
[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 Ziγ}
])

/∂(βT
0 Ziγ)

∣∣∣∣
γ=γ∗

MβT
0 Xi(ξ1)

−∂
([

g∗(Yi,β
T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
×
[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 α0(Xi)}
])

/∂{βT
0 α0(Xi)}MβT

0 Xi(ξ1)

}
,

with E{C8i(t)} 6= 0, E{C8i(t)} < ∞, and ‖C8i(·)‖2 < ∞. By Lemma 3, we

have ‖T1‖∞ = Op(h
q+1
b an). Next,

‖T2‖∞ = max
k=1,...,dγ

|n−1

n∑
i=1

∫ 1

0

an(h2 + n−1/2h−1/2)C9i(t){Brk(t)}dt|,

where

C9i(t) = a−1
n (h2 + n−1/2h−1/2)−1

(
∂

[{
g∗(Yi,β

T
0 Ziγ)

−
∑J

j=1Kh(β
T
0 Zjγ − βT

0 Ziγ)g∗(Yj,β
T
0 Zjγ)∑J

j=1Kh(β
T
0 Zjγ − βT

0 Ziγ)

}

×

{
Xi(t)

Tβ0 −
∑J

j=1 Kh(β
T
0 Zjγ − βT

0 Ziγ)Xj(t)
Tβ0∑J

j=1Kh(β
T
0 Zjγ − βT

0 Ziγ)

}]
/∂(βT

0 Ziγ)

∣∣∣∣
γ=γ∗

×MβT
0 Xi(ξ1)−

n∑
i=1

∂

([
g∗(Yi,β

T
0 Ziγ)− E{g∗(Yi,βT

0 Ziγ)|βT
0 Ziγ}

]
×
[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 Ziγ}
])

/∂(βT
0 Ziγ)

∣∣∣∣
γ=γ∗

MβT
0 Xi(ξ1)

)
,
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with E{C9i(t)} 6= 0, E{C9i(t)} < ∞, and ‖C9i(·)‖2 < ∞. By Lemma 3, we

have ‖T2‖∞ = Op{hb(h2+n−1/2h−1/2)an}. Combining the orders of T0,T1 and

T2, we see that T0 clearly dominates T1,T2. So we can write T = T0+op(T0).

We further analyze T0. Note that

T0 = T00 + T01 + T02,

where

T00 =

(
n−1

n∑
i=1

∂
[
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
∂βT

0 α0(Xi)
Θγ

×
[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0β
T
0

[
Zi − E{Zi|βT

0 α0(Xi)}
]
ΘT

γ

)
=

(
n−1

n∑
i=1

Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

×
∂
[
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
∂βT

0 α0(Xi)
βT

0[
Zi − E{Zi|βT

0 α0(Xi)}
]
ΘT

γ

)
,

T01 =

{
n−1

n∑
i=1

∂

([
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
/∂{βT

0 α0(Xi)}Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

)
βT

0

×[E{Zi|βT
0 α0(Xi)}]ΘT

γ

}
,

and

T02 =

{
n−1

n∑
i=1

[
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
×∂
(

Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

)
/∂{βT

0 α0(Xi)}βT
0 ZiΘ

T
γ

}
.

Now

‖T00‖∞ = max
k=1,...,dγ

|n−1

n∑
i=1

∫ 1

0

anC10i(t){Brk(t)}dt|,

where

C10i(t) = a−1
n

[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 α0(Xi)}
]
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×
∂
[
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
∂βT

0 α0(Xi)
M

×βT
0 [Xi(ξ1)− E{Xi(ξ1)|βT

0 α0(Xi)}].

Now E{C10i(t)} 6= 0, E{C10i(t)} < ∞ and ‖C10i(·)‖2 < ∞. By Lemma 3, we

have ‖T00‖∞ = Op(hban). Similarly

‖T01 + T02‖∞ = max
k=1,...,dγ

|n−1

n∑
i=1

∫ 1

0

anC11i(t){Brk(t)}dt|,

where

C11i(t) = a−1
n ∂

([
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
/∂{βT

0 α0(Xi)}Θγ

[
Xi(t)

Tβ0 − E{Xi(t)
Tβ0|βT

0 α0(Xi)}
])

×MβT
0 [E{Xi(ξ1)|βT

0 α0(Xi)}] + a−1
n [g∗(Yi,β

T
0 α0(Xi))

−E{g∗(Yi,βT
0 α0(Xi))|βT

0 α0(Xi)}]∂
(

[Xi(t)
Tβ0

−E{Xi(t)
Tβ0|βT

0 α0(Xi)}]
)
/∂{βT

0 α0(Xi)}MβT
0 Xi(ξ1).

Now E{C11i(t)} = 0 and ‖C11i(·)‖2 <∞. By Lemma 3, we have

‖T01 + T02‖∞ = Op{
√
hbn−1log(n)an} = op(T00) (S23)

by Condition (A4). Combining the results that T = T0 + op(T0) and T0 =

T00 + op(T00), we have

T = T00 + op(T00). (S24)

The Asymptotic Property of γ̂(β0) Combining the above results with

(S5), (S21) and (S24), we obtain

n1/2{γ̂−(β0)− γ−0 }

= −T−1R

= −
{

T00 + op(T00)

}−1

{R00 + op(R00)}
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= −E
(

Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

×
∂
[
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
∂βT

0 α0(Xi)

×βT
0

[
Zi − E{Zi|βT

0 α0(Xi)}
]
ΘT

γ

)−1

{R00 + op(R00)}

−
{

T00 + op(T00)

}−1

{R00 + op(R00)}

+E

(
Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

×
∂
[
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
∂βT

0 α0(Xi)

×βT
0

[
Zi − E{Zi|βT

0 α0(Xi)}
]
ΘT

γ

)−1

{R00 + op(R00)}

= −{ΘγCQ(β0)ΘT
γ}−1n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

×
{
Zi − E{Zi|βT

0 α0(Xi)}
}T

β0 + op(R00)

−[ΘγĈQ(β0)ΘT
γ + op{ΘγĈQ(β0)ΘT

γ}]−1

(
n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

{
Zi − E{Zi|βT

0 α0(Xi)}
}T

β0

+op(R00)

)
+ {ΘγCQ(β0)ΘT

γ}−1

(
n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

×Θγ

{
Zi − E{Zi|βT

0 α0(Xi)}
}T

β0 + op(R00)

)
= −

(
{ΘγCQ(β0)ΘT

γ}−1 + op[{ΘγCQ(β0)ΘT
γ}−1]

)
×
(
n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]

Θγ

{
Zi − E{Zi|βT

0 α0(Xi)}
}T

β0 + op(R00)

)
, (S25)
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where ĈQ(β0), CQ(β0) are defined in Corollary 1 for v = β0 and the corre-

sponding

Qi(t)

≡

(
∂
[
g∗(Yi,β

T
0 α0(Xi))− E{g∗(Yi,βT

0 α0(Xi))|βT
0 α0(Xi)}

]
∂βT

0 α0(Xi)

)1/2

×[Xi(t)− E{Xi(t) | βT
0 α0(Xi)}].

The last equality holds because for arbitrary dγ−1-dimensional unit vector u ≡
(u1, . . . , uγ−1)T, we have uTΘγ = {−

∑γ−1
k=1 ukBrk+1(0)/Br1(0), u1, . . . , uγ−1}T.

Now since Brk+1(0) is positive for at most r k’s,
∑γ−1

k=1 ukBrk+1(0)/Br1(0)

is finite, which implies ‖ΘT
γu‖2

2 = 1 − u2
1 + {

∑γ−1
k=1 ukBrk+1(0)/Br1(0)}2 and

‖Θγ‖2 = Op(1). Therefore,

D7‖ΘT
γu‖2hb ≤ uTΘγĈQ(β0)ΘT

γu ≤ D8‖ΘT
γu‖2hb (S26)

for bounded positive constants D7, D8 by Corollary 1, which implies the maxi-

mum and minimum eigenvalue of ΘγĈQ(β0)Θγ is bounded betweenD7‖ΘT
γu‖2hb

andD8‖ΘT
γu‖2hb. Since ΘγĈQ(β0)Θγ is a symmetric matrix, ‖ΘγĈQ(β0)Θγ‖2

is its maximum eigenvalue, which is of orderOp(hb). Now note that ‖{ΘγĈQ(β0)Θγ}−1‖2

is the inverse of the minimum eigenvalue of ΘγĈQ(β0)Θγ . Therefore, ‖{ΘγĈQ(β0)Θγ}−1‖2 =

Op(h
−1
b ). In summary,

‖ΘγĈQ(β0)Θγ‖2 = Op(hb),

‖{ΘγĈQ(β0)Θγ}−1‖2 = Op(h
−1
b ) (S27)

Similar to those arguments that led to (S27), we have

‖ΘγCQ(β0)Θγ‖2 = Op(hb),

‖{ΘγCQ(β0)Θγ}−1‖2 = Op(h
−1
b ). (S28)

Now because as shown in Corollary 1, ‖ĈQ(β0)−CQ(β0)‖2 ≤ op{hbn(hb−1)/2}
and ‖Θγ‖2 = Op(1), we have

‖ΘγĈQ(β0)ΘT
γ + op{ΘγĈQ(β0)ΘT

γ} −ΘγCQ(β0)ΘT
γ‖2
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≤ ‖ΘγĈQ(β0)ΘT
γ −ΘγCQ(β0)ΘT

γ‖2 + op{‖ΘγĈQ(β0)ΘT
γ‖2}

≤ op{hbn(hb−1)/2}+ op(hb).

Therefore,

‖[ΘγĈQ(β0)ΘT
γ + op{ΘγĈQ(β0)ΘT

γ}]−1 − {ΘγCQ(β0)ΘT
γ}−1‖2

= ‖{ΘγCQ(β0)ΘT
γ}−2[ΘγĈQ(β0)ΘT

γ + op{ΘγĈQ(β0)ΘT
γ}

−Θγ CQ(β0)ΘT
γ ]{1 + op(1)}‖2

≤ op{h−2
b hbn

(hb−1)/2}+ op(h
−2
b hb)

= op{h−1
b n(hb−1)/2}+ op(h

−1
b )

= op[{ΘγCQ(β0)ΘT
γ}−1]. (S29)

As a result, (S25) holds and we can write

n1/2{γ̂−(β0)− γ−0 }

= −({ΘγCQ(β0)ΘT
γ}−1 + op[{ΘγCQ(β0)ΘT

γ}−1])

(
n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)}

E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0 + op(R00)

)
= −

({
E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1

+ op[{ΘγCQ(β0)ΘT
γ}−1]

)
×
(
n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]Θγ

×
[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0 + op(R00)

)
= L + op(L),

where recall that we have defined in the statement that

L = −{ΘγCQ(β0)ΘT
γ}−1

(
n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)}
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−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

)
= −

({
E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0 (S30)

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1)(
n−1/2

n∑
i=1

[g∗{Yi,βT
0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0

)
.

Now for arbitrary dγ−1-dimensional vector a with ‖a‖2 <∞ by using the same

argument as those lead to (S23), we have

[aTn1/2{γ̂−(β0)− γ−0 }]2 = aTLLTa + op(a
TLLTa)

= L1 + op(L1),

where

L1 = −‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

2

aT{ΘγCQ(β0)ΘT
γ}−1

‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

×n−1

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ [Zi

−E{Zi|βT
0 α0(Xi)}]Tβ0

)⊗2 {ΘγCQ(β0)ΘT
γ}−1a

‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

= −‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

2

aT{ΘγCQ(β0)ΘT
γ}−1

‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

n−1

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ{Zi

−E{Zi|βT
0 α0(Xi)}}Tβ0

)⊗2 {ΘγCQ(β0)ΘT
γ}−1a

‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

≤ Op(h
−2
b hb)

= Op(h
−1
b ).
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The third line holds by noting that ‖{ΘγCQ(β0)ΘT
γ}−1‖ = Op(h

−1
b ) by (S28)

and

n−1

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

×
{
Zi − E{Zi|βT

0 α0(Xi)}
}T

β0

)⊗2

is in the form of ΘγĈQ(β0)ΘT
γ , where ĈQ(β0) is defined in Corollary 1 with

v = β0 and

Qi(t)

≡ [g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]

×[Xi(t)− E{Xi(t) | βT
0 α0(Xi)}].

Using the arguments as those led to (S26), we have

D10hb ≤
aT{ΘγCQ(β0)ΘT

γ}−1

‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

n−1

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

{
Zi − E{Zi|βT

0 α0(Xi)}
}T

β0

)⊗2

×
{ΘγCQ(β0)ΘT

γ}−1a

‖aT{ΘγCQ(β0)ΘT
γ}−1‖2

≤ D11hb, (S31)

where D10 and D11 are positive constants. Therefore aT{γ̂−(β0) − γ−0 } =

Op(n
−1/2h

−1/2
b ). This proves the result.

S3.2 Proof of Theorem 2

The proof of Theorem 2 is divided into two parts. In Part I, we show that
√
n(β̂−β) convergences to a random quantity which exists under the approx-

imated model. In Part II, we show that this quantity converges to a Gaussian

vector defined on the measurable space under the true model.

Part I

By the consistency shown in Proposition 2, we expand the score function as

0 = n−1/2

n∑
i=1

[
g∗{Yi, β̂

T
Ziγ̂(β̂)}
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−
∑J

j=1Kh{β̂
T
Zjγ̂(β̂)− β̂

T
Ziγ̂(β̂)}g∗{Yj, β̂

T
Zjγ̂(β̂)}∑J

j=1Kh{β̂
T
Zjγ̂(β̂)− β̂

T
Ziγ̂(β̂)}

]
Θβ

×

Zi −
∑J

j=1Kh{β̂
T
Zjγ̂(β̂)− β̂

T
Ziγ̂(β̂)}Zj∑J

j=1Kh{β̂
T
Zjγ̂(β̂)− β̂

T
Ziγ̂(β̂)}

 γ̂(β̂)

= G + Hn1/2(β̂ − β0), (S32)

where

G = n−1/2

n∑
i=1

[
g∗{Yi,βT

0 Ziγ̂(β0)}

−
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}g∗{Yj,βT
0 Zjγ̂(β0)}∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}

]
Θβ

×

[
Zi −

∑J
j=1Kh{βT

0 Zjγ̂(β0)− βT
0 Ziγ̂(β0)}Zj∑J

j=1 Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}

]
γ̂(β0)

and

H = n−1

n∑
i=1

∂

[
g∗{Yi,βTZiγ̂(β)}

−
∑J

j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}g∗{Yj,βTZjγ̂(β)}∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}

]
Θβ

×

[
Zi −

∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}Zj∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}

]
γ̂(β)/∂βT|β=β∗ ,

where β∗ is the point on the line connecting β̂ and β0. In the following, we

study the asymptotic properties for G and H separately.

The Asymptotic Property for G Now we can decompose G as

G = G0 + G1 + G2 + G3,

where

G0 = n−1/2

n∑
i=1

(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)

Θβ

×
[
Zi − E{Zi|βT

0 Ziγ̂(β0)}
]
γ̂(β0),
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G1 = n−1/2

n∑
i=1

(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ

×

[
E{Zi|βT

0 Ziγ̂(β0)} −
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj∑J
j=1Kh{βT

0 Zjγ̂(β0)− βT
0 Ziγ̂(β0)}

]
γ̂(β0),

G2 = n−1/2

n∑
i=1

(
E[g∗{Yi,βT

0 Ziγ̂(β0)}|βT
0 Ziγ̂(β0)]

−
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}g∗{Yj,βT
0 Zjγ̂(β0)}∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}

)
Θβ

×
[
Zi − E{Zi|βT

0 Ziγ̂(β0)}
]
γ̂(β0),

G3 = n−1/2

n∑
i=1

(
E[g∗{Yi,βT

0 Ziγ̂(β0)}|βT
0 Ziγ̂(β0)]

−
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}g∗{Yj,βT
0 Zjγ̂(β0)}∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}

)
Θβ

×

[
E{Zi|βT

0 Ziγ̂(β0)} −
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj∑J
j=1Kh{βT

0 Zjγ̂(β0)− βT
0 Ziγ̂(β0)}

]
γ̂(β0).

We can further write G1 = G11 + G12, where

G11 = n−1/2

n∑
i=1

(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ

×
{
E{Zi|βT

0 Ziγ̂(β0)}
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}
nfZ{βT

0 Ziγ̂(β0)}

−
∑J

j=1 Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj

nfZ{βT
0 Ziγ̂(β0)}

}
γ̂(β0),

G12 = n−1/2

n∑
i=1

(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)

Θβ

×
{
E{Zi | βT

0 Ziγ̂(β0)}
∑J

j=1Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}
nfZ{βT

0 Ziγ̂(β0)}

−
∑J

j=1 Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj

nfZ{βT
0 Ziγ̂(β0)}

}
×

{
nfZ{βT

0 Ziγ̂(β0)}∑J
j=1 Kh{βT

0 Zjγ̂(β0)− βT
0 Ziγ̂(β0)}

− 1

}
γ̂(β0)

= G11

{
nfZ{βT

0 Ziγ̂(β0)}∑J
j=1Kh{βT

0 Zjγ̂(β0)− βT
0 Ziγ̂(β0)}

− 1

}
.
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Note that G11,G12 are of finite dimension, so the sup norm and the L2 norm

are equivalent. Using the U-statistics techniques similar to those led to (S11)

and (S13), we get

G11 = n−3/2

n∑
i=1

J∑
j=1

(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ

×
{
E{Zi|βT

0 Ziγ̂(β0)}Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}
nfZ{βT

0 Ziγ̂(β0)}

−Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj

nfZ{βT
0 Ziγ̂(β0)}

}
γ̂(β0)

= G111 + G112 −G113 + op(G111 + G112 −G113),

where

G111 = n−1/2

n∑
i=1

E

[ (
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ

×
{
E{Zi|βT

0 Ziγ̂(β0)}Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}
nfZ{βT

0 Ziγ̂(β0)}

−Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj

nfZ{βT
0 Ziγ̂(β0)}

}
γ̂(β0)|Oi

]
,

G112 = n−1/2

J∑
j=1

E

[ (
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)

Θβ

×
{
E{Zi|βT

0 Ziγ̂(β0)}Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}
nfZ{βT

0 Ziγ̂(β0)}

−Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj

nfZ{βT
0 Ziγ̂(β0)}

}
γ̂(β0)|Oj

]
,

G113 = n1/2E

[ (
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ

×
{
E{Zi|βT

0 Ziγ̂(β0)}Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}
nfZ{βT

0 Ziγ̂(β0)}

−Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj

nfZ{βT
0 Ziγ̂(β0)}

}
γ̂(β0)

]
.

Similar to R111, using the same derivation in (S7), we can write the summand

of G111 as

E

[ (
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ
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×
{
E{Zi|βT

0 Ziγ̂(β0)}Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}
nfZ{βT

0 Ziγ̂(β0)}

−Kh{βT
0 Zjγ̂(β0)− βT

0 Ziγ̂(β0)}Zj

nfZ{βT
0 Ziγ̂(β0)}

}
γ̂(β0)|Oi

]
=

(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ

×
(
E{Zi | βT

0 Ziγ̂(β0)}γ̂(β0)

∫
∂2fZ[c{βT

0 Ziγ̂(β0), sh}]
∂c{βT

0 Ziγ̂(β0), sh}2

s2K(s)

2fZ{βT
0 Ziγ̂(β0)}

ds

−
∫
∂2[E{Zi | d{βT

0 Ziγ̂(β0), sh}}γ̂(β0)fZ{d{βT
0 Ziγ̂(β0), sh}}]

∂d{βT
0 Ziγ̂(β0), sh}2

× s2K(s)

2fZ{βT
0 Ziγ̂(β0)}

ds

)
h2,

which is a mean 0 finite dimensional vector. Here c{βT
0 Ziγ̂(β0), sh} and

d{βT
0 Ziγ̂(β0), sh} are points on the line connecting βT

0 Ziγ̂(β0) and βT
0 Ziγ̂(β0)+

sh. Therefore, we have ‖h−2G111‖ = Op(1), and in turn G111 and G113 have

the order of Op(h
2). Further, similar to R112, we have G112 = 0. As a result,

G11 = G111 + G112 −G113 + op(G111 + G112 −G113) = Op(h
2). Now similar

to (S12), since{
nfZ{βT

0 Ziγ̂(β0)}∑J
j=1Kh{βT

0 Zjγ̂(β0)− βT
0 Ziγ̂(β0)}

− 1

}
= Op{h2 + (nh)−1/2},

we obtain G12 = op(G11). Thus, we have

‖G1‖2 = ‖G11 + G12‖2 = Op(h
2). (S33)

Using similar derivation as those led to (S33) while exchanging the roles of Z

and g∗, we obtain ‖G2‖2 = Op(h
2). Using the same reasoning as those led to

(S16), and noting that G3 is a finite dimensional vector, we have that the order

of G3 is the same as n1/2 times the square of the order for kernel estimation

errors, i.e., ‖G3‖2 = Op(n
1/2h4 + n−1/2h−1) = op(1) under Condition (A2).

Now we can further write G0 = G00 + G01 + G02, where

G00 = n−1/2

n∑
i=1

(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
)
Θβ

×
[
α0(Xi)− E{α0(Xi)|βT

0 α0(Xi)}
]
,
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G01 = n−1/2

n∑
i=1

(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)
Θβ

×
[
Zi − E{Zi|βT

0 Ziγ̂(β0)}
]
γ̂(β0)− n−1/2

n∑
i=1

[g∗(Yi,β
T
0 Ziγ0)

−E{g∗(Yi,βT
0 Ziγ0)|βT

0 Ziγ0}]Θβ

{
Zi − E(Zi|βT

0 Ziγ0)
}
γ0,

G02 = n−1/2

n∑
i=1

[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θβ{Zi

−E(Zi|βT
0 Ziγ0)}γ0 − n−1/2

n∑
i=1

(g∗{Yi,βT
0 α0(Xi)}

−E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)])Θβ

[
α0(Xi)− E{α0(Xi)|βT

0 α0(Xi)}
]

= n−1/2

n∑
i=1

(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
)
Θβ

×
∂
[
α(Xi)− E{α(Xi)|βT

0 α(Xi)}
]

∂α(Xi)
|α=α∗(Xi,Zi)}{Ziγ0 −α0(Xi)},

where α∗(Xi,Zi) is the point on the line connecting α0(Xi) and Ziγ0. Clearly

we have E(G02) = 0. Further from ‖Br(·)Tγ0 − α0(·)‖∞ = Op(h
q
b), we have

‖Ziγ0 −α0(Xi)‖2

= ‖
∫ 1

0

Br(t)
Tγ0Xi(t)dt−

∫ 1

0

α0(t)Xi(t)dt‖2

≤
{∫ 1

0

|Br(t)
Tγ0 − α0(t)|2dt

}1/2

‖Xi(·)‖2

= Op(h
q
b),

so ‖h−qb G02‖2 = Op(1). Therefore, ‖G02‖2 = Op(h
q
b).

Next

G01

=

(
n−1

n∑
i=1

∂
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
Θβ

{
Zi − E(Zi|βT

0 Ziγ0)
}
γ0

∂γ−T
0

n1/2{γ̂−(β0)− γ−0 }
)
{1 + op(1)}

= GT
011n

1/2{γ̂−(β0)− γ−0 }{1 + op(1)},
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where

GT
011

= n−1

n∑
i=1

∂
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
∂βT

0 Ziγ0

Θβ

{
Zi − E(Zi|βT

0 Ziγ0)
}
γ0

×βT
0 {Zi − E(Zi|βT

0 Ziγ0)}ΘT
γ .

The last equality holds by using the same arguments as those lead to (S23)

Now

GT
011 = n−1

n∑
i=1

∫ 1

0

C12i(t)B
T
r (t)ΘT

γdt

is a (J − 1)× (dγ − 1) matrix where

C12i(t) =
∂
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
∂βT

0 Ziγ0

Θβ

{
Zi − E(Zi|βT

0 Ziγ0)
}
γ0

×[βT
0 Xi(t)− E{βT

0 Xi(t)|βT
0 Ziγ0}].

Because J is finite, ‖G011‖∞ and ‖G011l‖∞ have the same order as their ele-

ments did, where G011l is the lth column of G011. The (k, l) element of G011

is

G011kl = n−1

n∑
i=1

∫ 1

0

{Brk(t)}C12lidt,

where C12li is the lth element of C12i. Now E{C12li(t)} 6= 0, |E{C12li(t)}| <∞,

‖C12li(·)‖2 < ∞, a.s. by Condition (A6). Therefore, by Lemma 3 we have

|G011kl| = Op(hb), and thus G011l and G011 satisfy

‖G011l‖∞ = Op(hb), ‖G011‖∞ = Op(hb). (S34)

Since ‖a‖2 ≤ N1/2‖a‖∞ for arbitrary vector a with length N , and ‖b‖2 ≤
N1/2‖b‖∞ for arbitrary matrix b with N rows, we obtain

‖G011l‖2 ≤ N1/2Op(hb) = Op(h
1/2
b ),

‖G011‖2 ≤ N1/2Op(hb) = Op(h
1/2
b ).
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Therefore,

GT
011n

1/2{γ̂−(β0)− γ−0 }

= Op[ max
1≤l≤J

GT
011ln

1/2{γ̂−(β0)− γ−0 }]

= h
1/2
b Op[ max

1≤l≤J
h
−1/2
b GT

011ln
1/2{γ̂−(β0)− γ−0 }]

= Op(1)

by Theorem 1 that |aT{γ̂−(β0)− γ−0 }| = Op(n
−1/2h

−1/2
b ) for arbitrary a with

‖a‖2 <∞.

Further,

GT
011n

1/2{γ̂−(β0)− γ−0 } = GT
013n

1/2{γ̂−(β0)− γ−0 }+ (G011 −G012)Tn1/2{γ̂(β−0 )− γ−0 }

+(G012 −G013)Tn1/2{γ̂−(β0)− γ−0 }

where

GT
012

= E

(
∂
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
∂βT

0 Ziγ0

Θβ

{
Zi − E(Zi|βT

0 Ziγ0)
}
γ0

×βT
0 {Zi − E(Zi|βT

0 Ziγ0)}ΘT
γ

)
and

GT
013 = E

{
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
)

∂{βT
0 α0(Xi)}

Θβ

×
[
α0(Xi)− E{α0(Xi)|βT

0 α0(Xi)}
]
βT

0 [Zi − E{Zi|βT
0 α0(Xi)}]ΘT

γ

}
.

Therefore,

GT
011 −GT

012 = n−1

n∑
i=1

∫ 1

0

C13i(t)B
T
r (t)ΘT

γdt,

where

C13i

=
∂
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
∂βT

0 Ziγ0

Θβ
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×
{
Zi − E(Zi|βT

0 Ziγ0)
}
γ0[βT

0 Xi(t)− E{βT
0 Xi(t)|βT

0 Ziγ0}]

−E
(
∂
[
g∗(Yi,β

T
0 Ziγ0)− E{g∗(Yi,βT

0 Ziγ0)|βT
0 Ziγ0}

]
∂βT

0 Ziγ0

Θβ

×
{
Zi − E(Zi|βT

0 Ziγ0)
}
γ0[βT

0 Xi(t)− E{βT
0 Xi(t)|βT

0 Ziγ0}]
)
,

with its lth element C13l(t) satisfies E{C13li(t)} = 0, |E{C13li(t)}| < ∞,

‖C13li(·)‖2 < ∞, a.s. by Condition (A6). Therefore, using the similar ar-

gument as those led to (S34) and Lemma 3 we have

‖G011 −G012‖∞ = Op{
√
hbn−1log(n)} = op(hb).

Further, ‖G012 −G013‖∞ = Op(h
q
b) by Condition (A5). As a result, we have

‖G012 −G013‖∞ = op(‖G011‖∞) = op(hb) (S35)

and

‖G013‖2 ≤
√
N‖G013‖∞ =

√
NOp(‖G011‖∞) = Op(h

1/2
b ) (S36)

by (S34) and we can write

G01 = GT
013n

1/2{γ̂−(β0)− γ−0 }+ op(1).

Combining with the result that ‖G02‖ = Op(h
q
b) and the fact that G0 =

G00 + G01 + G02, we have

G0 = G00 + GT
013n

1/2{γ̂−(β0)− γ−0 }+ op(1)

= Op(1).

Further, G1 = Op(h
2), G2 = Op(h

2) and G3 = op(1), G = G0 +G1 +G2 +G3,

so we have

G = G00 + GT
013n

1/2{γ̂−(β0)− γ−0 }+ op(1)

= Op(1). (S37)
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The Asymptotic Property for H Note that H is a finite dimensional

vector, and

‖Br(·)γ̂(β0)− α0(·)‖∞

≤ ‖Br(·)γ̂(β0)−Br(·)γ0‖∞

+‖Br(·)γ0 − α0(·)‖∞

= Op(n
−1/2h−1/2 + hqb)

= op(1).

Now by the fact that the kernel estimators are uniformly consistent, we have

H = H0 + H1 + op(1),

where

H0 = E{∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
)

Θβ

×
[
α0(Xi)− E{α0(Xi)|βT

0 α0(Xi)}
]
/∂βT

0 }ΘT
β , (S38)

H1 = n−1

n∑
i=1

[∂{
(
g∗{Yi,βT

0 Ziγ̂(β0)} − E[g∗{Yi,βT
0 Ziγ̂(β0)}|βT

0 Ziγ̂(β0)]
)

Θβ

×
[
Zi − E{Zi|βT

0 Ziγ̂(β0)}
]
γ̂(β0)}/∂γ̂T(β0)]∂γ̂(β)/∂βT|β=β∗

= GT
011∂γ̂

−(β)/∂βT|β=β∗{1 + op(1)}

= GT
013∂γ̂

−(β)/∂βT|β=β∗{1 + op(1)}

= GT
013P{1 + op(1)}

= GT
013P + op(1),

(S39)

where P is defined in (S53). The second equality holds because γ̂(β0) is

consistent to γ0. The third equality holds by (S35). The fourth equality holds

by (S52). The last equality holds because ‖G013‖2 = Op(h
1/2
b ) by (S36), and

‖P‖2 = Op(h
−1/2
b ) by (S54). Combining (S37), (S38), (S39) and (S32), we

have

√
n(β̂ − β0) (S40)

36



= −H−1G

= −{H0 + H1 + op(1)}−1{G00 + GT
013n

1/2{γ̂−(β0)− γ−0 }+ op(1)}

= −{H0 + GT
013P + op(1)}−1{G00 + GT

013L + op(1)}

= Op(1)

where L is defined in Theorem 1.

Part II

Now note that we can write P = (P1, . . . ,PJ−1), where Pl is the lth column

of P, l = 1, . . . , J − 1, which can be written as .

Pl = argminP̃l
E

{(∫ 1

0

Xil(t)α0(t)dt+

[ ∫ 1

0

Br(t)
TΘT

γ P̃lβ
T
0 Xi(t)dt

−E
{∫ 1

0

Br(t)
TΘT

γ P̃lβ
T
0 Xi(t)dt|βT

0 α0(Xi)

}])2

×∂[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]/∂{βT

0 α0(Xi)}
}
.

Hence,

Br(·)TΘT
γPl

= argminBr(·)TΘT
γPl

E

{(∫ 1

0

Xil(t)α0(t)dt+

[ ∫ 1

0

Br(t)
TΘT

γ P̃lβ
T
0 Xi(t)dt

−E
{∫ 1

0

Br(t)
TΘT

γ P̃lβ
T
0 Xi(t)dt|βT

0 α0(Xi)

}])2

×∂[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]/∂{βT

0 α0(Xi)}
}
.

Now let δl ∈ Cq[0, 1], δl(0) = 1 and

δl(·)

= argminδ̃lE

{(∫ 1

0

Xil(t)α0(t)dt+

[ ∫ 1

0

βT
0 δ̃l(t)Xic(t)dt

])2

(S41)

×∆g∗c{Yi,βT
0 α0(Xi)}

}
where recalling that ∆g∗c{Yi,βT

0 α0(Xi)} is defined before Theorem 2, and

Xic(s) = Xi(s)−E{Xi(s)|βT
0 α0(Xi)}. We further define αc0(Xi) = α0(Xi)−
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E{α0(Xi)|βT
0 α0(Xi)}. As the number of spline knots goes to infinity, ‖Br(·)TΘT

γPl−
δl(·)‖∞ = Op(h

q
b). Hence∥∥∥∥GT

013Pl − E
[
∆g∗c{Yi,βT

0 α0(Xi)}Θβαc0(Xi)

∫ 1

0

βT
0 Xic(t)δl(t)dt

] ∥∥∥∥
2

= op(1). (S42)

Further, the Gâteaux derivative of the target function in (S41) at δ̃l = δl in

the direction w∗0(t) satisfies

0 = ∂E

(∫ 1

0

Xil(t)α0(t)dt+

[ ∫ 1

0

βT
0 Xic(t){δl(t) + vTw∗0(t)}dt

])2

×∆g∗c{Yi,βT
0 α0(Xi)}/∂v|v=0

= 2E

[∫ 1

0

Xil(t)α0(t)dt∆g∗c{Yi,βT
0 α0(Xi)}

∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

]
+2

∫ 1

0

δl(t)ΘβE[αc0(Xi)∆g
∗{Yi,βT

0 α0(Xi)}XT
ic(t)]β0dt

= 2E

[∫ 1

0

Xicl(t)α0(t)dt∆g∗c{Yi,βT
0 α0(Xi)}

∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

]
+2

∫ 1

0

δl(t)ΘβE[αc0(Xi)∆g
∗{Yi,βT

0 α0(Xi)}XT
ic(t)]β0dt,

where w∗0(t) is defined in (7), Xicl is the lth element of Xic. The second equality

holds by the definition of w∗0(t) in (7). The last equality holds because

E

[∫ 1

0

E{Xil(t)|βT
0 α0}α0(t)dt∆g∗c{Yi,βT

0 α0(Xi)}
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

]
= 0.

This implies

E

[
Θβαc0(Xi)∆g

∗
c{Yi,βT

0 α0(Xi)}
∫ 1

0

βT
0 Xic(t)δl(t)dt

]
= −E

[∫ 1

0

Xicl(t)α0(t)dt∆g∗c{Yi,βT
0 α0(Xi)}

∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

]
.

This holds for each l = 1, . . . , J − 1. Combine this result with (S42), we have∥∥∥∥GT
013P + E

[
∆g∗c{Yi,βT

0 α0(Xi)}
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dtαc0(Xi)

TΘT
β

] ∥∥∥∥
2
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= op(1).

Next, by (S29) and (S30), where ĈQ(β0) and CQ(β0) in (S29) and (S30)

are defined in (S25), we can write

n−1/2L = L̂{1 + op(1)}, (S43)

where

L̂ = argminL̃n
−1

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

×∆g∗c{Yi,βT
0 α0(Xi)}−1 +

[ ∫ 1

0

Br(t)
TΘT

γ L̃βT
0 Xic(t)dt

])2

∆g∗c{Yi,βT
0 α0(Xi)}.

Further, by above equality we have

Br(·)TΘT
γ L̂

= argminBr(·)TΘT
γ L̃n

−1

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

∆g∗c{Yi,βT
0 α0(Xi)}−1 +

[ ∫ 1

0

Br(t)
TΘT

γ L̃βT
0 Xic(t)dt

])2

∆g∗c{Yi,βT
0 α0(Xi)}.

Let

η̂(·) (S44)

= argminη̃(·)n
−1

n∑
i=1

{(
[g∗{Yi,βT

0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]∆g∗c{Yi,βT
0 α0(Xi)}−1

+

[ ∫ 1

0

η̃(t)βT
0 Xic(t)dt

])2

∆g∗c{Yi,βT
0 α0(Xi)

}
.

As the number of spline knots goes to infinity, ‖Br(·)TΘT
γ L̂(·) − η̂(·)‖∞ =

Op(h
q
b). Combining with (S43) we have∥∥∥∥GT

013L−
∫ 1

0

E

[
Θβαc(Xi) (S45)

∆g∗c{Yi,βT
0 α0(Xi)}βT

0 Xic(t)

]
n1/2η̂(t)dt

∥∥∥∥
∞

= op(1).

39



Now taking the Gâteaux derivative of the target function in (S44) at η̂ in the

direction of w∗0(t), we have

0 = ∂n−1

n∑
i=1

[{
(g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)])

∆g∗c{Yi,βT
0 α0(Xi)}−1 +

∫ 1

0

{η̂(t) + vTw∗0(t)}βT
0 Xic(t)dt

}2

×∆g∗c{Yi,βT
0 α0(Xi)

]
/∂v|v=0

= 2n−1

n∑
i=1

([
(g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)])

×∆g∗c{Yi,βT
0 α0(Xi)}−1 +

∫ 1

0

η̂(t)βT
0 Xic(t)dt

]
×∆g∗c{Yi,βT

0 α0(Xi)}
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

)
= 2n−1

n∑
i=1

{
(g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)])

×
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

}
+ 2

∫ 1

0

η̂(t)E

[
βT

0 Xic(t)dt

×∆g∗c{Yi,βT
0 α0(Xi)}

∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

]
+ op(n

−1/2)

= 2n−1

n∑
i=1

{
(g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)])

×
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

}
+ 2

(∫ 1

0

η̂(t)ΘβE[αc0(Xi)

× ∆g∗{Yi,βT
0 α0(Xi)}XT

ic(t)]β0dt

)
+ op(n

−1/2).

The last equality holds by the definition of w∗0(t). This implies

n−1

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

×
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

)
= −

∫ 1

0

η̂(t)ΘβE[αc0(Xi)∆g
∗{Yi,βT

0 α0(Xi)}XT
ic(t)]β0dt

+op(n
−1/2)
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Combining with (S45), we have∥∥∥∥GT
013L + n−1/2

n∑
i=1

(
[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

×
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

)∥∥∥∥
2

= op(1).

As a result, by (S40) the population asymptotic forms of
√
n(β̂ − β0) can

be written as

√
n(β̂ − β0)

= −{H0 + GT
013P + op(1)}−1{G00 + GT

013L + op(1)}

= −
{

H0 − E
[
∆g∗c{Yi,βT

0 α0(Xi)}
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dtαc0(Xi)

TΘT
β

]
+op(1)

}−1[
G00 − n−1/2

n∑
i=1

{
(g∗{Yi,βT

0 α0(Xi)}

−E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)])

∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

}
+ op(1)

]
= A−1B + op(1),

where

A = −
(
E[∆g∗c{Yi,βT

0 α0(Xi)}{Θβαc0(Xi)}⊗2]

−E
[
∆g∗c{Yi,βT

0 α0(Xi)}
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dtαc0(Xi)

TΘT
β

])
and

B = n−1/2[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]

×
{

Θβαc0(Xi)−
∫ 1

0

βT
0 Xic(t)w

∗
0(t)dt

}
.

If g∗ = g, then E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}] = 0,

E[∆g∗c{Yi,βT
0 α0(Xi)}|βT

0 α(Xi)] = −E[g∗2{Yi,βT
0 α0(Xi)}|βT

0 α(Xi)] and w∗0(t) =

w0(t) as defined in (S48). Hence we have

√
n(β̂ − β) = A−1

0 B0 + op(1)
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where

A0 = E[g2{Yi,βT
0 α0(Xi)}{Θβαc0(Xi)}⊗2]

−E
[
g2{Yi,βT

0 α0(Xi)}
∫ 1

0

βT
0 Xic(t)w0(t)dtαc0(Xi)

TΘT
β

]
and

B0 = n−1/2[g{Yi,βT
0 α0(Xi)}]

{
Θβαc0(Xi)−

∫ 1

0

βT
0 Xic(t)w0(t)dt

}
= Soeff ,

where Soeff is defined in (S47). With simple calculation, we can see that A0 =

var(B0). Hence, when g∗ is correctly specified, β̂ is the efficient estimator.

This proves the result.

S3.3 Proof of Theorem 3

Proof:

sup
t∈[0,1]

|Br(t)
Tγ̂(β̂)− α0(t)|

= sup
t∈[0,1]

|Br(t)
TΘT

γ γ̂
−(β̂)− α0(t)|

≤ sup
t∈[0,1]

|Br(t)
TΘT

γ γ̂
−(β̂)−Br(t)

TΘT
γ γ̂
−(β0)|+ sup

t∈[0,1]

|Br(t)
TΘT

γ γ̂
−(β0)−Br(t)

TΘT
γγ
−
0 |

+ sup
t∈[0,1]

|Br(t)
Tγ0 − α0(t)|

≤ ‖γ̂−(β)/∂βT|β=β∗(β̂ − β0)‖∞ + ‖γ̂(β0)− γ0‖∞ +Op(h
q
b)

= Op(n
−1/2h

−1/2
b + hqb) + ‖γ̂(β0)− γ0‖∞

= Op(n
−1/2h

−1/2
b + hqb)

= Op(n
−1/2h

−1/2
b ). (S46)

The third line holds by Lemma 1 and Condition (A5). The fourth line holds

because

γ̂−(β)/∂βT|β=β∗(β̂ − β0) = P1 + op(P1)
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by Lemma 4, where

P1 = −
({

E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1)
M(β̂ − β0).

where

M = E(Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0α0(Xi)
TΘT

β

×∂[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]/∂{βT

0 α0(Xi)})

is a dγ−1× dβ dimensional matrix. Now note that ‖P1‖∞ ≤ ‖P1‖2 by the fact

that the vector sup norm is less than its L2 norm, we obtain

‖P1‖∞

≤
∥∥∥∥({E(Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1)∥∥∥∥
2

‖M‖2‖(β̂ − β0)‖2

= Op(h
−1
b )Op(h

1/2
b )Op(n

−1/2)

= Op(n
−1/2h

−1/2
b ).

The second to the last equality holds because of (S55) and the root n conver-

gence of β̂. In addition, ‖M‖2 = Op(h
1/2
b ) by (S56).

The fifth equality in (S46) holds because by choosing a to be a unit vector

with 1 at one entry in Theorem 1, we can obtain that each entry of γ̂(β0)−γ0

is of order Op(n
−1/2h

−1/2
b ), and thus ‖γ̂(β0) − γ0‖∞ = Op(n

−1/2h
−1/2
b ). The

last equality in (S46) holds by Condition (A4).
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S4 Necessary propositions and lemmas

Proposition S4.1. The efficient score function of model (2) is Seff = (ST
effβ,S

T
effγ)

T,

where

Seffβ =
f ′2(Y,βTZγ)

f(Y,βTZγ)
(IJ−1,0){Z− E(Z | βTZγ)}γ,

Seffγ =
f ′2(Y,βTZγ)

f(Y,βTZγ)
(0, Idγ−1){Z− E(Z | βTZγ)}Tβ.

Here f ′2 stands for the derivative of f with respect to the second variable.

Proof: We first calculate the score vector S = (ST
β ,S

T
γ )T. Taking derivative of

the log likelihood of one observation with respect to the parameters in β and

γ, we obtain

Sβ =
f ′2(Y,βTZγ)

f(Y,βTZγ)
(IJ−1,0)Zγ,

Sγ =
f ′2(Y,βTZγ)

f(Y,βTZγ)
(0, Idγ−1)ZTβ.

We first show that Seff ∈ Λ⊥. This is verified by noting that

Seff = S− E(S | Y,βTZγ),

and S satisfies E(S | Z) = 0 = E(S | βTZγ). In addition, we also have

E(S | Y,βTZγ) ∈ Λf ⊂ Λ since E{E(S | Y,βTZγ) | βTZγ} = 0.

Proposition S4.2. Under model (1), the efficient score function for β is

Soeff = g{Y,βTα(X)}
{

Θβαc(X)−
∫ 1

0

βTXc(t)w0(t)dt

}
(S47)

where w0(t) is a (J − 1)-dimensional function that satisfies

ΘβE[αc(X)g2{Y,βTα(X)}XT
c (t)]β (S48)

=

∫ 1

0

E[βTXc(s)g
2{Y,βTα(X)}XT

c (t)β]w0(s)ds.

Here we use the subindex o to indicate quantities calculated under the original

model (1).
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Proof: We first make the observation that Λ⊥ is the nuisance tangent space

orthogonal complement of the B-spline approximated model (2). Follow the

same arguments as those lead to Proposition 3, it can be shown that the spaces

corresponding to Λx,Λf for model (1) are

Λox = [f {X(t)} : ∀f such that E(f) = 0] ,

Λof =
[
f
{
Y,βTα(X)

}
: ∀f such that E {f | X(t)} = E

{
f | βTα(X)

}
= 0

]
.

In addition, the nuisance tangent space with respect to α(t) is

Λ̃oα =

[
g
{
Y,βTα(X)

}∫ 1

0

βTX(t)w(t)dt : ∀w(t) ∈ RJ−1

]
.

After projecting Λ̃oα to Λox and Λof to get the residual, we obtain

Λoα ≡ Λ̃oα − Π(Λ̃oα | Λox + Λof )

=

[
g
{
Y,βTα(X)

}∫ 1

0

βTXc(t)w(t)dt : ∀w(t) ∈ RJ−1

]
.

We can easily see that with respect to the model in (1), the nuisance tangent

space is Λ = Λox ⊕ Λof ⊕ Λoα.

We can see that the score function with respect to the parameters in β is

Soβ = g{Y,βTα(X)}Θβα(X)

= g{Y,βTα(X)}
{

Θβαc(X)−
∫ 1

0

βTXc(t)w0(t)dt

}
+g{Y,βTα(X)}

∫ 1

0

βTXc(t)w0(t)dt

+g{Y,βTα(X)}ΘβE{α(X) | βTα(X)},

where the second and third summands of Soβ belong to Λoα and Λof respec-

tively. We can also verify that the first summand of Soβ is simultaneously

orthogonal to Λox,Λof and Λoα, hence the efficient score of model (1) is indeed

as given in (S47).

Lemma 1. There is a constant Dr > 0 such that for each spline
∑dγ

k=1 ckBrk,

and for each 1 ≤ p ≤ ∞

Dr‖c′‖p ≤ ‖
dγ∑
k=1

ckBrk‖p ≤ ‖c′‖p,
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where c′ = {ck{(tk − tk−r)/r}1/p, k = 1, . . . , dγ}T.

Proof: This is a direct consequence of Theorem 5.4.2 on page 145 in DeVore

and Lorentz (1993).

Lemma 2. Let u be a dγ-dimensional vector with ‖u‖2 = 1. There exist

positive constants D1, D2, D3, D4 such that

D1hb ≤ uTC(β)u ≤ D2hb,

D−1
2 h−1

b ≤ uTC(β)−1u ≤ D−1
1 h−1

b ,

and

D3hb ≤ uTĈ(β)u ≤ D4hb,

D−1
4 h−1

b ≤ uTĈ(β)−1u ≤ D−1
3 h−1

b

in probability.

Proof: First note that by the Cauchy-Schwartz inequality, Lemma 1 and Con-

dition (A6), we have

E

[{
uT

∫ 1

0

Br(t)β
TX(t)dt

}2
]

≤ E

∫ 1

0

{
dγ∑
k=1

ukBrk(t)

}2

dt

∫ 1

0

{βTX(t)}2dt


=

∫ 1

0

{
dγ∑
k=1

ukBrk(t)

}2

dtE

{∫ 1

0

{βTX(t)}2dt

}
≤ ‖u′‖2

2O(1)

= O(hb),

where u′ = {uk{(tk − tk−r)/r}1/2, k = 1, . . . , dγ}T, whose L2 norm is of order

O(h
1/2
b ). Thus we have uTC(β)u ≤ D2hb for some positive constant D2 <∞.

As shown in (28) in Cardot et al. (2003), since the eigenvalues of the covari-

ance operator Γ(β) are strictly positive, there is a positive constant D such

that

< Γ(β)φ, φ >≥ D‖φ‖2, for φ ∈ H.
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Note that BT
r u ∈ H, so we have

uTC(β)u =< Γ(β)BT
r u,BT

r u >≥ D‖BT
r u‖2 ≥ D1‖u‖2hb = D1hb

for a positive constant D1 by Lemma 1 and Condition (A4). Therefore, D1hb ≤
uTC(β)u ≤ D2hb. And so D−1

2 h−1
b ≤ uTC−1(β)u ≤ D−1

1 h−1
b . Further, with

Theorem 1.19 in Chatelin (1983), we have

‖Ĉ(β)−C(β)‖2 ≤ sup
1≤l≤dγ

dγ∑
k=1

‖Γn − Γ‖2| < Brk, Brl > |

As shown in Cardot et al. (2003), Lemma 5.3 in Cardot et al. (1999) implies

‖Γn− Γ‖2 = op(n
(hb−1)/2). Further, by the property of B-spline basis, we have

when |k − l| > r, BrkBrl = 0. Therefore, sup1≤l≤dγ
∑dγ

k=1 | < Brk, Brl > | =

O(hb), which implies

‖Ĉ(β)−C(β)‖2 ≤ op(hbn
(hb−1)/2). (S49)

Now because hb < 1, combine with the result that D1hb ≤ uTCu ≤ D2hb, by

the triangular inequality we obtain

uTĈ(β)u = uTC(β)u + uT{Ĉ(β)−C(β)}u

≤ D2hb + ‖u‖2‖{Ĉ(β)−C(β)}u‖2

≤ D2hb + ‖{Ĉ(β)−C(β)}‖2‖u‖2

= D2hb + op(hb)

and

uTĈ(β)u = uTC(β)u + uT{Ĉ(β)−C(β)}u

≥ D1hb − ‖u‖2‖{Ĉ(β)−C(β)}u‖2

≥ D1hb − ‖{Ĉ(β)−C(β)}‖2‖u‖2

= D1hb + op(hb).

Thus, D3hb ≤ uTĈ(β)u ≤ D4hb in probability for some positive constant

D3, D4 < ∞. And so D−1
4 hb ≤ uTĈ(β)−1u ≤ D−1

3 h−1
b in probability. This

proves the result.
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The result in Lemma 2 can be generalized to any vector valued random

function with almost surely bounded L2 norm and positive definite second

moment operator. Therefore, we have the following corollary.

Corollary 1. Let Qi(t) be a dq-dimensional vector valued random function

with bounded L2 norm, and let v be an arbitrary dq-dimensional vector. Let

ΓQ(v) be the second moment operator generated by vTQi(·), i.e., ΓQ(v)φ(t) =

E{< vTQi, φ > vTQi(t)}. Assume ΓQ(v) is strictly positive definite. We

define the matrix CQ(v) to be a dγ × dγ matrix with its (k, l) element

E{
∫ 1

0

Brk(t)v
TQi(t)dt

∫ 1

0

Brl(t)v
TQi(t)dt},

and ĈQ(v) to be a dγ × dγ matrix with its (k, l) element

n−1

n∑
i=1

∫ 1

0

Brk(t)v
TQi(t)dt

∫ 1

0

Brl(t)v
TQi(t)dt.

Let u be a dγ-dimensional vector with ‖u‖2 = 1. Then there are positive

constants D5, D6, D7, D8 such that

D5hb ≤ uTCQ(v)u ≤ D6hb,

D−1
6 h−1

b ≤ uTC−1
Q (v)u ≤ D−1

5 h−1
b ,

and

D7hb ≤ uTĈQ(v)u ≤ D8hb,

D−1
8 h−1

b ≤ uTĈ−1
Q (v)u ≤ D−1

7 h−1
b ,

in probability. And

‖ĈQ(v)−CQ(v)‖2 ≤ op(hbn
(hb−1)/2).

The proof of Corollary 1 follows the same arguments as those in the proof

of Lemma 2 hence is omitted.

48



Lemma 3. Assume Ci(·) is a continuous random function of t ∈ [0, 1]. At

each t, |E{Ci(t)}| <∞. ‖Ci(·)‖2 <∞ a.s.. Then

|n−1

n∑
i=1

∫ 1

0

Brk(t)Ci(t)dt| = Op(hb)

if E{Ci(t)} 6= 0 and

|n−1

n∑
i=1

∫ 1

0

Brk(t)Ci(t)dt| = Op{
√
hbn−1log(n)}

if E{Ci(t)} = 0.

Proof: By the Bernstein’s inequality in Bosq (1998), we have∣∣∣∣1/n n∑
i=1

∫ 1

0

Brk(t)Ci(t)dt− E
{∫ 1

0

Brk(t)Ci(t)dt

} ∣∣∣∣
= Op

[ n∑
i=1

E

{
1/n

∫ 1

0

Brk(t)Ci(t)dt

}2

logn

]1/2


= Op{
√
hbn−1log(n)}.

The last equality holds from Corollary 1, by choosing vTQi(t) = Ci(t) and

setting u with uk = 1 and ul = 0, for l 6= k. Now if E{Ci(t)} 6= 0, then

because Brk is positive in the interval (tk−r, tk), and is 0 otherwise (page 88 in

De Boor (1978))∣∣∣∣E {∫ 1

0

Brk(t)Ci(t)dt

} ∣∣∣∣ =

∣∣∣∣ ∫ 1

0

Brk(t)E{Ci(t)}dt
∣∣∣∣

= |E{Ci(ξ)}
∫ 1

0

Brk(t)dt|

= |E{Ci(ξ)}|
∫ 1

0

Brk(t)dt

≤ D9(tk − tk−r)

= Op(hb). (S50)

where ξ is a point in the interval [0, 1], D9 is a finite constant.The second

equality holds by the assumption that Ci(·) is continuous function in t and
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the mean value theorem. The inequality holds because the support of Brk is

the interval (tk−r, tk) and |E{Ci(t)}| < ∞ for any t ∈ [0, 1]. Therefore, by

Condition (A4) that N−1n(logn)−1 →∞ we have

‖n−1

n∑
i=1

∫ 1

0

Brk(t)Ci(t)dt‖2 = Op(hb)

for E{Ci(t)} 6= 0 and

‖n−1

n∑
i=1

∫ 1

0

Brk(t)Ci(t)dt‖2 =
√
hbn−1log(n)

for E{Ci(t)} = 0. This proves the results.

Lemma 4. Assume β̂ − β0 = op(1). Then

γ̂−(β)/∂βT|β∗

= −
({

E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1){
E(Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

×β0α0(Xi)
T∂[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]
∂{βT

0 α0(Xi))}

}
×{1 + op(1)},

where β∗ is a point on the line connecting β̂,β0. In addition, ‖γ̂−(β)/∂βT|β=β∗‖2 =

Op(h
−1/2
b ).

Proof: γ̂−(β) satisfies

n∑
i=1

Ŝeffγ{Yi,Zi,β, γ̂(β), g∗}

=
n∑
i=1

{
g∗{Yi,βTZiγ̂(β)} −

∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}g∗{Yj,βTZjγ̂(β)}∑J

j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}

Θγ

{
Zi −

∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}Zj∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}T

β
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= 0

for any β. Taking the derivative with respect to β on both sides, we have

n∑
i=1

∂

{
g∗{Yi,βTZiγ̂(β)} −

∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}g∗{Yj,βTZjγ̂(β)}∑J

j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}

Θγ

{
Zi −

∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}Zj∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}T

β/∂βT

+
n∑
i=1

∂

{
g∗{Yi,βTZiγ̂(β)} −

∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}g∗{Yj,βTZjγ̂(β)}∑J

j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}

Θγ

{
Zi −

∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}Zj∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}T

β/∂γ̂(β)T∂γ̂(β)/∂βT = 0.

Therefore,

γ̂−(β)/∂βT|β∗ = UV,

where

U = −
(
n−1

n∑
i=1

∂

{
g∗{Yi,βTZiγ̂(β)}

−
∑J

j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}g∗{Yj,βTZjγ̂(β)}∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}

Θγ

{
Zi −

∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}Zj∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}T

β/∂γ̂−(β)T

∣∣∣∣
β∗

)−1

= −
(
n−1

n∑
i=1

∂

{
g∗(Yi,β

TZiγ)−
∑J

j=1 Kh(β
TZjγ − βTZiγ)g∗(Yj,β

TZjγ)∑J
j=1Kh(β

TZjγ − βTZiγ)

}

Θγ

{
Zi −

∑J
j=1Kh(β

TZjγ − βTZiγ)Zj∑J
j=1 Kh(β

TZjγ − βTZiγ)

}T

β/∂(βTZiγ)

∣∣∣∣
γ=γ̂(β∗)

βT
0 ZiΘ

T
γ

)−1

,

V = n−1

n∑
i=1

∂

{
g∗{Yi,βTZiγ̂(β)}

−
∑J

j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}g∗{Yj,βTZjγ̂(β)}∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}

Θγ

{
Zi −

∑J
j=1Kh{βTZjγ̂(β)− βTZiγ̂(β)}Zj∑J
j=1 Kh{βTZjγ̂(β)− βTZiγ̂(β)}

}T

β/∂βT

∣∣∣∣
β∗
.
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Further, the convergence of β∗ implies supt∈[0,1]{Br(t)
Tγ̂(β∗)−Br(t)

Tγ̂(β0)} =

op(1), and thus supt∈[0,1]{Br(t)
Tγ̂(β∗) − α0(t)} = op(1). Now by the uniform

convergence of the kernel estimator, and the consistency of Br(·)Tγ̂(β∗) and

β∗, U is asymptotic equivalent to −T−1, where T is defined in (S22), and in

turn

U = −T−1
00 + op(T

−1
00 )

= −
({

E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1

+op

[{
E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1])
. (S51)

Also, use the similar argument as those led to (S51), we have

V = n−1

n∑
i=1

∂[g∗{Yi,βT
0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0/∂β
T

+op

(
n−1

n∑
i=1

∂[g∗{Yi,βT
0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0/∂β
T

)
= n−1

n∑
i=1

Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0α0(Xi)
T

×∂[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]/∂{βT

0 α0(Xi)}

+op

(
n−1

n∑
i=1

Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0α0(Xi)
T

×∂[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]/∂{βT

0 α0(Xi)}
)
.
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Therefore, we can write

γ̂−(β)/∂βT|β∗

= −
({

E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1)(
n−1

n∑
i=1

Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0α0(Xi)
T∂[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

/∂{βT
0 α0(Xi)}

)
{1 + op(1)}

= −
({

E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1){
E(Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

×β0α0(Xi)
T∂[g∗{Yi,βT

0 α0(Xi)} − E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]

/∂{βT
0 α0(Xi)})

}
{1 + op(1)}.

Now we can write

∂γ̂−(β)/∂βT|β=β∗ = P + op(P), (S52)

where

P = −
({

E

(
Θγ [Zi − E{Zi|β0α0(Xi}]T β0 (S53)

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1)
M,

where

M = E(Θγ

[
Zi − E{Zi|βT

0 α0(Xi)}
]T

β0α0(Xi)
TΘT

β
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×∂[g∗{Yi,βT
0 α0(Xi)} − E{g∗{Yi,βT

0 α0(Xi)}|βT
0 α0(Xi)}]/∂{βT

0 α0(Xi)})

is a (dγ−1 × J)-dimensional matrix. We further have

‖P‖2

≤
∥∥∥∥({E(Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1)∥∥∥∥
2

‖M‖2

= Op(h
−1
b )Op(h

1/2
b )

= Op(h
−1/2
b ). (S54)

The second to the last equality holds because of the root n convergence of β̂,

and because∥∥∥∥({E(Θγ [Zi − E{Zi|β0α0(Xi}]T β0

×
∂
(
g∗{Yi,βT

0 α0(Xi)} − E[g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)]
]
)

∂βT
0 α0(Xi)

×βT
0 [Zi − E{Zi|βT

0 α0(Xi)}]ΘT
γ

)}−1)∥∥∥∥
2

= Op(h
−1
b ) (S55)

by (S28). In addition,

‖M‖2 ≤
√
N‖M‖∞.

Now since J is of finite dimension, the order of ‖M‖∞ is the same as the order

of each element in M. Further

M = E

[∫ 1

0

{Brk(t), k = 2, . . . , dγ}TC14i(t)dt

]
with

C14i(t) =
[
Xi(t)− E{Xi(t)|βT

0 α0(Xi)}
]T

β0α0(Xi)
T∂[g∗{Yi,βT

0 α0(Xi)}

−E{g∗{Yi,βT
0 α0(Xi)}|βT

0 α0(Xi)}]/∂{βT
0 α0(Xi)}.
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Each (k, l)th element of M, Mkl, can be written as

Mkl = E

[∫ 1

0

{Brk(t)}C14li(t)dt

]
,

where C14li(t) is the lth element of C14i(t). SinceE{C14li(t)} 6= 0, |E{C14li(t)}| <
∞ and ‖C14li(·)‖2 < ∞. By (S50), we have |Mkl| = Op(hb), ‖M‖∞ = Op(hb)

and in turn

‖M‖2 ≤
√
NOp(hb) = Op(h

1/2
b ). (S56)

Hence ‖γ̂−(β)/∂βT|β=β∗‖2 = Op(‖P‖2) = Op(h
−1/2
b ). This proves the result.
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S5 Correlation coefficients between the four

air pollutants CO, NO2, O3 and SO2



CO NO2 O3 SO2

CO 1.00 0.69 −0.32 0.35

NO2 0.69 1.00 −0.15 0.38

O3 −0.32 −0.15 1.00 −0.16

SO2 0.35 0.38 −0.16 1.00


S6 Figures
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Figure S1: Simulation 2: Comparison of estimators of βkα(t) based on (1)

and βk(t) based on the model fY |X(t){Y,X(t)} = f{Y,
∫ 1

0
β(t)TX(t)dt} for

k = 1, . . . , 9.
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Figure S2: Simulation 3: Comparison of estimators of βkα(t) based on (1)

and βk(t) based on the model fY |X(t){Y,X(t)} = f{Y,
∫ 1

0
β(t)TX(t)dt} for

k = 1, . . . , 4.
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Figure S3: The point-wise mean trajectories of four air pollutants.
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Figure S4: The estimated functional coefficient η̂(t) when fitting the func-

tional linear model E(Y ) =
∫ 1

0
η(t)X(t)dt in the air pollution data, where the

response variable Y is the annual CVD death rate, and the functional covariate

X(t) is the daily concentration of the air pollutant CO ( the top left panel),

NO2 (the top right panel), SO2 (the bottom left panel), and O3 (the bottom

right panel). The dashed lines are the pointwise 95% confidence intervals for

η(t).
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