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A. Notations

In the following, let Cκ be the space of κ-times continuously differentiable functions on [0, 1], and

Gn be the spline approximation space of order κ and knot sequence Υn. Let ‖·‖ be the usual vector

or function L2 norm, unless otherwise defined. In the following, we use {σii(t)}pi=1 and
{
σ̂ii(t)

}p
i=1

to denote the true function and an initial estimator that satisfies condition (C2), respectively. For

notation simplicity, we assume wiku = 1 in the following. The proof for the general form of wiu

follows similarly under condition (C1). We denote any positive constants by the same letters c, C

without distinction in each case.

Let M be the model space as a collection of vectors of functions each with p (p− 1) /2 elements,

M =
{
ρ (t) =

(
ρij (t) , 1 ≤ i < j ≤ p

)
, ρij (t) ∈ Cκ

}
,

and let the approximation space be defined similarly as,

Mn =
{
g (t) =

(
gij (t) , 1 ≤ i < j ≤ p

)
, gij (t) ∈ Gn

}
.

1



LAN XUE, XINXIN SHU AND ANNIE QU

For any ρ ∈M, we define the theoretical and empirical norms on M respectively as

‖ρ‖22 = E

 p∑
i=1

(∑
j 6=i

ρij(T )

√
σjj(T )

σii(T )
Yj(T )

)2
 ,

and

‖ρ‖2n =
1

nm

n∑
k=1

m∑
u=1

p∑
i=1

(
p∑
j 6=i

ρij(tku)

√
σjj(tku)

σii(tku)
ykj (tku)

)2

.

B. Technical Lemmas

Lemma 1. Under condition (C3), there exist constants C > c > 0, such that

C
∑

1≤i<j≤p

∥∥ρij(T )
∥∥2
2
≥ ‖ρ‖22 ≥ c

∑
1≤i<j≤p

∥∥ρij(T )
∥∥2
2
,

where ‖ρij(T )‖22 = E (ρij(T ))
2
.

Proof: Let ρi(T ) = (ρij(T ), j 6= i) , and Ỹi (T ) =
(√

σjj(t)
σii(t)

Yj(T ), j 6= i
)
. Then by condition

(C3), there exists a constant c > 0, such that

‖ρ‖22 = E

[
p∑
i=1

(
ρi(T )

)T
ỸT
i (T ) Ỹi (T ) ρi(T )

]
≥ cE

[
p∑
i=1

(
ρi(T )

)T
ρi(T )

]

= cE

[
p∑
i=1

∑
j 6=i

(
ρij(T )

)2]
= 2c

∑
1≤i<j≤p

E
(
ρij(T )

)2
= 2c

∑
1≤i<j≤p

∥∥ρij(T )
∥∥2
2
.

The other side of the inequality follows similarly from condition (C3).

Lemma 2. Under conditions (C3), (C4), (C5) and (C7), there exist constants c, C > 0 such that,

except on an event whose probability goes to zero, as n→∞, one has,

c ‖ρ‖22 ≤ ‖ρ‖
2
n ≤ C ‖ρ‖22 .
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Proof: The proof follows similarly from Lemma A.4 of Xue and Yang (2006).

Lemma 3. Given conditions (C1), (C2), (C5), (C6) and (C8), there exist constants C > c > 0 such

that, except on an event whose probability goes to zero, as n → ∞, for any vector βn of length

p (p− 1) Jn/2, one has,

c

Nn

‖βn‖
2 ≤ 1

nm
βTnX T

n Xnβn ≤
C

Nn

‖βn‖
2 .

Proof: Write βn =
(
βij, 1 ≤ i < j ≤ p

)T
, and βij =

(
βijh , h = 1, . . . Jn

)T
. Let gij =

∑Jn
h=1 β

ij
hBh ∈

Gn, and g = (gij (t) , 1 ≤ i < j ≤ p) ∈ Mn. Then ‖g‖2n = 1
nm
βTnX T

n Xnβn. By Lemmas 1 and 2, one

has that there exist constants C ≥ c > 0, such that

c
∑

1≤i<j≤p

∥∥gij∥∥2
2
≤ 1

nm
βTnX T

n Xnβn ≤ C
∑

1≤i<j≤p

∥∥gij∥∥2
2
,

in which ‖gij‖22 = E
(∑Jn

h=1 β
ij
hBh (T )

)2
. Furthermore, Theorem 5.4.2 of Devore and Lorentz

(1993) entails that there exists a constant c > 0, such that

E

(
Jn∑
h=1

βijhBh (T )

)2

≥ c
Jn∑
h=1

(
βijh
)2
E
(
B2
h (T )

)
≥ c

Nn

Jn∑
h=1

(
βijh
)2
.

Therefore, 1
nm
βTnX T

n Xnβn ≥ c
Nn
‖βn‖

2 for some c > 0. The other side of the inequality follows

similarly from the Cauchy-Schwarz inequality.

Let G(o)
ij =

{
g =

∑Nn+q+1
h=1 βhBh ∈ Gn, βh = 0, for h = νlij1

, . . . , νlij2
+ q
}

, and G(o)
ij ⊂ Gn is

the oracle spline approximation space containing spline functions with zero values on the null region

Eij .

Lemma 4. Under conditions (C5)-(C7), there exists a spline function g(o)ij ∈ G
(o)
ij , such that

sup0<t<1

∣∣∣ρij (t)− g(o)ij (t)
∣∣∣ = O (N−1n ) .
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Proof: The approximation theory in de Boor (2001) entails that there exists a spline function

gij ∈ Gn such that sup0<t<1 |ρij (t)− gij (t)| = O
(
N
−(q+1)
n

)
, where gij =

∑Nn+q+1
h=1 βijhBh for a set

of coefficients
{
βijh
}Nn+q+1

h=1
. Now let g∗ij =

∑
h∈Jij β

ij
hBh. Let Aij = J cij\Eij.Then g∗ij ∈ G

(o)
ij , and

supt∈Eij

∣∣ρij − g∗ij∣∣ = 0, supt∈Jij
∣∣ρij − g∗ij∣∣ = O

(
N
−(q+1)
n

)
, and

sup
t∈Aij

∣∣ρij − g∗ij∣∣ ≤ sup
t∈Aij

∣∣ρij − gij∣∣+ sup
t∈Aij

∣∣gij − g∗ij∣∣
≤ 2 sup

0<t<1

∣∣ρij − gij∣∣+ sup
t∈Aij

∣∣ρij∣∣
= O

(
N−(q+1)
n +N−1n

)
= O

(
N−1n

)
.

Putting these three cases together, one has sup0<t<1

∣∣ρij − g∗ij∣∣ = O (N−1n ) .

Let

L(β,σ, t,y) =
1

2nm

n∑
k=1

p∑
i=1

m∑
u=1

wiku

(
yki (tku)−

p∑
j 6=i

Jn∑
h=1

βijhBh(tku)

√
σjj(tku)

σii(tku)
ykj (tku)

)2

,

and

L
′

hij(β,σ) = ∂L(β,σ, t,y)/∂βijh ,

and

L
′′

hij,h′ i′j′
(β,σ) = ∂2L(β,σ, t,y)/∂βijh ∂β

i
′
j
′

h′
.

Lemma 5. For any σ̂(t) that satisfies condition (C2), one has,

max
h,i,j

∣∣∣L′

hij(β,σ, t,y)− L′

hij(β, σ̂, t,y)
∣∣∣ = Op

√ log(nm)

nmNn

 ,

max
h,i,j,h′ ,i′ ,j′

∣∣∣L′′

hij,h′ i′j′
(β,σ, t,y)− L

′′

hij,h′ i′j′
(β, σ̂, t,y)

∣∣∣ = Op

√ log(nm)

nmNn

 .
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Proof: Note that

L
′

hij(β,σ, t,y)− L′

hij(β, σ̂, t,y)

= − 1

nm

n∑
k=1

m∑
u=1

wikuBh(tku)y
k
j (tku)y

k
i (tku)

(√
σjj(tku)

σii(tku)
−

√
σ̂jj(tku)

σ̂ii(tku)

)

− 1

nm

n∑
k=1

m∑
u=1

wikuBh(tku)y
k
j (tku)×

 p∑
j′ 6=i

Jn∑
h=1

βijhBh(tku)

√σj
′j′ (tku)

σii(tku)

√
σjj(tku)

σii(tku)
−

√
σ̂j

′j′ (tku)

σ̂ii(tku)

√
σ̂jj(tku)

σ̂ii(tku)

 ykj (tku)


− 1

nm

n∑
k=1

m∑
u=1

wjkuBh(tku)y
k
j (tku)y

k
i (tku)

(√
σii(tku)

σjj(tku)
−

√
σ̂ii(tku)

σ̂jj(tku)

)

− 1

nm

n∑
k=1

m∑
u=1

wjkuBh(tku)y
k
i (tku)× p∑

j
′ 6=j

Jn∑
h=1

βijhBh(tku)

√σj
′j′ (tku)

σjj(tku)

√
σii(tku)

σjj(tku)
−

√
σ̂j

′j′ (tku)

σ̂jj(tku)

√
σ̂ii(tku)

σ̂jj(tku)

 yki (tku)

 .
By conditions (C2) and (C3), for any 1 ≤ i 6= j ≤ p, one has,

sup
t

∣∣∣∣∣
√
σjj(t)

σii(t)
−

√
σ̂jj(t)

σ̂ii(t)

∣∣∣∣∣ ≤ c

√
log(nm)Nn

nm
,

sup
1≤j′ 6=i≤p

sup
t

∣∣∣∣∣∣
√
σj

′
j
′
(tku)

σii(tku)

√
σjj(tku)

σii(tku)
−

√
σ̂j

′j′ (tku)

σ̂ii(tku)

√
σ̂jj(tku)

σ̂ii(tku)

∣∣∣∣∣∣ ≤ c

√
log(nm)Nn

nm
.

Furthermore, by conditions (C1), (C4) and bounded property of B-spline basis, one has

maxh,i,j
∣∣ 1
nm

∑n
k=1

∑m
u=1wikuBh(tku)y

k
j (tku)y

k
i (tku)

∣∣ = Op (1/Nn), and

max
h,i,j

∣∣∣∣∣ 1

nm

n∑
k=1

m∑
u=1

wikuBh(tku)y
k
j (tku)

[
p∑
j 6=i

Jn∑
h=1

βijhBh(tku)y
k
j (tku)

]∣∣∣∣∣ = Op (1/Nn) .
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Therefore,

max
h,i,j

∣∣∣L′
(β,σ, t,y)− L′

(β, σ̂, t,y)
∣∣∣ = Op

√ log(nm)

nmNn

 .

The proof of the second order derivative follows similarly.

Lemma 6. Suppose conditions (C1)-(C6) hold. Let Zijk
h (t) = Bh(t)

√
σ̂jj(t)

σ̂ii(t)
ykj (t), and for any 1 ≤

i < j ≤ p, let

c̃ijh ( β) = − 1

nm

n∑
k=1

m∑
u=1

Zijk
h (tku)

yki (tku)−
p∑

j′ 6=i

∑
h∈Jij

βij
′

h Z
ij

′
k

h (tku)

 ,

and cijh ( β) = c̃ijh ( β) + c̃jih ( β) . Then for any ηn that satisfies
(
N
−(q+2)
n + λn/Nn

)
/ηn → 0 and

1
ηn

√
log(nm)
Nnnm

→ 0, one has

P

(
max

1≤i<j≤p,h∈Jc
ij

∣∣∣cijh ( β̂(0)
)∣∣∣ ≥ ηn

)
→ 0.

Proof: By Lemma 5 and conditions on ηn that 1
ηn

√
log(nm)
nmNn

→ 0, it is sufficient to consider c̃ijh ( β)

and cijh ( β) with σ̂(t) replaced by σ(t). By Lemma 4, there exists a constant c > 0 and spline

functions sij ∈ G(o)
ij , such that

max
1≤i<j≤p

sup
0<t<1

∣∣ρij (t)− sij (t)
∣∣ ≤ c

(
N−(q+1)
n + λn

)
. (S0.1)

Let eijh = − 1
nm

∑n
k=1

∑m
u=1 Z

ijk
h (tu)

(
yki (tu)−

∑p

j′ 6=i ρ
ij

′
(tu)

√
σj

′
j
′
(tu)

σii(tu)
yk
j′

(tu)

)
,

δijh =
1

nm

n∑
k=1

m∑
u=1

Zijk
h (tu)

 p∑
j
′ 6=i

[
sij

′

(tu)− ρij
′

(tu)
]√σj

′j′ (tu)

σii(tu)
yk
j′

(tu)

 ,

and εijh (β) = − 1
nm

∑n
k=1

∑m
u=1 Z

ijk
h (tu)

{∑p

j′ 6=i

[
sij

′
(tu)−

∑
h∈Jij β

ij
′

h B
ij

′

h (tu)
]√

σj
′
j
′
(tu)

σii(tu)
yk
j′

(tu)

}
.
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Then one has

c̃ijh ( β) = eijh + δijh + εijh (β) .

Following similar arguments of Lemma 7 in Xue and Qu (2012) and Lemma 5, there exists a c > 0

such that

E

(
max

1≤i<j≤p,h∈Jc
ij

∣∣eijh ∣∣) ≤ c
√

log (Nn) / (Nnnm).

Therefore, by Markov’s inequality, one has

P

(
max

1≤i<j≤p,h∈Jc
ij

∣∣eijh ∣∣ > ηn
2

)
≤ 2c

ηn

√
log (Nn)

Nnnm
→ 0, (S0.2)

as n→∞. On the other hand,

max
1≤i<j≤p,h∈Jc

ij

∣∣δijh ∣∣ ≤ max
1≤i<j≤p,h∈Jc

ij

1

nm

n∑
k=1

m∑
u=1

Zijk
h (tu)

∣∣∣∣∣
p∑
l 6=i

[
sil(tu)− ρil(tu)

]√ σ̂ll(tu)

σ̂ii(tu)
ykl (tu)

∣∣∣∣∣
≤ cN−1n max

1≤i<j≤p,h∈Jc
ij

1

nm

n∑
k=1

m∑
u=1

∣∣∣Zijk
h (tu)

∣∣∣ p∑
l 6=i

√
σ̂ll(tu)

σ̂ii(tu)

∣∣ykl (tu)
∣∣

≤ cN−1n /Nn = op (ηn) . (S0.3)

Finally, by the definition of β̂
(0)

and the fact that sij ∈ G(o)
ij , one has εijh

(
β̂
(0)
)

= op (ηn) , for h ∈ J cij.

Then Lemma 6 follows from (S0.2) and (S0.3).

C. Construction of initial estimators for
{
σii (t)

}p
i=1

.

To prove our asymptotic results, we assume there exist initial estimators of {σii (t)}pi=1 that satisfy

condition (C2). The following shows how such initial estimators can be constructed. For each fixed

i = 1, . . . , p, note that yi (t) =
∑

j 6=i ρ
ij (t)

√
(σjj (t) /σii (t))yj (t) + εi (t), where var(εi (t)) =

1/σii (t) . Let yki = (yki (tk1), . . . , y
k
i (tkm)) and Yi = (y1

i , . . . ,y
n
i )′ be a nm × 1 vector. Let X−i =

7
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(x(1), . . . ,x(i−1),x(i+1), . . . ,x(p)) be a (nm)×{(p−1)Jn}-dimensional matrix, with x(j) =
(
z1(j), . . . , z

n
(j)

)′
,

and zk(j) =
(
B(tk1)y

k
j (tk1), . . . ,B(tkm)ykj (tkm)

)
. Let ei be the residuals from regressing Yi to X−i

with

ei = Yi −X−i

(
X

′

−iX−i

)−1
X

′

−iYi.

Write ei = (ei,ku)
n,m
k=1,u=1 . Then the initial estimates of σii (t) at a fixed time point t can be obtained

by

1/σ̂ii (t) =
n∑
k=1

m∑
u=1

Kh (tku − t) e2i,ku/
n∑
k=1

m∑
u=1

Kh (tku − t) ,

where Kh (x) = K (x/h) /h and K (x) is a kernel function. We assume that the kernel K (x) is

a symmetric probability density function on [−1, 1], Lipschitz continuous and has a finite second

moment. Kernel smoothing is used here for notation simplicity, but any other smoothing method can

also be used here.

Lemma 7. If the bandwidth h satisfies nmh3/ log(nm)→ 0, nmh/ log(nm)→∞, and hNn →∞,

and σii (t) ∈ C2[0, 1] for i = 1, . . . , p, then for any η > 0, there exists a constant c such that

max1≤i≤p supt∈I |σ̂
ii(t)− σii(t)| ≤ c

√
log(nm)Nn

nm
holds with probability approaching to 1, as sample

size n→∞.

Proof: Let 1/σ̃ii (t) =
∑n

k=1

∑m
u=1Kh (tku − t) ε2i (tku) /

∑n
k=1

∑m
u=1Kh (tku − t) be the Nadaraya-

Watson estimator of 1/σii (t) using the true noises {εi (tku)} instead. Then by the uniform conver-

gence result on the Nadaraya-Watson estimator (Thm. 6.5. Fan and Yao 2003), one has

sup
t∈[0,1]

∣∣1/σ̃ii (t)− 1/σii (t)
∣∣ = Op

(√
log (nm)

nmh

)
.
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On the other hand,

sup
t∈[0,1]

∣∣1/σ̂ii (t)− 1/σ̃ii (t)
∣∣

= sup
t∈[0,1]

∣∣∣∣∣
n∑
k=1

m∑
u=1

Kh (tku − t)
[
e2i,ku − ε2i (tku)

]
/

n∑
k=1

m∑
u=1

Kh (tku − t)

∣∣∣∣∣
= sup

t∈[0,1]

∣∣∣∣∣
n∑
k=1

m∑
u=1

Kh (tku − t) [ei,ku − εi (tku)] [ei,ku + εi (tku)] /
n∑
k=1

m∑
u=1

Kh (tku − t)

∣∣∣∣∣
≤ sup

t∈[0,1]

√∑n
k=1

∑m
u=1Kh (tku − t) [ei,ku − εi (tku)]2∑n
k=1

∑m
u=1Kh (tku − t)

√∑n
k=1

∑m
u=1Kh (tku − t) [ei,ku + εi (tku)]

2∑n
k=1

∑m
u=1Kh (tku − t)

= Op

(√
N
−2(q+1)
n +

Nn

nm

)
,

where the last step is by the property of the Nadaraya-Watson estimator and the rate of convergence

of the polynomial spline estimator involved in the definition of ei. Therefore together with condition

C3 and the conditions on h and Nn, one has,

sup
t∈[0,1]

∣∣1/σ̂ii (t)− 1/σii (t)
∣∣ = Op

(√
log(nm)Nn

nm

)
.

D. Proof of Theorem 1

We first consider β̃
∗

that minimizes the objective function which defines the oracle estimator in sec-

tion 4 of the main text, but with the true σii(·) instead of σ̂ii(·). Then one can write β̃
∗

as

β̃
∗

=
(
χTn,0χn,0

)−1
χTn,0Yn.

9
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For any t ∈ [0, 1], let

ρ̃∗ij(t) = BT
ij (t) β̃

∗
ij.

Furthermore, by Lemma 4, there exist spline functions g(o)ij ∈ G
(o)
ij , such that

∥∥∥ρij − g(o)ij ∥∥∥∞ ≤
c
(
N
−(q+1)
n

)
for some constant c that does not depend on n. Let

m̃i (tku) =

p∑
j 6=i

g
(o)
ij (tku)

√
σjj(tku)

σii(tku)
ykj (tku),

and

mi (tku) =

p∑
j 6=i

ρij(tku)

√
σjj(tku)

σii(tku)
ykj (tku), εi (tku) = yki (tku)−mi (tku) .

Let m̃iu=
√

wiu

nm
(m̃i(t1u), . . . , m̃i(tnu))

′, m̃i = (m̃′i1, . . . , m̃
′
im)′, and M̃ = (m̃′1, . . . , m̃

′
p)
′ . One

defines M and E similarly as M̃ , but using mi (tku) and εi (tku), respectively. Then one has,

ρ̃∗ij(t)− ρij(t)

= BT
ij (t)

(
χTnχn

)−1
χTnE + BT

ij (t)
(
χTnχn

)−1
χTn

(
M− M̃

)
+ gij(t)− ρij(t)

= I(t) + II(t) + III(t).

For I(t), the Cauchy-Schwartz inequality gives that

|I(t)| ≤
√
BT
ij (t) (χTnχn)−1Bij (t)

√
ETχn (χTnχn)−1χTnE.

Then condition (C1) and Lemmas 3 entail that there exists a constant c > 0 such that

|I(t)| ≤ cNn

nm

√
BT
ij (t)Bij (t)

√
ETχn,0χ

T
n,0E,

10
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in which
√

ETχn,0χ
T
n,0E =

√∑p
i=1

∑
j 6=i
∑Jn

h=1

(∑n
k=1

∑m
u=1Bh(tku)

√
σjj(tku)
σii(tku)

ykj (tku)εi (tku)
)2

=

Op (
√
nm). On the other hand,

√
BT
ij (t)Bij (t) ≤

√
Nn + q + 1, since B-spline bases are upper

bounded by 1. Thus one has

sup
0<t<1

|I(t)| = Op

(
N

3/2
n√
nm

)
. (S0.4)

Similarly, one can show that

sup
0<t<1

|II(t)| ≤ cNn

nm

√
BT
ij (t)Bij (t)

√(
M− M̃

)T
χnχ

T
n

(
M− M̃

)
= Op

(
N
−(1+2q)/2
n√
nm

)
.

(S0.5)

Lastly,

sup
0<t<1

|III(t)| ≤ sup
0<t<1

|gij(t)− ρij(t)| ≤ c
(
N−1n

)
. (S0.6)

Therefore, sup0<t<1

∣∣ρ̃∗ij(t)− ρij(t)∣∣ = Op

(
N−1n + N

3/2
n√
nm

)
by combining (S0.4), (S0.5) and (S0.6),

and condition (C8). Let β̃ be the spline coefficients for the oracle estimator and ρ̃ij(t) = BT
ij (t) β̃ij.

By Lemma 5 and the convexity of the objective function, the argmax continuous mapping theorem

ensures that

sup
0<t<1

∣∣ρ̃ij(t)− ρij(t)∣∣ = Op

(
N−1n +

N
3/2
n√
nm

)
. (S0.7)

E. Proof of Theorem 2

Let αn = N−1n +
√
Nn/nm. For any g(t) ∈ Mn with ‖g − ρ̃‖2 = cαn, write g = ρ̃ + δn with

‖δn‖2 = cαn for a constant c > 0. Denote the corresponding spline coefficients for g(t), ρ̃ (t) , and

δn (t) as
{
βhij
}
,
{
β̃
h

ij

}
,and

{
uhij
}

respectively. Then one has

PL (g) =
1

2

∥∥∥Yn −Xn (β̃ + u
)∥∥∥2 +

p∑
i<j

Nn+1∑
h=1

λnτ
ij
h ‖γ̃

ij
h + ũijh ‖,

11
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and

PL (g)− PL (ρ̃)

=
1

2

∥∥∥Yn −Xn (β̃ + u
)∥∥∥2 − 1

2

∥∥∥Yn −Xnβ̃∥∥∥2 +

p∑
i<j

Nn+1∑
h=1

λnτ
ij
h

(
‖γ̃ijh + uijh ‖ − ‖γ̃

ij
h ‖
)

= I + II,

in which by similar arguments as in the proof of Theorem 2 in Xue (2009), there exists a con-

stant C > 0, such that 2I =
∥∥∥Yn −Xn (β̃ + u

)∥∥∥2 − ∥∥∥Yn −Xnβ̃∥∥∥2 ≥ Cα2
n. For the second

term, if ‖γ̃ijh ‖ 6= 0, then τ ijh ≈ 1/‖γ̃ijh ‖, and ‖γ̃ijh + uijh ‖ − ‖γ̃
ij
h ‖ ≈

(
uijh
)T
γ̃ijh /2‖γ̃

ij
h ‖.Therefore,

λnτ
ij
h

(
‖γ̃ijh + uijh ‖ − ‖γ̃

ij
h ‖
)
≈ λn

(
uijh
)T
γ̃ijh /

(
2‖γ̃ijh ‖2

)
≤ λn‖ũijh ‖/

(
2‖γ̃ijh ‖

)
= op (α2

n/Nn) , by

Condition C8. If ‖γ̃ijh ‖ = 0, then λnτ
ij
h

(
‖γ̃ijh + uijh ‖ − ‖γ̃

ij
h ‖
)

= λnτ
ij
h ‖u

ij
h ‖ ≥ 0. Thus II =

op (α2
n) . Therefore, when n is sufficiently large, for any ε > 0, there exists a sufficiently large c > 0

such that

P

(
inf

g∈Mn,‖g=ρ̃‖=cαn

PL (g) ≥ PL (ρ̃)

)
≥ 1− ε.

Hence there exists a minimizer ρ̂ ∈ Mn in a neighborhood of ρ̃ with ‖ρ̂− ρ̃‖ = Op (αn) . Together

with Theorem 1, one has ‖ρ̂− ρ‖ = Op (αn) .

F. Proof of Theorem 3

Let c (β) = 1
2nm

∑p
i=1

∑n
k=1

∑m
u=1

(
yki (tu)−

∑p
j 6=i
∑Jn

h=1 β
ij
hB

ij
h (tu)

√
σ̂jj(tu)

σ̂ii(tu)
ykj (tu)

)2
, cijh (β) =

∂c (β) /∂βijh , and cijh (β) =
(
cijh (β) , . . . , cijh+p (β)

)
. By the KKT condition, β̂ is the solution of

12
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the penalized minimization problem if and only if

cijk

(
β̂
)

+

min(k,Nn+1)∑
s=max(k−p,1)

λnτ
ij
s∥∥γ̂ijs ∥∥ β̂ijk = 0, if

∥∥γ̂ijs ∥∥ 6= 0 for max(k − p, 1) ≤ s ≤ min(k,Nn + 1),∥∥∥cijk (β̂)∥∥∥
2
≤ λnτ

ij
k , if

∥∥γ̂ijk ∥∥ = 0. (S0.8)

Let βij =
(
βij1 , . . . , β

ij
Jn

)T
, and βijJij =

(
βijk , k ∈ Jij

)T
. Define βij

JC
ij

similarly. Let β̂ =
(
β̂
ij
, 1 ≤ i < j ≤ p

)
such that for each β̂

ij
with β̂

ij

JC
ij

= 0 and β̂
ij

Jij
solving

cijk (β) +

min(k,Nn+1)∑
s=max(k−p,1)

λnτ
ij
s∥∥γ̂ijs ∥∥βijk = 0, (S0.9)

for k ∈ Jij. Write β̂
(A)

=
{
β̂
ij

Jij
, 1 ≤ i < j ≤ p

}
. Then

β̂
(A)

=
(
χTn,0χn,0

)−1 (
χTn,0Yn + Wn

)
,

where Wn =
{∑min(k,Nn+1)

s=max(k−p,1) λnτ
ij
s β

ij
k /
∥∥γ̂ijs ∥∥ , k ∈ Jij} . Theorem 2 entails that elements in Wn :

wijk =
∑min(k,Nn+1)

s=max(k−p,1) λnτ
ij
s /
∥∥γ̂ijs ∥∥ = Op (λn) . Therefore, together with Lemma 3, one has,

∥∥∥β̂(A)
− β̃

(A)
∥∥∥ =√

WT
n

(
χTn,0χn,0

)−2
Wn = Op (λnNn/nm) , and

∥∥∥cijh (β̂)− cijh

(
β̃
)∥∥∥ = Op (λn) . Then Lemma 6

and condition (C9) entail that

P

(
max

1≤i<j≤p,k∈Jc
ij

∥∥∥cijk ( β̂)∥∥∥
2
≥ λnτ

ij
k

)
→ 0.

Therefore, β̂ satisfies the KKT condition, and is the solution of the adaptive Lasso objective func-

tion. It is clear from the definition of β̂
ij

that ρ̂ij (t) = 0 for t ∈ Eij = [eij1 , e
ij
2 ] . Now let

ρ̂ij =
(
β̂
ij
)T

B be the corresponding estimator of the partial correlation functions. We now show

13
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that sup0≤t≤1
∣∣ρ̂ij (t)− ρij (t)

∣∣ = Op (N−1n ). One notices that

ρ̂ij (t)− ρ̃ij (t) =
(
B(A) (t)

)T ((X (A)
n

)T X (A)
n +W (A)

n

)−1
W (A)
n β̃

(A)
,

and by Lemma 3

sup
0<t<1

∣∣ρ̂ij (t)− ρ̃ij (t)
∣∣ ≤ Nn

nm
λn sup

0<t<1

∣∣∣BT
Jij

(t) β̃
ij

Jij

∣∣∣ =
Nn

nm
λn sup

0<t<1

∣∣ρ̃ij (t)
∣∣

= Op

(
Nn

nm
λn

)
= op

(
N

3/2
n√
nm

)
.

Then Theorem 3 follows from the triangular inequality and condition (C8).
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