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Abstract: Chen and Wu (1992) proposed a conjecture on the consistency of the Min-
imum L;-Norm (ML;N) estimator in linear regression models. Here we prove two
theorems showing that the conjecture is true under some circumstances.
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1. Introduction

Consider the linear regression model
Y;=z80+e, i=1,...,n,... (1.1)

where Y7,Y5, ... are observations of the dependent variable Y and z;,z2,... are
known p-vectors, (g is the unknown p-vector of regression coefficients, and ey, e,
... are unobservable random errors. For simplicity, we shall assume throughout
this paper that ey, ez, ... are i.i.d. with a common distribution function F'. This
condition will not be mentioned in the sequel.

The MLiN estimate of [y, to be denoted by ﬁn, is defined as a Borel-
measurable solution of the minimization problem

n

minz

i=1

Y; — z:8|. (1.2)

The usual Least Squares (LS) estimate of (g is denoted by Br.

Some general sufficient conditions about the (weak and strong) consistency
of 3, are known (see Chen, Bai, Zhao and Wu (1990, 1992)), but not necessary
conditions. Neither are the necessary and sufficient conditions. Chen and Wu
(1992) proposed the following conjecture about this problem.

Conjecture. Assume that
(A1) med(e;) = 0, and
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(A2) in some neighborhood of 0, say (-6, 6), the derivative f of F exists and
is bounded away from 0 and ococ.
Then the condition

lim. Sil=0 (Sp=) =zz)) (1.3)
i=1

is both necessary and sufficient for the weak consistency of the ML;N estimate
B
Condition (1.3) plays a prominent role in the asymptotic theory of the LS

estimate [(,. For example, a well known result (see Drygas (1976) and Lai,
Robbins and Wei (1979)) is that under the conditions

E(e1) =0, 0 < Var(e;) < oo, (1.4)

(1.3) is necessary and sufficient for both weak and strong consistency of 5,. It
also plays an important role in the ML N method (see Chen, Bai, Zhao and Wu
(1990, 1992)).

We hit upon the idea of this Conjecture for the following reasons. First, S,
plays an important role in the consistency problems mentioned above. Second, in
the study of the consistency of Bn, we gain the impression that the two conditions
in (1.4) in the theory of 3, are comparable to the two conditions (A1) and (A2)
in the Conjecture. What is essentially important in the asymptotic theory of
ﬁn is the local behavior of the distribution of e; in the vicinity of 0, while the
tail-probability of e; plays a decisive role in the asymptotic theory of 3,.

Chen and Wu (1992) stated some results concerning this conjecture without
proof. In this paper we give detailed proofs of the following theorems, showing

that the conjecture is true under some circumstances.

Theorem 1. In addition to conditions (Al) and (A2), assume that {z;} is
bounded, and f is absolutely continuous in (—6,6) for some § > 0, and

J 2
/ (f'(:z:)) dz < oo. (1.5)
-5
Then (1.3) 1s necessary and sufficient (n.& s.) for the weak consistency of the
MLy N estimate (3, of Bg.

To state Theorem 2, we introduce the following weaker condition (A3) instead
of (A2):
(A3) There exist positive constants &, ¢ and C such that

clzg] < p(x) < Clz|, for |z| < 6, (1.6)
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where
P(0<e<z), for >0,

p(z) = { (1.7)

P(z <e; <£0), for z<0.

Note that (A3) is equivalent to the following:
(A3') For any constant A > 0, there exist positive constants ¢ and C such
that
clz] < p(z) < Clz|, for |z| < A. (1.8)

Theorem 2. Assume dimension p = 1 in the model (1.1) and that (Al) and
(A3) are satisfied. Then (1.3) ts a n. & s. condition for the weak consistency of
the ML N estimate B, of Bo. .

Theorem 2 is an improved version of Theorem 6 in Chen and Wu (1992). We
would also like to point out an important fact that under conditions (A1) and
(A2), the n. & s. conditions for weak and strong consistency of 3, cannot be the
same. This is illustrated by an example in Chen and Wu (1992). This is a major
difference between the two estimates ,@n and S,.

2. Proof of Theorem 1

The sufficiency follows immediately from Theorem 2.1, 1° of Chen, Bai, Zhao
and Wu (1990), which states that under (A1) and another condition weaker than
(A2), we have

dpn — 0=>f3, — By in Pr, (2.1)

where d, = Jpax z;S-z;. When {z;} is bounded, S;! — 0 implies d, — 0
and sufficiency follows by (2.1).

To prove the necessity, we use a result of Li (1984). To begin with, set 8y = 0
without loss of generality, and then restrict the parameter space to

H=1{8:|6 <eo}, (2.2)

where £y is some positive constant to be specified later. This means that in
(1.2) the minimum is taken only over H. This can also be done without loss
of generality, since it is obvious that if B, is not consistent when the parameter
space is restricted to H, certainly it cannot be consistent when [ is free to run
over RP.

First, consider a special case. Suppose that e; only takes values in a finite
interval (A,B), A < 0 < B by (Al), and on (A, B) e; has a density f which
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1s positive and absolutely continuous. The § in (1.5) can be chosen so that
A< —6<6< B. By (1.5) we have

) IZIZ 2
/_5 %dm < . (2.3)

Define two functions, k1 on (6,00) and hg on (—oo,—6), which satisfy the
following set of conditions:

1° hy(6) = £(6), ha(=6) = f(-9),

2° hy, ho are positive and k), h% exist and continuous everywhere on their
respective intervals of definition,

3° 5 ha(z)de = [ f(z)de, [7L ho(z)de = [7° f(z)dz,
£ [7° [(B(@)*/h(@)|de + 7L [(Ry(2))?/ha(e)] de < oo,
5° [° 2%hi(z)dz + =5 22ho(z)dz < oo,

6° [ zho(z)dz + [, f(z)dz + [ chy(z)dz = 0.

The existence of such functions is trivial. For example, we can take exp(az?+
bz + ¢) with appropriate a, b and c as such a function. Now define function g; ()
on (4, B) and function g2(z) on (A, ~8), such that g;(6) = 6, go(—6) = —6 and

91(z) z
/ U hu)du = / fu)du, 6<z<B,
é 6

—§ -6
/ ha(u)du flu)du, A<z< -4,
9

2(z) z

and define a sequence of random variables {€;} as follows:

e, when |e;| < 6,
€ =14 gi(e;), when e; > 6, i=1,2,... (2.4)
g2(e;), when e; < —6.

Note that g; and go are strictly increasing in their respective domain, due to the
fact that f is positive on (A, B). Now é;, é, ... are i.i.d., and simple calculations
show that €; has a density function

_ f(z), when |z| <6,
f(z) =< hi(z), when z > §,
ha(z), when z < —6.
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From the assumptions on f and definitions of hy and hs, it is seen that é;
and f satisfy the following conditions:

med(él) =0, E(él) =0,0< Var(él) < 00, (2.5)
e; > 6<=>¢; > 6, e; < =6 &= é; < -4, (2.6)
[ (7@ i@)de < oo e

Denote M = sup ||z;||. Choose eg = §/(2M) for the definition of H (see (2.2)).
Introduce the l{near model

ﬁ=w2ﬁ~0+éia t=1,...,n,... (2.8) -

with By = 0 and the parameter space H. Consider the ML;N estimate B of By
in this model, which is a solution of the minimization problem

n n
min ) [¥; — 28] = min ) [& - ziA|. (2.9)
=1 =1

Write .
Z & —aifl =D l& — zifl + D & — zif), (2.10)
=1 (1) (2)

where E(l) contains those terms for which |&;| < 6 and 35, contains the remain-

ing terms in 7 ;. From (2.4) and (2.6), and the fact that |z.8| < Mgy < 6 for
g € H, it follows that

> lE - il =Y e — <ifl, (2.11)
(1) (1)
Yolei—aifl =) lei — iBl+ > (& — ei)sgn(é;), (2.12)
(2) (2) (2)
where sgn(a) = a/|a| for a # 0 and sgn(0) = 0. From (2.10)-(2.12), we have
Sl —zifl = fei — 2B + > (8 — e;)sgn(&;). (2.13)
i=1 i=1 2)

The second term of the right hand side of (2.2) does not depend on 3. Hence,
the solution 3; of (2.9) is the same as the solution of (1.2), i.e.,

= fn. (2.14)
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Therefore, if 3, is a weak consistent estimate of Bo in model (1.1), then B is a
weak consistent estimate of By in model (2.8). But by the result proved in Li
(1984), under conditions (2.5) and (2.7), there is no consistent estimate of 3 in
model (2.8) when (1.3) is not true. Therefore, when (1.3) is not true 3, cannot
be a weak consistent estimate of By in model (1.1).

The general case can be reduced to the one discussed above. For this purpose
let 6 in (1.5) be such that f(£6) > 0. Put

_P(61>5) _
=5 0 @

and define a density f* as follows

P(61 < —6)
f(=8)

f(z), when |z| <4,
) = f(6), whenbé<z<b+G,,
¥ = f(=6), when — 8§ -Gy <z < =6,

0, otherwise.

Then define a sequence of i.i.d. variables {e¢}} with a common density f*, such
that

e; =e; when |e;] < 6 e > 6 > e >6; ;< —6 <> e} < =6,

and form the linear model Y;* = 285 +ef,7=1,...,n. The same argument used
earlier shows that the ML) N estimator of 5§ in this model is consistent if and
only if the ML;N estimator ,én of the original linear model is consistent. Hence
we return to the case considered already, and Theorem 1 is proved.

Remark. A glance at the proof might give the impression that we have proved
the nonexistence of consistent estimate of §p under (A1) and (A2) when (1.3) is
false. This is not so. Indeed, there may exist consistent estimates of Gy, other
than the ML;1N or LS estimate. For details, see Chen (1992).

3. Proof of Theorem 2

Without loss of generality, assume 3y = 0, and z; # 0 for all 7 > 1.

Sufficiency. As (1.3) is true, we have 3.i2; 22 = co. Define random variable £,
as follows: for given e = (e1,...,e,), the conditional distribution of ¢, is given
by

P* (& = €;/z;) = |z;|/ Dy with D,, = Z lzi], i=1,...,n. (3.1)

=1
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In this paper, notation such as P* and the following m?X (-) and m? (-) refer to
the probability calculations under the condition that €™ is given. Since

ZIY,-—:L‘,,H| =Dnzlei/zi_ﬁi 'lxi,/‘D‘m (3.2)
1=1 i=1

we see that an ML N estimator of (3 is a median of the conditional distribution
(3.1), and vice versa. Let m* (§{,) and mZ (£,) be the infimum and supremum of
such medians, respectively. To prove that Bn is consistent weakly, it is sufficient
to verify that for any € > 0,

P(m’_’*_(En) > s) — 0, as n — oo, (3.3)
P(m*_(fn) < —E) — 0, as n — oo. (3.4) -

Take (3.3) for instance. Let I(:) be the indicator and define

3

Zn I(e;/z; > €)|zi|/Dn = P*(&n > €). (3.5)

1

i
fuy

It is easily seen that
mi () 2 € = Z, 2 1/2. (3.6)

Hence, to prove (3.3), it suffices to show that

P(Z,>1/2) - 0, as n — oo. (3.7)
Define
pi = P0<e/z;<e), (3.8)
g = P(e<eifzi). (3.9)
Then, by (A1) and (A3),
pi+gi=1/2. (3.10)
Therefore,
1/2 — EZy = An/Dn with An =) |zilp;, (3.11)
=1
Var(Z,) = B2/D2 with B2 =Y zlq:(1- g). (3.12)
=1

Now we proceed to prove that

B2/A2 -0, as n — . (3.13)
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For any 7 € (0,1/4), there exists §; = 6;(n,€) > 0 such that
|zi| > 61 implies ¢; <7 and hence p; > 1/4. (3.14)
By (A3'), there are positive constants c; and C; such that
cilzi] < pi < Chlzs, if |z;| < 61 (3.15)

Since 392, 22 = oo, at least one of the following two assertions is true:

@) > @fI(|ei| < 61) = oo,
=1

i) Y le:lI(|2:| 2 61) = oo.
=1
Hence, by (3.15) and (3.14), it follows that 4, — oo.
By (3.15) and (3.14), we also have

B2/AZ < A;“’{ S cilailps + 167 3 m?p?}
|zl <81 jz:|>6,

< A7t + 169 — 167, as n — oco.

Since 7 is arbitrary, (3.13) follows immediately from the above result.
From (3.11)-(3.13), it follows that

P(Zn > 1/2)=P(Zn‘EZn > 1/2_EZn)
< Var(Z,)/(1/2 - EZ,)* = B%/A%2 -0, as n — co.

This proves (3.7) and, in turn, (3.3). The (3.4) can be shown in the same way.
This concludes the proof of sufficiency.

Necessity. Assume that 332, 2? < oo and proceed to show that 8, is not

consistent. Without loss of generality, we may assume that z; > 0. Define

Zn = P*({, >¢) = iailmil/Dn with o; = I(e;/z; > ¢). (3.16)

i=1

We see that if Z, > 1/2, then m* (€,) > €. Since Bn is a median of £, given e",
we have
Zn > 1/2 implies that G, > e. (3.17)

Put
pi = pi(e) = P(0 < e;/z; <€), § = P(ei/zi > e), (3.18)
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we have
n

Eo;=§=1/2—f; and Dn(1/2-EZy) =) |ilp;. (3.19)
=1
Since %2, z? < oo, we have z; — 0. From this and (A3'), there exist positive
constants c3 and Cs such that

Czl:l:il Sﬁ, SOQ'IC,:I, i=1,2,... (3.20)

It follows that -
> l=ilpie) < o0 (3.21)

=1

and > 2, |z;|pi(¢) tends to 0 monotonically as € | 0. Take ¢ > 0 such that

> pilzi] < 21/4. o (3.22)
i=1
Put " .
(o= |zil(ei — Bay) = Y _ |il(ei — &)
i=2 i=2
Since

o0 o0
ZVar(Izﬂa,-) = sz@-(l - §;) < oo,
1=2 1=2

there is a random variable { such that as n — oo,
(n — ¢ as. with P((>0)>0. (3.23)

By (3.19), (3.22), (3.23), and noting that D,(Z, — EZ,) = z1(a1 — §1) + (a,

we have

lim inf P(Z,>1/2) = hgiol.}fP(Dn(Zn —EZy) > ]mi|ﬁi)

=1

> P(:Cl(al —q@)+¢> ) lfcilﬁi) > P(ml(al —@)+(2 501/4)
=1
> Plaa—q1 2> 1/4)P(< >0)>0. (3.24)

By (3.17), for the chosen £ we have

liminf P(B, > ¢€) > 0. (3.25)

Therefore, ﬁn i1s not consistent. This proves Theorem 2.
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