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a = 2d

E
[( 1

n

n∑

j=1

Sji

)a]

=
1

na

∑

t≥1;l1,...,lt>0
l1+···+lt=a

(
n

t

)
a!

l1! . . . lt!

t∏

s=1

E
[
(S1i)

ls
]

∼ 1

na

∑

t≥1;l1,...,lt>0
l1+···+lt=a

nta!

t!l1! . . . lt!

t∏

s=1

E
[
(S1i)

ls
]

=
1
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∑

t=d
l1=···=lt=2

nta!

t!l1! . . . lt!

t∏

s=1

E
[
(S1i)

ls
]

=
a!

d!2d
n−dσd

ii + o(n−d).

a = 2d+ 1

E
[( 1

n

n∑

j=1

Sji

)a]

∼ 1

na

∑

t≥1;l1,...,lt>0
l1+···+lt=a

nta!

t!l1! . . . lt!

t∏

s=1

E
[
(S1i)

ls
]

=
∑

t=d
ls 3

2

a!

na−tt!l1! . . . lt!
miσ

(d−1)
ii + o(n−(d+1))

= o(n−(d+1)),

mi = E[(S1i)3] = 0 !

1 ≤ i, j ≤ p h, l ≥ 1

h+ l h+ l = 2c

E[L(i)(h, µ0)L
(j)(l, µ0)] =

1

nc

∑

2c1+c3=h
2c2+c3=l

h!l!

c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ij + o(n−c),

σii = E[(S1i)2] σij = E[S1iS1j]



h+ l h+ l = 2c+ 1

E[L(i)(h, µ0)L
(j)(l, µ0)] =

1

nc+1

∑

a+b=3
2c1+c3=h−a
2c2+c3=l−b

h!l!

a!b!c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ijmiajb + o(n−(c+1)),

miajb = E[(S1i)a(S1j)b]

h+ l = 2c

E[L(i)(h, µ0)L
(j)(l, µ0)]

= E
[ 1

nh+l

( n∑

s=1

Ssi

)h( n∑

t=1

Stj

)l]

=
1

n2c

∑

2c1+c3=h
2c2+c3=l

(
h

c3

)(
l

c3

)
nc1+c2+c3(2c1)!(2c2)!c3!

c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ij + o(n−c)

=
1
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∑

2c1+c3=h
2c2+c3=l

h!l!

c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ij + o(n−c).

h+ l h+ l = 2c+ 1

E[L(i)(h, µ0)L
(j)(l, µ0)]

=
1

nh+l

∑

a+b=3
2c1+c3=h−a
2c2+c3=l−b

(
h

a

)(
l

b

)(
h− a

c3

)(
l − b

c3

)
nc1+c2(2c1)!(2c2)!

c1!c2!2c1+c2
nc3c3!n

× σc1
ii σ

c2
jjσ

c3
ijmiajb + o(n−(c+1))

=
1

nc+1

∑

a+b=3
2c1+c3=h−a
2c2+c3=l−b

h!l!

a!b!c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ijmiajb + o(n−(c+1)).

!

σ2(γ) =E

[{ p∑

i=1

( 1
n

n∑

s=1

Ssi

)γ}2
]
− E

[ p∑

i=1

( 1
n

n∑

s=1

Ssi

)γ]2

=µ(2γ)−
p∑

i=1

{µ(i)(γ)}2 + E
[∑

i≠j

L(i)(γ, µ0)L
(j)(γ, µ0)

]
−
∑

i ̸=j

µ(i)(γ)µ(j)(γ).



γ = 1 µ(i)(1) = 0 1 ≤ i ≤ p

σ2(1) =µ(2) + E
[∑

i ̸=j

L(i)(1, µ0)L
(j)(1, µ0)

]

=µ(2) +
1

n

∑

i ̸=j

σij + o(pn−1) =
1

n

∑

1≤i,j≤p

σij + o(pn−1).

α γ = 2d

σ2(γ) =µ(2γ)−
p∑

i=1

{µ(i)(γ)}2 +
∑

i ̸=j

{ 1

nγ

∑

2c1+c3=γ
2c2+c3=γ

(γ!)2

c3!c1!c2!2c1+c2
σc1
ii σ

c2
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c3
ij

}

−
∑
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( 1

nγ/2

γ!

(γ/2)!2γ/2
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γ!

(γ/2)!2γ/2
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+ o(pn−γ)

=µ(2γ)−
p∑
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{µ(i)(γ)}2 + 1

nγ

∑

i ̸=j

∑

2c1+c3=γ
2c2+c3=γ

c3>0

(γ!)2

c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ij + o(pn−γ).

γ = 2d+ 1

σ2(γ) =µ(2γ)−
p∑
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{µ(i)(γ)}2 +
∑

i ̸=j

{ 1

nγ
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c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ij

}
+ o(pn−γ)
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p∑
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σc1
ii σ

c2
jjσ

c3
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!

cov{L(t, µ0), L(s, µ0)}
= E[L(t, µ0)L(s, µ0)]− E[L(t, µ0)]E[L(s, µ0)]

= µ(t+ s) + E
[∑

i ̸=j

L(i)(t, µ0)L
(j)(s, µ0)

]
−

p∑

i=1

µ(i)(t)µ(i)(s)−
∑

i ̸=j

µ(i)(t)µ(j)(s).



t+ s = 2c t s

cov{L(t, µ0), L(s, µ0)}

= µ(t+ s)−
p∑
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µ(i)(t)µ(i)(s) +
∑

i ̸=j

1

nc

∑

2c1+c3=t
2c2+c3=s
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c3!c1!c2!2c1+c2
σc1
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jjσ

c3
ij

−
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i ̸=j

1
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σ(t/2)
ii σ(s/2)

jj + o(pn−c)

= µ(t+ s)−
p∑

i=1

µ(i)(t)µ(i)(s) +
1

nc

∑

i ̸=j

∑

2c1+c3=t
2c2+c3=s

c3>0

t!s!

c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ij + o(pn−c).

t+ s = 2c t s

cov{L(t, µ0), L(s, µ0)}

= µ(t+ s)−
p∑

i=1

µ(i)(t)µ(i)(s) +
∑

i ̸=j

1

nc

∑

2c1+c3=t
2c2+c3=s

t!s!

c3!c1!c2!2c1+c2
σc1
ii σ

c2
jjσ

c3
ij + o(pn−c).

t+ s = 2c+ 1

cov{L(t, µ0), L(s, µ0)} = µ(t+ s)−
p∑
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µ(i)(t)µ(i)(s)−
∑

i ̸=j

µ(i)(t)µ(j)(s)

+
∑

i ̸=j
1
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∑
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2c1+c3=t−a
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t!s!
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σc1
ii σ

c2
jjσ

c3
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= O(pn−(t+s+1)/2) = o(pn−(t+s)/2).

!

γ ∈ Γ

L(γ, µ0)

L(γ, µ0) α

σ−1(γ)
(
L(i)(γ, µ0)− µ(i)(γ)

)

1 ≤ i ≤ p, r + 1 r b

rb ≤ p < (r+1)b 1 ≤ j ≤ r j

Sj1 b1 Sj2



b2 = b− b1

Sj1(γ) =
b1∑

i=1

(
L(j−1)b+i(γ, µ0)− µ(j−1)b+i(γ)

)
, 1 ≤ j ≤ r;

Sj2(γ) =
b2∑

i=1

(
L(j−1)b+b1+i(γ, µ0)− µ(j−1)b+b1+i(γ)

)
, 1 ≤ j ≤ r.

L1 = σ−1(γ)
∑r

j=1 Sj1(γ) L2 = σ−1(γ)
∑r

j=1 Sj2(γ) L3 = σ−1(γ)∑p
i=rb+1

(
L(i)(γ, µ0)− µ(i)(γ)

)
σ−1(γ) (L(γ, µ0)− µ(γ)) = L1 + L2 + L3

r → ∞ b1 → ∞ b2 → ∞ rb1/p → 1 rb2/p → 0 p → ∞
Sj1

L1

b2 b1 L2 L3

L1

σ−1(γ) (L(γ)− µ(γ)) = L1 + op(1).

E(L2) = E(L3) = 0 (L2) = (L3) = o(1)

(L3)

(L3) = σ−2(γ)
( p∑

j=rb+1

L(i)(γ)
)
≤ σ−2(γ)

p∑

j1=rb+1

p∑

j2=rb+1

∣∣ (
L(j1)(γ), L(j2)(γ)

)∣∣ .

ϵ > 0 α

(
n

γ
2L(i)(γ), n

γ
2L(j)(γ)

)

≤ 8αW (|i− j|)
ϵ

2+ϵ max
(
E[(n

γ
2L(i)(γ))2+ϵ]

ϵ
2+ϵ , E[(n

γ
2L(j)(γ))2+ϵ]

ϵ
2+ϵ

)
.

ϵ = 2

(
nγ/2L(j1)(γ), nγ/2L(j2)(γ)

)
≤ CαW (|j1 − j2|)1/2,

C σ−2(γ) = O(1)nγ/p

(L3) = σ−2(γ)

(
p∑

j=rb+1

L(i)(γ)

)

≤ O(1)
nγ

p

p∑

j1=rb+1

p∑

j2=rb+1

Cn−γδ|j1−j2|/2 ≤ O(1)
(p− rb)

p
.



rb/p → 1 p → ∞ (L3) = o(1) L3 = op(1)

L2 = op(1) L1

r b2

∣∣E{exp(itL1}− Er
[
exp(itσ−1(γ)S11(γ))

]∣∣ ≤ 16rαW (b2) → 0.

L1 σ−1(γ)
∑r

j=1 ξj
ξj Sj1(γ)

γ ∈ Γ L(γ)

L(γ) γ

{L(γ); γ ∈ Γ′}

Vij =
(Yi − µ0i)Xij√

σjj
, 1 ≤ i ≤ n, 1 ≤ j ≤ p.

V̂ij = VijI(|Vij| ≤ τn) i = 1, . . . , n j = 1, . . . , p τn = 2η−1/2
√

log(p+ n)

Wj =
∑n

i=1 Vij/
√
n Ŵj =

∑n
i=1 V̂ij/

√
n max1≤j≤p |Wj−Ŵj| ≥ 1/log p

|Vij| ≥ τn

Pr

(
max
1≤j≤p

|Wj − Ŵj| ≥
1

log p

)
≤ np max

1≤j≤p
Pr(|V1j| ≥ τn) = O(p−1 + n−1).

| max
1≤j≤p

W 2
j − max

1≤j≤p
Ŵ 2

j | ≤ 2 max
1≤j≤p

|Wj| max
1≤j≤p

|Wj − Ŵj|+ max
1≤j≤p

|Wj − Ŵj|2.

n, p → ∞ |max1≤j≤p W 2
j −max1≤j≤p Ŵ 2

j | → 0

Pr{max
1≤j≤p

Ŵ 2
j − 2 log p+ log log p ≤ x} → exp{−π−1/2 exp(−x/2)}.

L(∞, µ0)

L(i)(γ, µ0) L(γ, µ0)



L̃(j)(γ)

P̃ r
(
L̃(j)(γ) ≤ xj, 1 ≤ j ≤ p

)
= Pr

(
L(j)(γ, µ0) ≤ xj, 1 ≤ j ≤ p|L(∞, µ0) < ap + x

)
.

P̃ r Ẽ

σ−1(γ)
(
L̃(γ) − µ(γ)

)

σ−1(γ)
(
L̃(i)(γ) − µ(γ)

)
1 ≤ i ≤ p, r

b rb ≤ p < (r + 1)b 1 ≤ j ≤ r

j S̃j1 b1
S̃j2 b2 = b− b1 S̃j1

1 ≤ j ≤ r α

S̃j1(γ) =
b1∑

i=1

(
L̃(j−1)b+i(γ)− µ(j−1)b+i(γ)

)
, 1 ≤ j ≤ r;

S̃j2(γ) =
b2∑

i=1

(
L̃(j−1)b+b1+i(γ)− µ(j−1)b+b1+i(γ)

)
, 1 ≤ j ≤ r.

L̃1 = σ−1(γ)
∑r

j=1 S̃j1(γ) L̃2 = σ−1(γ)
∑r

j=1 S̃j2(γ) L̃3 = σ−1(γ)∑p
j=rb+1

(
L̃(i)(γ) − µ(i)(γ)

)
σ−1(γ)

(
L̃(γ) − µ(γ)

)
= L̃1 + op(1)

Ẽ[L̃2] = Ẽ[L̃3] = 0 Ẽ(L̃2
2) = Ẽ(L̃2

3) = o(1)

Ẽ(L2
2) = σ−2(γ)Ẽ

[( r∑

j=1

S̃j2(γ)
)2]

≤ 2σ−2(γ)
(∑

i ̸=j

Ẽ[S̃2
i2(γ)]

1
2 Ẽ[S̃2

j2(γ)]
1
2 +

p∑

j=1

Ẽ[S̃2
j2(γ)]

)
.

Ẽ Ẽ{S̃2
j2(γ)} =

E{S2
j2(γ)|L(∞)<ap+x}
Pr(L(∞)<ap+x) ≤ E{S2

j2(γ)}
Pr(L(∞)<ap+x)

Ẽ(L2
2) ≤σ−2(γ)Pr(L(∞) < ap + x)−1 ×

(∑

i ̸=j

E[S2
i2(γ)]

1/2E[S2
j2(γ)]

1/2 +
p∑

j=1

E[S2
j2(γ)]

)
.

b2
Ẽ(L̃2

3) = o(1)

L̃1

r b2
∣∣∣Ẽ[exp{itL̃1}]−Ẽr

[
exp{itσ−1(γ)S̃1,1(γ)}

]∣∣∣→ 0

L̃1 σ−1(γ)
∑r

j=1 ξ̃j



ξ̃j S̃j1(γ) P̃ r

σ−1(γ)
∑r

j=1 ξ̃j

σ−4(γ)
r∑

i=1

Ẽ(ξ̃4i ) ≤ σ−4(γ)

∑r
i=1 E(ξ4i )

Pr(L(∞) < ap + x)
→ 0,

ξi
!

D̂ = (Y − µ̂0) = {Y1 − µ̂01, . . . , Yn − µ̂0n}ᵀ D =

(Y −µ0) = {Y1−µ01, . . . , Yn−µ0n}ᵀ

D̂ = [In −WZ{I(α)}−1Zᵀ]D+ op(n
−1/2),

In n × n W W =

{E(ϵ201|Z), . . . , E(ϵ20n|Z)} I(α) q × q I(α) = ZᵀWZ
op(n−1/2)

B = WZ{I(α)}−1Zᵀ = (bij)n×n

I(α)/n
I(α) = O(n) Z
bij = O(1/n)

µ0i − µ̂0i =
∑n

l=1 bilϵ0l 1 ≤ i ≤ n

bil = O(n−1) C

γ

γ = 1 L(1, µ̂0)

L(1, µ̂0) =
1

n

p∑

j=1

n∑

i=1

(Yi − µ̂0i)Xij =
p∑

j=1

n∑

i=1

1

n
Sij +

p∑

j=1

n∑

i=1

(µ0i − µ̂0i)Xij

n
= T10 + T11.

T10/σ(1)
d−→ N(0, 1) n → ∞ p → ∞.



T11 µ0i − µ̂0i =
∑n

l=1 bilϵ0l

E[(T11)
2] =

1

n2

p∑

j1=1

p∑

j2=1

n∑

i1=1

n∑

i2=1

E
[
(µ0i1 − µ̂0i1)Xi1j1(µ0i2 − µ̂0i2)Xi2j2

]

=
1

n2

p∑

j1=1

p∑

j2=1

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2

n∑

l=1

ϵ0lbi1l

n∑

l=1

ϵ0lbi2l
]

=
1

n2

p∑

j1=1

p∑

j2=1

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2

(
ϵ0i1bi1i1 + ϵ0i2bi1i2 +

∑

l ̸=i1,i2

ϵ0lbi1l
)

×
(
ϵ0i1bi2i1 + ϵ0i2bi2i2 +

∑

l ̸=i1,i2

ϵ0lbi2l
)]
.

i1 i2

E[(T11)
2]

≤ 1

n2

∑

j1,j2,i1,i2

CE
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1

]
+

1

n2

∑

j1,j2,i1,i2

CE
[
Xi1j1Xi2j2ϵ0i1bi1i1ϵ0i2bi2i2

]

+
1

n2

∑

j1,j2,i1,i2

CE
[
Xi1j1Xi2j2ϵ0i1bi1i1

∑

l ̸=i1,i2

ϵ0lbi2l
]
+

1

n2

∑

j1,j2,i1,i2

CE
[
Xi1j1Xi2j2

∑

l ̸=i1,i2

ϵ20lbi1lbi2l
]

=E[T111] + E[T112] + E[T113] + E[T114].

|T11| = op(
√
pn−1/2)

E[Xij|Z] ̸= 0 j ∈ P0

E[T111|Z] =
C

n2

p∑

j1=1

p∑

j2=1

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]

=
C

n2

∑

j1 ̸∈P0

∑

j2 ̸∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]

+
C

n2

∑

j1∈P0

∑

j2 ̸∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]

+
C

n2

∑

j1 ̸∈P0

∑

j2∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]

+
C

n2

∑

j1∈P0

∑

j2∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]
.



E[Xij1 |Z] = 0 j ̸∈ P0

C

n2

∑

j1 ̸∈P0

∑

j2 ̸∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z]

≤O(n−2)
∑

j1 ̸∈P0

∑

j2 ̸∈P0

n∑

i1=1

E
[
Xi1j1Xi1j2ϵ

2
0i1 |Z

]
×O(n−2)

≤O(n−2)×O(np2)×O(n−2) = O(n−3p2) = o(pn−1).

C

n2

∑

j1∈P0

∑

j2 ̸∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]

≤O(n−2)
∑

j1∈P0

∑

j2 ̸∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1 |Z

]
×O(n−2)

≤O(n−2)×O(pp0n
2)×O(n−2) = O(pp0n

−2) = o(pn−1).

p0 = O(p1/2−δ) = o(n)

C

n2

∑

j1 ̸∈P0

∑

j2∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]
= o(pn−1).

C

n2

∑

j1∈P0

∑

j2∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1bi1i1bi2i1 |Z

]

≤O(n−2)
∑

j1∈P0

∑

j2∈P0

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ

2
0i1 |Z

]
×O(n−2)

≤O(n−2)×O(p20n
2)×O(n−2) = O(n−2p20) = o(pn−1).

E[T111|Z] = o(pn−1)



E[T112|Z] E[Xijϵ0i|Z] = 0

E[T112|Z] =
C

n2

p∑

j1=1

p∑

j2=1

n∑

i1=1

n∑

i2=1

E
[
Xi1j1Xi2j2ϵ0i1bi1i1ϵ0i2bi2i2 |Z

]

= O(n−2)
p∑

j1=1

p∑

j2=1

n∑

i1=1

E
[
Xi1j1ϵ

2
0i1Xi1j2 |Z

]
×O(n−2)

= O(n−2)×O(p2n)×O(n−2) = O(pn−1pn−2) = o(pn−1).

E[T113|Z]

E[T113|Z] =
C

n2

∑

j1,j2,i1,i2

E
[
Xi1j1Xi2j2ϵ0i1bi1i1

∑

l ̸=i1,i2

ϵ0lbi2l|Z
]

=O(n−2)
∑

j1,j2,i1,i2

E
[
Xi1j1Xi2j2ϵ0i1bi1i1 |Z

]
E
[ ∑

l ̸=i1,i2

ϵ0lbi2l|Z
]

=O(n−2)
∑

j1,j2,i1,i2

E
[
Xi1j1Xi2j2ϵ0i1bi1i1 |Z

]
× 0 = 0.

E[T114|Z]

E[T114|Z] =
C

n2

∑

j1,j2,i1,i2

E
[
Xi1j1Xi2j2

∑

l ̸=i1,i2

ϵ20lbi1lbi2l|Z
]

≤ C

n2

∑

j1,j2

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
E
[ ∑

l ̸=i1,i2

ϵ20lbi1lbi2l|Z
]

≤ O(n−2)
∑

j1,j2

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−1)

≤ O(n−2)
∑

j1 ̸∈P0,j2 ̸∈P0

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−1)

+O(n−2)
∑

j1 ̸∈P0,j2∈P0

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−1)

+O(n−2)
∑

j1∈P0,j2∈P0

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−1).

E[T114|Z] α



O(n−2)
∑

j1 ̸∈P0,j2 ̸∈P0

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−1)

=O(n−2)
∑

j1 ̸∈P0,j2 ̸∈P0

n∑

i1=1

E
[
Xi1j1Xi1j2 |Z

]
×O(n−1)

=O(n−2)×O(pn)×O(n−1) = O(pn−2) = o(pn−1).

E[Xij|Z] = 0 j ̸∈ P0

O(n−2)
∑

j1 ̸∈P0,j2∈P0

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−1)

=O(n−2)
∑

j1 ̸∈P0,j2∈P0

n∑

i1=1

E
[
Xi1j1Xi1j2 |Z

]
×O(n−1)

=O(n−2)×O(p0n)×O(n−1) = O(n−1p0n
−1) = o(pn−1).

O(n−2)
∑

j1∈P0,j2∈P0

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−1)

=O(n−2)×O(p20n
2)×O(n−1) = O(p20n

−1) = o(pn−1).

p0 = O(p1/2−δ)

δ p = o(n2) E[T114|Z] =
o(pn−1) E[(T11)2] = E

[
E[T111|Z]+E[T112|Z]+E[T113|Z]+E[T113|Z]

]
=

o(pn−1) |T11| = op(n−1/2√p)

1 < γ < ∞ L(γ, µ̂0)

L(γ, µ̂0) =
p∑

j=1

( 1
n

n∑

i=1

(Yi − µ̂0i)Xij

)γ

=
p∑

j=1

( 1
n

n∑

i=1

(
(Yi − µ0i) + (µ0i − µ̂0i)

)
Xij

)γ

=
p∑

j=1

( 1
n

n∑

i=1

Sij

)γ
+
∑

1≤v≤γ

(
γ

v

) p∑

j=1

( 1
n

n∑

i=1

Sij

)γ−v( 1
n

n∑

i=1

(µ0i − µ̂0i)Xij

)v

= Tγ0 +
γ∑

v=1

Tγv, .



Tγ0/σ(γ)
d−→ N(0, 1) n → ∞ p → ∞

Tγv 1 ≤ v ≤ γ

v = 1 v > 1

v = 1

E[(Tγ1)
2]

= E
[C
n2

p∑

j1

p∑

j2

( n∑

i=1

1

n
Sij1

)γ−1( n∑

i=1

1

n
Sij2

)γ−1
n∑

i=1

((µ0i − µ̂0i)Xij1)
n∑

i=1

((µ0i − µ̂0i)Xij2)
]

=
C

n2

∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4 ×

( ∑

l∈{i1,i2,i3,i4}

ϵ0lXlj1

n
+

∑

l ̸∈{i1,i2,i3,i4}

ϵ0lXlj1

n

)γ−1

×
( ∑

l∈{i1,i2,i3,i4}

ϵ0lXlj2

n
+

∑

l ̸∈{i1,i2,i3,i4}

ϵ0lXlj2

n

)γ−1
]
.

(∑

l

ϵ0lXlj1

n

)γ−1 ≤
( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−1
+ C

∑

l∈{i1,...,i4}

ϵ0lXlj1

n

( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−2
+ . . .

+ C
( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)γ−2
∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n
) + C

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)γ−1
.

E[(Tγ1)
2] =

γ∑

k1=1

γ∑

k2=1

C

n2

∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)k1−1

×
( ∑

l∈{i1,...,i4}

ϵ0lXlj2

n

)k2−1( ∑

l ̸∈{i1,i2,i3,i4}

ϵ0lXlj1

n

)γ−k1( ∑

l ̸∈{i1,i2,i3,i4}

ϵ0lXlj2

n

)γ−k2
]

=
γ∑

k1=1

γ∑

k2=1

Tγ1k1k2 ,

|Tγ1| k1+k2 ≤ 6 k1+k2 > 6

k1 + k2 ≤ 6



Tγ111

=
C

n2

∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l ̸∈{i1,i2,i3,i4}

ϵ0lXlj1

n

)γ−1( ∑

l ̸∈{i1,i2,i3,i4}

ϵ0lXlj2

n

)γ−1
]

=
C

n2

∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

]
E
[( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−1( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−1
]

=O(n−2)
∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

]
×O(n−(γ−1))

=O(n−2)
∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

]
×O(n−(γ−1)).

∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4 |Z

]
×O(n−(γ−1))

≤
∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2ϵ0i3ϵ0i4 |Z

]
×O(n−(γ+1))

≤
∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2ϵ

2
0i3 |Z

]
×O(n−(γ+1))

+
∑

j1,j2

∑

i1,i2

E
[
Xi1j1ϵ0i1Xi2j2ϵ0i2 |Z

]
×O(n−(γ+1))

+
∑

j1,j2

∑

i1,i2

E
[
Xi1j1ϵ

2
0i1Xi2j2 |Z

]
×O(n−(γ+1)).

E[T11|Z]
Tγ111

∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2ϵ

2
0i3 |Z

]
×O(n−(γ+1))

≤
∑

j1,j2

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−γ)

=O(pn+ p20n
2)×O(n−γ) = o(pn−γ+2).

Tγ111

∑

j1,j2

∑

i1,i2

E
[
Xi1j1ϵ0i1Xi2j2ϵ0i2 |Z

]
×O(n−(γ+1))

≤O(p2n)×O(n−(γ+1)) = O(p2n−γ) = o(pn−γ+2).



Tγ111

∑

j1,j2

∑

i1,i2

E
[
Xi1j1ϵ

2
0i1Xi2j2 |Z

]
×O(n−(γ+1))

≤O(p2n+ p0pn
2 + p20n

2)×O(n−(γ+1))

=O(p2n−γ + p0pn
−γ+1 + p20n

−γ+1) = o(pn−γ+2).

Tγ111 = o(pn−γ)

Tγ121

=
C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

∑

l∈{i1,...,i4}

ϵ0lXlj1

n

×
( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−2( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−1
]

=
C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

∑

l∈{i1,...,i4}

ϵ0lXlj1

n

]

× E
[( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−2( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−1
]

=
C

n3

∑

j1,j2

∑

i1,i2,i3

E
[
X2

i1j1Xi2j2ϵ0i1bi1i3bi2i3ϵ
2
0i3 +Xi1j1Xi2j2bi1i3bi2i3ϵ

3
0i3Xi3j1

]
×O(n−(γ−1))

=O(n−3)
∑

j1,j2

∑

i1,i2,i3

(
E
[
X2

i1j1Xi2j2ϵ0i1bi1i3bi2i3ϵ
2
0i3

]
+ E

[
Xi1j1Xi2j2bi1i3bi2i3ϵ

3
0i3Xi3j1

])
×O(n−(γ−1)).

E[ϵ|X,Z] = 0

E[X2
ijϵ0i|Z] = 0

∑

j1,j2

∑

i1,i2,i3

E
[
X2

i1j1Xi2j2ϵ0i1bi1i3bi2i3ϵ
2
0i3 |Z

]
×O(n−(γ−1))

=
∑

j1,j2

∑

i1,i2

E
[
X2

i1j1Xi2j2ϵ
3
0i1 |Z

]
×O(n−(γ+1))

=O(p2n2)×O(n−(γ+1)) = O(p2n−(γ−1)) = o(pn−(γ−3)).



Tγ121

∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2bi1i3bi2i3ϵ

3
0i3Xi3j1 |Z

]
×O(n−(γ−1))

=
∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2 |Z

]
E
[
ϵ30i3Xi3j1 |Z

]
×O(n−(γ+1))

=
∑

j1,j2

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n−γ).

E[T114|Z]
∑

j1,j2

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
= O(pn+ p0n+ p20n

2).

∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2bi1i3bi2i3ϵ

3
0i3Xi3j1 |Z

]
×O(n−(γ−1)) = o(pn−(γ−3)).

Tγ121 = o(pn−γ) Tγ122

Tγ122

=
C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

∑

l∈{i1,...,i4}

ϵ0lXlj1

n

∑

l∈{i1,...,i4}

ϵ0lXlj2

n

×
( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−2( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−2
]

=
C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

∑

l∈{i1,...,i4}

ϵ0lXlj1

n

∑

l∈{i1,...,i4}

ϵ0lXlj2

n

]

× E
[( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−2( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−2
]

=O(n−4)
∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

∑

l∈{i1,...,i4}

ϵ0lXlj1

∑

l∈{i1,...,i4}

ϵ0lXlj2

]
×O(n−γ+2).



∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

∑

l∈{i1,...,i4}

ϵ0lXlj1

∑

l∈{i1,...,i4}

ϵ0lXlj2 |Z
]
×O(n−γ+2)

≤
∑

j1,j2

∑

i1,i2

E
[
X2

i1j1X
2
i2j2ϵ

2
0i1ϵ

2
0i2 +X2

i1j1Xi1j2Xi2j2ϵ
4
0i1 |Z

]
×O(n−γ)

+
∑

j1,j2

∑

i1,i2,i3

E
[
X2

i1j1ϵ0i1X
2
i2j2ϵ0i2ϵ

2
0i3 |Z

]
×O(n−γ)

+
∑

j1,j2

∑

i1,i2,i3

E
[
X2

i1j1Xi1j2ϵ
2
0i1Xi2j2ϵ

2
0i3 |Z

]
×O(n−γ)

+
∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2ϵ

4
0i3Xi3j1Xi3j2 |Z

]
×O(n−γ)

+
∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2Xi3j1ϵ

2
0i3Xi4j2ϵ

2
0i4 |Z

]
×O(n−γ).

∑

j1,j2

∑

i1,i2

E
[
X2

i1j1X
2
i2j2ϵ

2
0i1ϵ

2
0i2 +X2

i1j1Xi1j2Xi2j2ϵ
4
0i1 |Z

]
×O(n−γ)

=O(p2n2)×O(n−γ) = o(pn−γ+4).

E[X2
ijϵ0i|Z] = 0

∑

j1,j2

∑

i1,i2,i3

E
[
X2

i1j1ϵ0i1X
2
i2j2ϵ0i2ϵ

2
0i3 |Z

]
×O(n−γ)

=
∑

j1,j2

∑

i1,i2,i3

E
[
X2

i1j1ϵ0i1X
2
i2j2ϵ0i2 |Z

]
× E

[
ϵ20i3 |Z

]
×O(n−γ)

=
∑

j1,j2

∑

i1,i3

E
[
X2

i1j1ϵ
2
0i1X

2
i1j2 |Z

]
× E

[
ϵ20i3 |Z

]
×O(n−γ)

=O(p2n)×O(n)×O(n−γ) = o(pn−γ+4).



E[Xij|Z] = 0 j ̸∈ P0

∑

j1,j2

∑

i1,i2,i3

E
[
X2

i1j1Xi1j2ϵ
2
0i1Xi2j2ϵ

2
0i3 |Z

]
×O(n−γ)

≤
∑

j1,j2

∑

i1,i2

E
[
X2

i1j1Xi1j2ϵ
2
0i1Xi2j2 |Z

]
×
∑

i3

E
[
ϵ20i3 |Z

]
×O(n−γ)

≤
∑

j1,j2

∑

i1,i2

E
[
X2

i1j1Xi1j2ϵ
2
0i1Xi2j2 |Z

]
×O(n−γ)

≤
∑

j1 ̸∈P0,j2 ̸∈P0

∑

i1

E
[
X2

i1j1X
2
i1j2ϵ

2
0i1 |Z

]
×O(n−γ)

+
∑

j1∈P0,j2 ̸∈P0

∑

i1

E
[
X2

i1j1X
2
i1j2ϵ

2
0i1 |Z

]
×O(n−γ)

+
∑

j1 ̸∈P0,j2∈P0

∑

i1,i2

E
[
X2

i1j1Xi1j2ϵ
2
0i1Xi2j2 |Z

]
×O(n−γ)

+
∑

j1∈P0,j2∈P0

∑

i1,i2

E
[
X2

i1j1Xi1j2ϵ
2
0i1Xi2j2 |Z

]
×O(n−γ)

≤O(p2n)×O(n−γ) +O(pp0n)×O(n−γ) +O(pp0n
2)×O(n−γ) +O(p20n

2)×O(n−γ)

=o(pn−γ+4).

E[T114|Z]
∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2ϵ

4
0i3Xi3j1Xi3j2 |Z

]
×O(n−γ)

=
∑

j1,j2

∑

i1,i2,i3

E
[
Xi1j1Xi2j2 |Z

]
E
[
ϵ40i3Xi3j1Xi3j2 |Z

]
×O(n−γ)

=
∑

j1,j2

∑

i1,i2

E
[
Xi1j1Xi2j2 |Z

]
×O(n)×O(n−γ)

=O(pn+ p20n
2)×O(n−γ+1) = o(pn−γ+4).

E[T114|Z]
∑

j1,j2

∑

i1,i2,i3,i4

E
[
Xi1j1Xi2j2Xi3j1ϵ

2
0i3Xi4j2ϵ

2
0i4 |Z

]
×O(n−γ)

=
∑

j1,j2

∑

i1,i2

E[Xi1j1Xi2j2 |Z]×O(n2)×O(n−γ)

=
∑

j1,j2

∑

i1,i2

E[Xi1j1Xi2j2 |Z] = O(pn+ p0n+ p20n
2)×O(n−γ+2) = o(pn−γ+4).

Tγ122 = o(pn−γ)



Tγ131

Tγ131 =
C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)2

×
( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−3( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−1
]

= O(n−2)
∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)2]

× E
[( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−3( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−1
]

= O(n−2)
∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)2]×O(n−γ+2).

(
∑

l∈{i1,...,i4} ϵ0lXlj1/n)
2 (

∑
l∈{i1,...,i4} ϵ0lXlj1/n) × (

∑
l∈{i1,...,i4} ϵ0lXlj2/n)

Tγ122 Tγ131 = o(pn−γ)

Tγ132

Tγ132

=
C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)2 ∑

l∈{i1,...,i4}

ϵ0lXlj2

n

×
( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−3( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−2
]

=O(n−5)
∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

)2 ∑

l∈{i1,...,i4}

ϵ0lXlj2

]
×O(n−γ+2).

∑
j1,j2

∑
i1,...,i4

E[Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4(
∑

l∈{i1,...,i4} ϵ0lXlj1)
2
∑

l∈{i1,...,i4} ϵ0lXlj2 ]

ϵ0i E[ϵ0i|X,Z] = 0 j1 j2 n2

bij = O(1/n)

Tγ132 = O(n−5)×O(p2)×O(n−γ+2) = O(p2n−γ−3) = o(pn−γ).



Tγ141 = o(pn−γ) Tγ133

Tγ133

=
C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)2( ∑

l∈{i1,...,i4}

ϵ0lXlj2

n

)2

×
( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−3( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−3
]

=O(n−6)
∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

)2( ∑

l∈{i1,...,i4}

ϵ0lXlj2

)2]×O(n−γ+3).

∑
i1,...,i4

E[Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4(
∑

l∈{i1,...,i4} ϵ0lXlj1)
2(
∑

l∈{i1,...,i4} ϵ0lXlj2)
2]

ϵ0i E[ϵ0i|X,Z] = 0 j1 j2 n3

bij = O(1/n)

Tγ133 = O(n−6)×O(p2n)×O(n−γ+3) = O(p2n−γ−2) = o(pn−γ).

Tγ1k1k2 = o(pn−γ) k1 + k2 = 6

k1 + k2 ≥ 7

C

n2

∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

×
( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)k1−1( ∑

l∈{i1,...,i4}

ϵ0lXlj2

n

)k2−1( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−k1( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−k2
]

=O(n−2)
∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)k1−1( ∑

l∈{i1,...,i4}

ϵ0lXlj2

n

)k2−1
]

× E
[( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj1

n

)γ−k1( ∑

l ̸∈{i1,...,i4}

ϵ0lXlj2

n

)γ−k2
]

=O(n−2)
∑

j1,j2

∑

i1,...,i4

E
[
Xi1j1Xi2j2ϵ0i3bi1i3ϵ0i4bi2i4

( ∑

l∈{i1,...,i4}

ϵ0lXlj1

n

)k1−1( ∑

l∈{i1,...,i4}

ϵ0lXlj2

n

)k2−1
]

×O(n−γ+⌊(k1+k2)/2⌋)

=O(n−2)O(p2 × n2 × n−(k1+k2−2))×O(n−γ+⌊(k1+k2)/2⌋)

=O(pn−γ)×O(pn−(k1+k2−2)+⌊(k1+k2)/2⌋) = o(pn−γ).

p = o(n2) k1 + k2 ≥ 7 −(k1 + k2 − 2) + ⌊(k1 + k2)/2⌋ ≥ 2

|Tγ1| = op(n−γ/2√p).



1 < v ≤ γ

E[|Tγv|] ≤ C
p∑

j=1

E
[∣∣∣
( 1
n

n∑

i=1

Sij

)γ−v( 1
n

n∑

i=1

(µ0i − µ̂0i)Xij

)v∣∣∣
]
.

E[|Tγv|] ≤ C
p∑

j=1

E
[( 1

n

n∑

i=1

Sij

)2(γ−v)
]1/2

E
[( 1

n

n∑

i=1

(µ0i − µ̂0i)Xij

)2v]1/2

≤ O(n−(γ−v)/2)
p∑

j=1

E
[( 1

n

n∑

i=1

(µ0i − µ̂0i)Xij

)2v]1/2
.

T2v,j =
(
1
n

∑n
i=1(µ0i − µ̂0i)Xij

)2v
v

j ∈ P0

E[T2v,j|Z] =
1

n2v

∑

i1,i2,...,i4v

E[Xi1jbi1i2v+1ϵ0i2v+1Xi2jbi2i2v+2ϵ0i2v+1 × · · ·×Xi2vjbi2vi4vϵ0i4v |Z]

≤ C

n4v

∑

i1,i2,...,i3v

E[Xi1jXi2j × · · ·×X2
i2vj × ϵ20i2v+1

ϵ20i2v+2
× · · ·× ϵ20i3v |Z]

= O(n−v).

j ̸∈ P0 E[Xij|Z] = 0 j ̸∈ P0

E[T2v,j|Z] =
1

n2v

∑

i1,i2,...,i4v

E[Xi1jbi1i2v+1ϵ0i2v+1Xi2jbi2i2v+2ϵ0i2v+1 × · · ·×Xi2vjbi2vi4vϵ0i4v |Z]

≤ C

n4v

∑

i1,i2,...,i2v

E[X2
i1jX

2
i2j × · · ·×X2

ivj × ϵ20iv+1
ϵ20iv+2

× · · ·× ϵ20i2v |Z]

= O(n−2v).

E[T2v,j] = O(n−v) j ∈ P0 E[T2v,j] = O(n−2v) j ̸∈ P0∑p
j=1 E

[(
1
n

∑n
i=1(µ0i − µ̂0i)Xij

)2v]1/2
= O(p0n−v/2 + pn−v)

E[|Tγv|] ≤ O(n−(γ−v)/2)×O(p0n
−v/2 + pn−v)

= O(p0n
−γ/2 +

√
pn−γ/2√pn−v/2).

p = o(n2) v ≥ 2 p0 = O(p1/2−δ) δ E[|Tγv|] =



o(
√
pn−γ/2) |Tγv| = op(

√
pn−γ/2) γ

[{L(γ, µ̂0)− µ(γ)}/σ(γ)]ᵀγ∈Γ′ = [{L(γ, µ0)− µ(γ)}/σ(γ)]ᵀγ∈Γ′ + op(1).

Ṽij = (Yi − µ̂0i)Xij/
√
σjj, 1 ≤ i ≤ n, 1 ≤ j ≤ p.

W̃j =
∑n

i=1 Ṽij/
√
n Wj Ŵj

j ∈ P0 j ̸∈ P0

ϵ

Pr
(
max
j∈P0

W̃ 2
j > ϵ log p

)

≤Pr
(
max
j∈P0

|W̃j| > ϵ(log p)1/2
)

≤Pr
(
max
j∈P0

∣∣∣
∑n

i=1(Yi − µ0i + µ0i − µ̂0i)Xij√
σjjn

∣∣∣ > (ϵ log p)1/2
)

≤Pr
(
max
j∈P0

∣∣∣
∑n

i=1(Yi − µ0i)Xij√
σjjn

∣∣∣ >
(ϵ log p)1/2

2

)
+ Pr

(
max
j∈P0

∣∣∣
∑n

i=1(µ0i − µ̂0i)Xij√
σjjn

∣∣∣ >
(ϵ log p)1/2

2

)
.

P r
(
max
j∈P0

∣∣∣
∑n

i=1(Yi − µ0i)Xij√
σjjn

∣∣∣ >
(ϵ log p)1/2

2

)
≤ p0Pr

(∣∣∣
∑n

i=1 Sij√
σjjn

∣∣∣ >
(ϵ log p)1/2

2

)
.

Sij Si1j Si2j

i1 ̸= i2

Pr
(
max
j∈P0

∣∣∣
∑n

i=1(Yi − µ0i)Xij√
σjjn

∣∣∣ >
(ϵ log p)1/2

2

)

≤p0 × 2 exp
(
− ϵ log p/4

2

)
= 2p0p

−ϵ/8 = o(1).

p0 = pη η

S1j, . . . , Snj n Sij

(0, σ2) a ∈ Rn

Pr (|
∑n

i=1 aiSij| > t) ≤ 2 exp (−t2/(2σ2||a||22))



Pr
(
max
j∈P0

∣∣∣
∑n

i=1(µ0i − µ̂0i)Xij√
σjjn

∣∣∣ >
(ϵ log p)1/2

2

)

≤Pr
(
max
j∈P0

∣∣∣
∑

i1,i2
Xi1jϵ0i2bi1i2√
σjjn

∣∣∣ >
(ϵ log p)1/2

2

)

≤Pr
(
max
j∈P0

∣∣
n∑

i2=1

ϵ0i2
(∑

i1

Xi1jbi1i2/
√
σjjn

)∣∣ > (ϵ log p)1/2

2

∣∣max
i2

∑

i1

Xi1jbi1i2/
√
σjjn <

C
√
σjjn

)

+ Pr
(
max
i2

∑

i1

Xi1jbi1i2/
√
σjjn ≥ C

√
σjjn

)
.

P r
(
max
j∈P0

∣∣
n∑

i2=1

ϵ0i2
(∑

i1

Xi1jbi1i2/
√
σjjn

)∣∣ > (ϵ log p)1/2

2

∣∣max
i2

∑

i1

Xi1jbi1i2/
√
σjjn <

C
√
σjjn

)

≤p0Pr
(∣∣

n∑

i2=1

ϵ0i2
(∑

i1

Xi1jbi1i2/
√
σjjn

)∣∣ > (ϵ log p)1/2

2

∣∣max
i2

∑

i1

Xi1jbi1i2/
√
σjjn <

C
√
σjjn

)

≤p0E
[
Pr
(∣∣

n∑

i2=1

ϵ0i2
(∑

i1

Xi1jbi1i2/
√
σjjn

)∣∣ > (ϵ log p)1/2

2

∣∣max
i2

∑

i1

Xi1jbi1i2/
√
σjjn <

C
√
σjjn

,X,Z
)]

.

ϵ0i

Pr
(
max
j∈P0

∣∣
n∑

i2=1

ϵ0i2
(∑

i1

Xi1jbi1i2/
√
σjjn

)∣∣ > (ϵ log p)1/2

2

∣∣max
i2

∑

i1

Xi1jbi1i2/
√
σjjn <

C
√
σjjn

,X,Z
)

≤p0 × 2 exp
(
− ϵ log p/4

2C2

)
= 2p0p

−ϵ/(8C2) = o(1).

P r
(
max
i2

∑

i1

Xi1jbi1i2/
√
σjjn ≥ C

√
σjjn

)

≤E
[
Pr
(∑

i1
|Xi1j|
n

≥ C
∣∣Z
)]

≤E
[
Pr
(∑

i1
|Xi1j|− E[|Xi1j|]

n
≥ C − E[|Xi1j|]

∣∣Z
)]

= o(1).

n, p → ∞ Pr
(
maxj∈P0 W̃

2
j > ϵ log p

)
= o(1)



Pr
(
max
j ̸∈P0

|W̃j −Wj| ≥
1

log p

)

≤ npmax
j ̸∈P0

Pr(|V1j| ≥ τn) + Pr
(
max
j ̸∈P0

∣∣
n∑

i=1

(µ0i − µ̂0i)Xij√
σjjn

∣∣ ≥ 1

log p

)
.

O(1/p+1/n)

Pr
(
max
j ̸∈P0

∣∣
n∑

i=1

(µ0i − µ̂0i)Xij√
σjjn

∣∣ ≥ 1

log p

)

≤ Pr
(
max
j ̸∈P0

( n∑

i=1

(µ0i − µ̂0i)Xij√
σjjn

)16 ≥ 1

(log p)16

)

≤ pPr
(( n∑

i=1

(µ0i − µ̂0i)Xij√
σjjn

)16 ≥ 1

(log p)16

)

≤ p log pE
[( n∑

i=1

(µ0i − µ̂0i)Xij√
σjjn

)16]

≤ p log p×O(n−8) = o(1).

P r
(
max1≤j≤p |W̃j −Wj| ≥ 1/ log p

)
= o(1) n, p → ∞

|max
j ̸∈P0

W 2
j −max

j ̸∈P0

W̃ 2
j | ≤ 2max

j ̸∈P0

|Wj|max
j ̸∈P0

|Wj − W̃j|+max
j ̸∈P0

|Wj − W̃j|2.

n, p → ∞ |maxj ̸∈P0 W
2
j −maxj ̸∈P0 W̃

2
j | → 0

Pr
(
max
j ̸∈P0

W̃ 2
j − 2 log p+ log log p ≤ x

)
→ exp{−π−1/2 exp(−x/2)}.

max
1≤j≤p

W̃ 2
j = max

(
max
j∈P0

W̃ 2
j ,max

j ̸∈P0

W̃ 2
j

)
= max

j ̸∈P0

W̃ 2
j .

P r
(
max
1≤j≤p

W̃ 2
j − 2 log p+ log log p ≤ x

)
→ exp{−π−1/2 exp(−x/2)}.



[{L(γ, µ̂0)− µ(γ)}/σ(γ)]ᵀγ∈Γ′ = [{L(γ, µ0)− µ(γ)}/σ(γ)]ᵀγ∈Γ′ + op(1)

L(∞, µ̂0) = L(∞, µ0)+op(1) [{L(γ, µ0)−µ(γ)}/σ(γ)]ᵀγ∈Γ′

L(∞, µ0) op(1) L(∞, µ0)

[{L(γ, µ0)−µ(γ)}/σ(γ)]ᵀγ∈Γ′ [{L(γ, µ̂0)−µ(γ)}/σ(γ)]ᵀγ∈Γ′

L(∞, µ̂0)

!
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