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1 Proofs

Lemma 1. For 1 <i < p, we have
i) if a is even and a = 2d (d > 0), p(a) = L:n"40lL + o(n~?), where o;; = E [(S1;)?.

i) if a > 3 is odd and a = 2d + 1 (d > 0), u(a) = o(n=(@*V).
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12 Proof of Lemma 1. Similar as Lemma 1 in Xu et al. (2016), for a = 2d,
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13 For a = 2d + 1, similarly we have
£l Y5
n &=
7j=1
]_ Z nta,! f[E [(S )lsi|
na ! ! .

>, >0 s=1
li++l=a

_ a! (d=1) —(d+1)
= ; TR B A AU RN

one ls is 3
others are 2

= o(n™141)

1 where m; = E[(S1;)%] = 0. This completes the proof of Lemma 1.

Lemma 2. For 1 <i,j < p, consider integers h,l > 1,
(i) if h 4+ 1 is an even number with h + 1 = 2¢, we have
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where O = E[(SM)Q], and 045 = E[ShSlJ]
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If h + 1 is an odd number with h +1 = 2c+ 1, we have

. . 1 h!l!
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2016—11-_2222 a
2co+c3=Il—b

where myaje = E[(S1:)*(S1;)°].

Proof of Lemma 2. If h + [ = 2c,
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If h + 1 is odd with h 4 = 2¢ + 1, similarly, we have
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This completes the proof.

Proof of Proposition 2. Note that

o?(y) =E H i (% i Ssi)"’}2] _ E{Zi (% ;Zl 581»)7] 2
=pu(2y) — Z{u“ M} +E[ZL (7, 120) LY (, 1o ] > uP(y)
i#j i#j

(c+1))’



» For v =1, note that (1) =0 for 1 <4 < p. By Lemma 1, 2 and C2 mixing assumption,

21 we have

o?(1) =p(2) + E[Z L1, po) L9(1, MO)]

i#£]
1 1 B
—l—EZaij—l—o(pn )771 Z oij +o(pn™).
1#£j 1<4,5<p

2 We use a similar argument as in the proof of Proposition 2 in Xu et al. (2016). According
23 to Lemmas 1 and 2 and the a-mixing assumption, for v = 2d, we have the following

24 expressions
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2 Similarly, for v = 2d 4+ 1, we have
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26 This completes the proof. [ |

sz Proof of Proposition 3. Similar to the proposition 2, under the null hypothesis,
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Suppose t + s = 2c and t, s is even, we have
cov{ L(t, o), L(S 1o}
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If t+ s =2cand t and s are odd, similarly we have
cov{L(t, juo), L(S 1o}
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If t+ s =2c+ 1 and is odd, we have
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This completes the proof. [ |

Proof of Theorem 1. (i) For finite v € I', we first show the limiting distribution for each
L(7, po) and then the joint distribution can be easily obtained by Cramér-Wold Theorem.
We use Bernstein’s block idea (Ibragimov, 1971) to derive the limiting distribution for
each L(7, uo). Specifically, we partition the sequence into different blocks and then by a-
mixing assumptions (C2), blocks are almost independent and some well-established results
can be applied accordingly. First, we partition the sequence o~ () (L9 (v, to) — (7)),
1 <7 < p,into r + 1 blocks, where each of the first r block contains b variables such that
b < p < (r+1)b. Then for each 1 < j < r, we partition the jth block into two sub-blocks
with a larger one S;;, which contains b; variables, and a smaller one Sj,, which contains
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by = b — by variables. Let

b1

Z L(j 1 b+z (7, o) — M(Jfl)bﬂ(fy)), 1<57<r;

=1

b2

Z L(a 1 b+b1+z (7, po) — M(J—l)b+bl+l(fy)) , 1<j<nr
=1

We further define £, = o7 (7) X7 Si(v); Lo = o7'(y) Xj—1 Sie(0); L3 = 7' (7)
> pin (L0 10) = n(7)). As aresult, o= (7) (L(7, o) — u(v)) = L1+ L2 + L3
Suppose r — 00, by — 00, by — 00, b1 /p — 1 and rby/p — 0 as p — oo, the Bernstein’s
block method makes Sj;’s “almost” independent and some well-studied results of sum of
independent random variables may be applied to the study of £;. Further, by noting that
since b, is small compared to by, Lo and L3 will be small and ignorable terms compared

with £;. We next prove

o () (L(y) — (7)) = L1+ 0p(1).

Note that E(Ly) = E(L3) = 0, it is sufficient to show that var(Ls) = var(L3) = o(1).
Consider var(L3) first and we have

p p p
var(Ls) = U‘Q(V)Var( > LW (v)) <o’(y) > Y |eov (L9(y), L9 (y))].
j=rb+1 ji=rb+1 jo=rb+1
For any € > 0, we have the following a-mixing inequality (Guyon, 1995)
cov (n%L(i) (v),n? LY (7))
< Bay(fi — 1) 75 masx (E[(nd LO ()25, B[(n3 L9)(7))2+55 ).
Then take € = 2 and from Lemma 1 we have

cov (Tﬂ/ZL(jl)(y), nV/QL(h)(V)) < Cony(|j1 — jol )2

where C' is some constant. By Proposition 2, we have c72(y) = O(1)n?/p, then

var(Ls) = Var< Z LO( >

j=rb+1

< O(l)ﬂ zp: zp: Cn~6lin—71/2 < O(l)w.

p j1=rb+1 jo=rb+1 p
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Since rb/p — 1 as p — oo, var(Ls) = o(1l), implying L3 = 0,(1). Similarly, we have
Ly = 0,(1). Next, we focus on £y. Based on the similar arguments on page 338 in
Ibragimov (1971), we can properly choose r and by such that

|E{exp(itLi} — E" [exp(ito ' (7)S11(7))]| < 16raw (bs) — 0.

This implies that the limiting distribution of £; is the same as that of o=!(v) > i1 &
where &; and Sj1(7y) are identically distributed. Following Xu et al. (2016), we check the
Lyapunov condition via using the moment bounds (Theorem 5 in Kim (1994)). Thus,
for any finite v € I', we have proved the asymptotic normal distribution of L(7). For
any linear combination of L(y)’s with respect to different -, we can derive the asymptotic
normal distribution with similar techniques. Then the Cramér-Wold Theorem implies the
asymptotic joint distribution of {L(v);y € I''}.

(ii) The conclusion follows directly from the proof of Theorem 6 in Cai et al. (2014). In
particular, define

(Yz'—,u()z')Xz'j
vV 93j 7
Let Vij = Vi, I(|Vij| <) fori=1,...,nand j =1,...,p, where 7, = 27 /2\/log(p + n).

Define W,; = Y20 Vi;/v/nand W; = Y27, Vi;/+/n. Note that max, <<, |[W,—W;| > 1/log p
only holds when at least one |V;;| > 7,. Then by Markov’s inequality and C4,

Vij = 1<i<n1<j<p.

1<5<

A 1
Pr (max \W; — W;| > —> < np max Pr(|V13| >7,)=0(p ' +nt).
1<5<p 0)

Following the proof in Cai et al. (2014),

|maxW2—maxW|<2maX|W|max|W W]+max|W W2,

1<j<p 1<j<p

Then we have when n,p — 0o, | maxi<j<, VV2 mMaxi<j<p W | = 0. Further by Cai et al.
(2014),

PT{EJEE;W — 2logp 4 loglogp < x} — exp{—7""?exp(—z/2)}.
This gives the limiting distribution of L(oo, y).
(iii) The proof of the asymptotic independence follows from a similar argument as that in
Hsing (1995) and Xu et al. (2016). Here we only present the key steps. The idea is that if
L9 (v, o) is weakly dependent and L(7, o) is asymptotically normal, then the individual
summands must be asymptotically negligible and the maximum term should play no role
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in the limiting distribution, leading to the asymptotic independence results. Specially,
consider the sequence of random variables LY () defined on another probability space
such that

Pr (E“)(v) <1< < p) = Pr (LY (v, o) < 5,1 < j < p|L(00, o) < ap+ ) .

The expectation with respect to Pr is denoted by E. To complete this proof, we are to
show the the asymptotic normality of o~!(v) (i(y) — p(v)) as in proof (i). Similar as in
proof (i), partition the sequence o~!(7) (f/(") (v) = (7)), 1 < i < p, into r blocks, where
each block contains b variables such that rb < p < (r 4+ 1)b. Then for each 1 < j < r,
we partition the jth block into two sub-blocks with a larger one S‘jl, which contains b,
variables, and a smaller one S’jg, which contains by = b — b; variables. This step makes gjl,
1 < j < r almost independent by a-mixing assumption. Let

by

Sn(y) = 3 (L9 (y) = pb (), 1< <
i=1

Sja(y) = Z (L(J—l)b+b1+2(,y) _ N(]_l)b%lﬂ(v) ’ 1<j<r
i=1

Further define £, = o '(v) > i Si(), Ly = o (v) > i Sia(v), and L3 = o '(v)

2

?:rbj1~(L(i)<7)~ - 19(v)). Then we prove o~ *(7) (L(y)~ —~,u(7)) = L1+ 0p(1). Note
that E[Ls] = E[L3] = 0. It is sufficient to show that E(L£3) = F(L%) = o(1) and by
Cauchy-Schwarz inequality,

B(LD) = o) E[(30500) | < 20720 (3 BISLOFEIS0)E +

B{S%,(7)|L(c0)<ap+a} B{S?,(7)}
Pr(L(co)<ap+z) — Pr(L(co)<ap+z)

By the definition of E, E{S%(y)} = . Then we have

p
B(L3) <07 () Pr(L(o0) < ay +2)"* x (30 IS5 ISR + 3 BlSH0)).
i i=1
The above bound goes to 0 under the strong mixing assumption by choosing proper bs.
Similarly, we can show that E(£2) = o(1).

Next, we focus on £;. Following Xu et al. (2016), based on the similar arguments on
page 338 in Ibragimov (1971) and a similar argument as that of Lemma 2.2 in Hsing (1995),
we can properly choose r and by such that ‘E[exp{itljl}] — E"[exp{ito ™ (7)S1.1(7)}] ‘ — 0.
This implies that the limiting distribution of £; is the same as that of o= (7) 2521 éj, where
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3 ; and S ;1(7y) are identically distributed under measure Pr. Then by checking the Lyapunov
condition, we show that the central limit theorem holds for o='(v) >27_, ¢;. In particular,

> i1 E(E)

(L(o0) < ap+ )

4 E(EH) <o 0
o (7); (&) <o ()5 0,
where &;’s are defined as those in proof (i) and the convergence also follows from (i).
This completes the proof. [

Proof of Theorem 2. (i) Define D = (Y — fig) = {Y1 — fio1,..., Y, — fign}T and D =
(Y —po) = {Y1—po1,- - -, Yn—tion}7. Using the approach in Le Cessie and Van Houwelingen
(1991) and Guo and Chen (2016), we have

D = [I, — WZ{I(a)} ' ZTID + o0,(n""/?),

where I, is the n x n identity matrix, W is a diagonal matrix, which is defined as W =
diag{E (e |Z), ..., E(e},|Z)}, and I(«a) is a ¢ X ¢ matrix given by I(a) = ZTWZ. Since we
only need prove the leading term is small, the smaller order term o,(n~1/2) can be ignored
in the subsequent proof. For notation simplicity, define B = WZ{I(a)} 'ZT = (bi;)nxn-
By law of large numbers and assumption C7, I(«)/n converges to a weighted covariance
matrix almost surely and thus I(«) = O(n) almost surely. Then by assumption C6 (Z is
bounded almost surely), we have b;; = O(1/n) almost surely.

By some simple linear algebra, we have po; — fig; = Zle byeq for 1 < i < n, where
by = O(n™1'). For simplicity, we denote all the constants by C', which may vary from place
to place. Then we discuss different v separately.

For 7 = 1: we decompose the statistic L(1, fiy) as
. R . NS | " o (Hoi — fuoi) X
L(1, fo) = - ]Zl ZZI(YZ — f10i) Xij = ]Zl ZZI ﬁSij + le 221 = Tio + 111
Under the null hypothesis and proposed assumptions, the same techniques used in the proof

of Theorem 1 lead to

Tlo/a(l)gN(O,l) as n — oo and p — oo.



ur For Ty, by noting that po; — fioi = Y, bucor, we have

E[(Ty)% = Z Z Z Z E (Mon — fioi, ) Xiyjy (Hoir — /fb()z'g)Xim}

J1=1j2=141=1142=1

P p n n
= % Z Z Z Z E 11j1X1232 Z €0lb11l Z €0lb12l]

J1=1j2=14d1=1142=1

p P n n ~
= % Z Z Z Z E _Xi1j1Xi2j2 <€Oi1bi1i1 + EOiniliQ + Z EOlbi1l>

j1=1jo=14i1=14dp=1 Iy ,io

X (€0i15i2i1 + €0iybiniy, + Z eolbigl)]-

I#i1,i2
us Since 7; and iy are symmetrical, we have
E[(T11)?]
1 ) 1
_2 E Xilleizjzemlbilil bizil] + ﬁ E CE [XilleiﬂQeOilbilil E()1'21)1'21'2]
Jl ,J2,81,12 J1,32501, i2
2
E CE 1151 Z2J2€0i1bi1i1 E EOmel} + ™ E : CE 21J1Xi2j2 E EOlbillbizl]

J1,J2,%1 52 1#41,i2 J1,J2581,12 [#i1,i2

=E[T\11] + E[Tio] + E[Tiis] + E[Th14).

e We discuss the order of each term and show that |7 = op(\/]_mfl/Q) and thus can be
10 ignored. By assumption C6, E[X;;|Z] # 0 only holds for j € Fp, then

7ﬁ111|Z Z Z Z Z E 171 szzEOzlbuu 1211 |Z}

Jji=1jo=111=1142=1

Z Z ZZE 1171 12]26021b1111 Z211‘Z:|

J1€Po jo&Po 11=112=1

C n n
) Z Z Z Z E[XiljlXi2j2€?)i1bililbizi1 ‘Z]

J1E€EPy j2& Py i1=11i2=1

+ "2 Z Z ZZE 111 Z2]2'5011171111 1221|Z}

j1€P0 jQEP() i1=110=1

Z Z ZZE i1j1 12J2€011b2111 zzzl‘Z]-

J1€Py j2€Py t1=112=1

10
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For the first term, by E[X,j,|Z] = 0 for j ¢ Py, we have

Z Z ZZE 1171 z2j2€Ozlb%1l1 l2l1|Z]

J1€Po joZPo 11=1 12=1

72 Z Z ZE i1J1 11326(2)1'1‘2} X O(niz)

J1€Po jo&€Po i1=1

<0(n™?) x O(np?) x O(n?) = O(n~*p?)

For the second term, we have

=o(pn™").

C n n
2 Z Z Z Z E[Xillei2j2€gz‘1bi1i1bi2i1|Z]

J1E€EPy j2& Py i1=11i2=1

_2 Z Z ZZE i151 12]26(2)i1|Z] X O(n_g)

71€Py j2€P0 i1=110=1

<O(n™*) x O(ppon®) x O(n™?) = O(ppon™*) = o(pn™").

Noting that py = O(p'/?~%) = o(n), we can derive the last equation. Similar to the

derivation of the second term, for the third term, we have

C n n
n2 Z Z ZZE[XilleinZEgilbililbiQil|Z:| =o(pn1).

J1€Py jo€Py t1=112=1

For the last term, we have

Z Z ZZE 151 12J2€0ubm1 zzn’Z]

J1E€EPy j2€Py i1=112=1

72 Z Z Z ZE 1171 12J26gi1’Z} X O(n72)

J1€Py j2€Py i1=112=1

<0(n™?) x O(pgn®) x O(n"?) = O(n"*p})

Combining the above derivations, we have E[T111|Z] = o(pn™*

11

=o(pn™").

). Next, we discuss the order



17 of E[T112|Z]. By noting that E[X;;ep;|Z] = 0, we have

T’112|Z Z Z Z Z E 171 Z2J2 60i1bi1i1 EOigbiziQ |Z]

Jji=1ja=1l11=1142=1

p p n
(77,_2) Z Z Z E[Xiljl 6(2)i1Xi1j2‘Z] X O<n_2)
ji=1jo=141=1

=0(n?) x O(p’n) x O(n™?) = O(pn~'pn~?) = o(pn1).

s Then we discuss the order of E[T}13]Z]:

C
ElTu|Z] = > E[Xz‘lleizszonbilil > 601bi2l|Z]

J1,J2,81,82 l#i1,12
—2
=0(n?) > E[Xz'llemgﬁonbm\Z]E[§ €ozbiQZ|Z]
J1,J25%1,82 l#i1,12

:O(n_2) Z E |:Xi1j1Xi2j260i1bi1i1 ‘Z] x 0=0.

J1,J2,01,82
129 Next, we discuss the order of E[T714|Z]. Similar to before, we have

C
E[T114’Z] = ﬁ Z E[XilleinQ Z eglbillbigl‘Z]

J1,J2581,82 #4102

C
S ﬁ Z Z E[Xilleisz |Z} E[ Z 6glbi1lbizl|z]

J1,J2 11,52 1#11,i2

< O(n_2) Z Z E[Xillei2j2|Z} X O(n_l)

J1,J2 11,42

<O(m™®) Y. > E[Xi;Xi,plZ] x O(n™)

J1€Po,j2&Po 11,12

+ O(n_Q) Z Z E[Xillei2j2 |Z} x O<n_1)

J1€Po,j2€ P i1,i2

+0(m™?) Y D E[Xi,XiplZ] x O(nh).

J1€Po,j2€ Py i1,i2

130 Similarly, we discuss each term of E[T}14|Z] separately. By conditionally c-mixing condition

12
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(C9), we have

O™ > > E[Xi;XiplZ] x O(n™)

J1€P0,52€ Po 1,12

=0(n™?) > > E[Xy;Xi,|Z] x O(n™)
J1€P,j2¢Po i1=1

=0(n"?) x O(pn) x O(n™") = O(pn~?) = o(pn™1).
By E[X;;|Z] = 0 for j € Py, we have

o> > > B[Xi;XiplZ] xO(n™)

J1€Po,j2€ P t1,i2

=0(n™) Y D E[Xi; XiplZ] x O(n)

J1€Po,j2€ P 11=1

=0(n"%) x O(pon) x O(n™') = O(n"'pyn™t) = o(pn1).
Similarly, we have

o™ > > E[Xi;XuplZ] x O(n™)

J1€P0,j2€ Py i1,i2

—0(n™) x Ofn?) x O(n™") = O(pin~") = olpn™").

The last equation discussed above comes from the assumptions that py = O(pl/ 29 for
a small positive § and p = o(n?). Combining the above equations, we have E[Ty14|Z] =
o(pn™'). In summary, we have E[(T11)?| = E[E[T111|Z)+E[T112|Z]+ E[T113|Z)+ E[T115]Z)] =
o(pn'), leading to |T11| = o,(n~'/2,/p).

For 1 < v < oco: we decompose the statistic L(7, i) as
n

L(v, fuo) = i (% Z(Y; _ ﬂOi)Xijy

j=1 i=1

- i <% i ((Yi = poi) + (poi — ":“”'))X"j)7

_ zp; (% zn; Sij)7 +
= \n &

2l
= 7o—l—ZTw, say.
v=1

n n

S ()L ) (e wx,)

1<v<ry j=1 i=1 i=1

13



1o Under the null hypothesis and proposed assumptions, the same techniques used in the
uo  proof of Theorem 1 lead to T,/o(7) 4 N(0,1) as n — oo and p — oo. Then we discuss
1 the orders of T,
12 discussion into two cases: v =1 and v > 1.

1 < v < «v separately to complete the proof. Specially, we divide the

143 When v = 1, we have

E[(T5)?]

C P D n 1 -1 n 1 1 n A n A
=k [; > (Z ;%&) (Z ﬁsijz) > ((oi = o) Xiji) Y ((0i — MOi)Xijz)]

g1 ga =1 i=1 i=1 i=1
C €01 Xy; €01 X1j; \y—1

=3 >y E[szXi2j260¢3bi1z‘360i4bi2z‘4 x(Y, =R Y le)v

J1,J2 91,12,13,14 lefii,in,iz,ia} 1¢{i1,i2,i3,54}

€01X i €01 X i\ v—
% ( Z 01n132 + Z Olnljg)’y 1].
lefi1,io,iz,ia} 1¢{i1,i2,i3,34}

1us By Binomial theorem, we have

(Z €0[X[j1 )7,1 S ( Z 6Ol)(l_jl + C Z 6Ol‘)(ljl Z 6Ol‘)(ljl )772 + ...

n n
l lg{il,...,i } le{ll, ) } lg{il,...,i4}
€t X1j; \v—2 €01 X1j €01X1j, \y—1
+O( Y, )T Y momso( ), )T
le{i]_,...,i4} lg{il,...,h;} le{i]_,...,i4}
1us  Then

! b €01 X1j, \ki—1
E E 712 E E ’L1J1 12J260i3 1143 €0i4 i2i4( § n )

k1=1ka=1 J1,J2 11,12,13,84 1€{i1,eyia}
><( Z EOIleg)szl( Z Eolejl)’Y*k1< Z EOIXUQ)WI@}
USRS IZ{i1,92,i3,i4} 1g{i1,i2,i3,4}
2 2
= E : E :T’Yllﬁk’w say.
k1=1ko=1

us To prove the order of |74 | is ignorable, we discuss two situations: k1+ky < 6 and k1+ko > 6.
w7 First, we focus on the situation with k; + ks < 6 and discuss the order of each term

14



148

149

150

151

152

individually. By Lemma 2, we have

T

¢ X i1 \7— X _
:_Z Z E|:Xi1j1Xi2j260i3bi1i360i4bi2i4( Z Em—l])v 1( Z EOanm)v 1]

J1,J2 11,12,13,%4 1¢{i1 ia,iz,ia} 1¢{i1,i2,i3,i4}

¢ X~y X
:_Z Z E[thXz2]2€0igbi1i3€0i4bi2i4}E|:( Z —EOlnlh)'Y 1( Z €ol 132)7 1i|

...... . . . . n
J1,J2 11,12,13,14 I€{i1,....04} 1¢{i1,...,1a}

=0(n™)Y D> B[ Xy Xias€oisbinig 0iabizia] X O(n™ ™)

J1,J2 11,22,13,%4

:O("_z)z Z E[XiljdXi2j2€0i3bi1i3€0i4bi2i4} X O(n‘”‘l)),

J1,J2 11,12,13,%4

Note that

Z Z E[XhhX12]2€0i3b1'113601-4bi2i4‘Z} X O(n*(’yfl))

SZ Z E[X11]1X2232€0136014‘Z} XO( ’Hl))

J1,J2 11,12,13,%4

<Z Z 21J1 ZQ]QEOZJ‘Z] X O( ’Y+1))

J1,J2 11,02,3

* Z Z E i1j1€0i1 12326022‘2} X O( () )

J1,J2 11,82

+ Z Z E Z1]1€Dz1 ZZ]QIZ] X O( (1) )

J1,J2 11,82

We discuss each term separately. By a similar discussion of E[T3,|Z], for the first term in

T’yllla we have

Z Z Z1]1 12]26(2)2'3|Z] X O(n_(7+1))

J1,J2 91,12,13

< Z Z E [Xillei2j2|Z] X O(n_w)

J1,J2 1,22

=0(pn + pgn®) x O(n™") = o(pn~7*?).
For the second term in 7’11, we have

Z Z E i1j1 €00 Z2]26022|Z} X O( BRAR )

J1,J2 t1,i2

<O(pn) x O(n~0t) = O(p*n™") = o(pn™7%?).

15



155 For the third term in 7,11, we have

ZZE 11J1€Oz1 1232|Z} X O( (D) )

Ji,J2 i1,62
<O(p*n + popn® + pgn®) x O(n~ D)
=0(p*n™" + popn " + pin ) = o(pnT7?).
15 Combing the above equations, we have T',117 = o(pn~7). Similarly,

T

7121
b b €01X1j,
E E 11J1 2212601'3 i113€0i4Vigig E , n
J1,J2 150524 lef{it,...,ia}
< ( Z EOlejl)v—Q( Z EozXz]g)w—l}
IZ{i1,s0a} 1Z{i1,via}
C EOZXl'
_ J1
_ﬁz > B [szXz2g2€0iabz‘1i3€0z‘4bz‘zz‘4 > — }
J1,J2 91,504 le{it,...,ia}
601X1j1 y—2 EOlej2 ~—1
xE{(Z—n> (Y e
l€{117'~'7i4} l€{117724}

§ E 3 (v—1)
ng 11]1 12]26011b1123b1213€023 +X11J1X22J2b1123bl223€ Xi ] X O( )

0i3 1371
J1,J2 91,12,13

_O 73 Z Z < 11]1 12j26011b2113b1213€013] +E[X11J1X12J2b2'1i3bi2i3€8i3Xi3j1}) X O<n7(’y*1

J1,J2 11,02,13

155 Similar to before, we discuss each term separately. Note that since Ele|X,Z] = 0, we have

156 E[XZQJEOZ’Z} = 0. Thus

DY B[N Xiyin€oisbirigbiniy €05,/ Z] x O(n=07Y)

J1,J2 11,82,13

_ZZE i 22]260“|Z}XO( (7+1))

J1,J2 11,22

=0(p*n?) x O(n~ ") = O(p*n~ 0" ) = o(pn~0~9)).

16



157 Similarly, for the second term in 7’21, we have

Z Z E[Xilleigjzbili3b12i3€gi3Xisjl|Z] X O(n*(‘/*l))

J1,J2 11,82,13

:Z Z X11J1X2212|Z] [EOzg 1331|Z} X O( (7+1>

J1,J2 11,82,13

- Z Z E[Xilleimé |Z} x O(n™7).

J1,J2 11,82

158 By noting that (similar to the derivation of E[T}14]Z]), we have

Z Z E 151 i2j2 |Z} = O(pn + pon + p§n2).

J1,J2 91,12

150 Then

Z Z E[XiljlXizjzbi1i3bi2i3€gi3Xi3j1|Z} X O(n7(771)> = O(pnf(%?’)).

J1,J2 i1,i2,i3

1o Combining these two parts, we have 1,191 = o(pn~7). For T2, we have

Ty122
b b €01X1j, €01-X1j,
n2 Z1J1 Z2J2€0i3 i143€0i4 Digig A A n A . n
J1,J2 150504 lE{’Ll,...,M} lE{Zl,...,M}
< ( Z 601X1j1>772( Z EozXz]'Q)yz}
1¢{i1,ia} 1Z{i1,.,ia}
[ e b en b 601X1j1 601X1j2 }
E E : 0ixDir i €0is bini E Rl VES E piialVP}
11 Xin j2 €0ig Diy is €01y igis 2. n vy "
]1,]221, 4 l€{21,...,l4} le{ll,...,u}
» E[( Z 601le1)7—2( Z EOZle2>’Y—2:|
1¢{i1,...,0a} I¢{i1,...,ia}
,4 —y+2
=0(n E E X1 j1 Xinjo €0i5 Dy i5 €004 Diniy E eorX1j, E 601le2] x O(n=777).
J1,J2 115,04 le{il,...,i4} l€{i1,...,’i4}

17



161 Note that

Z Z XiljlXi2j2€0i3bi1i3€0i4bi2i4 Z 6Ol‘lel Z GOIXZJ'JZ] x O<n77+2>

J1,J2 150504 le{it,yia} le{it, . ia}
§ E 2 4 —y

< E ’Lljl 12]260216012 + X11]1X11]2X2232€0i1 |Z] X O(n )
J1.J2 t1,i2

+Z Z 11316011 122J2€0l2€013|Z] x O(n™7)

J1,J2 11,12,13

+Z Z 11]1 l1]263i1Xi2j263i3‘Z} X O(ni'y)

J1,J2 11,12,13

+ Z Z 1131 22]26013XZSJ1X13J2’Z:| X O(ni’y)

J1,J2 11,12,13

+ Z Z K [X“JlXZ?J?XZSJI6013X14J2€024 ’Z] X O( 77)

J1,J2 11,22,13,24

12 Then we discuss each term separately. For the first term, we have

2 4 —y
z : z :E[ 111 123260116022 + X11]1X11]2X12J260i1’Z X O(n )

J1,J2 11,42

=0(p*n*) x O(n™7) = o(pn 7).

16s For the second term, by noting that E[X7ey|Z] = 0, we have

Z Z 11]160@1 1223260126013|Z} x O(n™")

]1 ]2 11,12,13

_Z Z ZlJIEOZ1 12]26012‘Z] X E|:€013’Zi| X O( _PY)

]1 ]2 11,12,13

=N "> B[X2, &, X2,1Z) x B[, |Z] x O(n™)

]1 ]2 11,13

=0(p*n) x O(n) x O(n™7) = o(pn~7*).

18



16a For the third term, by noting that E[X;;|Z] = 0 for j € P, we have

Z Z 7,1]1 711.72632‘1“)(112]‘26(%1.3|Zi| X O(niﬁ/)

J1,J2 11,12,13

< Z Z E 1,1]1 741.72 6011 1272 ’Z Z E [Egig |Zi| X O(nify)

J1,J2 11,42 i3
E E -
< E 1,1]1 741]26011 1272 ’Z] X O( )
J1,J2 11,42

S Z ZE 11J1 11]26011’2] X O( 77)

J1€Po,j2¢Po i1

- Z ZE 1171 11J2€OI1|Z] X O( _’y)

J1€Py,j2¢ P 41

+ Z ZE 11J1 Z1]26011 Z2]2|Z} X O( _7)

J1€Po,j2€Po 11,12

+ Z ZE 1171 Z1]26011 12]2|Z} X O( _7)

J1€Py,j2€Py 11,12
<O(p*n) x O(n™") + O(ppon) x O(n~7) + O(ppen?) x O(n™7) + O(p%nQ) x O(n™7)

—o(pn~7*4).

165 For the fourth term, similar to the derivation of E[T314|Z], we have

S E[Xij Xisjnos, Xiajs Xz Z] x O(n7)

J1,J2 11,82,13

:Z Z E[Xilleizjzlz] [6013X1311X13J2|Z} X O<n7’y>

J1,J2 i1,i2,i3

:Z ZE[Xi1j1X1'2J'2|Z} X O(Tl) X O<n7’y)

J1,J2 11,42

=O0(pn + pin?) x O(n~ ") = o(pn= 7).
166 For the last term, by the derivation of E[T}14]Z], we have

Z Z E|:X11]1X'L2]2X7f3]16013X14]26024‘Z] x O(n™")

J1,J2 11,22,23,24

- Z Z E[thlXinz‘Z] X O(nQ) X O<n7’y)

J1,j2 11,02
=3 ) E[Xi,;,Xi,5,|Z] = O(pn + pon + pin®) x O(n™ %) = o(pn™ ™).

J1,J2 11,2

167 Combining the above equations, we have T’ 190 = o(pn~7). Then we discuss the order of
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s 11131, we have

b b €0lej1 2
7131 ) E : E Z1]1 12]2€0i3 143 €064 i2i4( E n )

1,52 1150504 lefin,....ia}
y ( Z 6012(13'1)7—3( Z GOZ‘;(ljg)v—l}
1¢{i1,....ia} 1€{i1,....,ia}
X,
n?)Y Z [Xm'lXz‘zjzﬁmgbilisﬁoubizu( > ]
J1.J2 i1, le{it,yia} "
% E[( Z EOlflj1)7—3( Z Eﬂlfljz)v—l}
1@{i1,...,ia} 1g{i1,...ia}
X
_2 Z Z E[ i1 12]2€0i3bi1i3€0i4bi2i4( Z 6(”—1]1)2} X O(”_7+2)-
31,72 1,04 lef{it,....is} n

169 (Zle{“ i e Xy, /n)? and (Zle{“ in) €nXij, /n) X <Zle{i1,...,i4} €nXij,/n) have the same

-----

o effect to the order. Similar to the discussion of 7,192, we have T}131 = o(pn™"). Next, we

in - discuss the order of T’ 39:

T7132

b b GOZijl 2 EOIXUQ
11]1 l2j2€0i3 1143 €0i4 i2i4< ) n

n
J1,J2 11,...5%4 le{il,...,i4} lE{’il,...,’M}

><( Z Golfljl)’y?)( Z 6012(13'2)72}

lg{i17 Nz } lg{llvvz‘l}

=0(n - Z Z [ 171 12J260i3bi1i360i4bi2i4( Z 601le1)2 Z EUle]é} X O(n_%ﬂ)'

J1,J2 11,84 ledit,...,ia} le{it,....ia}

-----

173 contains 5 eg; and Fley;|X,Z] = 0, for a fixed j; and jo. Then we at most have n? terms

s with non-zero expectation. Thus by further noting that b;; = O(1/n), we have

12 Note that zj17j2 Zi1,--.,i4 [X1131X12J2602361113€014 1224(Zl6{z1 ig} EOIlel) Zle{zl z4} EOZXIJQ]

T3z = O(n™®) x O(p®) x O(n™"*%) = O(p*n~""%) = o(pn™").

20



s Similarly, we can prove 15141 = o(pn~7). For T35, we have

T 133

C X X
:ﬁz > E[Xillez'zjz€0i3bi1i3€0z’4bizz‘4( > Em—lh)Q( > EOZTZJQ)Q

J1,J2 115,04 lef{it,....ia} lefit,....ia}

><( Z 6012(1]'1)7—3( Z GOZfljg)'y—ii}

1¢{i1.onis} 1¢{i1.eniis)

=0(n™) Z Z [XiljlXi2j2€0i3bi1i3€0i4bi2i4( Z eozlel)Q( Z eozijQ)z] x O(n=1%%),

J1,J2 i1, le{it,....ia} lef{it,....ia}

s By noting that Z [XllﬁX12]2€0i3b11i3€0i4bi2i4 (Zle{il,...,u} EOlejl)Q(Zle{il,...,u} 601le2>2]
177 contains 6 €g; and E [EOZ’X, Z] = 0, for a fixed j; and j,, we at most have n® terms with

175 non-zero expectation. Further noting that b;; = O(1/n), we have
T3 = O(n~ %) x O(p°n) x O(n ") = O(p*n™772) = o(pn7).

7o Similarly, we can prove Tk, = o(pn~7) for ki + ko = 6.
160 For ki + ko > 7, we have

E § [ 11J1 l2j2 €0i3 bi1i3 €0iy bi2i4

J1,J2 1,504

< ( Z 601X1j1)k1—1( Z GOZfljz)lQ—l( Z €ozle1)v—k1( Z EOIi(ljz)’Y—k2:|

lefin,....ia} le{in, ... ia} Ig{i1,...,ia} 1g{in,....ia}
—2 €01-X1j, \ k1 —1 €01 X1y \ ka—1
:O(n )Z Z E[XiljlXingEOigbi1i3€0i4bi2i4( Z Tl) ( Z TQ)
J15J2 115--+524 lE{il,‘..,i4} lE{il,...,i4}
EOle]d y—k1 EOlejQ vy—ko
<E[( 3T SRR
1g{i1,.v0a} Ig{i1,...,ia}
-2) €01 X1j, \ki—1 €01 X1jy \ ka—1
_O Z Z E[ 151 %232€0i3bi1i360i4bi2i4( Z Tl) ( Z TQ)
J1,J2 11,0504 lef{it,....ia} lefin,....ia}

X O(n_7+L(k1+k2)/2J)
=0(n"2)O(p? x n2 x n~F1Fk2=2)y 5 O(p~rFLln+k2)/2])
=0O(pn™") x O<pnf(k1+k272)+L(k1+k2)/2J) — o(pn™).

1s1 By noting that p = o(n?) and for ky + ky > 7, —(ky + ko — 2) + [ (k1 + k2)/2] > 2, we can
w2 derive the last equation. In summary, we have |T}| = o0,(n~7/2,/p).
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183 When 1 < v < v, by Minkowski’s inequality, we have

TM]gCiEH( ZS”)Y v( i(um ﬂ0i)Xij>

=1

v

B

18« Then by Cauchy-Schwarz inequality,

n

P n oY v
ol £ €3] 350" B[ ot = )]
j=1 i=1 i=1
p n
_(V_U)/Q) ZE[ Z Ho; — /‘1’02 Xl]) v] 1/2‘
7j=1

=1

1/2

3I>—‘

s Next, we derive the order of To,; = (£ 37, (1oi — /QOi)Xij)zv for any positive integer v.
s For j € Fy, we have

1

BT, ;7] = pors Y " E[Xiyjbirisy e €inir XinDining 1200 X+ X Xigy 1Bigyiay €0ia, | Z)
11,82,0-5840
2 2 2
= n4v E : E 117 Z2] - X XZQ i X 6012U+1 0t2442 X X €0i3v|Z]
11,02,...,03
=0(n™").

w7 Note that for j & Py, E[X,;|Z] = 0. Then for For j & P,

1
E[T2v,j|Z] = n2v § E[Xi1jbi1i2v+1€0i2v+1X12]b’t212v+2€0i2v+1 X X Xizujbi2vi4v €0i4, ’Z}
11,02,005040
<C Ej B[X? X2 x---x X2 xe e X Xen |7
= pdv 11J° 1] iy] 0%yp41 ~0iyy2 024
11,82,.5020
=0(n™%).

1w In summary, E[Ty, ;] = O(n™") if j € Py and E[Ty, ;] = O(n?") if j € Py. Then we have
o S B o — o) X) ] = Ofpun—/2 4 pn). This leads to

j=1

E[|T,]] < O(n=0772) x O(pon™*"* + pn™")
= O(pon~ /2 +/pn~ 7/2\/_n v/2>

w0 Note that p = o(n?), v > 2, and py = O(p*/?7?) for a small positive §, we have E[|T,,|] =
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191

192

193

194

195

196

197

198

199

201

202

o(y/pn~"'?), leading to |T.,,| = 0,(/pn~7/?). In summary, we have proved for any finite 7,
{L(y, o) = n(NY o (Mer = HL(V mo) — ()} o (M) e + 0p(1)-
(ii) Define
Vi = (Vi — ) Xij/ /575, 1<i<n1<j<p.

Let W, = >0 Vi;/v/n. W; and W, are defined in the proof of Theorem 1. We discuss two
cases: J € Pyand j ¢ .
For the first case, we define € is a small constant. Note that

P > el
T(I]IéE}%{W eogp)
<P W;| > e(logp)'/?
r(max| | e(logp)'/?)
Y % 7 Ain

<Pr<max = 1 Hoi + Hoi = flos) Xy > (elogp)1/2>

jePy 1/0—‘”77,

(Y= o) Xy | (elogp)'/? © (noi — o) X | (elogp)'/?

§Pr<max 2o (Yi — poi) Xij | (elogp) >+Pr<max 2 iz (Hoi = fi0)) Xij | (clogp)

JjEP N 2 j€R N 2

For the first term, we have

n 0V X 1/2 n N 1/2
i ERL S ) (L8 ey
jePy ;N 2 \/W 2

Note that S;; follows a sub-Gaussian distribution (C5) and 5;,; and S;,; are independent
for 7; # i. Then using a Chernoff bound, we have

" (Y~ o) Xy | (clogp)"/?
Pr(max lel( foi) 2> (clogp) >
Jj€Po w/O—jjn 2

elogp/4 .
<pg X 2exp ( — —ng/ > = 2pop~/® = 0(1).

By noting that po = p", where 7 is a small constant, we have the last equation.

Remark: Suppose Sij,...,S,; be n independent random variables such that S;; follows
sub-Gaussian distribution subG(0,?). Then for any a € R", using a Chernoff bound, we
have Pr (3211, aiSi| > t) < 2exp (—t2/(207||al[3))-
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203

204

205

206

207

For the second term, we have

. i — [loi) X 1 1/2
Pr<maX Sy (o — fu0i) X - (elogp) )
JjEPy \/ 05N 2

<Pr (max Zi1,¢2 Xiyj€0ibiyis (elog p)1/2>
- JEP £/ 0N 2

elogp 1/2
(—|maXZXumez/ ajin <

SPr(rJIéz}ch | Z €0is Z Xiyjbiri /\/0557) ‘ =

C
7o)

+Pr<maXZmem2/,/a” > ﬂ)
X 23

We discuss these two terms separately. For the first term, we have

elogp 1/2
(?g}%q Z 6012 Z Zlﬂbiliz/\/ Ujjn)‘ { maxz ’Ubili?/ 5T <

7o)

<poP7"(| Z €0iy ZXujbzmz/m” Elogp 1/2 | maXZ mbiliQ/ Tt < = )
] : AL

G logp)l/ ’ C
<p0E[Pr<‘ 26012 ZXZmez/*/UJJ )| > —‘maXZmemZ/ ojn < — X Z)]
i1 AL
Noting that €g; follows a sub-Gaussian distribution, we have
(elogp)'/? C
<I}é‘{'}3§ | Z €0iy Z Xlljb’blw/ V05T ) ’ —| maX Z Xlljbllw/ ajin < —/—— ;—O_jjnﬂ X? Z)

elo 4 2
<pg X 2exp < — %) = 2pop~ /) = o(1).

For the second term, we have

O'J]’I”L>

PT(IHZ.?XZXZU biviy [A/T1 >
SE[M(M > Clz)]

n
(Zil [ Xinj| — B[] Xi5]]

n

SE[PT > C — B[ X, \Z)] o(1).

In summary, as n,p — 0o, Pr( max;ep, V~Vj2 > elogp) = 0(1). Then we focus on the second
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208

209

210

211

212

213

214

215

situation. Note that

Pr (maX|W W;| >

)

- i — foi) X 1
< npmax Pr(|Vyg| > ) + Pr((max| (10 = o)Xy ).
J€Po J¢P Py L lng

From the proof of Theorem 1, the first term is O(1/p+ 1/n) and thus we only need discuss

log p

the second term. By the Markov inequality and the Jensen’s inequality,

- i — Hoi) Xij 1
Pr(mge 3 Vo R 5 )
igPy = NG log p

- i — floi) Xij 1
SPT(IH&LX(Z('MO fioi) J)IGE 16)
iEh V= Jagm (log p)

& (foi — foi) Xij\ 16 1
<P "2 )

“~ (pt0; — fuoi) Xij\ 16
< plogpi] (35 = o)Xy
S

< plogp x O(n’g) = o(1).

Thus, we have Pr(max;<;<, W, —W,;| >1/ logp) = o(1) as n,p — co. Further note that

|HéE}DXW —II;&PXW‘<2H1aX‘W|maX’W W|—|—maX|W W;|2.
j j

The above two inequalities indicate that when n, p — oo, | max;¢p, VV]-2 —max;¢p, W]-2| — 0.
By Cai et al. (2014), we have

Pr (n;zz})XW —210gp+loglogp<x) — exp{—1 % exp(—z/2)}.
j

Note that
max I/Vj2 = max (max VVJ max W] ) = max W]-Z.
1<j<p j€ho J¢Po J¢Po

Thus,

Pr( max W —2logp + loglogp < x) — exp{—7" 12 exp(—z/2)}.
1<5<p
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216

217

218

219

220

(iii) By proof in (i) and (ii), we have
{L(v: fi0) = N} oM Perr = {L(v, 10) = (1)} o (1) e + 0p(1)

and L (00, fig) = L(00, pg) +0,(1). By Theorem 1, [{L(7, p10) — () }/o (7))} e is asymptoti-
cally independent with L(oo, io). Note that o,(1) is asymptotic independent with L (oo, 1)
and [{L(7, po) — ()} o (¥)errs thus [{L(v, fto) — p(v)}/o(7))] e is asymptotically inde-
pendent with L(oo, fig).

This completes the proof. ]
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= 2 Supplementary Tables and Figures

22 We put extensive simulation results in this section and the simulation settings are described

23 in the subsection 4.1.

Table S1: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 4000. The sparsity parameter was s = 0.1, leading to 400 non-zero elements
in 8 with a constant value c¢. The results outside and inside parentheses were calculated

from asymptotics and parametric bootstrap based method, respectively.

c [0 00l 003 005 007 0.1 0.15
SPU(1) 5(5) 12 (11) 51 (51) 75 (76) 85 (85) 90 (90) 93 (93)
SPU(2) 7(5) 9(7) 26(21) 48 (41) 60 (54) 71 (65) 79 (73)
SPU(3) 4(4) 8(9) 45(47) 69 (70) 81 (82) 87 (88) 92 (92)
SPU(4) 2(5) 4 (6) 14 (17) 34 (37) 47 (50) 60 (61) 67 (683)
SPU(5) 2(4) 5(7) 26(30) 46 (51) 59 (62) 68 (70) 74 (77)
SPU(6) 2(5) 1(5) 7(12) 18(26) 29 (35) 37 (44) 46 (52)
SPU(infty) | 5(4) 5(5) 6(7) 9 (11) 10 (12) 12(15) 15 (20)
aSPU 4(4) 7(7) 38(43) 66 (69) 80 (82) 87 (89) 93 (94)
HDGLM |7 (5) 9(7) 25(21) 48 (41) 59 (53) 70 (64) 78 (72)
GT 5 7 21 42 54 65 73

Table S2: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 4000. The sparsity parameter was s = 0.05, leading to 200 non-zero elements
in # with a constant value ¢. The results outside and inside parentheses were calculated

from asymptotics and parametric bootstrap based method, respectively.

c 0 003 006 0.1 0.15 0.2 0.3
SPU(1) |5 (5) 18 (18) 40 (39) 55 (55) 65 (65) 67 (63) 70 (70)
SPU(2) | 7(5) 14 (11) 38(32) 63 (56) 74 (67) 78 (72) 81 (75)
SPU(3) |4 (4) 16(17) 38 (40) 61 (62) 76 (76) 80 (81) 82 (83)
SPU(4) |2(5) 8(12) 26 (31) 52 (54) 66 (67) 72 (72) 78 (79)
SPU(5) |2 (4) 8(11) 28(32) 50 (53) 66 (69) 71 (73) 74 (76)
SPU(6) |2 (5) 4(10) 15 (24) 35 (43) 49 (54) 56 (61) 60 (65)
SPU(co) | 5 (4) 6(6) 11 (12) 14 (17) 17(23) 19 (25) 20 (27)
aSPU |4 (4) 14 (15) 37 (42) 64 (67) 80(82) 84 (86) 88 (88)
HDGLM | 7 (5) 14 (11) 37(32) 62 (56) 72 (67) 77 (72) 80 (77)
GT 5 11 32 57 68 72 76
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Table S3: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.001, leading to 2 non-zero elements
in # with a constant value c¢. The results outside and inside parentheses were calculated

from asymptotics and parametric bootstrap based method, respectively.

c 0 01 02 0.3 0.4 0.5 0.6

SPU(1) |5() 6() 6(6) 6(6) 5()  6(6) 6 (5)

SPU(2) |6(5) 8(6) 11(9) 13(10) 16 (14) 21 (17) 28 (23)
SPU3) |4 (5) 5(6) 6(7) 9(9) 15(15) 26 (28) 44 (45)
SPU(4) |4 (6) 4(6) 8(10) 18(21) 43 (46) 73 (76) 91 (92)
SPU(G) |4(5) 4(6) 6(9) 20(24) 53 (56) 83 (85) 96 (96)
SPU(6) |3(6) 3(6) 7(12) 26(32) 64 (70) 91 (93) 98 (99)
SPU(c0) | 5(5) 5(5) 11 (10) 33(33) 75(75) 96 (96) 100 (100)
aSPU | 5(5) 5(6) 10(10) 31(29) 70 (69) 93 (93) 99 (99)
HDGLM | 7 (5) 8(7) 11(9) 13(10) 16 (14) 21 (17) 28 (23)
GT 5 6 9 10 14 18 24

Table S4: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.05, leading to 100 non-zero elements
in # with a constant value c¢. The results outside and inside parentheses were calculated

from asymptotics and parametric bootstrap based method, respectively.

c 0 003  0.06 0.1 0.15 0.2 0.3
SPU(1) |5 (5) 12 (12) 27 (27) 47 (47) 58 (58) 64 (65) 68 (68)
SPU(2) |6 (5) 12(9) 34 (29) 65 (61) 85(82) 91 (89) 96 (94)
SPU(3) |4 (5) 11(12) 32(33) 66 (67) 84 (84) 90 (90) 95 (95)
SPU(4) |4 (6) 7(9) 26(29) 62 (63) 85(86) 93(93) 97 (97)
SPU(5) |4 (5) 7(10) 24 (27) 60 (64) 82 (84) 90 (91) 94 (94)
SPU(6) |3 (6) 4(7) 16(22) 44 (50) 73 (77) 85 (87) 92 (93)
SPU(co) | 5(5) 5(5)  9(9) 18(21) 27 (31) 36 (42) 42 (50)
aSPU | 5(5) 9(10) 33(37) 67 (70) 89 (90) 96 (96) 99 (99)
HDGLM | 7 (5) 12 (10) 35 (29) 65 (60) 85 (82) 91 (89) 96 (94)
GT 5 10 29 61 82 89 94

28



Table S5: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.7, leading to 1400 non-zero elements
in 8 with a constant value c¢. The results outside and inside parentheses were calculated
from asymptotics and parametric bootstrap based method, respectively.

c 0 0001 0003 0005 0007 001 0.015
SPU(1) |5(5) 6(5) 19 (19) 47 (46) 73 (72) 95 (95) 100 (100)
SPU(2) |6(6) 6(6) 5(5) 7(7) 8(8) 14 (14) 24 (23)
SPU(3) |4 (4) 5(5) 15 (15) 36 (36) 59 (58) 87 (87) 99 (99)
SPU(4) |6(6) 7(6) 6(5) 7(6) 8(7) 12(11) 23 (20)
SPU(5) |5(5) 5(5) 9(9) 19(19) 34(33) 56 (55) 83 (82)
SPUG) [6(5) 7(6) 6() 7(5 9(7) 11(9) 16 (14)
SPU(co) |3 (4) 3(6) 3(4) 3(4) 4() 5(7) 6 (7)

aSPU |5 (5) 7(6) 11(12) 27(29) 49 (53) 85 (88) 99 (99)
HDGLM | 7 (5) 7 (6) 7(5) 9(7) 12(9) 19 (15) 29 (26)
GT 5 6 7 9 15 26

Table S6: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.001, leading to 2 non-zero elements
in 8 with a constant value c. The covariance is Non-sparse structure. The results outside
and inside parentheses were calculated from asymptotics and parametric bootstrap based
method, respectively.

c 0 01 02 0.3 0.4 0.5 0.6
SPU(1) [6(5) 4(4) 5() 5(B) 5() 5(6) 6 (5)

SPU(2) |6 (5) 7(5) 14 (11) 19(16) 28 (24) 37 (33) 42 (39)
SPU(3) |4 (5) 5(6) 10 (11) 28(29) 45 (47) 60 (61) 68 (68)
SPU(4) |4 (5) 5(6) 24(26) 52 (52) 68 (69) 78 (78) 83 (83)
SPU(5) |4 (5) 5(7) 25(27) 54 (55) 71(73) 80 (81) 85 (86)
SPU(6) |3 (5) 5(7) 29(32) 58(59) 73 (75) 83 (84) 88 (88)
SPU(co) | 4 (4) 6 (5) 41 (41) 81 (81) 95 (96) 99 (99) 100 (100)
aSPU |5 (5) 7(6) 37(35) 76 (74) 94 (93) 98 (98) 100 (100)
HDGLM | 7 (5) 7(5) 14 (11) 20 (16) 28 (24) 37 (33) 43 (39)
GT 5 5 11 16 25 34 40
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Table S7: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.05, leading to 100 non-zero elements
in 8 with a constant value ¢. The covariance is Non-sparse structure. The results outside
and inside parentheses were calculated from asymptotics and parametric bootstrap based
method, respectively.

c 0 003  0.06 0.1 0.15 0.2 0.3
SPU(1) |6 (5) 18 (17) 41 (40) 55 (55) 62 (63) 67 (67) 69 (69)
SPU(2) |6 (5) 17 (15) 51 (46) 77 (73) 90 (87) 92 (89) 94 (92)
SPU(3) |4 (5) 17(19) 45 (47) 77 (78) 88 (88) 92 (92) 94 (94)
SPU(4) |4 (5) 12(13) 43 (43) 75 (75) 90 (89) 92 (92) 94 (94)
SPU(5) |4 (5) 10(12) 35 (37) 67 (69) 82 (82) 87 (87) 90 (90)
SPU(6) |3 (5) 8(10) 29 (33) 59 (61) 75 (76) 81 (81) 85 (86)
SPU(co) | 4 (4) 7(6) 14 (16) 21 (28) 33 (40) 41 (48) 45 (53)
aSPU |5 (5) 17 (18) 52 (53) 82 (84) 92(92) 96 (95) 96 (96)
HDGLM | 7 (5) 17 (15) 51 (46) 78 (73) 90 (87) 92 (89) 94 (92)
GT 5 15 46 74 87 89 92

Table S8: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.1, leading to 200 non-zero elements
in 8 with a constant value c. The covariance is Non-sparse structure. The results outside
and inside parentheses were calculated from asymptotics and parametric bootstrap based
method, respectively.

c 0 003 0.6 0.1 0.15 0.2 0.3
SPU(1) |6 (5) 12 (12) 51 (50) 75 (75) 85 (35) 89 (89) 93 (92)
SPU(2) |6(5) 8(6) 32(28) 59 (54) 78 (74) 88 (85) 93 (90)
SPU(3) |4 (5) 8(9) 41 (44) 73 (74) 87 (87) 91 (91) 95 (95)
SPU(4) |4 (5) 4(5) 22(24) 47 (48) 67 (66) 80 (79) 88 (87)
SPU(5) |4 (5) 5(6) 21(25) 46 (50) 63 (65) 75 (77) 83 (84)
SPU(6) |3 (5) 3(5) 11(15) 30 (34) 45 (47) 56 (59) 65 (67)
SPU(co) | 4 (4) 4(4) 10 (12) 15(16) 17 (19) 21 (26) 25 (31)
aSPU |5 (5) 7(8) 42 (44) 72 (75) 86(89) 94 (94) 97 (97)
HDGLM | 7 (5) 8(6) 32(28) 59 (54) 78(74) 88 (85) 92 (90)
GT 5 6 28 54 74 86 91
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Table S9: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.7, leading to 1400 non-zero elements
in 8 with a constant value ¢. The covariance is Non-sparse structure. The results outside
and inside parentheses were calculated from asymptotics and parametric bootstrap based
method, respectively.

c 0 0.001 0003 0005 0.007 0.01 0.015
SPU(1) |6 (5) 8(7) 35(36) 78 (78) 96 (96) 100 (100) 100 (100)
SPU2) |6(5) 6(5) 6(5) 9(8) 13(11) 24(20) 48 (43)
SPU(3) |4 (5) 6(6) 22(23) 53(55) 80(81) 97 (97) 100 (100)
SPUM) |4(5) 4(4) 4() 5(7) 9(10) 17(18) 31 (32)
SPU(5) |4 (5) 4(6) 9(11) 19(23) 32(36) 53 (64) 85 (88)
SPU(G) [3(5) 3(4) 3(4) 3(5) 6(8) 10(13) 16 (19)
SPU(co) |4 (4) 4(3) 4() 6(5)  5(5) 7 (8) 9 (11)
aSPU |5 (5) 5(5) 19(22) 54 (57) 84 (88) 98 (99) 100 (100)
HDGLM | 7 (5) 6(5) 7(4) 10(8) 13(10) 24 (20) 48 (43)
GT 5 5 5 8 11 20 43

Table S10: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.001, leading to 2 non-zero elements
in § with a constant value ¢. The covariance is Block diagonal structure. The results
outside and inside parentheses were calculated from asymptotics and parametric bootstrap
based method, respectively.

c 0 01 0.2 0.3 0.4 0.5 0.6
SPUM) |5(5) 4(4) 4(@d) 414 5() 60 5 (5)

SPU(2) |6 (5) 8(7) 14 (12) 24 (21) 34 (29) 42 (38) 45 (42)
SPU(3) |4(5) 5(7) 18(19) 38 (40) 56 (57) 67 (68) 75 (75)
SPU(4) |4 (5) 7(8) 33(33) 61(61) 74(75) 83(83) 88 (89)
SPU(BG) |4(5) 7(9) 35(36) 63(64) 78 (79) 85 (86) 90 (90)
SPU(6) |3 (5) 7(10) 40 (43) 67 (68) 80 (81) 87 (88) 92 (92)
SPU(co) | 4 (4) 8(7) 55 (56) 89 (89) 98 (98) 100 (100) 100 (100)
aSPU |5 (5) 9(9) 51 (49) 87 (85) 97 (97) 100 (100) 100 (100)
HDGLM | 6 (5) 8(6) 15 (12) 25(21) 34 (30) 43 (39) 45 (42)
GT 5 7 12 21 30 39 42
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Table S11: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.05, leading to 100 non-zero elements
in § with a constant value c¢. The covariance is Block diagonal structure. The results
outside and inside parentheses were calculated from asymptotics and parametric bootstrap
based method, respectively.

c 0 003  0.06 0.1 0.15 0.2 0.3
SPU(1) |5 (5) 17 (17) 37 (36) 57 (57) 62 (62) 68 (68) 70 (70)
SPU(2) |6 (5) 16(13) 39 (35) 65 (60) 78 (74) 85 (83) 87 (84)
SPU(3) |4 (5) 13(14) 43 (43) 70 (72) 82 (82) 87 (87) 89 (89)
SPU(4) |4 (5) 10(11) 31(32) 61 (62) 78 (77) 84 (83) 88 (87)
SPU(5) |4 (5) 8(10) 29 (31) 55(57) 72 (74) 79 (80) 82 (83)
SPU(6) |3 (5) 8(10) 20 (24) 46 (47) 62 (63) 71 (71) 75 (76)
SPU(co) | 4 (4) 7(7) 10 (13) 19 (24) 26 (31) 30 (40) 34 (44)
aSPU |5 (5) 15(15) 42 (44) 71 (72) 85(85) 90 (91) 93 (93)
HDGLM | 6 (5) 16 (14) 39 (35) 65 (61) 78 (74) 85 (82) 87 (84)
GT 5 14 35 60 75 83 84

Table S12: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.1, leading to 200 non-zero elements
in § with a constant value ¢. The covariance is Block diagonal structure. The results
outside and inside parentheses were calculated from asymptotics and parametric bootstrap
based method, respectively.

c 0 00l 003 005 007 0.1 0.15
SPU(1) |5 (5) 11 (11) 47 (46) 71 (71) 83 (83) 89 (89) 92 (93)
SPU(2) |6 (5) 8(6) 25(22) 47 (43) 64 (60) 78 (74) 85 (82)
SPU(3) |4 (5) 8(9) 35(36) 63(65) 80 (80) 87 (87) 91 (91)
SPU(4) |4 (5) 5(6) 17 (18) 36 (36) 53 (54) 69 (69) 78 (77)
SPU(5) |4 (5) 5(7) 16 (20) 36 (39) 50 (54) 63 (65) 70 (72)
SPU(6) |3 (5) 3(5) 10(13) 21 (24) 33(36) 47 (48) 53 (54)
SPU(co) | 4 (4) 5(6)  8(9) 10 (12) 14 (17) 16 (21) 19 (24)
aSPU |5 (5) 8(7) 34(37) 64(66) 82(84) 91 (93) 94 (95)
HDGLM | 6 (5) 8 (6) 26 (22) 48 (43) 65 (59) 78 (74) 85 (82)
GT 5 6 22 43 60 74 83
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Table S13: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.7, leading to 1400 non-zero elements
in § with a constant value c¢. The covariance is Block diagonal structure. The results
outside and inside parentheses were calculated from asymptotics and parametric bootstrap
based method, respectively.

c 0 000I 0003 0005 0.007 0.01 0.015
SPU(1) |5 (5) 6(6) 35(35) 72(72) 93 (94) 100 (100) 100 (100)
SPU2) |6(5) 5(5) 6(4) 8(7) 11(9) 21(17) 37 (33)
SPU(3) |4 (5) 6(6) 18(20) 45 (47) 71(72) 95 (95) 100 (100)
SPUM) |4(5) 4(5) 4() 4(5) 8(9)  13(14) 25 (26)
SPU(5) |4 (5) 4(6) 8(10) 15(19) 27(32) 48 (55) 75 (79)
SPUG) [3(5) 3(5) 3(5) 4(6) 5(7)  8(11) 14 (17)
SPU(co) |4 (4) 4(4) 4(4) 4(4)  5(5) 6 (7) 7(9)

aSPU |5 (5) 4 (4) 17(21) 47 (53) 80(83) 98 (99) 100 (100)
HDGLM | 6 (5) 6 (4) 6(4) 8(7) 11(10) 21(17) 37 (33)
GT 5 4 5 7 10 17 33

Table S14: Empirical type I errors and powers (%) of various tests in a simulation with
n = 200, p = 2000. The sparsity parameter was s = 0.1, leading to 200 non-zero elements
in § with a constant value ¢. The covariance is Block diagonal structure. The results
outside and inside parentheses were calculated from asymptotics and parametric bootstrap
based method, respectively. The outcome is continuous.

c 0 00l 003 005 007 0.1 0.15
SPU(1) |5 (5) 11 (11) 47 (46) 71 (71) 83 (83) 89 (89) 92 (93)
SPU(2) |6 (5) 8(6) 25(22) 47 (43) 64 (60) 78 (74) 85 (82)
SPU(3) |4 (5) 8(9) 35(36) 63(65) 80 (80) 87 (87) 91 (91)
SPU(4) |4 (5) 5(6) 17 (18) 36 (36) 53 (54) 69 (69) 78 (77)
SPU(5) |4 (5) 5(7) 16 (20) 36 (39) 50 (54) 63 (65) 70 (72)
SPU(6) |3 (5) 3(5) 10(13) 21 (24) 33(36) 47 (48) 53 (54)
SPU(co) | 4 (4) 5(6)  8(9) 10 (12) 14 (17) 16 (21) 19 (24)
aSPU |5 (5) 8(7) 34(37) 64(66) 82(84) 91 (93) 94 (95)
HDGLM | 6 (5) 8 (6) 26 (22) 48 (43) 65 (59) 78 (74) 85 (82)
GT 5 6 22 43 60 74 83
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Figure S1: Empirical powers of SPU(1), SPU(2), SPU(c0), aSPU, GT (Goeman et al.,
2011), and HDGLM (Guo and Chen, 2016). The signal sparsity parameter s varies from
0.001 to 0.7. We set n = 200 and p = 2000, respectively. The covariance matrix structure
is block diagonal structure.
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Figure S2: Empirical powers of SPU(1), SPU(2), SPU(c0), aSPU, GT (Goeman et al.,
2011), and HDGLM (Guo and Chen, 2016). The signal sparsity parameter s varies from
0.001 to 0.7. We set n = 200 and p = 2000, respectively. The covariance matrix structure
is non-sparse structure.
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