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A Outline of the proofs

To facilitate the proof, we introduce the following notations. Denote β̂n = βB̂ the

estimator from tensor GEE and β0 = βB0
the true values. Recall that the CP decom-

position ensures that B is uniquely determined by βn ∈ IRR
∑D

d=1 pd . Denote J(β) =

[J1, J2, · · · ,JD], and note that under tensor structure ∂θij/∂β = J(β)TvecXij. Recall

the generalized estimating equations can be written as

sn(βn) =
n∑
i=1

JT(βn)vecXiA
1/2
i (βn)R̂−1A

−1/2
i (βn)(Yi − µi(βn)).

The proof of Lemma 1 is similar to that of Theorem 1 by dropping the terms involving

the working correlation matrix and thus is omitted here.

The main technique to prove Theorem 1 is the sufficient condition for existence and

consistency of a root of equations proposed in Ortega and Rheinboldt (2000), which also

has been used in Portnoy (1984) for M-estimator and in Wang (2011) for GEE estimator

with vector covariates. To check this condition, Lemmas B.1–B.3 are proposed. Lemma

B.1 provides a useful approximation to the generalized estimating equations sn(β0)

based on the condition (A4) of the working correlation matrix. This facilitates the

later evaluations of the moments of the generalized estimating equations by treating the

intra-subject correlation as known. Lemma B.2 further establishes the approximation of

the negative gradients of the generalized estimating equations. Lemma B.3 refines this

approximation of the negative gradients at one more step, providing the foundations for

the Talyor expansion of generalized estimating equations at the true value.
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Based on Theorem 1, the proof of Theorem 2 is obtained by evaluating the covariance

matrix of the generalized estimating equations and applying the Lindeberg-Feller central

limit theorem.

The proof of Theorem 3 follows two steps. We show that BIC neither overestimates

nor underestimates the true rank. By combing these results, the rank selection consis-

tency is established.

Theorem 4 is proved by construction. We show that the oracle estimator is an

approximated solution to the SCAD regularized tensor GEE.

B Technical lemmas

Lemma B.1. Under conditions (A1)-(A8), ||s̃n(β0) − sn(β0)|| = Op(1), where s̃n(β0)

is sn(β0) with R̂ replaced by R̃.

Proof of Lemma B.1. Consider

s̃n(βn) =
n∑
i=1

JT(βn)vecXiA
1/2
i (βn)R̃−1A

−1/2
i (βn)(Yi − µi(βn)).

Denote by {ri,j}1≤i,j≤m the (i, j)-th element of R̂−1 − R̃−1. By condition (A4), ri,j =

Op(n
−1/2). By direct calculation,

sn(β0)− s̃n(β0)

=
n∑
i=1

m∑
j=1

m∑
k=1

rj,mσij(β0)εik(β0)J
T(β0)vecXij

=
m∑
j=1

m∑
k=1

rj,m

[ n∑
i=1

σij(β0)εik(β0)J
T(β0)vecXij

]
,

where εik(β0) = σ−1ik (β0)(Yik − µik(β0)). By condition (A5), (A6) and (A7),

E
[
||

n∑
i=1

σij(β0)εik(β0)J
T(β0)vecXij||2

]
= O(n).

Therefore, ||
∑n

i=1 σij(β0)εik(β0)J
T(β0)vecXij|| = Op(

√
n). Since ri,j = Op(n

−1/2), the

proof is complete.

Consider Dn(βn) = −∂sn(βn)/∂βn, D̃n(βn) = −∂s̃n(βn)/∂βn. Lemma B.2 estab-

lishes the approximation of the negative gradients of the estimating equations.
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Lemma B.2. Under conditions (A1)-(A8), for some constant 4 > 0,

sup
||βn−β0||≤4n−1/2

|λmax[D̃n(βn)−Dn(βn)]| = Op(n
1/2),

sup
||βn−β0||≤4n−1/2

|λmin[D̃n(βn)−Dn(βn)]| = Op(n
1/2).

Proof of Lemma B.2. Similar to Lemma C.1. of Wang (2011), it can be shown by direct

calculation that

D̃n(βn) = D̃n1(βn) + D̃n2(βn) + D̃n3(βn) + D̃n4(βn),

where

D̃n1(βn) =
n∑
i=1

JT(βn)vecXiA
1/2
i (βn)R̃−1A

1/2
i (βn)vecTXiJ(βn),

D̃n2(βn) =
1

2

n∑
i=1

JT(βn)vecXiA
1/2
i (βn)R̃−1A

−3/2
i (βn)Ci(βn)Fi(βn)vecTXiJ(βn),

D̃n3(βn) = −1

2

n∑
i=1

JT(βn)vecXiA
1/2
i (βn)Fi(βn)Ki(βn)vecTXiJ(βn),

D̃n4(βn) =
n∑
i=1

m∑
j=1

eT

jA
1/2
i (βn)R̃−1A

−1/2
i (βn)(Yi − µi(βn))H(βn),

with

Ci(βn) = diag
(
Yi1 − µi1(βn), . . . , Yim − µim(βn)

)
,

Fi(βn) = diag
(
µ
(2)
i1 (βn), . . . , µ

(2)
im(βn)

)
,

Ki(βn) = diag
(
R̃−1A

−1/2
i (βn)(Yi − µi(βn))

)
,

eT
j the length m vector with j-th element 1 and 0 everywhere else, and H(βn) is defined

in condition (A8).

Let Dni(βn) be defined the same as D̃ni(βn), but with R̃ replaced by R̂, for i =

1, . . . , 4. It is sufficient to prove

sup
||βn−β0||≤4n−1/2

sup
u
|uT[Dni(βn)− D̃ni(βn)]u| = Op(n

1/2)

for any u ∈ IRR
∑D

d=1 pd such that ||u|| = 1, i = 1, . . . , 4.
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For i = 1, we have

|uT[Dn1(βn)− D̃n1(βn)]u|

≤n||u||2 · ||R̂−1 − R̃−1||F · λmax(Ai(βn)) · λmax

(
n−1

n∑
i=1

JT(βn)vecXivecTXiJ(βn)
)
.

By condition (A3), (A4) and (A7), |uT[Dn1(βn)−D̃n1(βn)]u| = Op(n
1/2) on the set Nn.

For i = 2, we have

|uT[Dn2(βn)− D̃n2(βn)]u|

≤1

2
|uT

n∑
i=1

JT(βn)vecXiA
1/2
i (βn)(R̃−1 − R̂−1)A−3/2i (βn)Ci1(βn)Fi(βn)vecTXiJ(βn)u|

+
1

2
|uT

n∑
i=1

JT(βn)vecXiA
1/2
i (βn)(R̃−1 − R̂−1)A−3/2i (βn)Ci2(β0)Fi(βn)vecTXiJ(βn)u|

,Jn1 + Jn2,

where we decompose Ci(βn) as Ci1(βn) + Ci2(β0),

Ci1(βn) = diag
(
µi1(β0)− µi1(βn), . . . , µim(β0)− µim(βn)

)
,

Ci2(β0) = diag
(
Yi1 − µi1(β0), . . . , Yim − µim(β0)

)
.

By the Cauchy-Schwarz inequality,

2Jn1 ≤
n∑
i=1

||uTJT(βn)vecXiA
1/2
i (βn)(R̃−1 − R̂−1)A−3/2i (βn)Ci1(βn)Fi(βn)||

× ||vecTXiJ(βn)u||

≤
n∑
i=1

||vecTXiJ(βn)u||2 × λmax

(
A

1/2
i (βn)

)
× λmax

(
A
−3/2
i (βn)

)
× ||R̂−1 − R̃−1||F

×max
i,j
|µ(1)
ij (β̃n)| ×max

i,j
|µ(2)
ij (β̃n)| × ||βn − β0||

≤
n∑
i=1

||vecTXiJ(βn)u||2 × ||R̂−1 − R̃−1||F ×
maxi,j σij(βn)

mini,j σ3
ij(βn)

×max
i,j
|µ(1)
ij (β̃n)| ×max

i,j
|µ(2)
ij (β̃n)| × ||βn − β0||

≤||u||2 × λmax

( n∑
i=1

JT(βn)vecXivecTXiJ(βn)
)
× ||R̂−1 − R̃−1||F ×

maxi,j σij(βn)

mini,j σ3
ij(βn)

×max
i,j
|µ(1)
ij (β̃n)| ×max

i,j
|µ(2)
ij (β̃n)| × ||βn − β0||
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where β̃n is between βn and β0. Under conditions (A3), (A4) and (A7), it can be easily

seen now Jn1 ≤ CnOp(n
−1/2)Op(n

−1/2) = Op(1).

For Jn2, recall that εij(β0) = σ−1ij (β0)(Yij − µij(β0)). By condition (A5),

sup
βn∈Nn

E[J2
n2] = sup

βn∈Nn

Tr[E(JT

n2Jn2)]

= sup
βn∈Nn

n∑
i=1

m∑
j=1

m∑
k=1

E[εijεik]Tr
[
JT(βn)vecXiA

1/2
i (βn)(R̃−1 − R̂−1)A−3/2i (βn)eje

T

jFi(βn)

· vecTXiJ(β0)J
T(βn)vecXieke

T

kA
−3/2
i (βn)(R̃−1 − R̂−1)A1/2

i (βn)vecTXiJ(βn)

≤ sup
βn∈Nn

C
n∑
i=1

m∑
j=1

m∑
k=1

||eT

jFi(βn)vecTXiJ(βn)|| · ||JT(βn)vecXiFi(βn)ek||

· ||eT

kA
−3/2
i (βn)(R̃−1 − R̂−1)A1/2

i (βn)vecTXiJ(βn)||

· ||JT(βn)vecXiA
1/2
i (βn)(R̃−1 − R̂−1)A−3/2i (βn)ej||.

By conditions (A4), (A6) and (A7), supβn∈Nn
E[J2

n2] ≤ Cn||R̃−1−R̂−1||2F = O(1). Using

similar decompositions, we can verify the results for Dn3 and Dn4, which completes the

proof.

Based on Lemma B.2, we can further approximate D̃n(βn) by D̃n1(βn), which are

easier to evaluate. Lemma B.3 provides this approximation.

Lemma B.3. Under conditions (A1)-(A8), for some constant4 > 0 and u ∈ IRR
∑D

d=1 pd

such that ||u|| = 1,

sup
||βn−β0||=4n−1/2

sup
u
|uT[D̃n(βn)− D̃n1(βn)]u| = Op(n

1/2), (S1)

sup
||βn−β0||=4n−1/2

sup
u
|uT[D̃n1(β0)− D̃n1(βn)]u| = Op(n

1/2). (S2)

Proof of Lemma B.3. To prove (S1), it is sufficient to show, for i = 2, 3, 4,

sup
||βn−β0||=4n−1/2

sup
u
|uTD̃ni(βn)u| = Op(n

1/2).

For D̃n2(βn), if suffices to show

sup
βn∈Nn

|uT

n∑
i=1

JT(βn)vecXiA
1/2
i (βn)R̃−1A

−3/2
i (βn)Ci(βn)Fi(βn)vecTXiJ(βn)u| = Op(n

1/2).
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By using the decomposition Ci(βn) as Ci1(βn)+Ci2(β0), the proof is similar to the proof

for |uT[Dn2(βn)− D̃n2(βn)]u| in Lemma B.2. We can prove the results for D̃n3(β0) and

D̃n4(β0) in the same way, which completes the proof of (S1).

To prove (S2), note that

|uT[D̃n1(β0)− D̃n1(βn)]u|

≤|uT[JT(β0)− JT(βn)]vecXiA
1/2
i (βn)R̃−1A

1/2
i (βn)vecTXiJ(βn)u|

+ |uTJT(β0)vecXi[A
1/2
i (β0)−A1/2

i (βn)]R̃−1A
1/2
i (βn)vecTXiJ(βn)u|

+ |uTJT(β0)vecXiA
1/2
i (β0)R̃

−1[A
1/2
i (β0)−A1/2

i (βn)]vecTXiJ(βn)u|

+ |uTJT(β0)vecXiA
1/2
i (β0)R̃

−1A
1/2
i (β0)vecTXi[J(β0)− J(βn)]u|.

The rest of the proof is similar to the proof of Lemma B.2 and thus is omitted here.

C Proof of theorems

Proof of Theorem 1. Wang (2011) gave a sufficient condition for the existence and con-

sistency of a sequence of roots β̂n of sn(βn) = 0, namely,

P

(
sup

||βn−β0||=4n−1/2

(βn − β0)
Tsn(βn) < 0

)
≥ 1− ε (S3)

with ∀ε > 0 and a constant 4 > 0. To verify (S3), the main idea is to approximate

sn(βn) by s̃n(βn), whose moments are easier to evaluate.

By direct calculation,

(βn − β0)
Tsn(βn) = (βn − β0)

Tsn(β0)− (βn − β0)
TDn(β∗n)(βn − β0) , In1 + In2,

where β∗n is between βn and β0. Further decompose In1 into

In1 = (βn − β0)
Ts̃n(β0) + (βn − β0)

T[sn(β0)− s̃n(β0)] , In11 + In12.

Note that In11 ≤ 4n−1/2 · ||s̃n(β0)||. By condition (A6),

E[||s̃n(β0)||2]

=E
{ n∑

i=1

εTi R̃
−1A

1/2
i (β0)vecTXiJ(βn)JT(βn)vecXiA

1/2
i (β0)R̃

−1εi

}
≤C ·

n∑
i=1

Tr
(

vecTXiJ(βn)JT(βn)vecXi

)
=C

n∑
i=1

m∑
j=1

·Tr
(

vecTXijJ(βn)JT(βn)vecXij

)
= O(n)
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for some constant C > 0. This implies that In11 = 4n−1/2Op(n
1/2) = 4Op(1). For In12,

by Lemma B.1,

In12 ≤ ||βn − β0|| · ||sn(β0)− s̃n(β0)|| = op(1).

Therefore, In1 is dominated in probability by In11.

For In2 ,we decompose it into

In2 =− (βn − β0)
TD̃n(β∗n)(βn − β0)

− (βn − β0)
T[Dn(β∗n)− D̃n(β∗n)](βn − β0)

,In21 + In22.

By Lemma B.2, it can be easily checked that In22 = op(1). Next, for In21,

In21 =− (βn − β0)
TD̃n1(β0)(βn − β0)

− (βn − β0)
T[D̃n1(β

∗
n)− D̃n1(β0)](βn − β0)

− (βn − β0)
T[D̃n(β∗n)− D̃n1(β

∗
n)](βn − β0)

,I1n21 + I2n21 + I3n21.

We next show that In21 is dominated in probability by I1n21. Note that by conditions

(A3), (A4) and (A7),

I1n21 =− (βn − β0)
T

[ n∑
i=1

JT(βn)vecXiA
1/2
i (βn)R̃−1A

1/2
i (βn)vecTXiJ(βn)

]
(βn − β0)

≤− n−142 min
i
λmin(Ai(βn))λmin

( n∑
i=1

JT(βn)vecXivecTXiJ(βn)
)
λmin(R̃−1)

≤− C42,

for some constant C > 0. By Lemma B.3, it can be checked directly that both I2n21 and

I3n21 are op(1).

Therefore, with high probability, the sign of (βn − β0)
Tsn(βn) is determined by

In11 + I1n21 and is negative for sufficiently large 4, which completes the proof.

Proof of Theorem 2. We first show that the normalized s̃n(β0) has an asymptotic normal

distribution. That is, for any b ∈ IRR
∑D

d=1 pd such that ||b|| = 1,

bTM̃−1/2
n (β0)s̃n(β0)→ N(0, 1), (S4)
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where M̃n(β0) = Var(s̃n(β0)).

Denote bTM̃
−1/2
n (β0)s̃n(β0) =

∑n
i=1 Zni, where

Zni = bTM̃−1/2
n (β0)J

T(β0)vecXiA
1/2
i (β0)R̃

−1εi(β0),

and εi(β0) = A
−1/2
i (β0)(Yi − µi(β0)). Note that E(Zni) = 0, Var(

∑n
i=1 Zni) = 1. To

prove (S4), it suffices to check the Lyapunov condition. That is, for some δ > 0,

n∑
i=1

E
(
|Zni|2+δ

)
→ 0,

as n→∞. By Cauchy-Schwarz inequality,

Z2
ni ≤ λmax(R̃

−2)λmax(Ai(β0))||εi(β0)||2γni,

where γni , bTM̃
−1/2
n (β0)J

T(β0)vecXivecTXiJ(β0)M̃
−1/2
n (β0)b. To evaluate max1≤i≤n γni,

we need to evaluate λ−1min(M̃n(β0)). Note that

bTM̃n(β0)b ≥CbT

( n∑
i=1

JT(β0)vecXivecTXiJ(β0)
)
b

≥Cλmin

( n∑
i=1

JT(β0)vecXivecTXiJ(β0)
)
,

which implies λmin

(
M̃n(β0)

)
≥ λmin

(∑n
i=1 J

T(β0)vecXivecTXiJ(β0)
)

. By condition

(A3), λ−1min(M̃n(β0)) = O(n−1) and hence max1≤i≤n γni = o(1).

It follows that, for any δ > 0,

n∑
i=1

E
(
|Zni|2+δ

)
≤

n∑
i=1

E
(
C1+δ/2γ

1+δ/2
ni ||εi(β0)||2+δ

)
≤ C( max

1≤i≤n
γni)

δ/2

n∑
i=1

bTM̃−1/2
n (β0)J

T(β0)vecXivecTXiJ(β0)M̃
−1/2
n (β0)b

≤ C( max
1≤i≤n

γni)
δ/2λmax

( n∑
i=1

JT(β0)vecXivecTXiJ(β0)
)
λ−1min

(
M̃n(β0)

)
= o(1)O(n)O(n−1) = o(1),

which completes the proof of (S4).
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To prove Theorem 2, note that because sn(β̂n) = 0, we have sn(β0) = Dn(β∗n)(β̂n−
β0), for some β∗n between β̂n and β0. Hence,

bTM̃−1/2
n (β0)s̃n(β0)

=bTM̃−1/2
n (β0)D̃n1(β0)(β̂n − β0)

+ bTM̃−1/2
n (β0)[Dn(β∗n)− D̃n1(β0)](β̂n − β0)

+ bTM̃−1/2
n (β0)[s̃n(β0)− sn(β0)]

=Jn1 + Jn2(β
∗
n) + Jn3(β0).

By (S4), it is sufficient to prove that both sup||βn−β0||≤4n−1/2 |Jn2(βn)| and |Jn3(β0)| are

op(1).

For Jn3, recall that ||s̃n(β0)−sn(β0)|| = Op(1) from Lemma B.1. Using the previous

result that λ−1min(M̃n(β0)) = O(n−1), it can be easily checked that J2
n3 = op(1) and hence

|Jn3| = op(1).

For Jn2, we have

sup
||βn−β0||≤4n−1/2

|Jn2(βn)|

≤ sup
||βn−β0||≤4n−1/2

bTM̃−1/2
n (β0)[Dn(βn)− D̃n(βn)](β̂n − β0)

+ sup
||βn−β0||≤4n−1/2

bTM̃−1/2
n (β0)[D̃n(βn)− D̃n1(βn)](β̂n − β0)

+ sup
||βn−β0||≤4n−1/2

bTM̃−1/2
n (β0)[D̃n1(βn)− D̃n1(β0)](β̂n − β0)

,In1 + In2 + In3.

Notice that

In1 ≤ C × |λmax(Dn(βn)− D̃n(βn))| × λ−1/2min (M̃n(β0))× ||β̂n − β0||.

By Lemma 3, we have sup||βn−β0||≤4
√
p/n
|λmax(Dn(βn)−D̃n(βn))| = Op(

√
npn). There-

fore, In1 = Op(
√
npn)O(n−1/2)Op(

√
p/n) = Op(pn

−1/2) = op(1). Similarly, by Lemma

B.3, we have In2 = op(1) and In3 = op(1). Therefore Jn1 has the same asymptotic

distribution as in (S4), which completes the proof.
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Proof of Theorem 3. Denote the rank-R tensor GEE estimator by B̂(R). For Gaussian

response, the BIC can be written as

BIC(R) =
n∑
i=1

m∑
j=1

(Yij − 〈Xij, B̂(R)〉)2 + λnR

where λn = O(log n).

The proof follows two steps: we need show that BIC neither overestimate nor under-

estimate the rank. By combining these two results, the consistency of BIC is established.

Step 1: To show BIC does not overestimate the rank, it suffices to show that for

any R > R0,

Pr
(
BIC(R)−BIC(R0) > 0

)
= Pr

(
`(B̂(R))− `(B̂(R0)) + (R−R0)λn > 0

)
→ 1

as n→∞, where

`(B̂(R)) =
n∑
i=1

m∑
j=1

(Yij − 〈Xij, B̂(R)〉)2 =
n∑
i=1

m∑
j=1

(Yij − θij(B̂(R)))
2

by the identity link function.

Denote β̂(R) = vec(B̂(R)1, . . . , B̂(R)D), where JB̂(R)1, . . . , B̂(R)DK is the CP-decomposition

of B̂(R). That is, β̂(R) is the vector of free parameters in B̂(R). By previous theorems,

there exists one tensor GEE estimator β̂(R) that is a root-n consistent estimator for β0(R)

for R ≥ R0, where β0(R) is simply β0 with additional 0’s in ranks R0 + 1, . . . , R and

β0(R0) = β0. If we can show that `(B̂(R))− `(B̂(R0)) = Op(1), the proof is completed by

the fact that R−R0 > 0 and λn is a diverging sequence. Notice that by subtracting the

same term,

`(B̂(R))− `(B̂(R0)) =
(
`(β̂(R))− `(β0)

)
−
(
`(β̂(R0))− `(β0)

)
.

Denote L(β) = E[`(β)], where the expectation is taken w.r.t. Yij. We have

`(β̂(R0))− `(β0)

=
(
L(β̂(R0))− L(β0)

)
+
(
`(β̂(R0))− `(β0)

)
−
(
L(β̂(R0))− L(β0)

)
.

Therefore, it suffices to show that(
L(β̂(R0))− L(β0)

)
= Op(1), (S5)(

`(β̂(R0))− `(β0)
)
−
(
L(β̂(R0))− L(β0)

)
= Op(1). (S6)
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To show (S5), by the definition of β0, we have ∂L(β)/∂β|β=β0
= 0. By Taylor

expansion at β0 and Proposition 2.3 in Zhou et al. (2013),

L(β̂(R0))− L(β0) = Cn||β̂(R0) − β0||TI(B̃0)||β̂(R0) − β0||

where I(B̃0) is determined by some β̃0 ∈ {β : ||β−β0|| ≤ ∆n−1/2} via CP-decomposition.

Under the condition (A3*), this term is Op(1).

Next we bound the term in (S6). By direct algebra, it can be shown that(
`(β̂(R0))− `(β0)

)
−
(
L(β̂(R0))− L(β0)

)
=

n∑
i=1

m∑
j=1

Yij
(
θij(β̂(R0))− θij(β0)

)
−

n∑
i=1

m∑
j=1

E[Yij]
(
β̂(R0))− θij(β0)

)
=

n∑
i=1

m∑
j=1

(
Yij − E[Yij]

)(
θij(β̂(R0))− θij(β0)

)
≤

n∑
i=1

m∑
j=1

(
Yij − E[Yij]

)
Cn−1/2

by the condition that ∂θij/∂β are uniformly bounded, |θij(β̂(R0)) − θij(β0)| ≤ Cn−1/2

for some constant C. Denote gi(u) =
∑m

j=1

(
Yij−E[Yij]

)
Cn−1/2. Notice that {gi(u)}ni=1

are independent mean zero random variables. Under the condition that Var(Yi) has

bounded eigenvalues, it can be easily verified that Var(gi(u)) = O(n−1). Therefore,∑n
i=1 gi(u) = Op(1).

Using similar techniques, it can be shown that `(β̂(R)) − `(β0(R)) = Op(1) for R >

R0 as well. Therefore, for R > R0, the term BIC(R) − BIC(R0) is asymptotically

dominated by (R−R0) log(n), which is always positive.

Step 2: To show BIC does not underestimate the rank, it suffices to show that for

any R < R0,

Pr
(
BIC(R)−BIC(R0) > 0

)
= Pr

(
`(B̂(R))− `(B̂(R0)) + (R−R0)λn > 0

)
→ 1

as n→∞. Notice that n−1(R − R0)λn → 0 as n→∞. Therefore, if we can show that

n−1{`(B̂(R))−`(B̂(R0))} ≥ c for some constant c > 0, the proof is completed. Intuitively,

we need to show that for any underestimated estimator, the increase of the population

loss function to the one with correct rank is bounded away from zero.
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Notice that

`(β̂(R))− `(β0)

=
(
L(β̂(R))− L(β0)

)
+
(
`(β̂(R))− `(β0)

)
−
(
L(β̂(R))− L(β0)

)
.

Denote β̂(R),R0
the augmented vector of β̂(R) with 0’s at the those rank R+ 1, . . . , R0 so

that it has the same length as β0. By similar arguments in Step 1, for R < R0

L(β̂(R))− L(β0) = Cn||β̂(R),R0
− β0||TI(B̃0)||β̂(R),R0

− β0||.

Notice that there exists some positive constant c1 such that ||β̂(R),R0
− β0|| ≥ c1. This

is true because the elements of β0 at those locations for rank R + 1, . . . , R0 cannot be

all zeros. By the condition (A3*) that the smallest eigenvalue of I(B) is bounded away

from 0, it can be seen that n−1{L(β̂(R)) − L(β0)} ≥ c2 for some constant c2 > 0 that

does not depend on R.

Similar as in Step 1,(
`(β̂(R))− `(β0)

)
−
(
L(β̂(R))− L(β0)

)
=

n∑
i=1

m∑
j=1

(
Yij − E[Yij]

)(
θij(β̂(R))− θij(β0)

)
.

By the condition that the first derivative of θij(β) is bounded away from infinity, Xij are

uniformly bounded and p is fixed, Var[
(
Yij−E[Yij]

)(
θij(β̂(R))−θij(β0)

)
] = O(1). There-

fore
∑n

i=1

∑m
j=1

(
Yij−E[Yij]

)(
θij(β̂(R))−θij(β0)

)
= Op(

√
n) and n−1{

(
`(β̂(R))−`(β0)

)
−(

L(β̂(R)) − L(β0)
)
} = op(1). Combined with previous result, n−1{`(B̂(R)) − `(B̂(R0))}

dominates the term in n−1{`(β̂(R))− `(β0)}for sufficiently large n and is bounded away

from 0, which completes the proof.

Proof of Theorem 4. Write the SCAD regularized tensor GEE as

n−1sn(βn)− qρn(|βn|)× sign(βn),

where qρn(|βn|) = (qρn(|βn1|), . . . , qρn(|βnR∑D
d=1 pd

|))T is a R
∑D

d=1 pd-dimensional vector

of the subgradients of SCAD penalty, qρn(β) = ρn
{

1{|β|≤ρn} + (λρn − |β|)+/(λ− 1)1{|β|>ρn}
}

,

sign(βn) = (sign(βn1), . . . , sign(βnR∑D
d=1 pd

))T, the symbol “×” denotes component-wise

product, βnj is the jth element of βn, j = 1, . . . , R
∑D

d=1 pd. Write the support of β0 as

J = {j : β0j > 0}.
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We prove the theorem by showing the the oracle estimator, β̂
O

n , is an approximated

solution to the regularized tensor GEE. Denote the jth element of β̂
O

n as β̂Onj. By the

definition of the oracle estimator, β̂Onj = 0 for j /∈ J . Similar as the definition in Wang

et al. (2012), an approximated solution to the regularized tensor GEE, β̂n, is defined to

satisfy

Pr
(
n−1snj(βn)− qρn(|βnj|)sign(βnj) = 0, j ∈ J

)
→ 1, (S7)

Pr
(
|n−1snj(βn)− qρn(|βnj|)sign(βnj)| ≤ ρn/ log n, j /∈ J

)
→ 1. (S8)

The reason for this definition of the approximated solution is that the regularized tensor

GEE involves non-smooth points, so the exact solution may not exist. It suffices to show

that β̂
O

n satisfies both (S7) and (S8).

For (S7), note that by consistency in Theorem 1, ||β̂
O

nJ − β0J || = Op(n
−1/2), where

β̂
O

nJ = {β̂Onj : j ∈ J } and similarly for β0J . For fixed p, there exists some constant

C > 0 that minj β0j > C. Therefore, Pr(minj∈J β̂
O
nj > C) → 1 as n → ∞. By the

fact ρn = o(1), Pr(minj∈J β̂
O
nj > λρn) → 1. By the definition of the oracle estimator,

snj(β̂
O

n ) = 0. Therefore (S7) holds for the oracle estimator.

For (S8), by the definition of the oracle estimator, qρn(|β̂Onj|)sign(β̂Onj) = 0 for j /∈ J .

Therefore, it suffices to show Pr
(
|snj(β̂

O

n )| ≤ nρn/ log n, j /∈ J
)
→ 1. Note that

|snj(β̂
O

n )| ≤ |snj(β̂
O

n )− s̃nj(β̂
O

n )|+ |s̃nj(β̂
O

n )|. By Lemma B.1 and the consistency of the

oracle estimator established in Theorem 1,

max
j /∈J

Pr(|snj(β̂
O

n )− s̃nj(β̂
O

n )| > nρn/ log n)→ 0.

Therefore, we only need to verify Pr
(
|s̃nj(β̂

O

n )| > nρn/ log n, j /∈ J
)
→ 0.

Consider the Taylor expansion

s̃nj(β̂
O

n ) = s̃nj(β0) +∇j(β0)(β̂
O

n − β0) + (β̂
O

n − β0)
Tψj(β

∗
n)(β̂

O

n − β0),

where ∇j(β) = ∂s̃nj(β)/∂β, ψj(β) = ∂2s̃nj(β)/∂β∂βT, β∗n is between β̂
O

n and β0.

We first show Pr
(
|s̃nj(β0)| > nρn/ log n, j /∈ J

)
→ 0. Note that

n−1s̃nj(β0) = n−1
n∑
i=1

eT

jJ
T(β0)vecXiA

1/2
i (β0)R̃

−1εi(β0) , n−1
n∑
i=1

Zi.

Note that Zi are independent random variables with mean zero. By condition (A4)-

(A7), it can be directly verified that E(|Zi|l) ≤ l!C l−2
1 C2 for some constants C1 > 0 and
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C2 > 0. Therefore, Pr
(
|n−1s̃nj(β0)| > ρn/ log n

)
≤ exp[−Cnρ2n/(log n)2]→ 0 is implied

by the Bernstein’s inequality for any j /∈ J . By the condition that nρ2n/(log n)2 → ∞,

the proof of this step is completed.

We next show Pr
(
|∇j(β0)(β̂

O

n − β0)| > nρn/ log n, j /∈ J
)
→ 0. Similar to the

decomposition used in the proof of Lemma B.2, we write ∇j(β0) =
∑4

m=1 D̃njm(β0),

where D̃njm(β0) = eT
jD̃nm(β0) for m = 1, . . . , 4. By condition (A4)-(A8), the elements

of n−1D̃njm(β0) are uniformly bounded by a positive constant for j /∈ J and m =

1, . . . , 4. Therefore, |∇j(β0)(β̂
O

n − β0)| = Op(n
1/2) = op(nρn/ log n), which compiles the

proof.

Finally, we show Pr
(
|(β̂

O

n − β0)
Tψj(β

∗
n)(β̂

O

n − β0)| > nρn/ log n, j /∈ J
)
→ 0. It

can be directly verified that the elements of n−1ψj(β
∗
n) are uniformly bounded by a

positive constant. Therefore, |(β̂
O

n − β0)
Tψj(β

∗
n)(β̂

O

n − β0)| = Op(1), which completes

the proof.
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