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Appendix A: Discussion of Model (2)

Sufficient conditions to establish model (2) of the main manuscript are given in the fol-
lowing Proposition 1, and we consider a more general covariance structure of v(¢, s; ', s);

that is, we assume
vt st s) = g(s)n(tt),  s€Ry (1)
where o(t,t") = (¢, so; ', s0) is a covariance function and ¢(s) is a positive function.

Proposition 1. Let €(s,t) denote a zero-mean square integrable stochastic process with
covariance function satisfying assumption (1). If fOT Yo(t, t)dt < oo, then, for any given

s € Ry« and t € [0,T], the following expansion holds,

e(s,1) = g(s)"? Z §i(s)wi(t), (2)
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where {fj(s)};il s a sequence of stochastic spatial processes that have mean zero and are
uncorrelated for a given location s, and {p;(t)}32, is a sequence of fized eigenfunctions
of vo(t, t'). Moreover, if £(s,t) is a Gaussian process, then {£;(s)};2 is a sequence of

Gaussian processes.

Proof. Let e®)(t) = g(s)~'/%¢(s,t). It follows that £(*)(¢) are stochastic processes with a
common covariance function 7y(¢,t") at any location s. First, by Karhunen-Loeve expan-

sion (Ghanem and Spanos, 1991), for given s € R« and t € [0, 7], we have
(1) = &i(s)e;(t), (3)
j=1

where {£;(s)}52, is a sequence of uncorrelated random variables. For given s € R,,-,w € €,
e9)(t) is a deterministic function and therefore, ()(t), ¢;(t)) = fo t)dt is well-

defined in L*([0,T]). Moreover, for given s € R, we have

/Q /0 Tla“)(t)soj(tﬂdtdp < { /Q /0 ! O (1)2dtdP /Q /0 ' wj(t)zdth}
= {/OT%(t,t)dt/QldP} < o0

By Fubini’s Theorem, fOT e (), (t)dt is measurable in (€2, F, P), and therefore, we have
§i(s) = (Z;‘;l §i(s)p;(t), ) OT £ t)dt is a stochastic process.

Next, we show that if 5(3, t) is a Gaussian process, then &;(s) is a Gaussian process;

1/2

that is, for any finite integer m > 0, (&(s1),...,&(sm))" is a multivariate Gaussian

random vector. Let

Ei(sthn = Y €T n)p; (T /n)(T/n),

i=1
for k =1,...,m, and by definition, &;(sx), — &;(s) for each s, as n — oo. Since £()(¢)
is a Gaussian process in R« X [0, 7], (§(s51)n,---,&(Sm)n)’ is a multivariate Gaussian

random vector, for any finite integer n > 0, with the characteristic function

)

B {ezzzngk§j<sk>n} — o~ (/2T



where 7 = (71,...,7,)7, and II,, is an m x m matrix whose (k, k’)th component is

n

(T2 /%) (p3(T/n), ..., @5(T)) [cov (¥ (T /), e (T /)],
(@s(T/n), .. (T (4)
Asn — oo, the term in (4) — fOT fOT Yolt, sk; t'y sp)p; ()@, (1) dtdt’, where yo(t, s;t', ') =

cov{e®(t),e)(#)} is the covariance function of £(*)(¢).

Since eiZ?:lTkﬁj(Sk)n — eizzlzl &5 (sk) as n — 0Q, and }eiZZL 76&5 (Sk)n

< 2, by the

dominated convergence theorem, the characteristic function of (&;(s1),...,&(sm))7,

El {e’i ZZL1 Tkgj(sk)} — hmn—)ooE {6i 221:1 kaj(Sk)n} — 6—(1/2)7-TH7'

m

where IT = [fOT fOT Yol(t, s t, sk/)gpj(t)gpj(t’)dtdt’} . Thus, the result of model 1 holds.

U

Since T is fixed, the condition fOT Yo(t, t)dt < oo is satisfied if the variance of (s, t) is
bounded over [0, T]. Without replications of the spatial process, g(s) cannot be estimated.
However, if g(s) can be estimated using say prior information, then a more general,
spatially varying covariance function (¢, s; ', s) would be possible. In the following proof,

we assume ¢(s) is known, and let g(s) = 1 for for s € R,,~.

Appendix B: Proof of Theorem 1

Consider the covariance function 7y(¢,t') as defined in Section 2. Its Karhunen-Loéve
expansion can be written as Yo(f,t') = Y77, Ajp;(t)p;(t'), where A; and ;(t) are the
eigenvalues and eigenfunctions of yy(¢,¢"). The sample covariance function can be written
as Yo(t,t') = n 130 {e(sit) + v(si, t)He(si, ') + v(si,t))}. Now, let T denote the
collection of functions defined on [0,7] with square integrable second-order derivatives;
that is, T = {f(t) : f"(t) € L*([0,T])}. In fact, T is a linear subspace of L?[0,T]. For
f(t) € T, we define two operators I' and f,

~

T(t) = / ot ) f(dt, Tt = / Aot #) £ (1)t



Moreover, let Pl f = f — Zf;ll(f, ©;)p; be the projection of f(t) onto the space perpen-
dicular to {¢1(), . .., @r_1(t)} by the inner product (-,-), and PLf = f — Z] (7))@
be the projection of f(t) onto the space perpendicular to {@1(t), ..., Pr_1(t)} by the inner
product (-,-),. Finally, by definition, we have ||¢;(t)|| = ||©;(#)|lo = ||&; ()| = 1.

In geostatistics, asymptotic results depend on the asymptotic framework adopted.
For example, Zhang (2004) showed that under the infill asymptotics (i.e., increasingly
dense sampling locations in a fixed spatial domain), maximum likelihood does not yield
consistent estimates for all parameters; also see Ying (1991),Lahiri (1996), Loh (2005).
Here, we focus on the increasing domain asymptotics such that spatial domain increases
at the same rate as the number of sampling locations. Under this increasing domain
framework, consistency of 7y(¢,t") can be established.

Now, we give a proof of Theorem 1.

Proof. First, we show that, under (A.1)—(A.4), we have
T P
supj s, <t |(T =) fl| — 0. 5)

Denote I'; f = n~! Yoy fo (85, )e(si, ) f(O)dt, Tof =n~! Yo 1f0 (si, t)v(sg, t') f(t)dt,
/F\?).f _1 Zz 1 fO SZ) sza )f( )dt and F4.f _1 Zz 1 fO Sw sla )f( )dt
By the following mequahty

SU1p||f||ag1||(F -D)fll < SuP||f||a§1||<F1 - D) fl[ + Sup||f||a§1HF2f||

+sup . <t 1T fI| + supy g < ITaf |l = (1) + (L2) + (I3) + (L),

it suffices to show that (I;) L5 0 for each i = 1,2,3,4.
Proof of (1) 5 0. Note that L*([0,T]) is a separable space (Billingsley, 1995), and

an orthonormal basis in L?([0, T']) can be constructed by expanding {¢;(t) : j =1,...,00}
to {p;(t):j=1,...,00}U{g;(t): j=1,...,00}. Forany f(t) € T C L*(]0,T]), we have
F@) = 3252005 (8) + 22021 Be(f)ok(t), where a;(f) = (f, ;) and Bi(f) = (f, ¢).



Moreover, for k = 1,2, ..., we have

Tou(t) =y£vwwmww=§j&%w%£@wmmwn=
Tigi(t) = 12 e(sit / e(si, t)pn(t)dt
=n*zk@,§}g / (1))t

For any f with || f(¢)]|o < 1, we have a;(f)* < [|f(&)]| < ||f(#)]|a < 1. Thus, we also have
([1)2 = Sup||f||a<1||(111 D) f(t )H2

= Z% 2T =D 0] < ZH L1 = D) (1)]1*

Therefore, it suffices to show » 77, E||(T; — D), (0)]> — 0.
Next, we quantify E||(T; — ) ;(t)]]*. By the fact that T'(t,¢)p;(t) = X\jp,(t') and
fl(tvt/%%( ) =n 122 1€ (Slv

(si),
BIF, — D)y (1) = <1Zsu@&—wwﬂw
= n_zE/( e(s, t ) dt' — 2n_1E A (t) (Z (sist )£J(51>>

i=1
+A] / i(t)d (IL) =207 (1) + X,

we have

Straightforward calculation yields simplification of (/1;) and (/I3) such that

(1) = ZZE / (s, 865 (1)e (50, 1) (51 )

B ;ZE{@ 5i)&5(sv / (sist )(szf,t’)dt’}
- ZZE{& wpeton [ (Seto0ms0) (S ertonerer) o

= Z Z Z EA{&(s0)&5(s0) &5 (s0)€0 (sw) }

i=1 ¢'=1 j'=1



and

(IL) = N ZE/ (it (s:) e (t)dt’
- &-ZE/(Z@ ) (52t
=\ ZZE (&50(s:)&; (1) / () (t)dt = nA2 / p;(t)2dt = n).

=1 j'=1

Combining both equations above, we have

EH(fl D)e;(t DI = n_2ZZZE{€J )& (8:)&5 (s )€ (sir) } — )‘2

i=1 i'=1j5'=1
_2ZZZE{£J )& (5:)85(si)Ejr (s }+n lelE{§] 5] Sir }—)\?].

1=1 i'=1 j'#j

Further, for a Gaussian process &;(s), we have

E{&;(5:)%€(s0)?} = 2[B{&;(s:)&(s0)}]* + A3 (6)

Thus,

E||(Ty = Dp(1)II* = n_2ZZZE{& )€ (s) YEAE(50)€5(s0) }

72> S B ()6 () Y2

i=1 i'=1
Finally, we have

n n o0 [e.9]

ZEII Ci=D)g 1P <n 23 30 E{E(50)&(s0) YE{E (s0)& (s11)}

1=1 i'=1 j=1 5/=1
n

+n 2y Z Z[E{£j(8i)€j(8if)}]27

i=1 i'=1 j=1

and therefore (1) 0.



Proof of (I;) 50, for i = 2,3. For a function g(t,t") € L*([0,T] x [0,T]), it is easy

to show that
2

‘/OTg(t,t’)f(t)dt Z/OT{/OTg(t,t’)f(t)dt} gt
S/OT{/OTg(t,t’)Zdt} {/OTf(t)th} dt’ = ||f(t)||2/OT/OTg(t’t/)zdtdt/‘

Therefore, we have
T 2 T T
| aeorsa < [ [ ey 7)
0 0o Jo
By (7), we have

B(L)? = E(I)?  <nE / /{ (s (si,t)}zdtdt’

_n—ZZZE// v(si, t')e(si, )0 (sir, t)e (530, t)dtdt!

=1 i'=1

_”_222/ / E{v(si, t')o(si, t')} E{e(si, t)e(si, t)} dtdt’

=1 i'=1

2

SUP| flla<1

=n2 Z / / E{e(si,t)e(si, t')} E{e(si, t)e(sq, t)} dtdt!
i=1 /0 JO
T 2
=n! {/ %(t,t)dt} — 0.
0
Thus, (1;) 5 0 holds for i = 2,3.
Proof of (1) L5 0. By (7), we have

E(I,)? <n_2E/ /{ v(s,t' (si,t)}zdtdt’

‘QZZ/ / B {o(si, t)o(se, 1)o(si, D)o(se, 1)} dedt’

=1 i'=1

{/ / E{v(si t)'} I(t = t')dtdt’ +/OT/OT%(t t)yo(t', )1 (t;ét)dtdt}

2

+n” Z/ / Yo(t, t)yo(t, t )I(t:t’)dtdt’:n‘l{/OT%(t,t)dt} — 0.

i#£q!
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Thus, (I4) L5 0 and (5) is established.

Define the statement S;: as n — oo,

. p
al@;, 9] — 0;

~ P
(@5, 05) — 1;

A 5 Aj
Since ||¢;]|2 =1, (8a) and (8b) are equivalent to (9a) and (9b), respectively,

~ P
15511 — 1;

~ P
185(2) — ;)| — 0.
First, we show that if §; holds for all j < k, then as n — oo,

=~ .85 P
supy g, <1|(Pi f, TP f) = (P f. TP )l = 0.

Note that

supy g, <1 | (Fs 03) 05 = (F, @5)a@sll < supy < ll(f, 05095 = (F, 05) %5

+supy g <1 | (f, )85 — (f, 85) @5l + supy <1 | (f, 25) 85 — (f, 85)apsll

= (IIL) + (I1L,) + (II13).

By (9a) and (9b), we have

(I1) = Sup||f||§1||(f7 %’)%’ —(f, %‘)@‘H + Sup||f||§1||(f7 @j)@j —(f, @‘)@‘H

< supy < |l F OO 2 lles = B3l + supyallF O 1Z,O1 2l es — 351

= 0,(1).

By @;(t) = ¢;(t)/[l@; ()] and (9a), we have

(I112) = (£, )Gl 11 = 125 1P < DA NZ 1P (1 = 18511%) < (1 = [185]1%) = 0,(1).

By the definition of (-, -),, we have

(I1L3) = supypy, sl f, G151 < supypy, <1 (alf, )2 (@, &) 21151 = 0p(1).
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ThLIS, fOl"j < k? we have Sup||f||a§1||(fa ()0]')()0]' - (f> 6j)a&j” = Op(l)a and
f—
_ . o~ P
supy <1 | (P — Z sup p.<i | (f, 05)0; — (f, 31)a@jl — 0. (11)

Also by (5), we have sup”f”aglﬂ(f - D) f|l 5 0, which implies
supy,<1[[(F = DB = 0. (12)
Combining (11) and (12), it follows that
supy <t (B £ DB f) = (B TR )| < supyp | (B S TREf) = (PEf TRES))

tsupy <1 |(PEf. TPEf) — (P TP )]+ supy g <1 [(Pf. DPEf) — (PFf.TPES))

P
— 0,

and thus, (10) is established. The remainder of the proof follows (Silverman, 1996) and

we omit the details. O

Remarks: To verify the regularity conditions (A.3) and (A.4), we consider the case in
which &;(s), j = 1,2, ..., are stationary (detrended) Gaussian process with its covariance

function from the Matérn family. That is,

o=y (a) %% ()

where r; > 0 is a range parameter controlling the rate of autocorrelation decay with

lag distance, v; > 0 is a shape parameter controlling the smoothness of the Gaussian
process, and K, (-) is a modified Bessel function of the second kind of order v;. For

R+ = [0,n'/%] x [0,n'/?] C R?, sufficient conditions for (A.3) and (A.4) are
(i) There exist constants r > 0 and v > 0, such that r; > r and v; < v.

(ii) The distance between any two sampling sites is greater than a constant.



Proof. Since K, (x) oc ez~ /2{1+ O(1/z)} when |z| — oo, there exist constants ¢y, cp >

0, such that for |d| > ¢;, we have
p;(d) < cd” " exp —(d/r).

Recall that there exists a constant C, such that >, A\; = C. By (i), for any two

sampling locations s; and s;/, we have
Z B{g;(s:)8(s0)} < Z Njeadi " exp{—(diu /r)} = Copdiy ™ exp{—(din 1)},

where d;y = ||s; — si||.

For a given sampling location s;, we have

SN BLG(s0)&i(s0) YE{G (50) &5 (s)} < €263 Y 2 exp{—2(dis /r)}

i'=1 j= 1j’_1 i'=1
ZZ [B{&;(s:)€(s0)}]? < ZZV 2d% 1V exp{—2(dy /7)} < C*¢ Zd?v Lexp{—2(d;» /r)}.
i'=1 j=1 /=1 j=1

By (ii), the sampling density of any subset of R, C R? is bounded by a constant,
say 0. Let B, = {i' : mh < djy < (m + 1)h}, where h is independent of n. Thus,
|Bin| < (2m + 1)prh? and R, C UH(% B m, where [-] denotes the floor function,

and |B,,| denotes the cardinality of a discrete set B,,.

[{(2n)/2/h} ]
Zdz” Yexp{—2(ds» /7)} < mcioC + Z (2m + 1)moh*(mh)* ! exp{—2(mh/r)}

m=0

< et oC + moh? + Z 3mmoh®(mh)® ' exp{—2(mh/r)}.

m=1
As b — 0, we have Y °_ mh?(mh)* "t exp{—2(mh/r)} — [~ u* exp{—2(u/r)}du =
O(1).
Therefore, (A.3) and (A.4) hold.
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Appendix C: Proof of Theorem 3

Recall the sample covariance function Jo(¢,t') = n~=* Y1 y(s;, t)y(s;, t'), and define the
operator ' as T'f(t) fo Fo(t, t') f(t)dt for f(t) € T.

Proof. The proof of Theorem 3 is similar to that of Theorem 1, but we replace y(s,t),
Us;» U and T with y(s,1), Js,, ¥ and T, respectively. Further, we replace (5) with Lemma 1
below. O

Lemma 1. Under (A.1)-(A.4) and (A.11), we have
= P
sup| ¢, <1ll(I' = T) f|| — 0.
PTOOf' Since g(sia t) = y(8i7 t) - M(Slvt) + M(Slvt) - ﬂ(8i7 t)v we have

SuP||f||ag1||(f D) fll < Sup||f||a§1||ff —Ifll+ SUlp||f||a§1’|1;2f|| + SuPIIfIIangf:’)fH
+supy g, <1 [Tafll = (IV2) + (IV2) + (IV3) + (IVA),

where Ty f = 0= S50 [y (i, ) =i, ) Hpnlsi, ) —filsi, )} (0)dt, T f =m0, [ {y(si,t)
plsi ) Hp(si, ) = alsi, O} f(8)dt and Taf = n= 00, [({p(si, ') = A(si, ) Halsi t) —
f(s;, t)}f(t)dt. To show Lemma 1, it suffices to show that (IV;) L0, respectively, for
i=1,...,4. By (5), we have (IV}) 0.
Proof of (1V;) L50,i=2,3 By (7), we have

2

B(IVa)? = B(IV;)? < n*E / / [Z{y i) — (s, ) Hlsin ) — flsi, 1)} | dede

> / / E{y(si,t) — psis ) {plsirt) — s, 1)}

i=1 i'=1

{y(si, ) = (s, 1) H{plse, 1) — sy, ) dtdt'

Applying Cauchy-Schwarz inequality twice and (A.11), we have

Ely(sit") — (s, ) (50, 8) — ilsi, )y (s, ') — (s, ) (s, ) — fis,1)}]
< 2 [E{y(sit') — plsi t) ] [E{y(su,t) — n(su, )}

11



Therefore,

E(IVe)* = E(IV3)*

IN

[ Bl t) - p(sn )] dt}m

1/2

= c,l/2(3T4)1/8{/OT%(t)?’/Sdt} — 0. (13)

Thus, (IV;) -2 0, for i = 2, 3.
Proof of (1V}) 5 0. Similarly, it is straightforward to show that

E(IV)?  <n- 2E/ / [Z{M si, ') — (s ) (s, ) — (s,,t)}] dtd’

=, 7> — 0

Therefore, (1V}) 0. O

Appendix D: Proof of Theorem 2 and 4

Theorem 2 is a special case of Theorem 4 without the mean trend and parameter 3. Thus,

it suffices to prove Theorem 4.
Proof. By Theorem 2 of Mardia and Marshall (1984), it suffices to show that
(B.1) Asn — oo, ||X]]2 = O(1), | DiX]l2 = O), | DXl = O1) forall ,I' =1,...,gm.

(B.2) For some § > 0, there exist positive constants C; such that |D;X|z* < Cyn=1/27°

forl=1,...,gm.

(B.3) For any I,I' = 1,...,qm, aj, = lim,_,oo{t} (tt,)7/?} exists and A* = [a}, ][}, is
nonsingular.

(B.4) There exists a positive constant ¢}, such that ||[S71|s < ¢f < 0.
v (A.12), we have ||®T®||, = O(1). Since ¥ = ¢TA® + 021,
1=z < [Al2|®7 ®fl2 + 0 < maxj—y,. 5|Aylla + 0* < O(m)O(1) + 0* = O(1).

-----
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Similarly, for D;¥ = &7 D;A® with ¥; = i ks
IDiZ[l2 = [|[ @7 DA @2 = O(m) | DA o
For DwZ = CDTD”//\Q) with 191/ = ej,k’ and ﬁl =Ujk

||D”12||2 = ||(I)TDkk/AJCI)||2 = O(m)||Dkszj||2,forj = j,,

| DwX||2 = 0, for j # j'.

Thus, (B.1) is established.
For (B.2), it can be seen through the following equation,

| D2||% = tr{dT (DN)dST (DN D} > tr{mI, (D;N)ml,(D;A)}

=Y (DN Y = m? S IDA I = (m? D 1/Comt 27,
=1 j=1 o

for ’191 = Ujk-
For (B.3), if ¥ = 0,4, 9y = 01 o and j # j', t};, = 0. Therefore, A* = diag{ A7, ..., A%},
where A% = [aj]{ 1, Vi = 0% and Uy = 0;. Moreover, we have tj;, = tr{(A; +

U2In)_1(DkAj)(Aj + 0’2[n)_1(DklAj)} = Wy kk', for ’l9l = Ujk and ’191/ = ej,k’- Therefore,
A% = Aj is nonsingular, and (B.3) is established.
For (B.4), the smallest eigenvalue of ¥, p1,,(X) > 02, and therefore, |7, < 072

Therefore, by Theorem 2 of Mardia and Marshall (1984), we obtain

H 1/2 E{—0"(By, 0 7
(5o) {="(Bo, Vo)} é | Do Dy N(O. 1),
E{—0"(By,V0)}* H(19y)'/? 9 Yo
where E{—0"(5y,70)} is a p X ¢ matrix with (7, j)th element —%Wm:&)ﬂg:ﬁo.
Note that ZCe08) — X T3i-1(D; )51V — XB) and E{—"(By, #o)} = 0. Thus,

Theorem 4 is proved.
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Appendix F: Remarks on Non-Gaussian Processes

Theorems 1 and 3 hold for non-Gaussian stochastic processes under two additional as-

sumptions:

(C.1) D20 2oy 2052 cov{g;(s1)%, §(sv)*} = o(n?)
(C.2) For detrended geostatistical functional data, E{y(s;,t") — u(s;, ') }* < .

The proofs are similar to those of Theorems 1 and 3 for Gaussian processes. However, in
(5), (6) is replaced by E{&;(s;)E;(si)?} = cov{§;(si)?,&;(sv)*} 4+ A3, and for (1), we have

n o0

Z BT =T)p(DIF <n ™Y N 3> " B{& (56 (s:) HEAEy (50)€r(s:))

i=1 i'=1 j=1 j'=1

+n 7Y D N T cov{g(si)? &(s0)*)

i=1 i'=1 j=1

With (C.1) replacing (A.4), (I) %5 0 holds. In Lemma 1, a fourth moment condition
(C.2) is required in (13) to show

E(IVy)? = E(IV3)* < ¢} [E{y(si,t") — p(si,t')}'] 1/ [E{y(ss, ") — ulsw, )}"] 0,

and thus, (IV;) AN 0, for ¢ = 2, 3.

Remarks: For the increasing domain, the average distance n™2y " S7_ |[s;—sy|l2 — 00
as n — o0o. Since as distance grows, the spatial correlation becomes weaker, and here
Condition (C.1) means that the average covariance goes to zero. Moreover, in Theorem 2
and Theorem 4 as well as Step II of estimation procedure, Gaussian assumption cannot

be relaxed.

Appendix G: Further Simulation Study

In Section 5.1 of the main manuscript, our proposed method (GFD) is compared with two

alternative approaches (ALT; and ALT,). Here, we investigate the performance of the
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proposed method with different numbers of eigenfunctions through simulation studies.
For the proposed method with .J eigenfunctions, denoted as GFD;, J = 2,3,4. For
the simulated datasets in Section 5.1, our methods with J = 2,...,4 are carried out,
where datasets are simulated from an underlying geostatistical functional data with 2

eigenfunctions, as specified in Section 5.1 of the paper.

Method b1 B2 3 B4 Bs Bs p7  MSPE; MSPE,
" True Values 4.000 3.000 2.000 1.000 0.000 0.000 0.000 -
GFD, 4.001 2.992 1.998 1.007 0.002 0.000 -0.001 2.610 1.106
SD 0.031 0.030 0.029 0.031 0.033 0.027 0.030 0.715 0.108
GFDs3 4.001 2992 1.997 1.007 0.003 0.001 -0.001 2.611 1.117
SD 0.031 0.030 0.029 0.031 0.033 0.027 0.030 0.714 0.110
GFDy4 4.002 2992 1.997 1.007 0.004 0.000 -0.001  2.609 1.126
o SD 0.030 0.031 0.029 0.032 0.033 0.028 0.030 0.715 0.113
ALT, 3.996 2991 2.001 1.011 0.005 -0.005 0.004 3.720 3.775
SD 0.0563 0.055 0.054 0.058 0.056 0.053 0.057 1.130 0.453
ALTy 4.001 2992 1.998 1.007 0.002 0.000 -0.001 3.715 1.109
SD 0.031 0.030 0.029 0.032 0.033 0.027 0.030 1.133 0.108

Table 1: The mean, standard deviation (SD) of regression coefficient estimates and mean
square prediction errors under GFD,, GFD3, GFD,4, ALT; and ALT,, for sample size
n = 100.

In Table 1, the regression coefficient estimates of our methods with different eigen-
functions have similar biases and standard deviations. Compared with the two compet-
ing methods, our method with different eigenfunctions has performance similar to the
traditional functional data analysis, while outperforms ordinary least squares in terms of
smaller standard deviations. For prediction, GFDs slightly outperforms GFD3 and GFDy,
since the datasets are simulated from models with 2 eigenfunctions. All three methods

(GFDg, GFD3 and GFD,) outperform the two competing methods (ALT; and ALT,). In
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short, if we correctly specify the number of eigen-components for the geostatistical func-
tional data, the result is the best. If we choose a larger number of eigen-components, the

prediction results are not as good, but are still much better than the alternative methods.

Method A1 1 Ao 9 o2 A3 r3 A4 T4

! True Values 2.50 0.50 0.50 0.30 1.00 - - - -

GFDo 2.312 0469 0.516 0.319 1.017 - - - -

SD 0.451 0.136 0.085 0.107 0.049 = - = =

GFD3 2312 0.468 0.516 0.317 0.990 0.066 1.266 - -

1o SD 0.451 0.136 0.085 0.105 0.049 0.007 2.371 = =
GFDy4 2312 0.467 0.516 0.316 0971 0.066 1.307 0.057 2.810
SD 0.451 0.136 0.085 0.105 0.050 0.007 2.417 0.006 3.131

Table 2: The mean, standard deviation (SD) of spatial-temporal coefficients estimates

under GFD,, GFD3 and GFDy4 for sample size n = 100.

In Table 2, the parameter estimates from our method with different eigenfunctions are
obtained. In the case of GFDy where the number of eigenfunction is correctly specified,
the simulation results are close to the true values, as illustrated in Table 2 of the main
manuscript. In the cases of GFD3 and GFD,4 where we specify more eigenfunctions than
the true model, the estimates for the first two eigen-components are similar to those of
GFD,, and are close to the true values. For additional eigen-components, the estimates
of the additional eigenvalues, A3 and )4, are quite small compared with the estimates of
A1 and As.

For sample size N = 1000, 2000, 3000, the corresponding computational time of pro-
posed methods is 0.1, 0.5 and 1.5 minutes, respectively, while the method without utilizing
Sherman-Morrison-Woodbury formula and Sylvester’s determinant theorem needs 1.5, 11
and 45 minutes for the same size. The computational burden can be further relieved
by utilizing some form of approximation, such as blocking or tapering, in the covariance

matrix inversion.
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