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S1 Dimension reduction with factor models

For a general l-variate problem, where the dependence is specified through

a Gaussian Process w?(s) ∼ GPl(0, C(· |θ)), the specification of C(·|θ) is

complicated by the fact that it must be a nonnegative definite function, and

it must meet the symmetry constraint C(h |θ) = C(−h |θ) (see Ver Hoef
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and Barry, 1998; Chiles and Delfiner, 2009; Genton and Kleiber, 2015). In

addition to the difficulty in specifying a suitable covariance function, the size

of the LiDAR signals in our application makes modeling directly this joint

high-dimensional spatial component a computationally daunting task. As

such, we take advantage of the gains achieved using the spatial factor model

structure, which reduces the computational burden in two ways. First, it

dramatically reduces the dimensionality of the stochastic processes used,

and second, it assumes that the multivariate stochastic processes considered

are composed of independent univariate processes.

Under the SFM structure, the spatial dependence is introduced by

defining the spatial process as w?(s) = Λw(s) ∼ GP(0,H(· |φ)), where

Λ is a factor loadings matrix (commonly tall and skinny) and w(s) is a

small-dimensional vector of independent spatial GP’s, providing the non-

separable multivariate cross-covariance function given by

H(h |φ) = cov(Λ w(s),Λ w(s + h))

=

q∑
k=1

ρk(h, φk)λkλ
′
k =

q∑
k=1

Ck(h, φk)Tk, (S1.1)

for locations s, s+h ∈ D. Here, Ck(h|φk)’s are univariate parametric correla-

tion functions, and λk is the kth column of Λ, which also corresponds to the

eigenvector associated to the only positive eigenvalue of the rank one matrix

Tk. This cross-covariance matrix is induced by q-variate (q ≤ l) spatial fac-
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tors w(s) with independent components wk(s) ∼ GP(0, Ck(· |φk)). Hence,

var(wk(s)) = 1, cov(wk(s), wr(r)) = 0 for k 6= r, and cov(wk(s), wk(s+h)) =

Ck(h |φk).

Additional constraints are required for factor models to be identifiable

(Anderson, 2003). Nevertheless, conveniently with spatial factor models

only two groups of orthogonal transformations lead to non-identifiability is-

sues, as shown in Ren and Banerjee (2013) . The first of them is produced

by an orthogonal matrix PH resulting from the product of Householder re-

flectors, which is diagonal with 1’s and −1’s. The non-identifiability comes

from the fact that P′HH(h |φ)P′H = H(h |φ). The second type are per-

mutation matrices PP , given that ΛPPP′Pw(s)
d
= Λw(s), where “

d
=” rep-

resents equality in distribution. Both of these situations can be avoided,

either through the conventional approach of making the upper triangle of

the loadings matrix equal to 0 and its diagonal elements all equal to 1; or as

in Ren and Banerjee (2013), by fixing the sign of one element in each column

of Λ, while enforcing an ordering constraint on the univariate correlation

functions.
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S2 Nearest Neighbor Gaussian Processes

In spite of the dimension reduction achieved with the factor model struc-

ture, given the formidable number of locations considered, even the factor

model representation is prohibitive with dense Gaussian processes. Under

a Bayesian approach, qw + qv covariance matrices, each of dimension n×n,

have to be estimated and inverted at each iteration of the sampling algo-

rithm. In view of this, we resort to the sparse approximation provided by

the NNGP approach.

The Nearest Neighbor Gaussian Process approach belongs to the class

of sparsity inducing methods that introduce zeros in the precision matrix to

impose conditional independence, exploiting the graphical structure avail-

able for points distributed across space and/or time. The idea underlying

this method is to derive a sparse approximation of a parent GP, which is a

proper GP itself. The NNGP has been shown to provide an accurate and

computationally efficient approximation to the dense parent GPs (see for

example Datta et al., 2016b,c,a; Finley et al., 2017).

To elaborate, consider a univariate spatial Gaussian Process w(s) ∼

GP(0, C(· |φ)) for s ∈ D ⊂ Rd. Recall that when observed at a finite

collection of locations T = {s1, . . . , sn}, the process constrained to these

locations is such that w = (w(s1), . . . , w(sn))′ ∼ Nn (0,C), with C =
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C(‖si − sj‖;φ)

))
. Alternatively, this joint density can be decomposed

into the product of conditionals

p (w1) p (w2|w1) . . . p (wi|wj : 1 ≤ j < i) . . . p (wn|wj : 1 ≤ j < n) ,

where wi = w(si). This representation and the multivariate normality of

w imply the linear model given by w1 = η1 and wi =
∑i−1

j=1 bijwj + ηi, with

ηi ∼ N(0, τi), where τ1 = var(w1) and τi = var(wi|wj : 1 ≤ j < i).

If locations are suitably ordered, a good approximation can be obtained

by replacing the conditioning set {wj : 1 ≤ j < i}, for i = 2, . . . , n, by a

subset N(i) that contains a reduced number of nearest neighbors. When

considering neighborhoods of sizes up to m, the sparse approximation to

the dense linear model becomes

wi =
∑

sj∈N(i)

bijwj + ξi = b′iwN(i) + ξi, (S2.1)

where N(i) contains the mi = min {m, i− 1} nearest neighbors within the

conditioning set {wj : 1 ≤ j < i}, and wN(i) = {wj : sj ∈ N(i)}. Denote

by CU,V represent the submatrix of C indexed by the rows correspond-

ing to locations in set U and by columns indexed by locations in V , and

CU be the square matrix with rows and columns indexed by locations in-

dexed by U . Using this notation, we have that b′i = Ci,N(i)C
−1
N(i), i.e.,

the kriging weights conditioned on the neighbor set. Additionally, the last
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term on the right hand side ξi ∼ N(0, Fi), where Fi = var(wi|wN(i)) =

Ci − Ci,N(i)C
−1
N(i)CN(i),i. Hence, both bi and Fi are entirely characterized

by the covariance function C(·, · |φ) from the parent process. Note that

the dense and the sparse process share the same equations for locations

i = 1, 2, . . . ,m+ 1. This implies that the covariance among the first m+ 1

locations under the NNGP is the same as that of the parent process.

In vector form, the sparse model can be written as w = Bw + ξ.

Here, ξ ∼ Nn(0,F), where F = diag {Fi : i = 1, . . . , n}, and B is the lower

triangular matrix with zeros along the diagonal, and at most m nonzero

values in each row. The nonzero values in the ith row of B are located in

columns {j : sj ∈ N(i)}. Hence, this representation implies that

w = (I−B)−1ξ ∼ Nn(0, C̃), (S2.2)

where C̃ = (I−B)−1F(I−B)−T (with C̃−1 sparse), which provides a good

approximation to the original covariance matrix C. For more details on the

construction and appealing features of the NNGP methodology, we direct

the reader to the meticulous construction presented in Datta et al. (2016a).
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S3 Sampling algorithm

To begin with, given that we have a two-step process, where w(s) is assumed

to exclusively capture the spatial patterns in the z(s), the full conditional

for w(si) is proportional to

Nqw

(
w(si)|B(w)

i wN(i),F
(w)
i

) ∏
sj∈P(i)

Nqw

(
w(sj) |B(w)

j wN(j),F
(w)
j

)
×

Nl (z(si) |Xz(si)
′βz + Λzw(si),Ψz) ,(S3.1)

where P(i) = {sj ∈ T : si ∈ N(j)}, is the set of locations to which si is a

neighbor. To simplify (S3.1), let sjd be the dth neighbor of sj ∈ D (for

1 ≤ d ≤ m). The columns in B
(w)
j indexed by the set

IN(j),sjd
= {(d− 1)q + 1, . . . , (d− 1)q + q}

relate sj and sjd . Denote by B
(w)
j,jd

the q × q matrix containing the columns

indexed by IN(j),sjd
in B

(w)
j . From the component of the expression above

corresponding to locations sj ∈ P(i), we may rewrite the quadratic form

within the exponential function in the normal density, as

(
w(sj)−

∑
jd∈N(j)

B
(w)
j,jd

w(sjd)
)′

F−1j

(
w(sj)−

∑
jd∈N(j)

B
(w)
j,jd

w(sjd)
)

=

(
B

(w)
j,i w(si)− χ(w)

j,i

)′
(F

(w)
j )−1

(
B

(w)
j,i w(si)− χ(w)

j,i

)
,

where χ
(w)
j,i = w(sj)−

∑
jd 6=iB

(w)
j,jd

w(sjd).
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Making use of this notation, the full conditional for w(si) for si ∈ T , is

Nqw(w(si)|Σ(w)
i µ

(w)
i ,Σ

(w)
i ), with

µ
(w)
i =

(F
(w)
i )−1B

(w)
i wN(i) +

∑
sj∈P(i)

(B
(w)
j,i )′(F

(w)
j )−1χ

(w)
j,i + Λ′zΨ−1

z (z(si)−Xz(si)
′βz)

 , and

Σ
(w)
i =

(F
(w)
i )−1 +

∑
sj∈P(i)

(B
(w)
j,i )′(F

w)
j )−1B

(w)
j,i + Λ′zΨ−1

z Λz

−1

.

Similarly, the full conditional for v(si) is Nqv(v(si)|Σ(v)
i µ

(v)
i ,Σ

(v)
i ), where

µ
(v)
i =

(F
(v)
i )−1B

(v)
i vN(i) +

∑
sj∈P(i)

(B
(v)
j,i )
′(F

(v)
j )−1χ

(v)
j,i + Γ′Ψ−1

y (y(si)−Xy(si)
′βy −Λyw(si))

 , and

Σ
(v)
i =

(F
(v)
i )−1 +

∑
sj∈P(i)

(B
(v)
j,i )
′(F

(v)
j )−1B

(v)
j,i + Γ′Ψ−1

y Γ

−1

.

To obtain the full conditional density for βz and βy, let WTz be the

nz × qw matrix with rows given by w(s) for s ∈ Tz. Define analogously

the ny × qw and ny × qv matrices WTy and VTy , respectively. Represent

Λz = (λz1 : · · · : λzhz)
′, Λy = (λy1 : · · · : λyhy)′, and Γ = (γ1 : · · · : γhy)′.

Additionally, for j = 1, . . . , hz and k = 1, . . . , hy, define zj = (zj(s) :

s ∈ Tz)′, and yk = (yk(r) : r ∈ Ty)′. Also denote the nz × pz,j matrix

of predictors for the jth outcome in z(·) by Xz
j = (xzj(s) : s ∈ Tz)′ for

j = 1, . . . , hz. Similarly, let Xy
k = (xyk(r1) : . . . : xyk(rny))′ for k = 1, . . . , hy.

Thus, assuming flat priors for βz and βy the full conditionals are

βz | · ∼
hz∏
j=1

Npz,j(β
z
j |Ωz

jµ
z
j ,Ω

z
j),
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where µzj =
(

1
ψz
j
(Xz

j)
′(zj −WTzλ

z
j)
)

and Ωz
j = ψzj

(
(Xz

j)
′Xz

j

)−1
, and

βy | · ∼
hy∏
k=1

Npy,k(βyk |Ωkµk,Ωk),

where µyk =
(

1
ψy
k
(Xy

k)
′(yk −WTyλ

y
k −VTyγk)

)
and Ωy

k = ψyk ((Xy
k)
′Xh)

−1.

Given the identifiability restrictions imposed on Λz, let qj = min {j − 1, qw}

for 2 ≤ j ≤ hz, and denote by λ̃
z

j = (λzj1, . . . , λ
z
jqj

)′ the vector of unrestricted

elements in the jth row of Λz. Define W1:j = (ẇ1 · · · ẇj) (i.e., the matrix

with the first j columns of WTz). Using the definitions above, the full con-

ditional density for Λz can be represented as
∏hz

j=2 Nqj

(
λ̃j |Ωλzj

µλz
j
,Ωλzj

)
,

where

µλ̃
z
j

=


1
ψz
j
W′

1:(j−1)(zj −Xz
jβ

z
j − ẇj) if 2 ≤ j ≤ qw

1
ψz
j
W′
Tz(zj −Xz

jβ
z
j) if j > qw

, and

Ωλ̃
z
j

=


(

1
ψz
j
W′

1:(j−1)W1:(j−1) + Ij−1

)−1
if 2 ≤ j ≤ qw(

1
ψz
j
W′
TzWTz + Iqw

)−1
if j > qw

The elements in Λy are all unrestricted; hence, the full conditional

posterior for Λy corresponds to
∏hy

k=1 Nqw

(
λyk |Ωλyk

µλy
k
,Ωλyk

)
, with

µλy
k

=
1

ψyk
W′
Ty(yk −Xy

kβ
y
k −VTyγk), and Ωλy

k
= ψyk

(
W′
TyWTy + Iqw

)−1
The sampler for Γ has a similar form to that of Λz, with the upper trian-

gular elements equal to zero; however, given that we make no dimension re-

duction for the forest outcomes, the diagonal elements are only constrained
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to be positive (instead of setting them to one). First, for 2 ≤ k ≤ hy, let

qk = min {k − 1, qv}, denote γ̃k = (γk1, . . . , γkqk)′, and let V1:k = (v̇1 · · · v̇k)

denote the matrix with the first k columns of VTy . Then, the full conditional

posterior density for Γ is
∏hy

k=2 Nqk

(
γ̃k |Ωγkµγk ,Ωγk

)
, with

µγ̃k
=


1
ψy
k
V′1:(k−1)(yk −Xy

kβ
y
k −WTyλ

y
k − γkkv̇k) if 2 ≤ k ≤ qv

1
ψy
k
V′Ty(yk −Xy

kβ
y
k −WTyλ

y
k) if k > qv

, and

Ωγ̃k
=


(

1
ψy
k
V′1:(k−1)V1:(k−1) + Ik−1

)−1
if 2 ≤ k ≤ qv(

1
ψy
k
V′TyVTy + Iqv

)−1
if k > qv

As mentioned before, the diagonal elements of Γ are assumed to be

positive. Hence to sample the kth diagonal element in Γ we assume a prior

∝ I{γkk>0}. This yields a truncated normal distribution, obtained from a

normal with mean µγkk and variance ξγkk and truncated to be greater than

zero, where

µγkk = (v̇rv̇k)
−1v̇r(ẏk −Xy

kβ
y
k −WTyλ

y
k −V1:(k−1)γ̃k),

ξγkk =
ψyk

v̇rv̇k
.

Given that the half-t distribution is a mixture of two Inverse-Gamma

distributions, the full conditionals for ψz and ψy (the vectors of diagonal

elements of Ψz and Ψy, respectively) are conjugate with their corresponding
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likelihoods. Sampling them amounts to drawing from

ψz|· ∼
hz∏
j=1

IG

(
ψzj

∣∣∣ ν + nz
2

,
ν

azj
+

1

2

∑
si∈Tz

(zj(si)− xzj(si)
′βzj − (λzj)

′w(si))
2

)
,

with hyperparameters az = (az1, . . . , a
z
hz

) sampled from

az|ψz ∼
hz∏
j=1

IG
(
azj

∣∣∣ 1

2
,
ν

ψzj
+

1

A2

)

ψy|· ∼
hy∏
k=1

IG

ψyk ∣∣∣ ν + ny
2

,
ν

ayk
+

1

2

∑
si∈Ty

(yk(si)− xyk(si)
′βyk − (λyk)

′w(si)− (γk)
′v(si))

2

 ,

with hyperparameters ay = (ay1, . . . , a
y
hy

) sampled from

ay|ψy ∼
hy∏
k=1

IG
(
ayk

∣∣∣ 1

2
,
ν

ψyk
+

1

A2

)

Lastly, we may use a Metropolis within Gibbs steps to sample φw and

φv, with target densities proportional to

π(φw)Nnqw(wTz |0, C̃(w)) =

qw∏
k=1

π(φw,k)Nn

(
ẇk|0, C̃(w)

k (φw,k)
)
, and

π(φv)Nnqv(vTy |0, C̃(v)) =

qv∏
r=1

π(φv,r)Nn

(
v̇r|0, C̃(v)

r (φv,r)
)
,

which can both be sampled using a random walk Metropolis.
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S4 Additional results from the simulation exercise
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(a) qw = 3
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(b) qw = 5
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(c) qw = 8
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(d) qw = 10

Figure 1: Posterior median and 95% credible set vs true values of βz for qw ∈ {3, 5, 8, 10}.

The rows vary by the number of spatial factors used in model fitting, the columns vary

by predictor.
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Figure 2: Posterior median and 95% credible set vs true values of ψz.
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Figure 5: Imputed vs true values for missing outcomes from the simulation exercise.
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(a) qw = 3 (b) qw = 5

(c) qw = 8 (d) qw = 10

Figure 6: Predicted vs true values for 500 out-of-sample locations from the simulation

exercise.
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(a) qw = 3

(b) qw = 5

(c) qw = 8

(d) qw = 10

Figure 7: True, predicted and prediction uncertainty maps for y27(·) at 500 out-of-sample

locations from the simulation exercise.
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