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This supplementary material contains additional proofs, details and technical lemmas.

S1 Additional proofs and details

S1.1 Proof of Lemma [A7T

Lemma A=, Let (Uy, Z1, Wh) and (Uy, Zsy, W3) be two independent draws
of (U, Z, W). Let K(-) be a bounded, even, integrable function with positive,
integrable Fourier transform. Assume E(|Uw(Z)|3,) < oo, Then for any
h >0,

EU|Z W]=0 a.s. < I(h)=0.
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Moreover, if P(E[U | Z,W] =0) < 1, then

inf I(h) > 0.
he(0,1]

Proof of Lemma [A71. Using the Inverse Fourier Transform and the inde-

pendence of (Uy, Z1, Wi) and (Us, Z3, W),

I(h) = E [(Uy, Uy w(Zy)w(Za)h™ 1K ((Zy — Z3) [ h)p(Wy — Wr)]

—F {(Ul,U2>H w(Zy)w(Zs) /R q 2™ (Z1=22) FIK (vh)dv / 2mis Wi=W2) T4 (5)ds

L T

Clearly, for any h > 0, I(h) = 0 whenever E[U | Z, W] = 0 a.s. For the

E[B[U | 2, W]w(Z)e 2t/ #+)] Hif[K] (vh)F[g](s)duvds.

reverse implication, since F[¢], F[K] > 0, and w(-) > 0, for any h > 0, one

can deduce

E |E[U | Z, W]w(Z)e 22+ W — 0 VYy eRY, Vs e R".

Then necessarily E[U | Z, W]w(Z) = 0 a.s., and thus E[U | Z, W] =0 a.s.

In the case P(E [U | W, X] = 0) < 1, by the Lebesgue Dominated Con-
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vergence Theorem, the map h +— I(h) is continuous on (0, 1] and

E []E[U | Z, W}w(Z)e*%i{”’Z“’W}} Hi F#] (s) dvds.

tim 1) = FK)0) [ [

Since the nonnegative valued map

: ! / 2
(v, 5) HE [E[U | Z, Ww(Z)e2milv'Z+s W}] H
H

is continuous, and non identically equal to 0 whenever E[U | Z, W] # 0,
and F [K](0), F[¢] (-) > 0, limy, o I(h) is necessarily positive and I(h) is

bounded away from zero on the interval (0, 1]. O

S1.2 Some details on equation (4-4)

Consider a sequence of alternatives
Y =m(Z(Bo)) +rad(Z(60), W(Bo)) +&, n>1,

with E(e | X) = 0 a.s., and 0(-) satisfying the conditions (E=3). In the

following, we show that for each n, fy is solution of the equation

0 :
GE LY = ra(Z9)y] =0,
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Under suitable conditions on the second order derivative with respect to f3,

this justifies the equation (B=). For this purpose, we want to differentiate

rg(Z(5)). Let
YO = m(Z(By))+= and define r3(Z(8)) = E[Y* | Z(8)] = E[m(Z(5)) | Z(8)].
Moreover, let

05(Z(B)) = E[0(Z(B0), W (o)) | Z(B)],

and notice

r5(Z(B)) = r5(Z(B)) + rads(Z(B)),

and that, by the first condition in equation (E=3), d5,(Z(8p)) = 0. Next, by
standard results from single-index regression models applied to the response

Y? (see, for instance, Horowitz (2009) chapter 2), one has

0

9578 2B =m(ZE){X ~EX | Z(5)]}.

B=Po

On the other hand, by the standard variance decomposition formula,

E [{3(Z(Bo), W (o)) = 05(Z(8))}*] < E[0*(Z(Bo), W (50))]
= E[{3(Z(Bo), W(Bo)) — 5 (Z(50))}"]
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and thus one can deduce that

0(Z(Bo), W (o))

0
%%(Z(BDL_%] 0. (s1.1)

Using this identity and the second condition in equation (E=3), under suit-

able technical conditions, for any n, one can deduce

0 2 _ —r —r
a/B [{Y - Tﬁ<Z(B))} ] o =—2E {Y 60( (ﬂ(]))} 85 6< <6)) 5:50]
0 9
= 2K ({rad(Z(Bo), W (Bo)) + <} { g s\ BN)| _ + pradelZ(B) HOH

= —2r,E[5(Z(80), W(B0))m'(Z(Bo){X — E[X | Z(5o)}]

8

9,2
2r BN 5

5(Z(0). W (o)) 2 <Z<ﬁ>>\

B=Bo

Let us end this part with a comment on the condition (E=3). In general, in
the case of sequence of alternatives, by standard tools for deriving asymp-
totic results, one can prove 3 — 8* = Op(n~/2) for some 5* € B that could
depend on n. The value 8* tends to 5y at a rate depending on the rate the
alternative hypotheses approaches the null hypothesis. Following a common
choice in the literature, herein we want to simplify the presentation and fo-

cus on the case where * does not depend on n. For this purpose, we impose
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some orthogonality conditions on the function §(-) such that g* = 5, when
the index is estimated by semiparametric least-squares. See, for instance,
the second condition of equation (3.11) in Guerre and Lavergne (2005) for

a similar condition.

S1.3 Some details on the proof of Proposition

Herein, we provide detailed justifications of the claim that the norm of any

column of A (3) — A () is bounded by ¢||8 — f]|.

Firstly, recall that
B {1} xR or Bc{|yl™v:v=0n %) €R, 7 >0}

Then the norm of every § from the parameter space B is larger or equal to
1. Moreover, if 3 € B and B(S,r) C R? is the ball centered at 3 of radius
0 <r < 1/2, then

inf <6’B_> > 1 > 0.
ses@nns [|BIIAI (18]

(S1.2)

Indeed, for any 8 € B(j3,r),

181 = IBI| < andthus  [|8] > Bl —r>1—r
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Then, since for any 3 € B(3,r), |3 — B||* < r?, we have

2112
(5.5 = 3 (B + 1817 - 18 - By > L2E

Finally, divide by ||3][|3]| to derive the inequality (SI2).

Now, consider {vy,...,v, 1}, a basis in the orthogonal subspace {3}*.
Then for any 3 € B(j,r), the set of vectors {vy,...,v,_ 1} U{B} is a basis
in R?. Indeed, equation (§I2) implies that none of 3 € B(B,r) could be
spanned by {v1,...,vp_1}.

Finally, if A () is built by the Gram-Schmidt process applied to {v1, ..., v,_1 }U
{B}, as described at the beginning of the proof of Proposition 1, and
the vectors {v1,...,v,-1} are orthogonal, then the norm of any column
of A (8)— A (B) is bounded by c||3 — 3| for some ¢ depending only on the
initial p — 1 independent vectors.

The fact that {vy,...,v,_1} are orthogonal it is not a real constraint
since, starting from an arbitrary basis in {3}*, one could first apply an
orthogonalization process with that basis.

We consider the case p = 3, the case of larger p could be derived

similarly. Let § € B(f,1/2) and consider v,w two linearly independent

vectors from the space {#}*. The Gram-Schmidt process transforms the
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basis {f,v,w} as follows:

U
uy = 3, 61261(5)=m7
U
U =V — (%61)617 €y = 62(5) = HU—QH,
2
Uus
Uz =w — <w7€1>61 - <w7 62>627 €3 = 63(6) = ||U || .
3

Since the matrix A(/3) is build with the columns ey(/3) and e3(f3), it remains
to check that Lipschitz condition for es(3) and e3(/3) as functions of 5. First,

note that

1815 — 1515 IBI-NBI1+ == IB=BIl < sl

lex(B)=er(B)] = ’ TR H = 18 I3l

with ¢; = 2/||3||. In particular,
[lex(B)l = lexB)I| < eallB = Bl
Next, since v € {8} = {e1(8)}+,

(v,e1(8)) = (v,e1(B)) + (v, e1(B) — er(B)) = (v, e1(B) — ex(B)),
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and thus

(v, e1(8)] < [lvllllen(B) = ex(B)ll < callvlll|B = BIl < exr vl

Moreover, V3 € B(f3,7)

lua(B)II* = Nlol* = (v, ex(8))* = (1 = eir®)[Jv]|*

and
(B _ ua(B)]1 — lluz(8)]1?]
|z (B)]] — [|ua( |||_ lua(3 >||+||u2( )“_
< v elf) — (v els || v,e1(B)) + (v, e ()]
- 2(1 = cfr2)12||v]|

lollllex(B) — ex(8)] x 2v]
=T (- &)

clv]]

< e lB - Al
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Then

lea(B)—ex(B)|| =

lu2(B)I{v = (v, ex(B))es (B)} — [lua(B)lI{v — (v, ex (B }H
[ (B) |2 (B)1]

< o 2N )
- [us (B )||HUQ( )l
1 I
+ g 1 @) = e @e G
H(U e1(B ” |H“ )N = [Juz(8 H‘

| 2( )
< ell8 -5,

where ¢, is a positive constant that depends only on 7, || 3| and ||v||. Smaller
r is fixed, larger the constant ¢y could be taken. Finally, to get the Lips-
chitz condition for the map £ +— e3(/3), we first need to bound from below

llus(B)]|. Using the orthogonality between e; () and ey(5), we get

lus(B)1* = llwll* — (w, e1(8))* — (w, e2(B))*.

Since w € {B}* = {e1(B)}* and v and w are orthogonal,

[{w, ex(8))| < llwllllex(8) — ex(B)l < eallwlll|3 — Bl
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and
[(w, e2(8))] < [lwllll{v, e1(B))er(B) — (v, er(B))er (B) < callwlll| 3 — Bl-
Deduce that V3 € B(B, ),
lus(B)I* = (1 = efr? — c5r®)[w]*.

The Lipschitz condition for the map § — e3(3) follows after repeatedly

applying the triangle inequality.

S1.4 Proof of Proposition 2

Proposition 2. Suppose the conditions in Assumption 0 in the Appendiz
are met and the null hypothesis (Z2) holds true. Consider (3, such that
Bn—Bo = Op(n=/2). Then nht/21{" (Bn) /@V{Ll} (Bn) = N (0,1) in law under

Hy, and

[0 (B0)]* = [wi™ (Bo)]” = 2/K2 (u) du x //r2 (s, 1) ds dt

xXE [/ 30 (2) 6° (W1 (Bo) = Wa (Bo)) ma, (2 | Wi (Bo)) mg (2 | Wa (Bo)) dz|
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in probability, where T, (- | w) is the conditional density of Z(5y) knowing

that W (Bo) = w, and for t,s € [0, 1],
[(s,t)=E[e(s)e(t)], e(t) =1{d(Y) <t} —P[OY) <t]| X Bl

Proof of Proposition @. Let us consider the simplified notation from equa-

tion (33) and further simplify in the case 8 = () and write

L = Lij(5079)7 K;; = Kz‘j(ﬁo, h)7 and ¢ = ¢(Wi(5o) - Wj(ﬁo))-
(S51.3)

Notice that

) = 3 =R ) (=)
Fla ()6 Oy
FE0). 5 Oy
£ 206 (), (5= 75) (5 o))
— 206 () (= 75) (4 o))
— 206 (). & Oge} Fnafins Kb

= 11 (Bo) + L2 (Bo) + I3 (Bo) + 214 (Bo) — 215 (Bo) — 216 (Bo)
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with
fﬁz ZLm 7 (; B)IP[KSCI)A (t) ’XZ/B] ’
k;éz
Filts B) = e St B) L (9)

(n - 1) gfﬁz ki
and ¢; (+) is defined as 7; (¢; 8) by replacing r; (t; ) by €; (-). This decom-

position of ol (Bo) is given by the identity

Uiw (Zi) (5 Bo) = [ri (5 Bo) = 7 (5 Bo) + € (-) = & ()] oo
The terms [ (5y) and I3 (fy) are treated in Lemmas B and @ in Section 2.

For I5 (By), let us introduce

A0 =t 5 [ [ tdsar 8,0 9168 6).

i=1 j#i

Proposition B below ensures that nh'/2w " (By) I (Bo) — N (0,1) in law.
The terms Iy (5o), I5s (Bo) and I (5p) can be shown to be negligible in a sim-
ilar way as I; (8y) and I3 (fp). Lemma 8 shows that w? (8) — [w!! (60)]2 :
in probability, with w{'} (8y) > 0 and thus I; (8y) /w, (Bo) is of the same
order as I; (fy) for j € {1,3,4,5,6}. Finally, it is easy to check that

wn (Bo) — ol (Bo) = op(1). By Proposition M, one can replace Sy by B,
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an estimator of 3y that converges in probability with the rate Op(n~'/2),

and have
nh' I8 (B,) @8 (Ba) — nh' 21 (Bo) /@l (Be) = op(1).

Then the result of the Proposition 2 follows. m

Proposition 3. Under the conditions of Proposition B,
nhY2wt (Bo) I (Bo) = N (0,1)  in law.

Proof. {Snm, Fnm, 1 <m <n,n>1}is a martingale array with S, ; =0

and

m (BO) = Z Gn,i (BD)

with

2h/? —
Gri (Bo) = m < fﬁo“ Z% fﬁog zy¢zJ>L2

Jj=1

and F,, ,, is the o-field generated by {X,..., X,, Y1,..., Y,}. Thus

h1/2 (50) I, (60) n,n (50) :
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From Lemma B and the nesting of the o-fields F,,; C F,41,; for 1 <17 <n,
n > 1, we have that the martingale array satisfies Corollary 3.1 of Hallland

Heydd (T980) and the result follows. O

S2 Technical lemmas

In the following results the kernels L and K are supposed to satisfy the

conditions of Assumption I-(f).

Lemma 1. Assume that Elexp(a||X||)] < oo for some a > 0. Consider
that g — 0 and ng*®/logn — oo. For any t € [0,1] let Yi(t), 1 < k < n,
be an i.i.d. random variables like in the proof of Proposition 0 such that
E[sup, |Yx(t)|*] < oo for some a > 8. Moreover, assume that the maps
v B[|[Yi(t)] | X'B = v]f3(v), v € R, t € [0,1], are uniformly Lipschitz

(the Lipschitz constant does not depend on t). Then

max sup sup Y (t Lix(B)]| = Op(n=2g7 2 10g"? n+b,,).
1<z<nt€[0 1] BB, n—1 kz;éz k‘ ) k( )}' ]P’( )
Moreover,

pax sup sup Yi(t X101} =Lk Op(n~2g= 12 10g!/?
e sup sup | ;{ Yilt) | X; u (B)| = O n).

Proof of Lemma 0. Recall that Y;(t) = Y; (in the case of SIM for mean re-
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gression) or Y;(t) = 1{Y; < ®7!(¢)} (for the case of single-index assumption
on the conditional law), and 7;(¢; 3) = E[Y;(¢) | Z(B)], t € [0,1]. For any

t € [0,1] we decompose

=S NOLa(8) = - S {ROL((X: — X0'8/9) ~ V(DL ((X; = X)8/9) | X}
FE[Y ()9 L (X, — X)'B/g) | X)) —n~ g LO)Y(1)

= Yiu(B,t) + Toni(B, 1) —n g L(0)Y;(2).

The moment condition on Y guarantees that max,<;<, sup, |Y;(t)| = op(n®)
for some 0 < b < 1/8. This and the fact that ng*/?/logn — co make that
max; <j<, sup, n g Y;(t)| = op(n~2g"?log'/*n). On the other hand,
by Lemma B,

max sup sup |22m-(ﬂ,t) — ng(ﬂ_,t)‘ = Op(by).

1<isnie(0,1] B€Bn

It remains to uniformly bound 3,;(5,t) and for this purpose we use em-
pirical process tools. Let us introduce some notation. Let G be a class of

functions of the observations with envelope function G and let

5
J(6,G,L%) = sup/ V1+1og N(e|Gll2, G, L2(Q))de,  0< 6 <1,
Q Jo

denote the uniform entropy integral, where the supremum is taken over all



S2. TECHNICAL LEMMAS

finitely discrete probability distributions () on the space of the observations,
and ||G||s denotes the norm of G in L*(Q). Let Z,--- , Z, be a sample of

independent observations and let

1 n
:—E: 7
Gy ﬁiﬂv( i) veqg,

be the empirical process indexed by G. If the covering number N (¢, G, L*(Q))
is of polynomial order in 1/e, there exists a constant ¢ > 0 such that
J(8,G, L?) < cd\/log(1/6) for 0 < & < 1/2. Now if Ey? < §?EG? for every
v and some 0 < § < 1, and EG#=2/("-1) < oo for some v > 1, under
mild additional measurability conditions that are satisfied in our context,

Theorem 3.1 of wan_der Vaart_and Wellned (2011) implies

v 2—-1/v v/@v=1)
J(6Yv, G, L?) ||G||(4v2)/(v1)> 1G1208(1)

sup |G| = J(0,G, L) | 1+

(52.4)
where ||G||3 = EG? and the Op(1) term is independent of n. Note that
the family G could change with n, as soon as the envelope is the same for
all n. We apply this result to the family of functions G = {v(-; 5, w,t) —

v(; Byw,t)  t €10,1], 8 € B,w € R} where

VY, X;B,w,t) =Y () L(X'B—w)g ™))
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for a sequence g that converges to zero and the envelope

G(Y, X) = sup |[Y(t)[sup L(w).

te[0,1] weR

Its entropy number is of polynomial order in 1/e, independently of n, as
L(-) is of bounded variation and the families of indicator functions have
polynomial complexity, see for instance van_der Vaarfi (I998). Now for
any v € G, Ey? < C¢gEG?, for some constant C. Let § = ¢/, so that
E~? < C'§?EG?, for some constant C’ and v = 3/2, which corresponds to

EG® < oo that is guaranteed by our assumptions. Thus the bound in (824)

yields
1 IOgI/Q(”) 1/2,-2/31,..1/2 3/4
sup | —= G,v| = ———2 |1 +n"2g7 %3 1og" n] Op(1),
; ‘gﬁ Nz ] Ol

where the Op(1) term is independent of n. Since ng*?3/logn — oo,

max sup sup |S1ni(8, 1) — L1ni(B,1)] = Op(n_1/2g_1/2 logl/2 n).
1<isnielo,1] BeBn

The second part of the statement is now obvious. ]
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Lemma 2. Assume that the density f5(-) is Lipschitz. Then

1
max
1<i<n |n — 1

1 = )5 _ _
Z;Lik(ﬁ) — f3(X{B)| = Op(n™"?¢7*10g"* n + g).
i

Proof of Lemma B. We can write

S LB = (X = 3 o LaB) ~ Bl La(B) | X1}
k#i k=1

+E[g ' Li(B) | Xi] — f3(X[B) + O(n"'g™").

By the empirical process arguments used in Lemma [, the sum on the right-
hand side of the display is of rate Op(n~'/2g~1/21og"?n) uniformly with
respect to i. The Lipschitz property of f3 and the fact that [ |vL(v)|dv < oo
guarantee that

max [Elg "L (5) | X - [3(X!B)] < Cg

1<i<n

for some constant C. O

Lemma 3. For any t € [0,1] let Yi(t), 1 < k < n, be an independent
sample from a random variable Y (t) defined like in the proof of Proposition

@. Let r(v;t,3) = E[Y(t) | X'B = v], v € R, and assume that r(-;t,3)
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1s twice differentiable and the second derivative is bounded by a constant
independent of t. If v'(v;t, B) is the first derivative of v(-;t,3), then, for

any t € [0, 1],

> {r(XiBit, B)—r(X;p;t, B)};Lik(g) = '(X{B:t, B)gD1nit9* D1 ni(t),

n— 14—
k#i

where maxy <i<p, | Dy ni| = n~ 2972 1og"? n and max; <;<,, SUPte(o,1) | D1ni(t)] =

Op (1).

Proof of Lemma 3. By Taylor expansion

1Bot, B)—r(XLF:t, B>}§LM<6> — (X!G:t, B)

ki k=1

+ = Z ” Zk [(X Xk)B]

where 7”7 stands for the second derivative with respect to v and () is
a point between X!3 and X} 3. Since L(-) is symmetric, by the empirical
process arguments as in Lemma [

max lzwlle(ﬁ) Op(n_1/2 —1/2 log n).

1<i<n |n
k=1 9

The result follows taking absolute values in the last sum in the last display,
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using the boudedness of " and the fact that

e (15 BT 5) - i) [ P

1<i<n |m

= Op(l).

k=1

Lemma 4. Assume that Elexp(al| X||)] < oo for some a > 0. Moreover
the kernels K and L are of bounded variation, differentiable except at most
a finite set of points, and [, |[uK (u)|du < oo. Let B, be a subset in the
parameter space such that the event defined in equation ([7.3) with b, — 0

and b,n'/?/logn — oo has probability tending to 1. Let

Kip(f) = K((X1— X2)'8/h),  L12(B) = L((X1 — X2)'B/g)

and ¢(f) = ¢((X1 — Xo)'A(B)). If the density f5 is Lipschitz with constant
C\ 5, then there exists a constant C' depending only on K, L, | f3|l and

C 5 such that

P {E [sup |K1a(A)612(8) — Kna(Aéna(B)] | Xl] < Cbnhm} 1, (52.5)

beB,
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E LSUBP ‘Kw(ﬁ)(?m(ﬁ) - Ku(ﬁ)ﬁblz(ﬁ)ﬂ < Cbnhl/Q, (52.6)
P {E Lsqu |L12(B) — L12(B)|2 | Xl] < Cbng_l} —1 (S2.7)

P {]E {Sup ‘Ms(ﬁ) — L13(5)‘2 KB | X2,X3:| < Chbng_l} o

beB,
(52.8)
and
E {E;BP |L13(8) — Lus(B)|” |K12(5)|2¢?2(5)} < Chb,g™, (52.9)

In Lemma @ we provide different bounds for L(-) and K(-) because the
bandwidths g and h have to satisfy the condition i/g* — 0. Hence we need
less restrictive conditions on the range of h if we want to allow for a larger

domain for the pair (g, h).

Proof of Lemma [J. Since the univariate kernel K is of bounded kernels, let
K, and K5 non decreasing bounded functions such that K = K; — K,

and denote Ky, = Ki(-/h). Clearly, it is sufficient to prove the result
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with K. Similar arguments apply for K and hence we get the results
for K. For simpler writings we assume that K is differentiable and let
Ki(z) = [T _[K'(t)]"dt and Ky(z) = [ _[K'(t)]"dt, v € R. Here [K']*
(resp. [K']7) denotes the positive (resp. negative) part of K ’. The general
case where a finite set of nondifferentiability is allowed can be handled with
obvious modifications. Let Kip(t) = K;(t/h) and recall that Z;(3) = X/p.
Note that |exp(—t?) — exp(—s?)| < V2|t — s|. For any 8 € B, and an
elementary event in the set C,, = {max;<;<, || Xi|| < clogn} C &, for some

large constant c,

| K1 (Z10(8) — Z2(8)) ¢12(8) — K (Z1(B) — Z2(B)) ¢12(B)]
< V2 b, K14 (Z1(B) — Za(B) + 2b,)

+ [K1n(Z1(B) — Z2(B) + 2by) — Kun (Z1(B) — Z2(B) — 2by)]12(B)-

The upper bound on the left-hand side is uniform with respect to 8. By a
suitable change of variable and since the density f5 is bounded, it is easy

to check that

E [Kin (Z1(B) — Z2(8) +2b,) | Z1(B)]

is bounded by a constant times h. Next, note that since nh — oo, there

exists a constant C’ independent of n such that on the set C, we have
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|Z1(B) — Z3(B) & 2b,|/h < C'h~1/2. Then, applying twice a change of vari-

ables and using the Lipschitz property of f3, on the set C,,

E [|Kin (Z1(B) = Za(B) + 2bn) — Kin (Z1(B) — Z2(B) — 2b,)| 1{C0} | Z1(B)]

< h/ K1 (u) [ f3(2bn + Z1(B) — uh) = f3(=2b, + Z1(B) — uh)| du
[_Cl/h1/27cl/hl/2]
< h xsup | f3(2by, +t) — f5(—2b, +1)| / K (u)du
teR [-C'/h/2 C 1 /h1/2)

< Ch'/p,,

for some constant C' > 0. Since by a suitable choice of ¢ the probability of
1{C,} given Z,(B) could be made smaller than any fixed negative power of
n, and the probability of the event {|Z1(3)| < clogn} could be also made
very small, the bound in the last display implies the statement (823). For
the statement (82Z8) it suffices to take expectation.

For the bound in equation (8272), recall that L(t) = L(Jt|) for any
t € R so that we can consider only nonnegative t. Moreover, without
loss of generality we can consider L nonnegative and decreasing on [0, co),
otherwise, since L is of bounded variation, it could be written an the dif-
ference of two nonnegative decreasing functions on [0,00). Moreover, let
Z13(B) = |Z1(B) — Z5(B)| and Ly 15(8) = L(Z13(8)/g). We split the prob-

lem in two cases: Z13(8) < Z13(B) and Z13(8) > Z13(5). Then, for 3 € B,
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and on the set C,, we have

|Lg13(8) = Lgas(B)| 1{Z15(8) < Z13(B)}
< [L(0) = Lgas(B)]1{ Z15(8) < Z15(B), Z13(B) < 2bn}
+[Lg13(8) — Lgas(B)1{Z13(8) < Z13(B), Z13(8) > 20, }
< Ob2g~21{Z15(5) < 2b,}
+ [L((Z13(B) = 2bn)/9) — L(Z13(B)/9)] H{ Z13(B) < Z13(B), Z13(B) > 2bn}

and

’Lg,13(5) - Lg,lS(B)| 1{Z5(8) > 213(6)}
< [L(Z13()/9) — LU(Z13(B) + 2bn)/9)] 1{Z15(B) > Z13(B)} = B,
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for some constant C. Let us notice that

An + By < [L([Z13(B) — 2bu]/9) — L([Z13(8) + 2]/ 9)]1{ Z13(8) > 2b}
+[L([Z13(8)]/9) — L([Z13(B) + 2ba] /9)]1{0 < Z13(B) < 2bn}
< [L([215(B) — 2bu]/9) — L([Z13(B) + 2bu)/9)]1{ Z13(8) = 2bn}
+ Cb2g ?1{Z13(B) < 2b,}
< [L([Z15(B) — 2bu]/9) — L([Z13(B) + 2b4)/9)]
+ 20029 21{Z15(B) < 2b,}

On the other hand, 0 < D, < 4b,g | L/(Z)| where Z is some value such
that |Z — Z13(3)| < 2b,g~". Since, for some constant ¢, |L/(v)| < cfv| in a

neighborhood of the origin,

D,, < 4b,g L' (Z13(B)| + C'bag ™

for some constant C’. Since L’ is bounded, deduce that | L, 13(3) — L,13(3)|?
is bounded by Cb2g~t g tL'(Z13(B)| + o(b2g~') for some constant C. Take
conditional expectation given X, that is the same with the conditional

expectation given Z;(/3), and deduce the bound in equation (5272).
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On the set of events C,,

;gg | L13(8) — L1s(B)| 1K12(3)| < {Dn43Cblg*1{Z13(B) < 2b,}} K12(5)]-

Take conditional expectation and use standard change of variables to derive

the bound in equation (828). Take expectation and remember that ¢12(5)

is bounded to derive the moment bound in equation (§829). O

Lemma 5. Under the conditions of Lemma O

Sup sup max |22m-(5,t) - EQm(B,t)‘ = Op(by).

te[0,1] BeB,, 15i<n

Proof of Lemma . We can write

220 (B, 1) — Soni(B,8)| <E[[Y ()| |97 L (Xi — X)'B/g) — g 'L (X; — X)'B/g)| | Xi]

=E[E{Y()[X}g™" [L((Xi = X)B/g) = L((Xi = X)B/g)| | Xi] -

Now, we can apply the monotonicity argument we used in Lemma @ and

deduce the bound. O

Lemma 6. Under the conditions of Proposition B, I,(y) = op (nilhfl/Q) :



SAMUEL MAISTRE AND VALENTIN PATILEA

Proof of Lemma @. With the notation defined in equation (81-3) we have
L (Bo) = w17 g%h Z Z Z Z —11) (5 Bo) s (rj —11) (5 Bo)) o Lin L Kij by
n 2h 1=1 j#i k#i l#£j

and if we denote by I (fy) the term where i, j, k and [ are all different,

then

(n—2)(n—3)
(n—1)"g*h

E 111 (60)] = E[(E[(r; — ) (-5 Bo) Lir | Zi (Bo)]

E[(r; — 1) (-5 Bo) Ljt | Zj (Bo)]) 2 Kijdi;] = O (g*)

as soon as g 'K [(r; — 1) (; Bo) Lir (Bo) | Zs (Bo)] = O(¢*)D (t; Z; (Bo)) with
D(-) bounded, which is guaranteed by Assumption 0-(c). When i, j, k& and
[ take no more than 3 different values, the number of terms is reduced by a
factor n, and thus we have that E [[15 (8)] = O (n"'g™") = o (n"'h™"/?).
Similar reasoning can be applied to prove that E [I7 (5y)] = o (n"2h™1). See

also Proposition A.1. in Fan and Ti (I996). O

Lemma 7. Under the conditions of Proposition B, I3(5y) = op (n_lh_l/z)
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Proof of Lemma []. Write

1 n
I3 (Bo) = m Z Z Z Z (i (), & (4)) 2 LinLjKijdij

i=1 j#i k#i 1#£j

B n(n_—l]‘)gng Z Z Z Z <€k () » € (')>L2 LikLﬂKijﬁsz

i=1 jAi ki l£jk

1 " )
+— 5o LinLii Kb
n(n_l)?’gzhzzz:”@f()”L K Lji B i

i=1 j#i ki)
1 - 5
+m Z > Nl Ol Lig Lyi K

i=1 j#i

= I31(Bo) + I32 (Bo) + I35 (Bo) -

Then

E[Ly (f)] = — s —E[e(), & ()12 LyKisbia]

(n—1)"g2h
= 0(n2g ) E[[{e (), & ()2 b K]

= 0 (n_zg_Q) ,

E [1372 (ﬁo)] =0 (n_lg_l) and E [1373 (ﬁo)] =0 (n‘2g_2), thus E [[3 (ﬁo)] =
o (n"*h™1/?) . By quite straightforward but tedious calculations, it can be

proved that E[IZ ()] = 0o (nh™!) and the rate of I3(8,) follows. O
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Lemma 8. Under the conditions of Proposition 3,

ZE i (Bo) | Fie 1} 1, in probability,

and the martingale difference array {Gp i, Fni, 1 < i < n} satisfies the con-

ditional Lindeberg condition
Ve > 0, Z]E I(|Gi| >¢€) | Friz 1} 0, in probability.

Proof of Lemma B. First, decompose

4 n . 1—1 R
V.2 (Bo) = m ;//F(Sﬂf) Fo (Z € (s) fﬁojKij¢ij>

7j=1
:m Z// Stfﬁoleﬂ >€J()fﬁoj qub?jdsdt
8 n i—1 j—1

‘Fw (n—l)Qh // St fIBOzEJ )Ek()fﬁojfgok gjqb?jdsdt

=3 j= =1

= A, (60) + B, (BO) . (82-10)
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We have

E[An (Bo)] = E[E[A, (Bo) | X1, ..., Xn]]

2n o y o
- wa (Bo) (n—1)h //F (s:1) fa,E €5 (s) €5 ()] f3,,55;07,ds dt

n n—oo
= — 1.
n—1

Moreover,

n i—1 j—1

Vartay () < S ST S [ ) 0 A KR

=3 j=2 j/'=1

X / / / / 2 (s,t) I (u,v) dsdtdudv

n i—1 -1

32H¢||oo ZZZE[w (Bo) fﬁozfﬁozf50]K2K2]

=3 /=2 j=1

><////F(s,t)F(u,v)®(s,t,u,v)dsdtdudv

n i—14-1

e D DO B R CY W)

=3 =2 j=1

><////F(s,t)I‘(u,v)@(s,t,u,v)dsdtdudv

= o0 (n’lhfl/z) ,

where & (s,t,u,v) = Ele(s)e(t)e(u)e(v)]. The decomposition of E [B?]
involves the same type of terms and is therefore also of rate o (nflhfl/ 2),

so that the convergence of V2 (fy) is met.
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For the conditional Lindeberg condition, we have Ve > 0, ¥n > 1 and

l<i<n

E [Giyz ‘ fn,ifl}

e2

E[G2.1(|Gni| > €) | Fni-1] <

Then

n

N E[G21(1Guil > €) | Frici]

=2

1 n
< o) ;E [Gi,i | ]:n,i—ﬂ

1 16 & )
——— & (s1, 59,53, 54) f5
Samymy) /[ [emmani.

4 i—1
< [T D2 € (sx) Fooi Kigi G dsi

k=1j,=1

The expectation of the last majorant is of rate

O(n_l)////6(51752753784)F(S1,82)F(83,S4)d31d32d33ds4
< E [fgwfgo’jfgo’j/h*lKéh*1K§,¢§j ?j'}
IS 2
+O(TL h )Z////@ (51,52,83,54)d51d52d53d54
=2
x B [fgoviféovjh_lf(fj f‘}]

=0 (n_lh_l/z) )



S2. TECHNICAL LEMMAS

]

Lemma 9. Under the conditions of Proposition B, w? (3y) — w?(By) > 0,

in probability.
Proof of Lemma @. We have

E [wy (Bo)] = 2E [fﬂ,ifﬁ,jh_lfffj (B) 03 (/3)} X //F2 (s,t) dsdt.

On the other hand,

T 172 ;2
E[fﬁ,ifﬁ,jh Kij z’j]

:%E [Z YO LiijlLik'le'h_lejgbgj]
g ket LG WA U] -

1 —172 12
Lki 1 ki U §

1 _
=TT | 2 2 2 2 LukLue Ly h ™ Ko

| ki 1#£] K'#i U#j

o (nth12)
(n—1)°

_ 52 (Bo) + o (nth 172
(n—2)(n—3)(n—4) n (Bo) + ( h )
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where

[//// ézf () () 0 ()

X fao () [0 (21) fo (207) f0 (217)

Xmg, (zi | Wi (Bo)) 7, (25 | Wy (Bo)) dzidzjdzkdzldzk/dzl/]

[////fﬁﬂ — 951) [, (2i — g82) [, (2 — gt1) fs, (25 — gt2)

X g, (2i | Wi (Bo)) mg, (25 | Wi (Bo)) dij

Zi

XL (51) L (t) L (s2) L (t5) %KQ (

{////fﬁo 2 = 951) fpo (20 = 952) fao (20 = gu — gt1) fs, (2 = gu — gls)

x g, (2i | Wi (Bo)) s, (2 — gu | W (Bo)) bij

; i ) dZidedsldtldSth2:|

x L (s1) L (t1) L (s2) L (ta) K* (u) dzfid81dt1d82dt2du:|

B | [ 14, (s o 193 o) s o 119 ) gtz [ 16 )

where the limit is obtained by standard arguments, using uniform continuity

of fa, (-) and g, (- | w). O
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