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Supplementary Material

Section S1 contains the connections between our method and Fisher’s discriminant analysis, and Section S2 contains all

the technical proofs.

S1 Connections with Fisher’s discriminant analysis

For simplicity, in this subsection we denote 77 as the discriminant directions defined by
Fisher’s discriminant analysis in (??), and @ as the discriminant directions defined by
Bayes rule. Our method gives a sparse estimate of 6. In this section, we discuss the
connection between 6 and 7, and hence the connection between our method and Fisher’s
discriminant analysis. We first comment on the advantage of directly estimating 0 rather
than estimating 1. Then we discuss how to estimate 7 once 0 is available.

There are two advantages of estimating @ rather than 7). Firstly, estimating @ allows
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for simultaneous estimation of all the discriminant directions. Note that (??) requires
that n; 37, = 0 for any [ < k. This requirement almost necessarily leads to a sequential
optimization problem, which is indeed the case for sparse optimal scoring and ¢; penalized
Fisher’s discriminant analysis. In our proposal, the discriminant direction 6, is determined
by the covariance matrix and the mean vectors u;, within Class k, but is not related to 6,
for any [ # k. Hence, our proposal can simultaneously estimate all the directions by
solving a convex problem. Secondly, it is easy to study the theoretical properties if we
focus on 6. On the population level, 8 can be written out in explicit forms and hence it is
easy to calculate the difference between 6 and 6 in the theoretical studies. Since 1 do not
have closed-form solutions even when we know all the parameters, it is relatively harder
to study its theoretical properties.

Moreover, if one is specifically interested in the discriminant directions 7, it is very
easy to obtain a sparse estimate of them once we have a sparse estimate of 8. For conve-
nience, for any positive integer m, denote 0,,, as an m-dimensional vector with all entries
being 0, 1,, as an m-dimensional vector with all entries being 1, and L, as the m x m
identity matrix. The following lemma provides an approach to estimating 77 once 0 is

available. The proof is relegated to Section A.2.

Lemma 1. The discriminant directions 1 contain all the right eigenvectors of 6,116,
corresponding to positive eigenvalues, where 8, = (0,,0), II = Iy — %1K1T, and

0o = (M1 — [, ..., — 1) with i = Zf:l T M-
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Therefore, once we have obtained a sparse estimate of 8, we can estimate 7 as follows.
Without loss of generality write 8 = (é%, 0)", where D = {j : 6 # 0}. Then 6, =
(0,6). On the other hand, set & = (ft; — fi, . . ., fux — i) where fij, are sample estimates
and f1 = S | 7y fup. It follows that ,T16, = ((éo,ﬁﬂsa@)Tv 0)". Consequently, we can
perform eigen-decomposition on éo,ﬁngaﬁ to obtain 7). Because D is a small subset of
the original dataset, this decomposition will be computationally efficient. Then 1 would

be (A2, 0)".

@a

S2 Technical Proofs
Proof of Proposition ??. We first show (??).
For a vector 8 € RP, define
1 ..
LMSPA(Q ) = §aTze — (fag — f21)"0 + )\||6]|1, (S2.1)
LROAD(Q \) = 0720 + \|6]| (S2.2)

Set @ = ¢o(\)LOMSPA(N). Since 7 (jis — 1) = 1, it suffices to check that, for any

6’ such that (6")"(f1, — p1) = 1, we have LROAP (9, _2A_) < [ROAD(§/ _2A_) Now for

7 leo(A)] > feo(M)]
any such 0,
MSDA / 2 7ROAD /j 2\
LYSPA (oM, A) = ¢o(A)2LROAP (6, — ) — ey (N) (523)
|co(M)]
Similarly,
LYSPA (¢ (08, A) = co(\J2LEONP (6, ) — o(N). (52.4)
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Since LMSPA(¢4(\)@, A) < LMSPA(¢(X\)@, \), we have (22).

On the other hand, by Theorem 1 in Mai and Zou (20135b)), we have

ADSDA _ AROAD A
Therefore,
A 2\ A 2nei (M)A )
OROAD — 0ROAD Y S2.6
2n)ci (M)A 4pspa (QHICM)IA)
_— 0 _— S2.7
(e V)] (527
= (c1(a)))"1PSPA(aN) (S2.8)
Combine (S2.8) with (??) and we have (??). O

Proof of Lemma ??. We start with simplifying the first part of our objective function,
56136), — (fu, — fu1)" 6.

First, note that

1« 1 &
~-0730, = - 01105m0m S2.9
50 20 2“%:1 Kt Oem 0 (52.9)
1.5 . 1 R 1 R 1 R
= §9kj0-jj + 5 E ‘ leekjalj + 5 E .ijﬁkmajm -+ 5 E leekmalm(8210)
I#j m#j l#j,m#j
(52.11)

Because 6;; = ¢, we have Zl# O116r;01; = Zm# 0kj0km 0 jm- 1t follows that

1.« 1, . 1 .
S0k20, = éegjajjJrZekjekla,ﬁE > Oubrmbim (S2.12)
I#] I#j,m#j
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Then recall that 8* = fi, — f1;. We have
p
(foe — f2) 0k = > 60 = 0505 + Y 60 (S2.13)
=1 I#5

Combine (S2.12) and (S2.13) and we have
1 Ty ~ A \T

1,5 . 1 .
= 59,%]-0')']' + Z ijﬁklalj + 5 Z leekmalm - 51’“9;@ - Z 5f0kl (8215)
I#] I#j,m#j I#]

1, . ) . 1 ) .
- 59,3j% + () 616k — 05)0k; + 5 > Oubrmbim — > 00k (S2.16)
I#j m#jI#£] I#j

Note that the last two terms does not involve 6 ;. Therefore, given {6 ., j’ # j}, the

solution of @ ; is defined as

K
. 15 . . 2
arg min Y {=03,65 + (O 6100 — )6k} + A6,
= %5
which is equivalent to (??). It is easy to get (??) from (??) (Yuan and Lin, 2006). ]

Proof of Lemma ??. We start with the first conclusion. If all elements in 3p, pe are equal
to 0, then we must have Ejpzl_)’lptk’p = (0 and hence maxjepc{sz:2(EjpE{)}Dtk,D)Q}l/Q =
0. It follows that Condition (C0) holds.

For the second conclusion, note that, when o;; = pli=7l and D = {1,...,d}, for j € D,

we have 3, p = p/ 9%, p. Consequently,

3 0Xpp = 0 (0a-1,1).
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Hence,
K

K
S (S Bgtun) = 410y i, — 100 <1
k=2 k=2

which implies Condition (CO).
For the third conclusion, note that, if 3 is compound symmetry, then we can write 3p p =

(1 — p)L; + pl4l]. Straightforward calculation verifies that

_ 1 p
Yol = I, —
PP —p [T+ (d=1)pl(1-p)

1417,
Consequently, for any j € D,
3 pXpp = al)

d
where a = L(1 — P

———————). Therefore, by Cauchy-Schwarz inequality, we have
1—p 14+ (d—1) p) y Y quatity

K K K
> (ZpEphten)’ =a® ) (Liten)* < a® Y {(141a)(th ptip)}

K K
_ 2 2 _ 2 2 _ 252
—adg E ty; = a’d g ty; = a’d
k=2 jeD JED k=2

K
. dp dp dp
Y o325 tep)? M2 = ad = 1 = <1
{kz:;( 50 ¥ pthp) ) ¢ 1—p( 1~|—(d—1),0) 1+ (d—1)p
and we have the desired conclusion. L]

In what follows we use C' to denote a generic constant for convenience.

Now we define an oracle “estimator” that relies on the knowledge of D for a specific
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tuning parameter \:

K
A i 1 - . N
gorcle — arg ,, it g—2{§0;2922)72)9k,® — (Bip — P1,p)" Okp} + A Z 1051/

Dys0K,D
£ I’ ? 9 jeD

(S2.17)
The proof of Theorem ?? is based on a series of technical lemmas. For convenience,
in what follows we simply write 822 as @. This convention shall not be confused with
the generic @ in an objective function.
Lemma 2. Define 0%°%°()\) as in (S2Z.17). Then 6, = (égf%de, 0),k =2,...,K is the
solution to (??) if
JjeDe

K
max(>_{(Spe o0 n™); — (g — fng) }Y? < A (S2.18)
k=2

Proof of Lemma[2} The proof is completed by checking that 8), = (ézf%de()\), 0) satisfies

the KKT condition of (??). [

Lemma 3. For each ]{?, EDC,DE'E)’I'D(IJIIC,D — NLD) = ll’k,DC — MLDC.

Proof of Lemma[3} For each k, we have 0 pc = 0. By definition, Opc = (X' (py, —

p1))pe. Then by block inversion, we have that
Or.pc = —(Spe pe —Zpe pEp pEp pe)” (Bpe pXpp (hp — p1.0) — (Bkpe — H1,00));
and the conclusion follows. [

Proposition 1. Under Condition (C1), there exists a constant €, such that for any 0 < € <
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€9 we have

. R ne Cn
pr{| iy = f13) = (ay — )| > €} < Cexp(=C—=) + C exp(—5§52.19)

k=2,....K, j=1,...,p;
pr(|oi; — oi;] > €) < C’exp(—C’n—) +Cexp(——), i, =1,...,p.(52.20)
Proof of Proposition[I} We first show (S2.19). We start with the fact that, conditional on

Y, figj ~ N (g, %:) Therefore, for any s > 0, we have

058

prifng — pr; > €|Y) = pr(es(ﬂkj—ukj) > e |Y)<e *E {esmkj—ukj) | Y} — ¢ 5Ty

Let s = S and we have
Ojj
R nk€2 2
Prfing — gy 2 €| Y) < exp(=5—) < exp(=Cme”),
27

where the last inequality follows from the assumption that o;; are bounded from above.
Repeat these steps for i — jix; and we have
pr(finj — pry < —€|Y) < exp(—Cnye?)
Hence,
pr(|finj — pixs| > €| Y) < Cexp(—Crye?)
It follows that

pr(|fin; — s > €) (52.21)

< B(pr(ljug — iyl 2 €| V) < B(C exp(—Crge?)) (52.22)
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= E{Cexp(—Cnye*)1(ny, > mn/2)}

+F {C’ exp(—Cnge?)1(ny, < 7rkn/2)} (S2.23)

For the first term, note that, if n; > mn/2, we must have

C exp(—Cnye®) < Cexp(—Cmpne?) < Cexp(—C?),
where the last inequality follows from Condition (C1). Hence,
) ne?
E{C exp(—Cnye*)1(ng > mn/2)} < Cexp(—C’?). (S2.24)

For the second term, note that
E {C exp(—Cnye*)1(ng < mpn/2)} < Cpr(ng < men/2)),

Define W' = 1(Y"* = k). Then W* ~ Bernoulli(my) and ny = > | W*. By Hoeffding’s

inequality we have that

pr(ng < mn/2)) |— Z Wi — E(WY)| > m/2) (S2.25)

n

< Cexp(—Cnr}) < CGXP(—CEX

(S2.26)

where the last inequality again follows from Condition (C1). Combine (52.23)),(S2.24)
and (S2.26)), and we have the desired conclusion.

A similar inequality holds for /i, and (S2.19)) follows.

For (52.20), note that
&ij = KZ Z _,ukz m_ﬂk])

k=1Y™m=k
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K K
1 m m m m 1 A A
T WK Z (X7" = )X = ) + an(ﬂki — i) (firg — fkg)

n—K
k=1 Ym=k k=1

—_

= 0+

K
I Z M (fli — i) (flacg — Fokg)-

k=1

n j—
Now by Chernoff bound, pr(|&§](-)) —0;;] > €) < Cexp(—Cne?). Combining this fact with

(S2.19), we have the desired result.

Now we consider two events depending on a small € > 0:

Ale) = {l|6s; — 04| < gforanyi: 1,---,pand j € D},
. . € .
Ble) = A{l(fnj = finj) = by — puy)| < - for any k and j}.

By simple union bounds, we can derive Lemma 4 and Lemma 5.

Lemma 4. There exist a constant ey such that for any € < e¢g we have

€ Cn.,
ne’ Cn.
2. pr(B(e)) > 1 - Cp(K —1) exp(—C’m) - C’Kexp(—ﬁ),
3. pr(A(e) N B(e)) > 1 — ~(€), where
ne? ne Cn
7€) = Cpdexp(=C—) + Cp(K — 1) exp(=C' ) + 20K exp(—55).

Lemma 5. Assume that both A(¢) and B(¢) have occurred. We have the following con-
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clusions:

Hip,p — ED,DHOO < €
‘|SDC7D — EDC,DHOO < €]
| (fer — 1) — (e — 1) [|oe < 6

| (ftx,0 — 1,0) — (o — p1p)||1 <€

1
Lemma 6. If both A(e) and B(e) have occurred for e < 7 we have

||25,1D - EB}DHl < ep*(1— pe) ™!,

e
1— e

’|2DC,D($D,D)_1 — Zpe p(Tpp) Moo <

Proof of Lemmalg. Let 7, = [|Zpp — Zpplloes 12 = |Zpep — Zpeplleo and 75 =

1(Zpp) ™" = (2p,0) ! |ee. First we have
15 < (Z0,0) oo X [(Zp0 — Ep0) oo X [(Z,0) oo = (0 + n3)m1.
On the other hand,

’|2DC,D(2D,D)_1 - EDC,D(ED,D)_lﬂoo < ||$]DC,D — Xpe plloo X ||($]D,D)_l — (ED,D)_1||OO
+||2DC,D — 2pe e X [[(Zpp) oo

H|Bpe plloe X [(Zp.0) ™! = (Zp.0) oo

IN

M2m3 + N2 + ©n3.
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By ¢on; < 1 we have n3 < ©?n;(1 — n;)~! and hence

< C — _ €
IS0 p(80:0) ™ = Boe p(Bp0) oo < T
H
Lemma 7. Define
ég,D = EB}D(ﬂk,D — f1p). (82.27)
5 pe(1 4 pA)
Then ||6° , — 6 <2 T
en || kD kol < 1= o

Proof of Lemma[7] By definition, we have

||§A35,lp(ﬂk,p — f1,p) — (ko — 10) |1
<1Z55 — Sppllill (fnp — furp) — (o — 1)k

+IZ55 (o — B1,0) — (a0 — pa.p) Il + 125 — Epp e — paplh

pe(1+9A)
1—pe

Lemma 8. If A(¢) and B(€) have occurred for € < min{ﬁ, }, then for all k

14+ @A
105" (A) = Bl < 4N

Proof of Lemma[8, Observe 92 = ZA]{)}D(IJ;C,D — ftip) — )\EABB}DE]C7D. Therefore,

169557 — 6, 1

< 168 = Orolle + AIEp — Zppllil[trlle + AIZp 5l 1Erp ]l
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where ég’D is defined as in (S2.27). Now ||t | < 1 and we have

we(1 4+ pA) + Ap

|| Oorade
1 — pe

kap||oo S < 4g0)\

Lemma 9. For a sets of real numbers {ay, ..., ay}, if S~ a? < w2 < 1, then SN (a; +

11—k

Nk

b)> < laslongasb <

Proof. By the Cauchy-Schwartz inequality, we have that

N N
S (ai+b)? = ) al+2 Z a;b + Nb* (S2.28)
i=1 =1

N N
< ai +2,| (O a?)- Nv? + Nv? (S2.29)
i=1 i=1
< K+ 25V NV + NV (S2.30)
S 1—k
which is less than 1 when b < . [
VN
We are ready to complete the proof of Theorem ??.
Proof of Theorem ??. We first consider the first conclusion. For any A < aéﬂ and € <

o
min{g_, — T r oA

verify (S2.18).

———1}, consider the event A(e) N B(e). By Lemmas |2 1t suffices to
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For any j € D¢, by Lemma[3| we have

. A(oracle ~ N
(Spe 05", — (g — fny)|
- A(oracle N ~
< |(Spe 85" — (Bpe.pbp);| + [ing — fng) — (Hag — ny)]
= A(oracle
< [(Bpepb5); — (Epe pOrp);| + ¢

A

< |(EpepBp); — (Spe.pbip);] + €+ M (Epc oS5 ptn);|

- A (oracle
(Spep0y5"); — (Spe pBrp);| + ¢

< (Epep); = (Zoe.0);l1162.5 = Okplloe + 18k0lloc | (Epe p); = (Spe p)slh

+11(Zpe.0);1111167 5 — Bk.plloo + €

IN

Ce.

(Zpe p25ptkp); — (Bpe pBppten);|

< |[Bpep35'p — Bpe X5 plloolltrp — trpll

(S2.31)

H|Zpe pE5p oo ltrp — trplle + [[Epe pX5'p — Bpe X5 pllsol (b.0);]

05110511 — 011105

e — tigl = |

165111161
|0k — O; | 1651 + Omax|€; — 6.5]]
10511116051
Cop

= emin\/(K - 1>)\
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Therefore,

A (Zpe p25'ptip);]

_ Cpe CpA
< MN(SpepZ5htep)i| + A e — S2.32
< Al D, DD D k)il + (1_¢€+77 0 K—l) ( )
< N (Zpe pEpptep);| + CN (S2.33)
Under condition (CO0), it follows from (52.31)) and (S2.33) that
(Zpe p0 5 ") = (fing — inj)| < M(Epe pEp'pten);| + CA? (S2.34)

Combine condition (CO) with Lemma [0 we have that, there exists a generic constant
M > 0, such that when A < M (1 — &), (S2.18) is true. Therefore, the first conclusion is
true.

Under conditions (C2)—(C4), the second conclusion directly follows from the first

conclusion. n

Lemma 10. Under the conditions in Theorem ??, under A(€) N B(e), we have that

18]l < K(A+ pe(l+9A)
1 — e

).
Proof. Under the conditions in Theorem 2?2, we have that, under A(e) N B(e), 0, =

(621, 0). It follows that

bS]

1 A S N ~ ~ orace
{GO05) S o025 — (e — 1) OFE} + A D

k=2 7j=1

K p
Lo e 4 s .
< 5 000) So0bhn — e — ) 6k + A | D6,
j=1 \ k=2

k=2
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while by the definition of ég’p, we must have

5 (O05™) B0 0025 — (fux — 1) O > 5(000) Ep00) p — (1 — )"0} 5

[\]

bS]

. 1 A
169, < KA+KM

1 — e

where the last inequality follows from Lemma@ Finally, note that ||6;||; < > ZkK:Q(é%aCle)?

and we have the desired conclusion. O]

Proof of Theorem ??. We first show the first conclusion. Define )7(02, ..., 0k) as the pre-

diction by the Bayes rule and Y(éb, ...0 &) as the prediction by the estimated classifica-

x_ Mk

~ y + ~ R
o) Oxtlog(me/m) and Iy, = (x— K~ . Hiyeg, 4

tion rule. Also define [, = (
log(7y/71)-
Define C'(¢) = {|mx — mx| < min{miny 7,/2,€}}. By the Bernstein inequality we

have that Pr(C(e)) < Cexp(—Cn/K?).

1
Assume that the event A(e) N B(e) N C(e) fore < min{z— } has happened.
¥

"1+ pA
By Lemma ] we have
Pr(A()NB()NC(€)) > 1—Cpd exp(—C < )—CK exp(—C—2)—Cp(K 1) exp(—C 62)
r(A(e)NB(e)NC(e)) > pdexp(—Cn—— exp(=Co)=Cp exp(—Cn

(S2.35)

For any ¢y > 0,

R,—R < Pr(Y(6y,...,05)#Y(6,...,0x))
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< 1—Pr(|ly — | < €0/2, |l — li| > €0, for any k, &)

< Pr(|ly — lg| > €o/2 for some k) + Pr(|ly — Iys| < € for some k, k).
Now, for X in each class, [, —; is normal with variance (60— 0y )" (0, —0y ). Therefore,

Pr(|ly — li| < € for some k, k') < ZPr(|lk —ly| < e |Y =k )mp

k//
CEO
< 1
S 2 G 00— 6]
S CK2€0.

On the other hand, conditional on training data, Zk — 1}, is normal with mean

(f11 + o) "6k L (it )"0

u(k, k') = pi (6), — 6),) — 5

L log 7, /711 — log 7y /1
and variance (), — ;)" S (0, — 6) within class &’. By Markov’s inequality, we have

Pr(|l, — x| > eo/2forsome k) = > mp Pr(|l — x| > €/2| Y = k)
k,/

l’Ilan(ék — Ok)TE(ék — Ok)

< CE{ RN I }.

Moreover, under the event A(e) N B(e) N C(e), by Lemma[10}

mgx(ék —0,)"2(0, - 0,) < max 10k — Okl1[|= |0 10x — 61 |oo

IN

m,gx(l!ék\h + (10111200 16k — Biloo < CA
, o 1 .
uk, )1 = i (O — O0)] + 5 (i + fr) = (1 + p) } (O — 6|

Lo 1 .
+§|{(I~L1 + o) — (p1 + pw) }Ok| + §|(N1 + )" (0 — 6y)|
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+| log 7t /71 — log 7y /71 |

IN

Ci A

Hence, pick ¢y = M>A'/? such that ¢, > C; /2, for Cy in (S2.36). Then Pr(|l, — I, >
€o/2 for some k) < CA'/3. It follows that | R,, — R| < M;\'/3 for some positive constant
M;.

Under Conditions (C2)—(C4), the second conclusion is a direct consequence of the

first conclusion. [

We need the result in the following proposition to show Lemma[2] A slightly different
version of the proposition has been presented in Fukunagal (1990) (Pages 446-450), but we

include the proof here for completeness.

Proposition 2. The solution to (??) consists of all the right eigenvectors of X=X, corre-

sponding to positive eigenvalues.

Proof. For any n;, set u, = 2'/?n,,. It follows that solving (??) is equivalent to finding

(uj,...,ux_,) =arg max uf X 28,6722y, s.t. ufu, = 1 and ufu; = 0 forany [ < k.
(52.36)
and then setting 1, = X~Y2u}. It is easy to see that u},...,u}_, are the eigenvectors

corresponding to positive eigenvalues of X71/2§,67X~/2. By Proposition [3, let A =
3-Y28y,68, and B = 3~1/2 and we have that 1) consists of all the eigenvectors of X718, ¢

corresponding to positive eigenvalues. [
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Proposition 3. (Mardia et al.|(1979), Page 468, Theorem A.6.2) For two matrices A and
B, if x is a non-trivial eigenvector of AB for a nonzero eigenvalue, then y = Bx is a

non-trivial eigenvector of BA.

Proof of Lemmal]l] Set 6 = (0p,0) and g = (pt1 — &, ..., K — fr). Note that 15 =
Son s — (K —1)py = K(fi—p1). Therefore, §g = 6 — 201515 = 0(Ix — 21x1%) =
S1I.

Then, since 8, = X4, we have OIT = X718, and 61167 = X '6,67. By

Proposition [2] we have the desired conclusion. 0
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