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A Technical Lemmas

We introduce several technical lemmas, which will be used throughout the proofs of our propositions and theorems.
In particular, let ¥ = (¢;;)gxq and recall the definition of T = (’lZij)qu from Section 3.2. We first prove a maximal
concentration inequality on 'l/b\ij in Lemma 1. Note that this result differs from the standard concentration inequality

on the sample covariance matrix with i.i.d. samples since the “row samples” for constructing ¥ are correlated.

Lemma 1 We have for any M > 0, there ezists a constant C' such that

np

P( max 'lz)\ij

1<i<j<q

tr(E)wij
p

Proof. Recall that for any pair of i € [¢] and j € [q]

P

- 1 n _ _
vis = (n—1)p ZZ(Xl(ik> - Xli)(Xz(]@ — Xi5)
k=11=1
L o v gy ® 5
= e X - XX - Xy), M)
=1 k=1

where X;; = % >y Xl(ik) and X;; = 7% >y X;;C). Without loss of generality, we assume that p = 0.

Let A € R™ ™ be an orthogonal matrix with the last row (%,,%) Let Y;; = (E§1)7...,Y'l§"))/
AXDD L xT) e R So we have v/nXy; = Y™ and
SO K - )= ¥io, Y = S ®

k=1
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Since (X5, ..., X5 ~ N(0, 0uthiiTuxn), (VY. V)~ N(O, 0uthiilin_1yx(n_1))- Let Y = (V) 1ci<pi<icq
for 1 <k <n-1 We have Yy ~ N(0, X ® ¥) and Yi, 1 < k < n — 1, are independent. Let us define
Zy, = X7V2Y), ~ N(0,Lx, ® ¥). Let Zy; be the i-th column of Yi. Then (Zi, Zxj) ~ N(0,Ipxp @ ¥ 1), where

Pii  Pij
Pii  Pij
Let the U DU be the eigenvalue decomposition of 3, where U is an orthogonal matrix and D = diag()\(ll), e )\;1)).

U =

/

Define (W;W-,ij) = (UZ;W-, UZ;W-) € R?*2 where Wi = (w;ﬂ-,l, ey wkiyp)l € RP*! and Wy, = (wkj,l’ .. ,wkj,p) S
RP*!'. Since U is an orthogonal matrix, (Wi, W;) ~ N(0,I,xp ® ¥; ;;), which also implies that (wgi,,wk;,) are
independent for 1 <1 < p.

Now combining (1) and (2), we have,

p n—1

by = n—l DD Y

llkl
n—1

1 !
= 71)2 (UZy;) DUZy;
(n — k=1
n—1 p

= n—l ZZA( g AWk, 1+ (3)

klll

We further note that

p
Eii; = Z (l)l/)z] = )1/1”.
p k=1 =1
(1)
Put wiij,i = wei,iwij,1 —Ewks w1 We have for some 1 > 0 such that Ee21A whig.tl < K for some K > 0, uniformly

in 4, 7,0, k. It implies that

P

ks (1)
Z E wkz l 2 77\)\[ Whij1 < KZZ wkzgl )1/2

k=1 1=1 k=1 1=1

= V2K(n— 1)||Z|ﬁw(<pn<ﬁjj +¢iy)-

By the exponential inequality in Lemma 1 in Cai and Liu (2011) and |Z||%/p < )\;1), for any M > 0, there exists a

constant C' > 0,

~ ~ 1
(71— Bdy] > 0y PERELIDY _ (g )

This proves Lemma 1. I

The next concentration inequality involves the residuals. In particular, for k € [n], [ € [p] and j € [q], we define:

n
~) _ (1 ®) ) o s 20’
&y =ey) — D ey =e; — & Gﬁ,s*mZZ(%) '



A. TECHNICAL LEMMAS

Lemma 2 For any M > 0, there exists a constant C' such that

1 &< - 1 , _
P(max max |L3° E?P(Xb’f’—th)]zc M)ZO((HW y

1<i<q1<h<qh#i | np £ £ np
and

(max 1 ¢ Zp:gm M _ % 08| >c W) O((q +np)™™)

1<i<p X2 = Xi—i)By| 2 np 4 np ’
Pio=
Proof. Recall that
k k)
Elz Xl(l ) Xl( —zﬂ

Set egk) = (e (12)7 . ,E;]z)) and Y(k) (ng)ﬂﬂ .. X;klzﬂ ). Tt is easy to see that Cov(egk)) =7;'S. Let ng)

be the h-th column of X*). Since e(k) and X(k) are independent for h # i, for the p X 2 matrix (zfsl(.k)7 XEJC))7 we have
Cov((e™, X)) = = @ diag(y;; ", ¥us) for h # .
In addition, X", ~ N(0,S® ¥ ; ;) and B, = —-L T, ;, we have

Cov(Y®) = %tr(r_i,i W )3

i1

Further, by the fact that,
tI‘(P—i,i i,—i‘I'—'L,—i) = Pi,—i‘I’—i,—iI‘—i,i = *%‘z“I'i,—iF—i,i = *’Yu‘(l - 1/11'1'%'2'),

which further implies that,

Cov(y®) = Lidi = 1g
Yii
Since /") and Y*) are independent, Cov((e!®, Y¥)) = = @ diag(v;;", (s7ii — 1)/7i). Following exactly the same
proof of Lemma 1, where we replace (Xl(zk>7le ) by (El(f),X;,’:)) or (eh> ngzzﬁi) and ¥ ; by diag(v;",¥i) or

diag('yi_il, (tiivss — 1)/7vii), we can obtain Lemma 2 immediately. i

Lemma 3 (i). We have, as np — o0,

n S(k)2(k) () (k)
Zk:l f l(slz Elg Eelz 61] ) 1 ’77,2]
= N (o, T
V| )% YiiYii  (Viivis)

in distribution.

(i). For any M > 0, there exists a constant C' such that

tr(X) i
P YiiVis

log max(q, np)
np

]P’( max

1<i<j<q

>C

) =O0la+np) ™).

Cije —

Proof. Note that Cov(el(f),el<f)) = W%ﬂf It is easy to show that Cov((e (k), gk))) = X ® Ay, where Ap 5 =
ii7jj
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1 i
3” “’“17”' . As in the proof of Lemma 1, we can write

JT —_—

YiiVjj Yij

n P n—1 p
k k 1
D_EEy = 2 2 A e, (4)
k=11=1 k=1 1=1

where (i, rji), 1 <1 < p, 1 <k <n—1,areiid N(0,Ap ;) random vectors. Note that Var(nwiimeji) =
2

1

Y T (71% and Zle()\l(l))Q = ||Z||3. (i) follows from Lindeberg-Feller central limit theorem. (ii) follows from
1173 iiVjj

the exponential inequality in Lemma 1 in Cai and Liu (2011). N

B Proof of Proposition 1-3 on the properties of the proposed test

statistics

Proof of Proposition 1. For notational simplicity, let n; = n — 1 and Cl(fi) = ?Cﬁf) + (X — Xli)ﬁi,]‘- Note that for
all k € [n] and @ # j,
k k > k S S
é\§J2 = §§j) + (Xli - Xli)ﬂi,j - (ngj - le—j)(ﬁj,\i - /6]',\1')7

which implies that

k) ~(k k) ~(k k k X 3
gﬁij)ggji) = Cz(ij>41(ji) - Cl(ij)(xl(,—)j ~ X13)(Bji = By
k k % B
_Cl(ji)(Xl(ﬁ)i = Xi,-)(Bi; — Biny)
=~ — R "ix(k X 3
+(Bi, — Biny) (X, =X ) (X = X0 5)(Byi — Bi)- ©)

Let ¢ = tr(2)/p. By the assumption (C1), we have ¢™' < ¢ < ¢. For the last term in (5), by Cauchy-Schwarz

inequality, we have

n p

]_ -~ ’ k — ’ k — o~
> B~ Biny) (50— X ) (X1 = X0 )(By — Bin)
P k=11=1
< max (B = Bing) ¥oimi(Biny — Bing)| -

For any i,j € [q], we have

‘(Bi,\j - /Bi,\j)/‘/f’—i,—i(,ai,\j - :81\])| < |(//3\1\J - /Bi,\j)/(‘/f’—i,—i - U‘p—i,—i)(ﬁi,\j - Bz\])‘
+J|(Bi,\j - ﬁi,\j)l‘I’—iy—i(l/B\i,\j - ﬁi,\j)"

By Lemma 1,

~

r= ~ log max(q, n
max ‘(ﬂi,\j - ﬂi,\j) (P — U‘I,*iv*i)(l@i,\j - ﬂi,\j)' = Om(ail w)

1<4,j<q np



B. PROOF OF PROPOSITION 1-3 ON THE PROPERTIES OF THE PROPOSED TEST STATISTICS

Moreover,

[(Bing = Bing) ¥—imi(Bin; — Bini)l = Or(Amax (¥)|B; — Bil3)
uniformly in ¢ € [¢]. Combining the above arguments,

k — ! k — ~
p Z Z g~ Big) (X1 =X ) (X[ = X)) (B — By

k=11=1

log max(q, np) ) . (6)

=0Op (agﬁ +aky
np

Under the null Ho;; : vi; = 0, we have (QC) = ggk) Note that

lji
(X, =X ) By — B = (X =X a) By — B ). (7)
So
GE XM, =X ) By — Bye) = E(X = Xuin) (B, — Bng),
h#i,j

where Bj = (El,j, . ,Ep_l,j)/ and we set de = 0. By Lemma 2 (i),

~(k) (k) _ ¥ 2 )
ISI“?SE&.JXS(J Z ;; th)(ﬂlw Bh,])

(k) (5 (k) % 2

< (X — X . — 0.

S 1<I?3]X<q;r§}}§ nlp;;% ih zh) |,3] ,33|1

log max(q, n
= O[P(anl ~08 Maxig, np) (g p)) (8)
np

A similar inequality holds for the third term on the right hand side of (5). Therefore, for ¢ # j, under ~;; = 0,

n

1
LS = LSSy

nip

k=11=1 k=1 1=1

I )
+0¢ (a2 + am) log max(g,np) ars) ©)

np
uniformly in 1 <7 # j < ¢. By (6) and (8) with i = j, we obtain that
logmax(g,np) | o

Fui = § § D)+ 0 (@2 +a +a2) 10
mp 2 2 p( (a7 + an1) p 2 (10)

uniformly in 1 < ¢ < ¢g. The proof of Proposition 1 is complete by Lemma 3. I
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Proof of Proposition 2. By Lemma 1, it is easy to show that

—_— Z Z X — Xlz l —z Xl —Z)(Bi,\j — ﬂi,\j) = O]P’(anl) (11)

n
W

uniformly in 4, 7. Also, by (7) and (8),

0 et o PN log max(q, np
S AP, KBy~ ) = O (o BT (12)

n
k=1 1=1 P

By (6), (10), (11) and (12), it suffices to prove that

i,
ARG > Z GE G = (1= 303l = 0 (13)

(%) mp k=11=1

in probability. We have

2

(k) Yij Yij
e + Xubij) (e + X6, :|:0'”(—7—‘r¢“ .
E[(c] ) (el + XigBig) s Ve )

Now, as the proof of Lemma 1, we can write

n P n—1 p
Z Z CZ(Z-IZ-)CZ(;? = Z Z Al(l)fki,lfkj,l, (14)

k=11=1 k=1 1=1

2
where (Eit, Erjn), 1 <1< p, are iid. with B ki1 = (——2— 4 qp;; —4—). This proves (13). 1

YiiVjj Y YiiVj55

Proof of Proposition 3. Let ¢;; = trEZF>O'»L‘j and define A = Ay/ w- We have

P
(/3'\1-2]-,)\ = Z(UU (blj)l{laljl > )‘} + Z¢”I{|U”| > /\}

j=1 j=1

Also by Lemma 1, with probability tending to one,
p . P . .
Yo dnlileil <Ay <Y ¢l {Iei] < 22} = O Ts(p))
j=1 j=1
uniformly in 1 <4 < p by the assumption (C2). So, for the last term,

p . P
Z¢?JI{|EU| ZA}:Z(sz Z¢1JI{|UZ]| <)‘}_(1+Oﬂ” A2 s Z¢zy
j=1 j=1

Jj=1

uniformly in 1 <4 < p. Moreover, with probability tending to one,

P P
Y oIeh = ¢5lH{Gul =Xy = 18w + dulldis — il I{[5is] > A}
j=1 j=1



C. PROOF OF THEOREMS 1-4 ON FDR CONTROL AND POWER ANALYSIS
P
< O eisllEis — dis|T{¢i5] > X/2}
j=1

IA

P
CA TN o753 — s
i=1

C¢X(2—7—)/\15(p)7

IN

where the last inequality following from maxi<;<;<q [0ij—®ij| = Op (X) by Lemma 1. It implies that maxi<i<q [ 327_, Giia—

?:1 o3| = Op(A?~7 5(p)) and hence

AR

=2 = OP(X(277)A15(17))‘
F

By Lemma 1, we have tr(ik)/tr(E) = Og(\). This implies this proposition holds. I

C Proof of Theorems 1-4 on FDR control and power analysis

It is easy to see that the Benjamini and Hochberg (BH) method is equivalent to reject Hoq; if |Ti;| > 7, where

T=inf {t >0: GO ~a)/2 < a}, (15)
maX{Z1gi<]§q I{|T;| > t},1}

where G(t) := 2 — 2®(¢). We first give some key lemmas which are the generalization of Lemmas 6,1 and 6.2 in Liu
(2013) from i.i.d. case to independent case (but not necessarily identically distributed).

Let &1,...,&n be independent d-dimensional random vectors with mean zero. Define |-|(q) by |2|(q) = min{|z;[;1 <
1 < d} for z = (z1,..., zd)/. Let (p,n) be a sequence of positive integers and the constants c,r, b, v, K, C' mentioned

below do not depend on (p,n).

Lemma 4 Suppose that p < cn” and max;<p<n B|&x|57 21 < K for some fized ¢ > 0, 7 >0, b >0, K > 0 and
€ > 0. Assume that || 2Cov(>_p_, &) — La|| < C(logp) >~ for some v >0 and C > 0. Then we have

sup P(| > k1 &kl > tv/n)
0<t<\FTogp (G(t))4

~ 1] < Cllogp)™ ™
for v1 = min{y,1/2}.

Let n,, = (M1, nkz)/, 1 < k < n, are independent 2-dimensional random vectors with mean zero.

Lemma 5 Suppose that p < cn” and maxi<k<n I[§|'r],€|§th2+€ < oo for some fized c > 0, r >0, b >0 and e > 0.
Assume that Yy, Var(n) = > _p_, Var(nk2) = n and |2 377 Cov(ner,me2)| < 6 for some 0 < 6 < 1. Then we

have

P13 0| = V| 3 el = i) < €t 1) exp(—17/(1+)

= k=1

uniformly for 0 < t < +/blogp, where C' only depends on ¢, b,r, €, 4.



XI CHEN AND WEIDONG LIU
The proofs of Lemmas 4 and 5 are the same as those of Lemma 6.1 and 6.2 in Liu (2013).

Recall ng;,; in (4) and &g,y in (14). For 1 <i < j <gq, let

U — Pl A (i amiga — Enweaniga) (vivig)
gy k]
(n—1)pE,
_ 1
Vi — P A (it — Beniabng) (viivis) '/ 16
) (TL — 1)pE ) ( )
D

where E, = p~! le(/\l(l))z. Note that /\1(1) are bounded away from zero and infinity. Also, Var(neiimk;i) =
(i) T (A + (i) s Var(Usg) = 1+ 935(iiv5;) ™" and Corr(Uij, Usr) = Corr(miamja,meami). By

Lemma 4 with d = 1, we have

P(|Usj| > t4/1 + 72 (iavsii) ™)

max sup — 1’ < C(logq)~' ¢,

1<4,j<4 g<¢<4/Tog q G(t)

POVl > £/ e N
N | B VA CTRIYRV ) 1| < Cllogg) ™,
1<4,j<4g<t<4/Togq ¢®

for some € > 0. Therefore, maxi<; j<q |Uij| = Op(v/logq) and maxi<; j<q |Vij| = Op(y/logq). This, together with
(10), Lemma 3, Proposition 3, the proof of Proposition 2, (4.27) and (9), implies that

~ n—1 _
max | Ti; + bnij (Ai)p(l — Yisig)piy. — Vis| = or((log ) /%) (17)
P

1<i<j<q

as np,q — 0o, where by;; satisfies maxi<i<j<q|bni; — 1| — 0 in probability. Note that under the null v;; = 0,
U;; = Vij. Now Theorem 1 follows from the proof of Theorem 3.1 in Liu (2013) step by step, by using Lemmas 4 and
5 and replacing U;; in Liu (2013) by Us; in (16) and the sample size in Liu (2013) by (n — 1)p. The proof of Theorem
2 is similar. Theorem 3 follows from the formula of FDP and Theorems 1 and 2.

Under (4.33), we have Var(€1:,1615,1)7viivj; = 1 + o(1) uniformly in 7, j. Hence maxi<i<;j<q |Vij| < (2 4+ 8)v/Iogq
for some § > 0 with probability tending to one. This shows that

P((iggl Tl > (2+0)\loga) = 1.

for some § > 0. By the definition of % in (15), we have t < 2y/logq as ¢ — oco. Thus, P(H1 C Slm)) — 1.
Similarly, we can show that P(Hll C sum)) — 1. This finishes the proof of Theorem 4. §

D Proof of Proposition 4 on the convergence rate of ,/B\j

Proof of Proposition 4. Define

R 1 n p *) _ (k) _
& = G 2 X~ Xue) () - X).

k=11=1



D. PROOF OF PROPOSITION 4 ON THE CONVERGENCE RATE OF BJ
We let 6,5 and a; denote 6,,;() = 5\/%"”71;“ and a;;(0) (defined in (3.18)), respectively. By the Karush-Kuhn-Tucker
(KKT) condition, we have

‘D‘”?q:_],_]ﬂ -D; %8| <6 (18)

By Lemma 1, we have ¢~ < minj<j<,—1 D; < maxj<j<4—1 D; < ¢ for some ¢ > 0 with probability tending to one.

This, together with Lemma 2, implies that, for sufficiently large §,

IN
N | =

D-1/2 k S "k
‘(71_71 ZZXQJ le—j)gfj)’

k=11=1
uniformly in 1 < j < g, with probability tending to one. Note that Ef? = Xl(f) - X — (X( ) - X - )8, Therefore,

<Ly, (20)

-1/23;, —1/24
’Dj /‘I’—jy—jﬂj*D]’ / J' 2

uniformly in 1 < j < g. Note that inequalities (18) and (20) imply that

‘D;l/Q‘/I\’fj,fj(ﬁj 7ﬁj) enj- (21)

Define A = diag(®)~'/?>Wdiag(®) /2. For any subset T C {1,2,--- ,¢q—1} and v € RI~" with |T| = 0(1 /m)

and |vre|1 < c|lvr|y for some ¢ > 0, by Lemma 1 and the conditions in Proposition 4, we have

1 )
VD,V D) > A (A )l — On (1 PEREEID Y (22)

for some constant C' > 0, where the first inequality follows from the fact

4 —1/2 1/2 1/2 1/2
' (D20, D7V — A | < DV DY - A eyl

J J
and the second inequality follows from the fact |v|? < (1 + ¢)?|vr| < (1 4 ¢)?|T||v|3.

Now let T be the support of 3;, a; = ;/Q,Bj and v = D;/Q(,Bj - B;) = a; — aj. We first show that

|[vre|1 < 3|yr|r uniformly in 1 < j < ¢ with probability tending to one. Define

@ley) = n—l ZZ lJ - (X( 7Xl—J)D11/2aJ)2’
Pi==

D;"*a; - D; 1/2\11_]-,_]-@..

J

S(ay)

Note that S(a;) is the gradient of Q(ex;). By the definition of &;, we have

Q(ay) — Q(ay) < 0nj ()]t — Onglay|i < Onj(lvrli — e 1),
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and by (20), with probability tending to one,

~ / 1 1
Q(ay) — Qo) > S (aj)v > *genj\l’h = *genj(\VTh +|vrelr)

uniformly in 1 < j < ¢. It follows from the above two inequalities that [vre|1 < 3|vr|1. So by (21) and (22) we have

v < D8, Dy
< CDP;*¥_; ;D ululvh
< gCenj(\uTh-i-luTch)
< 6COn;|lvr)h
< 6C0n54/1B5l0lvr|2

uniformly in 1 < j < ¢ with probability tending to one. By noting that ¢! < minij<j<,—1 D; < maxi<j<,—1D; <c
with probability tending to one, we have ‘B] — B,l2 < c|v|2. Hence, by the conditions in Proposition 4, we have
an2 = OP((nplogq)_1/4). Note that [v]1 < 4|vr|i < 4,/18;lolvr]2 = o((log max(g, np))~") uniformly in 1 < j < ¢—1
with probability tending to one. This proves Proposition 4 holds. 1

E Additional Experiments

In this section, we present some additional simulation studies and real data analysis. We first note that for the choice
of tuning parameters, our theoretical results will hold for any large enough constants A in (3.15) for estimating A\p
(see Proposition 3) and § > 0 in (3.19) for Bj (0) (see Proposition 4). In our experiment, we will adopt a data-driven

parameter-tuning strategy from Liu (2013). In particular, A and ¢ are selected by

9 <El§i¢j§”{ﬁj“’5> >0 (1)) 1)2 (23

/)\\, 5) = arg min

(8) = argmin ) K~ /10
where T}, (), 8) is the test statistic in (3.14) with an initial estimator Bj (6) and A,, (depending on the threshold A). The
choice of (A, 9) in (23) makes the distributions of ﬁj, on average, close to the standard normal distribution. We note
that although the parameter searching is conducted on a two-dimensional grid on A and J, the main computational
cost is the construction of Bj (6), which is irrelevant of A. Therefore, the computational cost of the parameter searching

is moderate.

E.1 Boxplots of FDPs

We present the boxplots of FDPs when n = 100 over 100 replications in Figure 1 for different p, ¢, and precision
matrix structures. As we can see from Figure 1, FDPs are well concentrated, which suggests that the performance

of the proposed estimator is quite stable.
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Figure 1: Boxplots for FDP when n = 100 and a = 0.1.
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Figure 2: The ratio Ep /A, for different n and p = ¢ when € and I are hub graphs.

E.2 Estimation of A\p

In Figure 2, we plot the ratio A\p/Ap for n = 20 (left figure) and n = 100 (right figure) as p = ¢ increases from 50 to

400. Due to space constraints, we only show the case when both € and I' are generated from hub graphs (the plots
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Table 1: Averaged empirical FDP and power using the penalized likelihood method with the SCAD penalty.

P q Q r n =20 n = 100
FDP Power FDP Power
100 100 hub hub  0.037 0.347 0.038 0.346

hub band 0.455 0.410 0.348 0.381

hub random 0.722 0.926 0.738 0.910

band band 0.341 0.206 0.332 0.167

band random 0.339 0.964 0.246 0.971

random random 0.703 0.962 0.622 0.943

200 200 hub hub  0.027 0.322 0.059 0.370
hub band 0.357 0.314 0.333 0.306

hub random 0.629 0.903 0.654 0.888

band band 0.333 0.187 0.333 0.167

band random 0.246 0.966 0.151 0.982

random random 0.481 0.828 0.326 0.863

200 50 hub hub  0.060 0.381 0.054 0.385
hub band 0.362 0.330 0.371 0.517

hub random 0.754 0.927 0.704 0.909

band band 0.340 0.205 0.334 0.174

band random 0.588 0.833 0.551 0.855

random random 0.784 0.961 0.607 0.947

400 400 hub hub  0.946 0.978 0.952 1.000
hub band  0.982 1.000 0.962 0.992

hub random 0.949 0.999 0.910 1.000

band band 0.338 0.179 0.336 0.175

band random 0.233 0.848 0.237 0.864

random random 0.141 0.610 0.099 0.644

when Q and I are generated from other graphs structures are similar). As one can see from Figure 2, when either n
is fixed and p = ¢ increases or p = ¢ is fixed and n increases from 20 to 100, the mean ratio becomes closer to one
and the standard deviation of the ratios decreases. This study empirically verifies Proposition 3, which claims that

the ratio ﬁp/Ap converges to 1 in probability as ng — oo.

E.3 Comparison to the penalized likelihood approach

We compare our procedure with the penalized likelihood approach in Leng and Tang (2012). We adopt the same
(regularization) parameter-tuning procedure as Leng and Tang (2012), i.e., we generate an extra random test dataset
with the sample size equal to the training set and choose the parameter that maximizes the log-likelihood on the test
dataset. Due to space constraints, we only report the result using the SCAD penalty (Fan and Li, 2001) rather than
the L1 penalty since the SCAD penalty leads to slightly better performance (also observed in Leng and Tang (2012)).
The averaged empirical FDPs and powers for different settings of n,p, ¢, 2, I" are shown in Table 1. As one can see
from Table 1, each setting has either a large FDP or a small power. In fact, for those settings with small averaged
FDPs (e.g., n = 100,p = 200,¢ = 50 and © and I" generated from hub graphs with the averaged FDP 0.054), the
corresponding powers are also small (e.g., 0.385 for the aforementioned case), which indicates that the estimated Q
or T is too sparse. On the other hand, for those settings with large averaged powers (e.g., n = 100,p = ¢ = 400 and
Q from hub and T from random with the averaged power equal to 1), the corresponding FDPs are also large (e.g.,

0.910 for the aforementioned case), which indicates that the estimated Q or T is too dense. We also note that when
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Figure 3: Averaged empirical FDPs (y-axis) against different estimated FDP «'s (x-axis) for the de-
correlation approach. For the purpose of controlling FDP, the blue line should be close to or below the
dashed green line, which represents FDP=q/.

p, q are small as compared to n, the penalized likelihood approach still achieves good support recovery performance
(e.g., the case n = 100,p = q = 20 as reported in Leng and Tang (2012)). When p, ¢ are comparable to or lager than

n, our testing based method achieves better support recovery performance.

E.4 De-correlation method

In Remark 1, we illustrate why the de-correlation approach is not applicable in our problem setup from a theoretical
perspective. Here, we provide some empirical evidences. Due to space constraints, we only report the comparison
when n = 20, p = ¢ = 100, and, in fact, the performance becomes even worse when p, g gets larger. Ideally, the
empirical FDP should be close to (or below) the FDP estimate o’ in (3.21). However, as one can see from Figure 3,
the empirical FDP is much larger than the corresponding o’ in many cases. Moreover, by setting the FDR level for
individual T and € to be a = 0.1, we present the corresponding empirical FDP and o in Table 2, where the FDP
can be twice as large as o’ in some cases. The experimental results from Table 2 and Figure 3 empirically verify that

the de-correlation approach does not control FDP well.
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Table 2: Averaged empirical FDP and the estimated FDP o’ for the de-correlation approach.
Q T FDP (@)

hub hub  0.376 ( )

hub band 0.272 ( )

hub  random 0.323 ( )

band band 0.176 (0.161)

(0.164)

(0.164)

band random 0.199
random random 0.250

Power
Power

0 02 04 0.6 08 1 0 02 04 0.6 08 1
FDP FDP

(a) © = band, T’ =random (b) €@ = hub, I = random

Figure 4: ROC curves for different perturbation levels of v = 0,0.2,0.5,2 and 5. The larger the v is, the
more “red” color of the ROC curve is (from black to red).

E.5 Simulation study when the covariance is not a Kronecker product

In this section, we present simulation study when the covariance matrix does not follow the form of a Kronecker
product. More precisely, we generate the covariance matrix in the form of 3 @ ¥ + vI, where I is the pg X pq identity
matrix and v is the level of perturbation. Due to space constraints, we only present the case when n = 20, p = ¢ = 30,
€ is either a band or a hub graph, I" is a random graph. The observation is similar for other settings. Figure 4 plots
the ROC curves for different perturbation parameters v = 0,0.2,0.5,2, and 5. As one can see, when the perturbation
level v is small, the ROC curve is almost identical to the case when the covariance is a Kronecker product (i.e.,

v = 0). However, when v becomes larger, the support recovery performance becomes inferior.

E.6 Additional ROC curve comparisons

In Figure 5, we fix the factor f = 3 and consider different types of 2 and I'. For most cases, our method achieves
better performance. The only exception is that, for hub/random and band/random graphs, the power of the penalized
likelihood approach outperforms our method when FDP is large. However, for support recovery in high-dimensional
settings, one is more interested in the scenario when FDP is very small. In such a case, our method consistently leads

to a larger power than the penalized likelihood approach.
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Figure 5: ROC curves for different types of the construction of 2 and I' when f = 3.

Table 3: No. of edges for the export data. For 13 regions, there are 78 possible edges in total. For 36
products, there are 630 possible edges in total.

Region Product
a=01 a=02 a=03 a=01 a=02 a=03
No. of Edges 2 23 31 19 30 37

Density of the Graph ~ 2.56%  29.49% 39.74%  3.01%  4.76%  5.8T%

E.7 Real data analysis
In this section, we investigate the performance of the proposed method on two real datasets, the U.S. agricultural

export data from Leng and Tang (2012) and the climatological data from Lozano et al. (2009).

U.S. agricultural export data

We first apply our method to the U.S. agricultural export data studied in Leng and Tang (2012). The dataset contains
annual U.S. agriculture export data for 40 years, from 1970 to 2009. Each annual dataset contains the amount (in
thousands U.S. dollars) of exports for 36 products (e.g., pet foods, snack foods, breakfast cereals, soybean meal,
meats, eggs, dairy products, etc.) in 13 different regions (e.g., North America, Central America, South America,
South Asia, etc.). Thus, the dataset can be organized into 40 matrix-variate observations, where each observation is
a (p = 13) x (¢ = 36) matrix. We adopt the method proposed in Leng and Tang (2012) to remove the dependence in
this matrix-variate time series data. In particular, we take the logarithm of the original data plus one and then take

the lag-one difference for each matrix observation so that the number of observations becomes n = 39. Please refer
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Figure 6: Estimated graphs for the export data

to Leng and Tang (2012) for more details on the pre-processing of the data.

We apply the proposed FDR control procedure to estimate the support of the precision matrices for regions
and products under different o € {0.1,0.2,0.3}. In Table 3, we report the number of edges/discoveries for different
a’s. We observe that for the product graphs, the number of discoveries is relatively small as compared to the
number of hypotheses, which indicates that many pairs of products are conditionally independent. In Figure 6, we
plot the graphs corresponding to the estimated supports of € (corresponding to Regions) and I' (corresponding to
Products) for a = 0.2 and a = 0.3. Figures 6(a) and 6(c) show the estimated graphs for p = 13 regions. As we can
see, the regions in the following sets, {East Asia, Southeast Asia}, {European Union, Other Europe, Oceania} and
{Central America, North America, South America}, are always connected. Such an observation should be expected

since regions in the aforementioned sets are close geographically. This observation is consistent with the result
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Table 4: No. of edges for the climate data. For p = 17 meteorological factors, there are 136 edges in total.
For g = 125 locations, there are 7,750 possible edges in total.

Meteorological factors Locations
a=01 a=02 a=03 a=01 a=02 a=03
No. of Edges 30 40 42 1059 1539 2065

Deunsity of the Graph  22.05% 29.41% 30.88% 13.66% 19.85% 26.65%

obtained by penalized likelihood approach in Leng and Tang (2012), which claims that “the magnitude between
Furope Union and Other Europe, and that between East Asia and Southeast Asia are the strongest.” The regions
South Asia, Sub-Saharan Africa, and North Africa connect to fewer regions. This observation is also consistent with
the result in Leng and Tang (2012), noting that “interestingly, none of the 11 largest edges corresponds to either
North Africa or Sub-Saharan Africa.” The estimated graphs for products shown in Figures 6(b) and 6(d) are quite
sparse, which indicates many pairs of products are conditionally independent given the information of the rest of the
products. The product graphs also lead to many interesting observations. For example, the products in the following
sets, {Pet foods, Snack foods, Other Intermediate Products},

{Dairy Products, Red Meats FR/CH/FR, Red Meats Prep/Pres, Poultry Meat, Wheat Flour}, are always connected
(not necessarily directly). Such observations also make sense since different kinds of meats and dairy products are

closely related products and thus should be highly correlated.

Climate data analysis

In this section, we study the climatological data from Lozano et al. (2009), which contains monthly data of p = 17
different meteorological factors during 144 months, from 1990 to 2002. The observations span ¢ = 125 locations in
the U.S. The 17 meteorological factors measured for each month include CO2, CH4, Ha, CO, average temperature
(TMP), diurnal temperature range (DTR), minimum temperate (TMN), maximum temperature (TMX), precipitation
(PRE), vapor (VAP), cloud cover (CLD), wet days (WET), frost days (FRS), global solar radiation (GLO), direct solar
radiation (DIR), extraterrestrial radiation (ETR) and extraterrestrial normal radiation (ETRN). We note that we
ignore the UV aerosol index factor in Lozano et al. (2009) since most measurements of this factor are missing. We
adopt the same procedure as described in Section E.7 to reduce the level of dependence in this matrix-variate time
series data.

We apply the proposed FDR control procedure to estimate the support of the precision matrices for meteorolog-
ical factors and locations under different o € {0.1,0.2,0.3}. In Table 4, we report the number of edges/discoveries for
different o’s. From Table 4, the number of discoveries for meteorological factors is quite stable as « increases from 0.1
to 0.3. Moreover, the number of discoveries for locations is relatively large, which indicates many strong correlations
among pairs of locations. We plot the graphs corresponding to the estimated supports of the precision matrices for
meteorological factors in Figure 7 (the plots for locations are omitted since they are too dense to visualize). An
interesting observation is that the factors TMX, TMP, TMN and DTR form a clique. This pattern is reasonable
since the factors TMX, TMP, TMN and DTR are all related to temperature and thus should be highly correlated.
Other sparsity patterns might also provide insight for understanding dependency relationships among meteorological

factors.
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(a) Graph for meteorological factors (o = 0.2) (b) Graph for meteorological factors (o = 0.3)

Figure 7: Estimated graphs for the climate data

Bibliography
Fan, J. and Li, R. (2001) Variable selection via nonconcave penalized likelihood and its oracle properties. Journal of

the American Statistical Association, 96, 1348—-1360.

Leng, C. and Tang, C. Y. (2012) Sparse matrix graphical models. Journal of the American Statistical Association,
107, 1187-1200.

Liu, W. (2013) Gaussian graphical model estimation with false discovery rate control. Annals of Statistics, 41,

2948-2978.

Lozano, A. C., Li, H., Niculescu-Mizil, A., Liu, Y., Perlich, C., Hosking, J. and Abe, N. (2009) Spatial-temporal causal
modeling for climate change attribution. In Proceedings of the 15th ACM SIGKDD International Conference on
Knowledge Discovery and Data Mining.



	Technical Lemmas
	Proof of Proposition 1-3 on the properties of the proposed test statistics
	Proof of Theorems 1-4 on FDR control and power analysis
	Proof of Proposition 4 on the convergence rate of bold0mu mumu "0362bold0mu mumu j
	Additional Experiments
	Boxplots of FDPs
	Estimation of A"0362Ap
	Comparison to the penalized likelihood approach
	De-correlation method
	Simulation study when the covariance is not a Kronecker product
	Additional ROC curve comparisons
	Real data analysis


