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1 Proofs

Proof of Proposition 1. We refer to the general result of Theorem 3 in Wainwright (2009). By
Condition 3, we have as n — oo,
A2n/{p(Sses)logpn} > n’/p(Sgeis) = 1/0(1) — oo, (A1)
n/{p(Ese|s)snlog(pn — sn)} > n/{p(Zse|s)sn logpn}
>n!T1729279 /6(1) 5 oo, (A2)
With the same notations as in Wainwright (2009), (A1) implies ¢, — oo, and (A2) shows that

equation (34) in Wainwright (2009) holds. Then we need to show minjecg |8;| > g(\n), for

sufficient large n, where g(\,) is defined by equation (33) in Wainwright (2009),
90n) < eshnsnAax(S55"") + O{(logn/n)'/?} = O #222707%) < min |81,
J

due to A?nax(Zgé/Q) = Amax(Egé) = 1/Amin(Zss) and Conditions 1, 3, 4. O



Proof of Proposition 2. We refer to Theorem 4 in Fan and Song (2010) about uniform con-
vergence of maximum marginal likelihood estimator in the generalized linear model. As in
Fan and Song (2010), let 3, = (Bj.0,8:)T and B = (Bo,B1)T be two-dimensional vectors and
X, = (1,X;)7, where X; is the jth predictor. Denote B = {|Bj.0| < B,|3;] < B} and the
true coefficient by 3*. We need to verify Conditions A’, B’,C’ and D in Fan and Song (2010).
Condition A’ is trivial since b(f) = 6%/2. The expected marginal loglikelihood E{Z(Xfﬁj, Y)}
is a quadratic function of 3, with identity Hessian matrix. Thus, Condition (' is satisfied with

V =1/2. For Condition B,

|E{b(X T B)I(IX;| > Ka)}| = B3/2P(1X;] > Kn) + BT /2E{X;I(1X;| > K.)} (A3)
< BRe7HR2 4 B2+ Ky )e /2, (A4)

(A3) holds because X; is symmetric. (A4) follows from the standard normal distribution of

X;. As mentioned in Section 5.2 in Fan and Song (2010), the optimal order of K,, = n{!=2%)/8,

Taking B= O(n!=2%/%) and using Condition 5 , we get for any & > 0,
sup |E{b(XTB)(1X;] > Kn)}| < o(1/n).
BeB, 1B-BM|<e

With moment generating function of | X|, we know pr(|X;| > t) < 2exp(—t*/2) and

E{exp (b(X"B* +s0) — b(X"B*))} + Efexp (b(X"B* —s0) —b(X"B*))}  (A5)

= 2exp (53(1 + (ﬂ*)TE,@*)/Q). (A6)

Let positive constants o = 2,mo = 1/2,m1 — s1 = 2,50 = 1. By Condition 6, there exists

positive constant s1 such that (A5) < s1. Therefore, Condition D holds. O

Proof of Theorem 1. Denote the design matrix by X, response vector by Y, and error vector



by . Define $¢ = R°\S°. Let

§ = argmin {<2n)1||Y — X8z — XpeBae 3+ AallBaells } (A7)
§ = argmin {<2n>-1||Y — XsBsl3+ Anwscnl}. (A8)
se=

Since Xng ~ W, (3ss,n), which is Wishart distribution, when the number of signals
$n < m, as in our scaling, Xg is of full rank with probability one. Therefore, (A8) is a strictly
convex problem and f is unique with probability one.

By optimality conditions of convex problems (Bach et al., 2012), 3 is a solution to (A7) if
and only if

nTIXT(Y = XB) = X0 Baells (A9)
where 9|5 z.|| is the subgradient of ||Bz.|/1 at 8 = 3. Namely, the ith (1 < i < p,) element of
OllBae |l is
0 ifieR

@1Bae1Di = | sign(B:) ifi € B and f; £ 0

t otherwise

where ¢ can be any real number with |¢| < 1. Similarly, 8 is the unique solution to (A8) if and

only if
Bse =0, n ' X5 (Y — XsBs) = Ansig(Bs), (A10)

where sig(8s), a vector of length s,, is the subgradient of ||Bsc| at Bs = Bs. Then it is not

hard to see that, the unique solution § is also a solution for (A7) if
[n ' XEe(Y — X5B5)]loo < An, (A11)
simply because (A10) and (A11) imply 3 satisfies (A9). Solving the equation in (A10) gives

Bs = (X5 Xs) ™ [X5Y — ndusig(s)] - (A12)



Using (A12) and Y = Xgfs + ¢, (All) is equivalent to
[ X&e Xs(XE Xs) "sig(Bs) + (nhn) "' X&e{I — Xs(XEXs) " X5 }e]loo < 1. (A13)

Based on the optimality conditions of convex problem, we have showed that if the opti-
mization problem (A8)’s unique solution § satisfies (A13), then § is also a solution to (A7). On
the other hand, it is easily seen that, for any solution 8 to (A7), sign(8) = sign(3) only if 3
is also a solution to (A8). Therefore, If (A7) has a unique solution and 3 satisfies (A13), then
B is that unique solution and Supp{f} C S. Furthermore, if the maximum gap ||8s — Bs|lc
is upper bounded by the minimum absolute magnitude of s, we can achieve sign recovery. In

summary, let

W = {3 is unique and sign(3) = sign(8)},
W1 = {(A7) has a unique solution and (A13) holds},

Wo = {min |8;] > ||Bs — Bsllec}-
JES
Then, we have
pr(W) > pr(Wi N W2) > 1 — pr(Wr) — pr(Wy) = pr(W1) — pr(Wy). (Al4)

In the following, we will show P(W1) — 1 and P(W5) — 0 in two steps separately. Since
(A7) is similar to Lasso in random design, our proof mainly follows the proof of Theorem 3 in
Wainwright (2009). The key difference is that the penalty term in (A7) is random due to the

retention step of our method. To take care of that part, we need more notations. Let

T={S.:RCS.CS},

A={RCRCS},

B:{ max |3} — JM|§01n7”}.

1<j<pn



Then B C A and pr(B) = 1 — O(pn exp(—can*=2%)/4)) as we discussed in Section 3.2.

Step 1. Let F = XZc — EscsxgéXsT, and F(j) be the jth row of F. By the property of
conditional distribution of multivariate Gaussian, F'*, ..., F™ are independently and identically
distributed as N (0, Xge|s), and F is independent of Xs. After simple algebra calculation using

Xt = VsesNgs XE + F, we get
XEXo(XEXs) sig(Bs) + (nAn)  Xie{l — Xs(XEXs) ' XE e
= YgesDggsig(Bs) + FXs(XE Xs) 'sig(Bs)

+ (nAn) T F{T — Xs(XEXs) T X T Ye. (A15)

Let K1 = YgesNgasig(Bs) and Ko = FXs(XE Xs) 'sig(Bs)+(nA,) " F{I-Xs(XEXs) ' XL }e.
Then (A13) is equivalent to ||K1 + Ka2|leo < 1. We analyze || Ki||c and ||[K2||s on the high

probability set A. Firstly, it is not hard to see,

pr([Kille <1=7) = pr({l[Killc <1 =7} NA)+pr({[[Kiflc <1—7}NA°)

—~
-

pr(4) + pr({[| K1l <1 =7} N A%,

where (1) holds since when A holds, by Condition 10,

[Killoo < [[{Sse5(Sss) ' snprelle < 1—7.

Under the scaling in Theorem 1, pr(A) — 1, pr({||Killc < 1 —~7} N A°) < pr(4°) —

0, as n — oo. Hence,

pr(|Kiljoo <1—=7) =1, as n— oo. (A16)



Similarly,

pr(|Kalloe > 3) = pr({l[Kelleo > 331 4) + pr({| K2l > 2311 4°)

< pr ({ U I1K2(5)]le0 > ;} mA> + pr(A°%)

S1€T

< pr< U 15| > ;) + pr(A9), (A17)

S1€T

where K5(S1) is the analogy of K» in (A15) by replacing R with S; in (A7) and (A8). Denote

the corresponding solution to (A8) by 5(S1). Then,
K»(S1) = FXs(X§ Xs) "sig(Bs(S1)) + (nhn) ' F{I — Xs(X§ Xs) ' X§ Je.
By the definition of 3(S1), sig(Bs(S1)) is a function of Xg and ¢, so

F(§)Xs(X5Xs)'sig(Bs(51))

+ (nAn) TP = Xs(X5 Xs) 7' X5 }e | (Xs,6) ~ N(0,Vj), (A18)
and

Vi < (Sseis)ilsig(Bs(51)" (X5 Xs) ™ sig(Bs(S1))

+(nAn) % {I — Xs(X§ Xs) 7' X5 }e]
< sig(Bs(51))" (X5 Xs) 'sig(Bs (1)) + (nhn) *[ell3,
noticing that ¥;; = 1 and T — Xs(X% Xs) ' X3 is an idempotent and symmetric matrix. Let
1= | {sia(Bs(50)" (X3 Xs) sig(Bs(51)) + (nha) 2 ell§ > —Z2— (851202 1)
S1€ET 1t min
+ (14 s:*n72) /(002 }.

Then,

pr( |J IK2(S1)llee > 7/2) < pr( ([ I1K2(5)]lee > 7/2 | H) + pr(H). (A19)
S1€T S1€T



We first bound pr(H),

pr(f) < Pf( U sig(Bs(S1))" (X5 Xs) 'sig(Bs(S1)) > nS"A (8s$/2n*1/2+1))
S1€T —

pr(nh) 2llell3 > (1+ 520 %) /() ).

For any S1 € T,

sig(Bs (S1))" (X5 Xs) sig(Bs(S1) < sall(XEXs) 7z
< sa/n(I(XEXs/m) 7 = Sadlls + 25401 )
<

su/n(I(XE Xs /)™ =S58l +1/Conin).

Therefore,

pr( | sig(Bs(50)" (XEXs) sig(Bs(51) > —=—(8s)/n/? + 1))
S1€T omin
T -1 -1 8 1/2_-1/2
< pr(|(XEXs/n) ™ = S5dls = m—si/*n %) < 2exp(—s./2), (A20)

where we have used the concentration inequality of (58b) in Wainwright (2009). Since ||£]|3 ~
x%(n), using the inequality of (54a) in Wainwright (2009), we get
pr((nAa) 2llell3 > (1 + 5807 )/a2)) < pr(Jlel3 = (1+ 5/ *n " )n)

< exp(—3/16sy), (A21)

whenever s, /n < 1/2. By the tail probability inequality of Gaussian distribution and (A18),

pr( U WEa(Si)ll 2 /2] 119) = PCser (2l 20/ 0T

pr(11)
 Elpr(Us, er 1K2(51)lloc =2 7/2 | Xs,)I(H")]
B pr(H°)
< B2 (pn — sn) exp(—+*/(8V)I(H)]
- pr(H¢)

_ 25n+1(pn _ Sn)exp(_72/(8v))7



where V = (1+ si/znflm)/(n)\i) + snnflclgiln(SsL/zn*l/Q + 1) and we used the cardinality of

T is not larger than 2°7. Under the scaling of Theorem 1, it is easy to verify that
log(pn — sn) + (sn + 1) log 2 = o(*/(8V)).
Hence, there exists ¢; > 0 so that

pr( |J {IIK2(S1)lloo > 7/2} | HS) < e, (A22)
S1€T

for sufficiently large n. Putting (A19), (A20), (A21), and (A22) together, we proved that there

exist positive constants c2, c3,

Pr( U [1K2(S1)][e0 > g) < cge” B, (A23)
S1€T
(A17) and (A23) lead to

pr([| Kal|oe > %) 0, as n— oo. (A24)

Then, (A16) and (A24) imply

pr(| Ky + Kalloo < 1= 2) > pr(|Killoe < 1= 7) = pr(lKalle > 2) 1. (A25)

So,

pr(Wi) > pr(AN{||K1 + K2|loo <1 — %} and (A7) has a unique solution)

+pr(A°N{||K1 + K2lloo < 1-— %} and (A7) has a unique solution)
2 pr(AN {11 + Kaflw < 1-21)
+pr(A°N{||K1 + K2lloo <1-— %} and (A7) has a unique solution)

— 1, as n — oo, (A26)

where (2) is because when A and || K1 4 Kz|leo < 1— 7 hold, (A7) always has a unique solution.

If there exists another optimal solution to (A7), say 8*. Let B(a) = aB+(1—a)B*, (0 < a < 1).



Convexity of (A7) guarantees 3(«) is also a solution to (A7). By the optimality conditions and

convexity, we have

IA

In~ ' XE (Y — XB(a))l|oo alln X5e (Y = XB)[lso + (1 — @) [0 ' Xge (Y — XB")]| oo,

< a+ (1 —a)dAn = An,

where we have used ||n™* XZe (Y — XB)|loo < An and |7 XE(Y — XB%)||oc < An. Therefore,
[B(c)]se = 0. Then §(«) is also a solution to (A8). The uniqueness of (A8) leads to 8 = B(«),

implying 8 = 8*. Hence the solution to (A7) is also unique.

Step II.  Plugging Y = Xsfs + ¢ into (A12), we get,

[1Bs — Bslloo = | An(X& Xs/n) 'sig(Bs) — (X5 Xs) ' X5elloo
< Mnll(XEX5/n) oo + (X5 Xs) ' X el
< s P NXEXs/n) Mz + 1(XEXs) T XEelloo

< Ansa 2 (I(X5 Xs/n) ™" = S5gllz + 1/Cmin) + |(XE Xs) ' XGelloo.  (A27)

Let G = {||(X§Xs)_1||2 > 9/(nC’min)}, by the inequality (60) in Wainwright (2009), pr(G) <
2exp(—n/2). Since (X&Xs) ' X%e | Xs ~ N(0,(XEXs)™h), similarly we condition on G to

achieve,

1/2 1/2

T —1 T Sn T —1 T Sn c
PT(H(XSXS) Xselloo > W) < PT(H(XSXS) Xselloo > 2O | G )
+ pr(G)
< 2spe /18 4 9eT 2 < g (A28)

for some positive c3. (A20), (A27), and (A28) together imply that,

B 8 - $1/2
B o<\, 1/2( 1/2 —1/2 min) n
[1Bs = Bslloo < Ansy Conin Sn T +1/6G + nl/20/2

min



10

holds with probability larger than 1 — 2e™ 4" for a positive c4. Under the scaling of Theorem

1 and Condition 10, it is easy to verify that

1/2
. 12( 8 12 -1/2 , ) Sn
I]‘Ilelg ‘,67| > Ansn (Cmin Sp N + 1/011)1n + nl/QCl/'Q ) (A29)
for sufficient large n. Thus,
pr(Ws) =1—pr(W2) <1—(1—2e"“*") -0, as n— oo. (A30)

Finally, (A14), (A26) and (A30) together show that,
pr(8 is unique and, sign(f) = sign(8)) = 1, as n — oco. O

Proof of Theorem 2. Denote the design matrix by X, response vector by Y, and error vector
bye Let S={1<j<p:8; #0}, N ={1<j<p:g; =0} Define the decomposition
S=5U S5, N = N1 U N2, where S5 and N form the retention set.

Firstly, consider the second step,

B = arg;nin {21nllY = XBl3 + (1B, 1 + 18, |1)}~ (A31)
We are going to show that with high probability,

Bs, #0 and By, =0. (A32)
Define an oracle estimator of (A31),

_ . 1 2
ﬁ—a;gmlon{%llY—XQﬁQllz+/\nllﬂsllll}- (A33)

Ny ™
where Q = S U Ns. Similar as in Theorem 1, to show BNl =0, it is sufficient to prove,
X5 X (X5X0) sig(B) + (nAn) ' X5 (T — Xo(X5X0) ' X5)(XsBs + )l

<1, (A34)



11

and (A31) has a unique solution. Since (I—XQ(XTXQ)leg)XQ =0, (A34) can be simplified

Q
as
1X0:Xo(XgXg) "sig(Bg) + (nhn) " Xgu(I = Xo(XgXg) " Xgleloe < 1. (A3)
Let
F = X4 = 200006 %0:

K1 =%5:6% 55518(80),
K> = FXo(X5Xq) 'sig(Bg) + (nhn) " F{I — X5 (X5X ) ' XS Je.
Then, (A35) is equivalent to
IK: + K2lleo < 1.

Different from the proof in Theorem 1, the subset Q is random now. To this end, introduce

A = {RcScSScQcSuz},
B = {ScQcsSuz},
Cc = {NQCZ}.

From Proposition 2, it is not hard to show P(A) — 1, under the scaling in Theorem 2. Note

that sig(BQ) only has S; non-zero entries, hence

pr([[Killec <1 —7) 2 pr({||Kiflc <1-=7}NA)

< pr(4), (A36)
where (a) holds because A and Condition 12 imply ||K1|lec < 1—7. To bound || K2 + K3||o, let

H= Y {sig(Ba)" (X§X0) *sig(Ba) + (mAn) Ilell3 >

2 (S s+ 20) 20 1) (L s 2T (0X2) ).
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Note that (g is the analogy of BQ by replacing Q and S in (A33) with Q and S2. Then,

pr(Kalle > 3) < pr({lIKzlloc > 7} 01 4) + pr(a?)

<pr({ U I1K2(Q )l > 2§00 4) +pr(4”)

<pr( U I1K2Q 82)lloe > 5 | HY) +pr(H) +pr(A%).  (A37)
(Q,S2)

sSccsuz
RCS2CS

pr(H) can be bounded in the same way as in Theorem 1,

. /3 —1. /73 Sn + Zn —
o) <pr( | {sia(8e) (X5 Xa) sia(Ba) > A (8(sn + 2) V202 4 1))
(Q.52) e
SCCSuUzZ
RCS2CS

+pr((nAn) llell? > (14 5220 7%)/(nAY))

_ _ 8 _ _3
<orl U {IKEXa/m) ™ = Sggll 2 o (sn+ 2) P02}y 4o
scQcsuz —

<p( U {Ix&xe/m) " - 2ghll:

(Card(Q))"/*n~"/7}) + ¢ To
scQcsuz

8
Cmin

z n 3
< gentt exp(f%) + eXp(fl—Gsn). (A38)

We use similar arguments as in Theorem 1 for bounding the following,

(U IK2(Q 82l > 31 HY) <275 (py — s0) exp(—/8V), (A39)

(Q,S2)
Sccsuz
RCS2CS

where V = Szten (8(s, + 22TV )+ (1 + s}/2n_1/2)/(n/\i).

NCmin

Under the scaling in Theorem 2, (A36)(A37)(A38)(A39) show that (A34) holds with high

probability. The uniqueness of (A31) can be proved by the same arguments as in Theorem 1.
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We skip the proof here for simplicity. Next, we bound HBQ = Bolloo-

| oo}

1Bg — Balle = (X5X5) " (XEY — nnsig(Bs)) — B

®) - IR
= (XGXo) T XGe = (X5 X /n) sig(By) e

IN

I(XEX o) XEelloe + An (X5 X5 /m) oo,

where (b) holds because (XgXQ)lengBs - BQ = 0. Let Un = An(sn + zn)1/2(&(sn +

1/2 -1 1 (sntz )1/2
Zn) 2p=3 4 70"““) + 77;/2;1(2 . Then,

pr(Bg = Bollee 2 Un) < pr({lIBg — Bgllo = Un} N B) + pr(B°)

IA

pr( |J  I(XGXQ) " XGelloo + [A(XGXa/n) oo > Un)
SCQCSuz

+pr(B°)

(c) sn Sn
< 2% (2spe” 18 4+ 2e /2 4 2¢73) 4 pr(B°),

where (c¢) follows from the bounds (A27) and (A28) in the proof of Theorem 1. By Condition

10, it is not hard to verify minjecs |3;| > Uy. Thus,
pr(min |8;] > |8, — Bg,ll=c) > pr(B) — 27" (2sne” ¥ 42072 4 2e7 %), (A40)
J

Since P(B) > P(A) — 1 and 2°" (2s,e” T8 4+2¢~ "/ 4+2¢~3") — 0 under the scaling in Theorem
2, (A40) implies that BSl # 0 with high probability.
Let us now consider the third step. We have shown that, with high probability, the third

step takes the form

~ . 1 "
p= arg min {%lY — X813 + A ([1Bs, 111 + ||/6N2|1)}- (A41)

&, =0
To prove sign(8) = sign(B), it remains to show sign(8s) = sign(8s) and BNQ = 0. We use

similar arguments as in the second step. Define the oracle estimator of (A41),

o . 1 *
B = argmin {%||YXSﬂS|§+)\n|5§2|1}-

B, =0, B, =0
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Let
F=Xg, —25,s555Xs,
K1 =g, ¢S5ssig(Bs),
~ ~ T 1. ° *\—1 7 T —1 T
Ko :FXs(XSXs) Slg(ﬂs)—‘r(’n)\n) F{[—Xs(XSXS) XS}&‘.
Then,

P(| &l < 1—a) 2 P K1l <1 -0} N 0)

(? P(0), (A42)

where (d) holds because C' and Condition 13 imply ||K1[|ec <1 — a. Let

~ . 2 —1 . 2 N\ — Sn —
a= U {s1g(5S)T(XSTXS) Lsig(Bs) + (%) ~2|le||2 > W(ssz/% 12 41)
RCS3CS o

+ (1451207 /() }.
Then,

P(|Kalloe > 5) < P Kalloc > 5}04) + P(A%)
<P {J {IRN2So)llw > § )+ P(A9)
(N2,S32)

NoCZ
RCS2CS

<P( | {IKe(Ne, )l > S} | )+ P) + P(AY)

(N2,S2)
NoCZ
RCS2CS

(e) % sn
gFntentl, —a®/8V | o =P | —Fgsn 4 P(A9), (A43)

where (e) follows from (A20) and (A21) in the proof of Theorem 1 and V = 757"_(8871/21171/2 +
1+ (1+ 3711/271_1/2)/(71(”1)2). Again, we skip the proof of uniqueness of (A41). Now we have

shown that 31\72 = 0 with high probability. The final step is to bound H,Bs — B5]|oo-

18s — Bs (X5 Xs) " (XEY —nA;sig(Bs)) — Bs |l

IN

(X5 Xs) ™" Xselloo + 1N (X5 X5/n) ™ oo
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oyl 1208 /2 1 1 s/2 .
Let W, = A} sy (TS” n~ 2+ —)+—2_—. By (A27) and (A28) in the proof of Theorem

1, we have P(||Bs — Bslloo < Wi) > 1 — 2exp(—cas,) for a positive co. Since U, =< W,
P(min |6;] > 18s = Bsllos) > 1 — 2exp(—casn), (Ad4)
for sufficiently large n. Putting (A42)(A43)(A44) together, we have shown

P(B is unique and sign(8) = sign(8)) — 1, as n — oo.

2 Additional simulation results

To make the simulation setting more challenging, we have investigated the following scenarios
where the number of signals is increased to 20 while the rest of the settings are similar to
Scenarios 1 and 2. We choose the same scaling between n and p,: p, = [100exp(n®?)].

Scenario 3. The covariance matrix X is
Y= , where 11 =(1—r)[+rJ € R(37‘+10)X(s"+10),
in which I is the identity matrix and J is the matrix of all 1s.
(A). r=0.6,0 =3.5,5, = 20,8s = (3,-2,2,-2,2,---,—2,2,-2)" 3= (B, 05 _5)".

(B). 7=0.6,0 =1.2,s, =20,8s = (1,1,-1,1,-1,--- ,1,-1,1)", 3 = (BF,0] ).
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Scenario 4. The covariance matrix ¥ is

Q 0 e 0 1 To T1 T3
211 O 0 Q e O T0 1 T2 T4
Y= , where Y11 = , Q=
0o I S rmore 100
0 0 e Q T3 T4 0 1

(C). 11 € R40%40 js block-diagonal, 7o = 0.8,r1 = —ry =13 = —1q = —0.1,0 = 2.5,5, =

207 ﬂll = (257 -2, 0707 257 _27 0, 07 s, 2.5, _2707 0)T7 5 = (5?17 017;—40)T'

(D). 11 € R¥*40 g block-diagonal, 79 = 0.75,71 = 12 = 13 = —14 = 0.2,0 = 2.5,5, =

20, f11 = (2.5,-2,0,0,2.5,-2,0,0,---,2.5,-2,0,0)", 8 = (811,07 _40)".

From Tables 1 and 2, the results again demonstrate the superior performance of our pro-
posed methods. In particular, the advantage of RAR+(MC+) is more significant compared to
Scenarios 1 and 2. One possible reason is that since we have more signals, the retention step
is able to keep more marginally important signals, leading to the easier discovery of additional
signals compared with the other methods. Since the main message is similar to that in the two
preceding scenarios, we skip the detailed comparisons.

Finally, in Tables 3-10, we present the relative estimation error as well as the model size
over 200 simulation rounds for all the simulation examples.
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Table 1: Sign recovery proportion over 200 simulation rounds.
Scenario 3 (A) (350, 2520) (450, 2976) (550, 3420) (650, 3856) (750, 4288)

Lasso 0.000 0.000 0.000 0.000 0.000
SCAD 0.000 0.000 0.075 0.285 0.685
MC+ 0.005 0.160 0.625 0.845 0.975
SIS-lasso 0.000 0.000 0.000 0.000 0.000
ISIS-lasso 0.000 0.000 0.000 0.000 0.000
Ada-lasso 0.000 0.000 0.000 0.000 0.000
SIS-MC+ 0.000 0.000 0.000 0.000 0.000
ISIS-MC+ 0.005 0.215 0.575 0.730 0.930
SC-lasso 0.000 0.000 0.000 0.000 0.000
SC-forward 0.000 0.000 0.000 0.000 0.000
SC-marginal 0.000 0.000 0.000 0.000 0.000
RAR, 0.020 0.070 0.135 0.195 0.255
RARs; 0.025 0.075 0.215 0.305 0.455
RARg3 0.000 0.060 0.135 0.325 0.505
RAR(MCH),, 0.010 0.350 0.765 0.830 0.895
RAR+; 0.055 0.245 0.505 0.755 0.820
RAR+s5 0.030 0.135 0.335 0.570 0.720
RAR+30 0.000 0.080 0.165 0.405 0.585
RAR+(MC+),4, 0.015 0.365 0.805 0.915 0.990
Scenario 3 (B) (150, 1524) (250, 2043) (350, 2520) (450, 2976) (550, 3420)
Lasso 0.000 0.000 0.000 0.000 0.000
SCAD 0.000 0.015 0.425 0.890 0.980
MC+ 0.000 0.295 0.940 0.995 1.000
SIS-lasso 0.000 0.000 0.000 0.000 0.000
ISIS-lasso 0.015 0.000 0.000 0.000 0.000
Ada-lasso 0.000 0.065 0.540 0.895 0.985
SIS-MC+ 0.000 0.490 0.850 0.965 0.995
ISIS-MC+ 0.000 0.375 0.895 0.995 1.000
SC-lasso 0.000 0.000 0.000 0.000 0.000
SC-forward 0.000 0.000 0.000 0.000 0.000
SC-marginal 0.000 0.000 0.045 0.180 0.505
RAR, 0.000 0.000 0.000 0.000 0.000
RAR5; 0.000 0.000 0.000 0.000 0.000
RARg3 0.000 0.000 0.000 0.000 0.000
RAR(MC+),, 0.000 0.000 0.000 0.000 0.000
RAR+, 0.005 0.215 0.605 0.895 0.955
RAR+s5 0.005 0.210 0.605 0.895 0.950
RARA+3 0.005 0.215 0.605 0.895 0.955

RAR+(MC+),, 0.000 0.750 0.990 1.000 1.000




Table 2: Sign recovery proportion over 200 simulation rounds.
Scenario 4 (C) (300, 2285) (400, 2750) (500, 3199) (600, 3639) (700, 4073)

Lasso 0.000 0.000 0.000 0.000 0.000
SCAD 0.000 0.005 0.075 0.285 0.605
MC+ 0.000 0.020 0.250 0.700 0.885
SIS-lasso 0.000 0.000 0.000 0.000 0.000
ISIS-lasso 0.000 0.000 0.000 0.000 0.000
Ada-lasso 0.000 0.000 0.000 0.000 0.000
SIS-MC+ 0.000 0.000 0.000 0.000 0.000
ISIS-MC+ 0.000 0.055 0.255 0.640 0.855
SC-lasso 0.000 0.000 0.000 0.000 0.000
SC-forward 0.000 0.000 0.000 0.000 0.000
SC-marginal 0.000 0.000 0.000 0.000 0.000
RAR, 0.000 0.000 0.000 0.000 0.005
RARs; 0.000 0.000 0.000 0.000 0.000
RARg3 0.000 0.000 0.000 0.000 0.000
RAR(MCH),, 0.010 0.505 0.820 0.860 0.830
RAR+4 0.000 0.000 0.000 0.005 0.020
RAR+s5 0.000 0.000 0.000 0.000 0.000
RAR+30 0.000 0.000 0.000 0.000 0.000
RAR+(MC+),, 0.010 0.530 0.915 1.000 1.000
Scenario 4 (D) (300, 2285) (400, 2750) (500, 3199) (600, 3639) (700, 4073)
Lasso 0.000 0.000 0.000 0.000 0.000
SCAD 0.005 0.025 0.090 0.310 0.605
MC+ 0.005 0.070 0.265 0.635 0.900
SIS-lasso 0.000 0.000 0.000 0.000 0.000
ISIS-lasso 0.000 0.000 0.000 0.000 0.000
Ada-lasso 0.000 0.000 0.000 0.000 0.000
SIS-MC+ 0.000 0.000 0.000 0.000 0.000
ISIS-MC+ 0.030 0.170 0.435 0.650 0.845
SC-lasso 0.000 0.000 0.000 0.000 0.000
SC-forward 0.000 0.000 0.000 0.000 0.030
SC-marginal 0.000 0.000 0.000 0.000 0.000
RAR, 0.000 0.000 0.000 0.000 0.000
RAR5; 0.000 0.000 0.000 0.000 0.000
RARg3 0.000 0.000 0.000 0.000 0.000
RAR(MC+),, 0.020 0.165 0.220 0.100 0.045
RAR+, 0.000 0.000 0.000 0.000 0.015
RAR+s5 0.000 0.000 0.000 0.000 0.000
RARA+3 0.000 0.000 0.000 0.000 0.000

RAR+(MC+),, 0.030 0.350 0.765 0.930 0.995
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Table 3: Relative estimation error over 200 simulation rounds.

Scenario 1 (A) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)
Lasso 0.81 (0.12) 0.52 (0.13) 0.33 (0.10) 0.26 (0.07) 0.20 (0.05)
SCAD 0.56 (0.24) 0.12 (0.13) 0.03 (0.04) 0.01 (0.01) 0.01 (0.01)
MC+ 0.54 (0.24) 0.10 (0.12) 0.02 (0.03) 0.01 (0.01) 0.01 (0.01)
SIS-lasso 0.85 (0.09) 0.75 (0.10) 0.71 (0.10) 0.67 (0.14) 0.66 (0.12)
ISTS-lasso 0.68 (0.17) 0.46 (0.11) 0.33 (0.09) 0.26 (0.07) 0.21 (0.05)
Ada-lasso 0.80 (0.11) 0.62 (0.13) 0.51 (0.16) 0.46 (0.17) 0.37 (0.16)
SIS-MC+ 0.80 (0.12) 0.67 (0.14) 0.63 (0.12) 0.59 (0.17) 0.58 (0.13)
ISIS-MC+ 0.52 (0.27) 0.11 (0.13) 0.03 (0.05) 0.01 (0.01) 0.01 (0.01)
SC-lasso 0.89 (0.18) 0.74 (0.16) 0.62 (0.14) 0.53 (0.19) 0.40 (0.23)
SC-forward 0.92 (0.16) 0.72 (0.22) 0.52 (0.19) 0.39 (0.18) 0.25 (0.19)
SC-marginal ~ 0.90 (0.17) 0.75 (0.17) 0.66 (0.11) 0.64 (0.10) 0.63 (0.08)
RAR, 0.67 (0.28) 0.28 (0.14) 0.15 (0.07) 0.11 (0.05) 0.09 (0.04)
RAR; 0.70 (0.24) 0.28 (0.15) 0.13 (0.07) 0.10 (0.05) 0.07 (0.03)
RAR3, 0.74 (0.21) 0.31(0.16) 0.14 (0.08) 0.09 (0.05) 0.07 (0.03)
RAR(MC+),, 0.59 (0.26) 0.16 (0.17) 0.02 (0.05) 0.01 (0.01) 0.01 (0.01)
RAR+, 0.58 (0.27) 0.15 (0.15) 0.04 (0.05) 0.02 (0.02) 0.02 (0.02)
RAR+; 0.66 (0.25) 0.17 (0.17) 0.04 (0.06) 0.02 (0.03) 0.01 (0.02)
RAR+30 0.73 (0.23) 0.23 (0.19) 0.05 (0.08) 0.02 (0.03) 0.01 (0.02)
RAR+(MC+),, 0.60 (0.26) 0.18 (0.17) 0.03 (0.05) 0.01 (0.01) 0.01 (0.01)
Scenario 1 (B) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)
Lasso 0.72 (0.09) 0.34 (0.10) 0.21 (0.05) 0.15 (0.03) 0.12 (0.03)
SCAD 0.43 (0.28) 0.02 (0.01) 0.01 (0.01) 0.01 (0.00) 0.01 (0.00)
MC+ 0.42 (0.28) 0.02 (0.01) 0.01 (0.01) 0.01 (0.00) 0.01 (0.00)
SIS-lasso 0.74 (0.11) 0.64 (0.16) 0.54 (0.21) 0.46 (0.22) 0.39 (0.24)
ISIS-lasso 0.38 (0.15) 0.25 (0.07) 0.18 (0.04) 0.13 (0.03) 0.11 (0.03)
Ada-lasso 0.68 (0.13) 0.41 (0.18) 0.24 (0.17) 0.14 (0.11) 0.11 (0.11)
SIS-MC+ 0.74 (0.14) 0.60 (0.23) 0.45 (0.26) 0.35 (0.25) 0.29 (0.25)
ISIS-MC+ 0.23 (0.25) 0.02 (0.02) 0.01 (0.01) 0.01 (0.00) 0.01 (0.00)
SC-lasso 0.84 (0.11) 0.72 (0.12) 0.57 (0.19) 0.28 (0.24) 0.09 (0.16)
SC-forward 0.86 (0.10) 0.76 (0.13) 0.53 (0.28) 0.18 (0.27) 0.05 (0.16)
SC-marginal ~ 0.84 (0.14) 0.69 (0.15) 0.60 (0.16) 0.48 (0.17) 0.47 (0.15)
RAR, 0.33 (0.16) 0.15 (0.06) 0.10 (0.03) 0.08 (0.03) 0.06 (0.02)
RAR; 0.32 (0.19) 0.12 (0.05) 0.09 (0.03) 0.07 (0.02) 0.06 (0.02)
RARs0 0.35 (0.21) 0.11 (0.04) 0.09 (0.03) 0.07 (0.02) 0.06 (0.02)
RAR(MC+),, 0.27 (0.24) 0.02 (0.01) 0.02 (0.01) 0.02 (0.01) 0.01 (0.01)
RAR+, 0.19 (0.17) 0.03 (0.03) 0.02 (0.01) 0.01 (0.01) 0.01 (0.01)
RAR+ 0.20 (0.22) 0.03 (0.02) 0.02 (0.01) 0.01 (0.01) 0.01 (0.01)
RAR+30 0.25 (0.24) 0.02 (0.02) 0.01 (0.01) 0.01 (0.01) 0.01 (0.01)
RAR+(MC+),, 0.27 (0.24) 0.02 (0.01) 0.01 (0.01) 0.01 (0.00) 0.01 (0.00)
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Table 4: Model size over 200 simulation rounds.

Scenario 1 (A) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)
Lasso 28.73 (20.96) 87.81 (26.23) 108.62 (21.10) 121.46 (25.03) 125.72 (22.76)
SCAD 27.38 (14.87) 45.41 (25.34) 25.31 (20.63) 12,51 (9.96)  7.22 (5.22)
MC+ 9.57 (10.22) 14.77 (14.60) 7.03 (7.51)  4.64 (1.94)  4.56 (1.50)
SIS-lasso 11.56 (4.71) 19.15 (5.91) 23.52 (7.45) 27.87 (9.92) 32.48 (11.56)
ISIS-lasso 18.25 (5.07) 33.73 (3.28) 43.80 (3.75) 51.76 (4.57) 57.46 (5.17)
Ada-lasso 11.12 (13.18) 30.29 (29.73) 44.99 (36.32) 64.40 (44.09) 77.93 (41.74)
SIS-MC+ 7.40 (3.60) 10.54 (4.38) 11.84 (5.04) 12.59 (7.82) 19.10 (14.65)
ISIS-MC+ 10.71 (5.29) 13.82 (5.51)  9.28 (4.24)  7.19 (3.40)  5.36 (2.02)
SC-lasso 0.37 (0.54)  0.86 (0.50)  1.27 (0.68)  1.66 (0.95)  2.23 (1.12)
SC-forward 0.25 (0.46)  0.98 (0.72)  1.68 (0.72)  2.22 (0.84)  2.85 (1.01)
SC-marginal  0.30 (0.49)  0.83 (0.53)  1.16 (0.53)  1.28 (0.62)  1.39 (0.64)
RAR, 30.14 (18.65) 50.58 (20.07) 51.85 (17.33) 55.92 (18.30) 60.02 (17.05)
RAR; 27.83 (19.15) 50.64 (22.76) 49.67 (18.15) 52.20 (16.60) 53.75 (14.81)
RARs0 28.09 (20.12) 55.59 (25.85) 52.51 (22.75) 51.70 (18.69) 51.48 (15.19)
RAR(MC+),,  2.74 (2.04)  4.76 (2.43)  4.59 (1.38)  4.36 (0.79)  4.44 (0.87)
RAR+, 10.80 (14.76) 7.49 (12.95) 5.35 (2.21)  5.33 (1.60)  5.66 (1.70)
RAR+5 16.63 (20.47) 9.91 (20.74)  4.66 (2.02)  4.65 (1.62)  4.55 (0.86)
RAR+39 21.85 (21.81) 16.03 (29.19) 4.88 (3.64)  4.29 (1.47)  4.27 (1.41)
RAR+(MC+),, 2.60 (1.98)  4.41 (2.32)  4.39 (1.34)  4.05 (0.25)  4.01 (0.10)
Scenario 1 (B) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)
Lasso 40.46 (25.68) 110.42 (24.17) 122.44 (24.25) 135.25 (24.42) 142.64 (23.38)
SCAD 34.10 (16.44) 13.69 (9.31)  6.46 (2.36)  5.87 (3.06)  5.76 (2.86)
MC+ 19.21 (15.90) 6.49 (3.17)  5.55 (2.60)  5.53 (2.50)  5.60 (2.54)
SIS-lasso 13.01 (4.42) 20.97 (8.35) 29.77 (12.60) 38.18 (13.56) 45.05 (14.77)
ISIS-lasso 20.74 (1.71) 3529 (1.82) 45.94 (3.51) 54.19 (5.77)  62.11 (8.08)
Ada-lasso 21.79 (23.26) 57.25 (30.35) 59.42 (29.48) 61.77 (34.07) 59.09 (36.07)
SIS-MC+ 8.57 (5.74) 15.34 (8.13) 17.82 (10.67) 16.11 (12.07) 13.94 (11.68)
ISIS-MC+ 11.58 (4.22)  7.45 (2.31)  5.62 (0.97) 529 (0.74)  5.27 (0.64)
SC-lasso 0.83 (0.53)  1.44 (0.58)  2.21 (0.99)  3.68 (1.22)  4.57 (0.82)
SC-forward 0.74 (0.47)  1.24 (0.64)  2.37 (1.39)  4.14 (1.36)  4.79 (0.79)
SC-marginal  0.86 (0.69)  1.71 (0.92)  2.42 (1.00)  3.04 (0.87)  3.13 (0.81)
RAR, 46.95 (19.42) 62.04 (20.03) 67.21 (20.51) 73.14 (21.45) 74.66 (20.69)
RAR; 42.80 (17.76) 56.16 (16.84) 63.54 (18.78) 72.28 (17.98) 72.59 (18.31)
RARs0 42.34 (17.36) 53.01 (15.53) 61.37 (18.18) 71.25 (17.21) 73.15 (15.75)
RAR(MC+),,  5.14 (2.12)  7.53 (2.09)  9.44 (1.56)  10.23 (1.08) 10.34 (0.77)
RAR+, 11.21 (10.08) 8.84 (4.78)  8.48 (1.69)  8.54 (1.64)  8.40 (1.73)
RAR+5 10.48 (11.58) 7.28 (1.77)  7.73 (1.36)  7.86 (1.24)  7.79 (1.33)
RAR+30 11.61 (14.60) 6.66 (1.80)  7.45 (1.31)  7.72 (1.21)  7.61 (1.21)
RAR+(MC+),, 4.46 (1.69)  5.09 (0.52)  5.03 (0.17)  5.03 (0.16)  5.02 (0.14)
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Table 5: Relative estimation error over 200 simulation rounds.

Scenario 2 (C) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)

)
Lasso 0.91 (0.09) 0.79 (0.14) 0.62 (0.15) 0.48 (0.14)  0.38 (0.10)
SCAD 0.70 (0.36)  0.16 (0.31)  0.02 (0.02)  0.01 (0.01) 0.01 (0.01)
MC+ 0.72 (0.33)  0.16 (0.31)  0.01 (0.02) 0.01 (0.01)  0.00 (0.00)
SIS-lasso 0.91 (0.10)  0.84 (0.10)  0.80 (0.08) 0.78 (0.06)  0.75 (0.10)
ISIS-lasso 0.79 (0.18)  0.64 (0.16)  0.56 (0.12)  0.46 (0.12)  0.38 (0.09)
Ada-lasso 0.89 (0.11)  0.79 (0.12)  0.72 (0.11)  0.67 (0.13)  0.61 (0.17)
SIS-MC+ 0.88 (0.14) 0.78 (0.14)  0.72 (0.13)  0.69 (0.09)  0.66 (0.15)
ISIS-MC+ 0.69 (0.33)  0.19 (0.29)  0.02 (0.03)  0.01 (0.01)  0.01 (0.01)
SC-lasso 0.96 (0.12)  0.83 (0.19) 0.73 (0.18)  0.67 (0.14)  0.64 (0.11)
SC-forward 0.98 (0.10)  0.84 (0.21) 0.71 (0.25)  0.54 (0.26)  0.44 (0.23)
SC-marginal 0.96 (0.13)  0.83 (0.19) 0.73 (0.18)  0.67 (0.14)  0.65 (0.11)
RAR, 0.90 (0.25)  0.50 (0.30)  0.27 (0.17)  0.20 (0.10)  0.17 (0.07)
RAR; 0.89 (0.20)  0.52 (0.32)  0.25 (0.18)  0.18 (0.09)  0.14 (0.06)
RAR3 0.90 (0.15)  0.57 (0.32) 0.28 (0.22)  0.18 (0.11)  0.13 (0.06)
RAR(MC+),,  0.78 (0.30) 0.27 (0.38) 0.04 (0.17) 0.01 (0.01)  0.01 (0.01)
RAR+; 0.81 (0.25)  0.34 (0.36)  0.08 (0.17)  0.03 (0.05)  0.02 (0.04)
RAR+; 0.86 (0.21)  0.39 (0.39)  0.08 (0.19)  0.02 (0.06) 0.01 (0.01)
RAR+30 0.89 (0.17)  0.49 (0.40) 0.14 (0.27)  0.03 (0.11)  0.01 (0.05)
RAR+(MC+),, 0.77 (0.29)  0.28 (0.37)  0.05 (0.16)  0.01 (0.01)  0.01 (0.01)
Scenario 2 (D) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)
Lasso 0.90 (0.10) 0.72 (0.17) 0.53 (0.16)  0.41 (0.13)  0.32 (0.10)
SCAD 0.61 (0.41) 0.14 (0.29)  0.01 (0.01)  0.01 (0.01)  0.00 (0.00)
MC+ 0.63 (0.39)  0.16 (0.30)  0.01 (0.02)  0.00 (0.01)  0.00 (0.00)
SIS-lasso 0.90 (0.10) 0.82 (0.12) 0.78 (0.12)  0.75 (0.13)  0.71 (0.17)
ISIS-lasso 0.77 (0.18)  0.60 (0.16)  0.49 (0.13)  0.40 (0.11)  0.33 (0.09)
Ada-lasso 0.87 (0.12)  0.76 (0.13)  0.66 (0.15)  0.60 (0.17)  0.53 (0.21)
SIS-MC+ 0.87 (0.14)  0.76 (0.17)  0.70 (0.19)  0.67 (0.19)  0.63 (0.23)
ISIS-MC+ 0.59 (0.37)  0.15 (0.28)  0.02 (0.03)  0.01 (0.01)  0.01 (0.01)
SC-lasso 0.96 (0.13)  0.81 (0.20) 0.74 (0.19)  0.69 (0.16)  0.68 (0.16)
SC-forward 0.97 (0.11)  0.82 (0.24)  0.66 (0.31)  0.56 (0.31)  0.49 (0.29)
SC-marginal 0.94 (0.15)  0.81 (0.20)  0.74 (0.19)  0.69 (0.15)  0.68 (0.12)
RAR, 0.85 (0.31)  0.49 (0.28) 0.29 (0.15)  0.22 (0.10)  0.18 (0.07)
RAR; 0.85 (0.26)  0.48 (0.31)  0.27 (0.15)  0.20 (0.09)  0.16 (0.06)
RARs0 0.87 (0.20)  0.53 (0.33)  0.29 (0.21)  0.20 (0.09)  0.16 (0.06)
RAR(MC+),,  0.71 (0.37) 0.30 (0.42) 0.02 (0.05) 0.01 (0.01) 0.01 (0.01)
RAR+ 0.74 (0.31)  0.31 (0.33) 0.07 (0.12)  0.03 (0.04)  0.02 (0.02)
RAR+ 0.80 (0.27)  0.32 (0.35)  0.05 (0.11)  0.02 (0.03)  0.01 (0.01)
RAR+30 0.84 (0.22)  0.39 (0.38)  0.09 (0.18) 0.02 (0.04) 0.01 (0.01)
RAR+(MC+),, 0.70 (0.36) 0.29 (0.40) 0.02 (0.05) 0.01 (0.01)  0.00 (0.00)
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Table 6: Model size over 200 simulation rounds.

Scenario 2 (C) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)
Lasso 16.72 (16.71) 58.99 (48.10) 131.48 (55.65) 169.27 (41.09) 186.28 (37.59)
SCAD 20.20 (17.58) 34.18 (27.02) 17.29 (18.99) 8.30 (10.01)  6.81 (9.23)
MC+ 8.45 (12.23) 13.79 (18.93) 5.80 (11.49)  3.11 (4.45)  3.50 (5.39)
SIS-lasso 10.01 (7.60) 21.30 (7.06) 27.29 (7.58) 31.15 (7.66) 34.57 (12.02)
ISIS-lasso 13.39 (9.37) 33.71 (9.01) 49.78 (6.00) 62.13 (4.25)  72.32 (4.80)
Ada-lasso 7.69 (8.58) 16.81 (21.86) 29.96 (46.00) 45.74 (61.53) 65.17 (80.59)
SIS-MC+ 6.31 (5.65) 14.79 (5.97) 18.61 (5.96) 21.27 (6.75) 21.43 (9.09)
ISIS-MC+ 9.59 (8.06) 14.55 (9.34) 7.17 (5.40)  4.07 (2.93)  2.59 (1.08)
SC-lasso 0.12 (0.34)  0.50 (0.57)  0.72 (0.49)  0.90 (0.43)  0.98 (0.36)
SC-forward 0.08 (0.29) 0.44 (0.55) 0.84 (0.74)  1.31 (0.78)  1.64 (0.67)
SC-marginal ~ 0.14 (0.38)  0.48 (0.54)  0.73 (0.52)  0.87 (0. 40) 0.97 (0.35)
RAR, 19.90 (22.59) 64.49 (33.50) 81.28 (29.98) 88.62 (28.73) 98.68 (31.01)
RAR; 19.02 (19.35) 61.52 (33.55) 77.38 (33.44) 83.52 (27.01) 88.77 (27.94)
RARs0 17.16 (17.62) 61.05 (37.92) 80.22 (39.95) 81.14 (28.66) 83.48 (28.46)
RAR(MC+),, 2.11 (248) 3.65 (3.16)  2.67 (1.45)  2.54 (1.11)  2.49 (0.97)
RAR+, 9.64 (15.46) 17.97 (33.94) 9.14 (28.33)  3.87 (4. 89) 4.36 (10.48)
RAR+5 14.78 (17.17) 23.42 (37.29) 11.99 (35.87) 4.60 (17.24)  2.69 (0.82)
RAR+30 15.76 (16.93) 32.93 (44.52) 26.13 (55.20) 8.42 (31.16)  3.85 (15.78)
RAR+(MC+),, 2.01 (2.34) 348 (3.17) 237 (1.32) 217 (0.71)  2.10 (0.33)
Scenario 2 (D) (100, 1232) (200, 1791) (300, 2285) (400, 2750) (500, 3199)
Lasso 17.81 (18.06) 75.94 (48.96) 135.83 (42.49) 159.51 (40.30) 172.10 (38.90)
SCAD 20.20 (17.67) 29.11 (28.29) 13.91 (18.14)  6.55 (7.65)  4.33 (5.23)
MC+ 9.87 (14.68) 17.61 (30.66) 6.53 (11.59)  2.79 (2.35)  2.85 (3.08)
SIS-lasso 10.05 (7.04) 19.57 (7.19) 24.47 (9.09) 27.64 (11.37) 32.82 (15.18)
ISIS-lasso 14.90 (8.66) 34.42 (7.21) 49.34 (4.00) 59.79 (4.61)  68.28 (5.99)
Ada-lasso 9.94 (13.93) 25.73 (38.07) 46.73 (59.73) 58.56 (66.18) 76.77 (79.35)
SIS-MC-+ 6.58 (5.51) 12.82 (6.06) 14.77 (6.99) 15.53 (7.63) 14.37 (8.71)
ISIS-MC+ 9.97 (7.27) 11.10 (9.83) 5.50 (6.69)  3.52 (2.77)  2.47 (1.16)
SC-lasso 0.16 (0.39) 0.62 (0.57)  0.95 (0.59)  1.15 (0.56)  1.36 (0.54)
SC-forward 0.13 (0.37) 057 (0.67) 1.13 (0.81)  1.51 (0.71)  1.72 (0.57)
SC-marginal  0.22 (0.46) 0.64 (0.60)  1.03 (0.63)  1.16 (0.56)  1.41 (0.52)
RAR, 21.32 (21.68) 71.51 (41.23) 88.84 (27.77) 101.62 (31. 03) 106.27 (30.42)
RAR; 19.39 (19.22) 70.12 (40.15) 85.04 (28.81) 96.53 (27.18) 101.71 (27.97)
RARs0 19.23 (19.60) 67.93 (40.90) 83.60 (37.14) 95.79 (29.60) 99.90 (27.50)
RAR(MC+),,  2.37 (2.57) 3.42(2.88) 3.37 (1.31)  3.34 (1.00)  3.29 (0.88)
RAR+, 8.09 (12.03) 16.30 (28.40) 4.98 (4.84)  4.23 (4.85)  3.77 (1.98)
RAR+5 12.91 (16.99) 20.65 (36.53) 4.78 (7.98)  3.33 (1.31)  3.02 (0.66)
RAR+39 15.78 (18.26) 31.84 (47.07) 9.42 (27.34)  3.46 (4.80)  2.83 (0.47)
RAR+(MC+),, 2.20 (2.57) 2.86 (2.74)  2.46 (1.06)  2.31 (0.74)  2.38 (0.49)
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Table 7: Relative estimation error over 200 simulation rounds.

Scenario 3 (A) (350, 2520) (450, 2976) (550, 3420) (650, 3856) (750, 4288)

Lasso 0.52 (0.10) 0.34 (0.07) 0.25 (0.05) 0.20 (0.03)  0.16 (0.02)
SCAD 0.04 (0.03)  0.02 (0.01) 0.01 (0.01) 0.01 (0.00) 0.01 (0.00)
MC+ 0.03 (0.02)  0.02 (0.01) 0.01 (0.00) 0.01 (0.00) 0.01 (0.00)
SIS-lasso 0.92 (0.09) 0.89 (0.11)  0.89 (0.10)  0.86 (0.15)  0.85 (0.15)
ISIS-lasso 0.16 (0.10)  0.13 (0.05)  0.12 (0.03)  0.12 (0.02)  0.11 (0.03)
Ada-lasso 0.74 (0.17)  0.66 (0.20)  0.59 (0.21)  0.51 (0.21)  0.46 (0.20)
SIS-MC+ 0.90 (0.11)  0.88 (0.12) 0.87 (0.12) 0.84 (0.16)  0.83 (0.17)
ISIS-MC+ 0.04 (0.07)  0.02 (0.01) 0.01 (0.00) 0.01 (0.00) 0.01 (0.00)
SC-lasso 0.98 (0.03)  0.96 (0.03) 0.94 (0.04) 0.92 (0.05)  0.89 (0.08)
SC-forward 0.97 (0.03)  0.95 (0.04) 0.93 (0.04) 0.90 (0.04)  0.88 (0.06)
SC-marginal 0.98 (0.03)  0.96 (0.03) 0.96 (0.03) 0.95 (0.03)  0.95 (0.03)
RAR, 0.36 (0.17)  0.19 (0.10)  0.11 (0.05)  0.08 (0.03)  0.06 (0.02)
RAR; 0.42 (0.15) 0.22 (0.11)  0.12 (0.06)  0.09 (0.04)  0.06 (0.03)
RAR3 0.46 (0.13)  0.26 (0.10)  0.15 (0.07)  0.10 (0.05)  0.07 (0.03)
RAR(MC+),,  0.39 (0.26) 0.04 (0.10) 0.01 (0.01) 0.01 (0.00)  0.01 (0.00)
RAR+; 0.29 (0.18)  0.12 (0.10)  0.05 (0.04)  0.02 (0.02)  0.02 (0.01)
RAR+; 0.36 (0.17)  0.16 (0.11)  0.06 (0.05)  0.03 (0.03)  0.02 (0.01)
RAR+30 0.42 (0.15)  0.19 (0.10)  0.08 (0.05)  0.04 (0.04) 0.02 (0.02)
RAR+(MC+),, 0.1 (0.27) 0.05 (0.10)  0.01 (0.01) 0.01 (0.00)  0.01 (0.00)

Scenario 3 (B) (150, 1524) (250, 2043) (350, 2520) (450, 2976) (550, 3420)
Lasso 0.87 (0.04) 0.62 (0.12) 0.29 (0.08) 0.17 (0.04) 0.12 (0.02)
SCAD 0.83 (0.07)  0.02 (0.05) 0.01 (0.00) 0.01 (0.00) 0.01 (0.00)
MC+ 0.83 (0.08)  0.02 (0.07) 0.01 (0.00) 0.01 (0.00) 0.01 (0.00)
SIS-lasso 0.46 (0.24)  0.13 (0.15)  0.05 (0.06)  0.04 (0.02)  0.03 (0.02)
ISIS-lasso 0.08 (0.06)  0.06 (0.01) 0.05 (0.01) 0.04 (0.01) 0.04 (0.01)
Ada-lasso 0.34 (0.18)  0.08 (0.03) 0.05 (0.01) 0.03 (0.01) 0.02 (0.01)
SIS-MC+ 0.46 (0.25)  0.10 (0.15)  0.03 (0.05)  0.01 (0.02) 0.01 (0.01)
ISIS-MC+ 0.06 (0.06)  0.02 (0.01)  0.01 (0.00) 0.01 (0.00) 0.01 (0.00)
SC-lasso 0.95 (0.03)  0.94 (0.04) 0.92 (0.04) 0.92 (0.04) 0.90 (0.08)
SC-forward 0.95 (0.02)  0.95 (0.01) 0.94 (0.02) 0.93 (0.04) 0.89 (0.06)
SC-marginal 0.95 (0.04) 0.81 (0.18)  0.52 (0.30)  0.28 (0.29)  0.11 (0.19)
RAR, 0.28 (0.10)  0.10 (0.03)  0.07 (0.02)  0.06 (0.01)  0.04 (0.01)
RAR; 0.28 (0.11)  0.10 (0.03)  0.07 (0.02)  0.06 (0.01)  0.04 (0.01)
RARs0 0.29 (0.12)  0.10 (0.03)  0.07 (0.02)  0.06 (0.01)  0.04 (0.01)
RAR(MC+),,  0.44 (0.15) 0.02 (0.02) 0.01 (0.00) 0.01 (0.00) 0.01 (0.00)
RAR+, 0.20 (0.11)  0.02 (0.01)  0.01 (0.01) 0.01 (0.00)  0.01 (0.00)
RAR+ 0.20 (0.12)  0.02 (0.01)  0.01 (0.01)  0.01 (0.00)  0.01 (0.00)
RAR+30 0.21 (0.12)  0.02 (0.01) 0.01 (0.01) 0.01 (0.00) 0.01 (0.00)
RAR+(MC+),, 0.45(0.15) 0.02 (0.02) 0.01 (0.00) 0.01 (0.00) 0.01 (0.00)
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Scenario 3 (A)

Table 8: Model size over 200 simulation rounds.

(350, 2520) (450, 2976) (550, 3420) (650, 3856) (750, 4288)

Lasso
SCAD
MC+
SIS-lasso
ISIS-lasso
Ada-lasso
SIS-MC+
ISIS-MC+
SC-lasso
SC-forward
SC-marginal
RAR,

273.33 (40.61) 315.99 (37.94) 341.34 (35.92) 367.96 (39.12) 381.97 (39.55)
79.92 (31.09) 49.43 (23.25) 32.72 (14.22) 26.20 (7.67) 22.52 (3.35)
38.95 (16.02) 27.92 (9.80) 23.37 (3.85) 21.85 (2.31)  20.97 (1.22)
31.88 (14.65) 38.06 (18.36) 46.86 (24.08) 57.50 (29.46) 73.43 (33.73)
58.95 (0.29)  72.81 (0.66) 86.44 (1.32) 97.69 (2.46) 107.52 (3.32)
166.19 (89.43) 201.85 (89.22) 263.53 (88.35) 300.00 (72.96) 310.65 (88.22)
15.59 (11.34) 18.58 (15.53) 24.62 (23.28) 29.34 (28.38) 37.61 (31.48)

27.55 (4.50)  24.51 (3.40) 22.59 (2.31) 2140 (1.53) 20.92 (1.17)
0.58 (0.64)  0.89 (0.66)  1.27 (1.03)  1.77 (1.38)  2.83 (2.27)
0.77 (0.80)  1.28 (0.84)  1.65 (0.86)  2.27 (1.06)  2.91 (1.59)
0.57 (0.62)  0.80 (0.73)  0.94 (0.71)  1.17 (0.93)  1.12 (0.90)

218.64 (60.94) 228.83 (69.80) 206.50 (57.03) 199.46 (51.52) 199.99 (48.71)

RAR; 239.74 (58.02) 246.46 (66.92) 226.70 (65.84) 212.86 (62.83) 204.09 (56.31)
RARs0 254.22 (52.28) 267.92 (64.09) 256.74 (67.66) 234.63 (73.18) 218.23 (67.62)
RAR(MC+),,  20.40 (7.46) 22.18 (3.28) 21.03 (1.49) 20.82 (1.03)  20.70 (0.94)
RAR+, 92.95 (84.72) 55.08 (48.71) 34.42 (23.43) 26.83 (11.77) 24.20 (6.91)
RAR+5 131.48 (88.93) 80.40 (71.91) 43.02 (29.91) 31.13 (23.89) 24.28 (7.85)
RAR+39 164.85 (95.99) 106.04 (83.80) 57.09 (46.21) 38.85 (40.98) 28.58 (31.31)
RAR+(MC+),, 20.19 (8.28) 21.67 (3.57) 20.44 (1.21) 20.12 (0.37)  20.03 (0.16)
Scenario 3 (B) (150, 1524) (250, 2043) (350, 2520) (450, 2976) (550, 3420)

Lasso

SCAD

MC+
SIS-lasso
ISIS-lasso
Ada-lasso
SIS-MC+
ISIS-MC+
SC-lasso
SC-forward
SC-marginal
RAR,

RAR5

RARs3g
RAR(MCH),,
RAR+;
RAR-+5
RAR+39
RAR+(MC+),,

45.04 (40.01) 206.38 (38.38) 284.03 (30.34) 316.64 (40.11) 340.98 (40.12)

49.11 (31.46) 46.71 (23.43) 23.59 (4.54) 21.32 (2.85) 20.85 (1.99)
36.14 (24.90) 28.02 (13.71) 21.31 (2.94) 20.79 (1.96)  20.54 (1.34)
27.02 (3.82) 43.83 (1.51) 57.53 (1.49) 70.73 (2.16)  83.61 (3.25)
28.93 (0.31)  44.74 (0.58) 58.80 (0.53) 7275 (0.57)  86.51 (0.84)
91.74 (19.04) 77.65 (16.54) 67.28 (12.78) 60.41 (8.76) 54.87 (6.83)
22.85 (5.63) 22.98 (5.28) 21.35 (2.50) 20.70 (1.34) 21.00 (1.71)
26.34 (2.09) 23.38 (3.28) 21.22 (1.71) 20.88 (1.61) 20.89 (1.71)
1.00 (0.66)  1.23 (0.71)  1.55 (0.79)  1.60 (0.84)  2.17 (1.61)
0.97 (0.23)  1.03(0.22)  1.19 (0.46)  1.51 (0.82)  2.28 (1.19)
1.28 (1.22)  4.14 (3.75)  10.02 (5.98) 14.73 (5.75)  18.03 (3.56)
102.92 (18.46) 133.64 (22.68) 155.96 (24.82) 176.36 (29.92) 161.19 (23.87)
102.24 (18.98) 133.68 (22.66) 155.96 (24.82) 176.36 (29.92) 161.14 (23.72)
102.50 (20.28) 133.82 (22.98) 155.90 (24.82) 176.36 (29.92) 161.32 (23.90)
17.85 (3.66) 24.94 (1.73) 27.48 (0.84)  30.35 (1.03)  30.66 (1.19)
35.79 (12.48) 26.00 (3.72) 25.73 (1.89) 26.57 (1.97) 27.32 (1.81)
35.63 (12.75) 25.98 (3.72) 25.73 (1.89) 26.57 (1.97) 27.32 (1.79)
35.54 (14.90) 25.96 (3.72) 25.73 (1.89) 26.57 (1.97) 27.31 (1.79)
16.41 (3.86)  20.45 (1.42)  20.02 (0.12)  20.00 (0.00)  20.01 (0.07)
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Table 9: Relative estimation error over 200 simulation rounds.

Scenario 4 (C) (300, 2285) (400, 2750) (500, 3199) (600, 3639) (700, 4073)

Lasso 0.88 (0.04) 0.81 (0.06) 0.68 (0.08) 0.50 (0.09) 0.36 (0.07)
SCAD 0.33 (0.34)  0.01 (0.02) 0.01 (0.00) 0.01 (0.00)  0.00 (0.00)
MC+ 0.44 (0.36)  0.01 (0.04) 0.01 (0.00) 0.01 (0.00)  0.00 (0.00)
SIS-lasso 0.88 (0.04)  0.85 (0.04) 0.82 (0.03) 0.81 (0.03)  0.79 (0.03)
ISIS-lasso 0.48 (0.18)  0.26 (0.16)  0.14 (0.10)  0.10 (0.06)  0.08 (0.03)
Ada-lasso 0.87 (0.04)  0.81 (0.05) 0.77 (0.05)  0.72 (0.06)  0.69 (0.07)
SIS-MC+ 0.85 (0.06)  0.80 (0.06) 0.76 (0.04)  0.73 (0.05)  0.70 (0.05)
ISIS-MC+ 0.34 (0.22)  0.09 (0.12)  0.02 (0.05) 0.01 (0.01)  0.00 (0.00)
SC-lasso 0.98 (0.03)  0.96 (0.04) 0.94 (0.04) 0.91 (0.05)  0.88 (0.06)
SC-forward 0.98 (0.03)  0.97 (0.03) 0.95 (0.04) 0.92 (0.06) 0.87 (0.09)
SC-marginal 0.98 (0.03)  0.96 (0.03) 0.94 (0.04) 0.91 (0.05) 0.88 (0.06)
RAR, 0.80 (0.10)  0.61 (0.14)  0.39 (0.14)  0.22 (0.08)  0.14 (0.05)
RAR; 0.84 (0.07)  0.69 (0.12) 0.46 (0.14)  0.27 (0.09)  0.18 (0.06)
RAR3 0.86 (0.05)  0.74 (0.10)  0.55 (0.14)  0.33 (0.10)  0.22 (0.06)
RAR(MC+),,  0.74 (0.19)  0.09 (0.22) 0.01 (0.00) 0.01 (0.00)  0.01 (0.00)
RAR+; 0.77 (0.11)  0.56 (0.15)  0.32 (0.15)  0.13 (0.08)  0.05 (0.04)
RAR+5 0.80 (0.09)  0.65 (0.13)  0.40 (0.16)  0.18 (0.10)  0.08 (0.05)
RAR+30 0.84 (0.07) 0.71 (0.11)  0.50 (0.16)  0.24 (0.12)  0.11 (0.06)
RAR+(MC+),, 0.74 (0.19)  0.09 (0.22)  0.01 (0.00) 0.01 (0.00)  0.00 (0.00)

Scenario 4 (D) (300, 2285) (400, 2750) (500, 3199) (600, 3639) (700, 4073)
Lasso 0.86 (0.05) 0.74 (0.08) 0.54 (0.09) 0.37 (0.07) 0.28 (0.05)
SCAD 0.18 (0.27)  0.01 (0.00)  0.01 (0.00)  0.00 (0.00)  0.00 (0.00)
MC+ 0.29 (0.32)  0.01 (0.00) 0.01 (0.00)  0.00 (0.00)  0.00 (0.00)
SIS-lasso 0.88 (0.04) 0.84 (0.04) 0.81 (0.04) 0.79 (0.04)  0.78 (0.04)
ISIS-lasso 0.43 (0.19)  0.22 (0.14)  0.10 (0.07)  0.07 (0.04)  0.07 (0.02)
Ada-lasso 0.85 (0.04)  0.79 (0.06) 0.72 (0.06)  0.66 (0.08)  0.61 (0.09)
SIS-MC+ 0.86 (0.06)  0.80 (0.06) 0.76 (0.05)  0.73 (0.06)  0.71 (0.05)
ISIS-MC+ 0.26 (0.21)  0.06 (0.09) 0.01 (0.01)  0.00 (0.00)  0.00 (0.00)
SC-lasso 0.98 (0.03)  0.96 (0.04) 0.94 (0.05) 0.91 (0.05) 0.88 (0.06)
SC-forward 0.99 (0.02)  0.97 (0.03)  0.95 (0.05) 0.90 (0.08) 0.80 (0.16)
SC-marginal 0.98 (0.03)  0.96 (0.04) 0.94 (0.05) 0.92 (0.05) 0.89 (0.06)
RAR, 0.78 (0.11)  0.57 (0.15)  0.34 (0.12)  0.21 (0.08)  0.15 (0.05)
RAR; 0.82 (0.09) 0.63 (0.13)  0.40 (0.13)  0.25 (0.08)  0.17 (0.06)
RARs0 0.84 (0.07)  0.67 (0.13)  0.45 (0.13)  0.29 (0.09)  0.20 (0.06)
RAR(MC+),,  0.56 (0.32)  0.09 (0.20) 0.01 (0.05) 0.01 (0.00)  0.00 (0.00)
RAR+ 0.75 (0.12)  0.51 (0.16)  0.26 (0.13)  0.12 (0.08)  0.06 (0.04)
RAR+ 0.79 (0.09)  0.57 (0.14)  0.32 (0.14)  0.15 (0.08)  0.07 (0.05)
RAR+39 0.81 (0.08) 0.62 (0.14) 0.37 (0.14)  0.18 (0.09)  0.09 (0.05)
RAR+(MC+),, 0.56 (0.31) 0.09 (0.20) 0.01 (0.04) 0.00 (0.00)  0.00 (0.00)
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Table 10: Model size over 200 simulation rounds.

Scenario 4 (C) (300, 2285) (400, 2750) (500, 3199) (600, 3639) (700, 4073)
Lasso 148.65 (53.33) 277.66 (81.33) 450.59 (65.89) 564.44 (51.95) 631.53 (55.97)
SCAD 111.59 (46.40) 45.05 (27.74)  29.10 (8.13)  24.03 (4.56)  23.19 (4.67)
MC+ 85.45 (48.13) 35.48 (21.38)  23.66 (3.89)  22.26 (3.22)  22.29 (3.69)
SIS-lasso 49.21 (3.28) 6241 (3.09)  74.89 (3.62)  84.70 (4.89)  93.89 (6.45)
ISIS-lasso 51.91 (1.27)  66.00 (0.00)  80.00 (0.00)  93.00 (0.00)  106.00 (0.00)
Ada-lasso 82.34 (42.62) 128.74 (81.82) 192.78 (114.44) 252.23 (137.11) 297.93 (149.76)
SIS-MC+ 36.05 (5.56)  43.78 (5.30)  51.47 (5.14)  56.19 (5.88)  58.71 (6.79)
ISIS-MC+ 36.04 (8.17)  27.24 (7.17)  23.08 (3.74)  21.77 (2.27) 2151 (2.11)
SC-lasso 0.56 (0.73)  1.14 (1.05) 157 (1.21)  2.38 (1.45)  3.21 (1.71)
SC-forward 0.50 (0.66)  0.88 (0.84) 1.39 (1.21)  2.20 (1.58)  3.45 (2.47)
SC-marginal 0.56 (0.73)  1.08 (0.99) 157 (1.29) 239 (1.38)  3.15 (1.64)

RAR;

180.54 (58.02)

323.93 (65.29)

432.16 (54.05)

464.14 (73.19)

471.97 (79.41)

RAR; 166.57 (49.39) 308.80 (74.15) 439.25 (58.03) 492.87 (70.75) 511.66 (77.65)
RARs0 157.47 (51.17) 291.75 (80.04) 443.62 (60.89) 514.98 (66.68) 545.32 (75.46)
RAR(MC+),, 1843 (7.09) 2248 (5.05)  21.05 (1.30)  20.79 (1.09)  20.91 (1.38)
RAR+, 70.92 (60.11) 132.89 (88.23) 178.72 (88.32) 129.23 (64.06) 77.42 (39.47)
RAR+5 72.63 (64.51) 139.15 (106.46) 207.90 (101.73) 169.30 (77.60) 105.58 (51.73)
RAR+30 105.98 (73.05) 155.62 (116.20) 239.47 (118.98) 209.94 (96.63) 143.95 (70.28)
RAR+(MC+),, 17.55 (7.72)  22.01 (5.18)  20.29 (0.80)  20.08 (0.29)  20.10 (0.39)
Scenario 4 (D) (300, 2285) (400, 2750) (500, 3199) (600, 3639) (700, 4073)
Lasso 171.26 (64.11) 335.36 (61.45) 461.26 (44.75) 539.62 (49.41) 604.03 (60.27)
SCAD 101.74 (44.90) 47.52 (27.61)  28.46 (7.60)  23.88 (4.67)  22.42 (3.72)
MC+ 84.99 (44.22) 37.52 (20.12)  24.27 (4.73)  22.27 (3.89)  21.64 (2.77)
SIS-lasso 48.61 (3.23) 6177 (3.34)  73.53 (4.30)  82.15 (6.47)  91.30 (7.94)
ISIS-lasso 52.00 (0.00)  66.00 (0.00)  80.00 (0.00)  93.00 (0.00)  106.00 (0.00)
Ada-lasso 98.95 (59.32) 172.17 (87.47) 240.71 (103.15) 299.51 (112.48) 359.44 (107.77)
SIS-MC-+ 35.42 (7.28)  43.16 (5.37)  48.31 (6.10)  51.56 (6.94)  51.92 (8.19)
ISIS-MC+ 32.34 (7.99) 2572 (5.28)  22.26 (2.67)  21.33 (2.00)  21.11 (1.67)
SC-lasso 0.68 (0.92)  1.31(1.36)  2.15(1.63)  3.35 (1.87)  4.64 (2.17)
SC-forward 0.45 (0.69)  0.93 (0.94) 1.73 (1.63)  3.67 (241)  6.82 (4.74)
SC-marginal 0.69 (0.93)  1.27(1.22) 219 (1.54)  3.03 (1.66)  4.48 (2.07)

RAR;

RAR;

RAR3g
RAR(MCH),,
RAR+;

RARA5
RAR+3
RAR+(MC+),,

203.94 (58.08)
194.71 (61.69)
183.23 (64.52)
22.11 (8.96)

77.67 (65.12)
82.79 (73.97)

99.83 (80.28) 183.48 (106.48)

21.01 (9.51)

337.06 (55.88)
339.06 (58.72)
335.07 (58.49)
23.93 (5.11)
151.19 (79.52)
164.93 (93.13)

22.79 (5.11)

428.69 (55.35)
442.57 (54.91)
449.23 (48.38)
22.38 (2.66)
169.49 (84.70)
199.56 (87.47)
237.74 (98.37)
20.84 (3.16)

468.36 (70.64)
486.74 (67.00)
506.15 (62.94)
23.17 (1.95)
127.30 (70.25)
151.95 (69.36)
177.51 (75.64)
20.40 (0.75)

491.03 (86.23)
513.18 (90.01)
539.77 (78.42)
23.77 (2.03)
82.11 (45.90)
104.80 (56.07)
124.69 (58.79)
20.50 (0.95)




