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S1 Lemmas

Define U, ; , = ﬁ Srey 2?21{62?37162?;’l — E(e¥) f lekj ) )}, for g = 1,2. The following lemma
states the results in the oracle case. Its proof can be obtained from |Xia et al.| (2015), with nyq

inverse regression models instead.

Lemma 1. Suppose that (C1) and (C4) hold. Then we have

max |5 — riig| = op[{logp/(ng)}'?],

1<i<p

and

Figo = Rijg = Tisg(Bigg = Bisg) = Tiga(Bi-rig = Bi-14) + 0p{(nglogp) 2},

forl < i <3 <p g=1,2 where Rm-,g is the empirical covariance between {e,(fg,l,k =

L....,ngl=1,...,q} and {e,(cgd).’l, k=1,...,n51=1,...,q}. Consequently, uniformly in

1<i<j<p
Figig — (W00 +Ws, 35050 = Drijg = —Usjg + 0p{(nglogp) ™%},
where (& we>—ngq2 (6 — €) () — €9, €)= (ef) 1) ) and €9 =

a (9
nquk 12.0= 1€1<;z
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Lemma 2. Let X; ~ N(p1, %) fork =1,... ,nyand Y}, ~ N(p2,3s) fork =1,... 0y

Define 3%y = (Gij 1 )prp = 1= Doy (X =) (X —p11)" and 35 = (5 j2)pp = = Yy (Y =
o) (Y — o)™ Then, for some constant C' > 0, &, j1—0; ;2 satisfies the large deviation bound,
(5-ij1_5'ij2_o'ij1+0'ij2)2 9
r| max - - . - >z
PP 698 var{ (X — o) Xy — o)}/ var{(Yies — ) (Vig — iz )}z —
< CIS{1—2(@)} +0(p ),

uniformly for 0 < x < (8log p)'/? and any subset S C {(i,5): 1 <1i < j < p}.

Lemma 3. Suppose that (Cl), (C5) and (C6) hold. Then we have, for g = 1,2, uniformly in

1<i<7<p
il = (W00 +ws, 630 — Dy g = Uiy + 0p{(nglogp) ™%},
whererzdjg (~zd,j,g+fzdigﬁid]g+ ;l]g Jd 119)’ ,7,9 - 1/(”Q) Zk 1Zl 1€kzlg6k]lg’ and

with ;19 = X903 1/2,

zlg 9

ek Alg Y;ff)z (qu(a z)

This lemma is essentially proved in Theorems 5 and 6 in Xia and Li| (2017)).

S2 Proofs

S2.1 Proof of Theorem 1

By separation of the spatial and temporal dependence structures, we have the following 2ng

inverse regression models

(X8 = (X0 By v el 1<k<nl1<i<gqg=12

a0

We first show that £, as defined in (9) in Algorithm 1, can be obtained in the range (0, 2(log p)'/?).

Then we illustrate that the number of false rejections is close to 2{1—®(t) }|Ho|, by first show-

ing the terms in A, are negligible. We then focus on the set H, \ A, and prove the result.
Without loss of generality, throughout this proof, we assume that wg,;; = 1 for g = 1,2

and:=1,...,p. Forg=1,2, let

1 1 2 2
Vij = (Uijz — Unga) /{var(ei ei) )/ (naq) + var(el) ,el2)) /(naq) } /2,
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where Var(efggz)le,ggj)l) = TiigTigg(1+ 07 5,) With 02, = B2 rii0/75q- By Lemma we
have
1

lrga<x |Tng Ti,i,g| = [{1ng/(nq)}2]
and

max |7; gl =0 {(nqlogp)’l/z}

i<icp! 09 Riig P :
Note that

N X
lglgép(ﬂi,j,gri%g/rjng nz,j g) (1/ 1ng)
and
max |ws, ;019 +ws, ;01 — 2| = Op{(log p/(ng))"/*}.

1<i<j<p
As noted in Section 4.2, in the two-sample case, pg, ;; and pg, ; ; are not necessarily equal
to O under the null, and additional corrections are crucial. Toward that end, we divide the
set of indices into two subsets, H, \ A, and A,, the former with a negligible correction and
the latter requiring a major correction by b; ;. Also note that for (¢, j) € Ho \ A,, we have
|ws, ;] = o{(logp)~'}. Then by Lemma it is straightforward to see that, under Conditions
(C1) and (C2), we have, for (i, ) € Ho \ A,

— Vil = 0p{(log p)~/?}.

max ’ ‘Wi,j
(i,j)e’Ho\Ar

For (i, j) € A,, as a result of Lemmal|l] we have

Wij = Vij +bij + op(logp™"/?),

where b; ; = 2{w; ;6. — 62 ) +w; ;(61), — a“ ) )Y/ (6:51 + 6;,;2)"/2. Note that

1,6 1,1,€ JsJ5€

~(2
|b | < 9 ni,j ’ |01,z,e Uz(,z?c|
b= 1+n?; (1) y2 2) \2 1
irj {var((€;;,)?)/(n1q) + var((e;;,)?)/ (n2q) }>

60, — 5%
1 +o{(logp) /%3,

j?j?e

{var((ef) )2)/(n1q) + var((e{') )2)/(n2q) } 2

where 6;1 =ngt Yo 2?21(51(52,1)2- Thus, we have

+

pr((m)ai(‘ W7, > 4logp — loglogp +t)
i.j)e
< Card(A,){pr(V5 > logp/8) + pr(b7; > 2logp)} = o(1), (S2.1)

1,j =
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where the last equality is a direct result of Lemma
Under the conditions of Theorem 1, we have
> H{IWiyl > 2(logp)'?} > [1/{(8m)"2a} + 6](log, p) /2,
1<i<j<p
with probability going to one. Henceforth, with probability going to one, we have

-1
(pQ_p)/Q pQ—p 1 i
< +0 lo /2,
max{},;_;, [{|Wi;| > 2(logp)"/?}, 1} 5 ) (87 (log, p)

Let t, = (4logp — log, p — logg p)*/2. Because 1 — ®(t,) ~ 1/{(2m)"/?t,} exp(—t2/2), we
have pr(1 < ¢ < t,) — 1 according to the definition of £ in (9). Note that, for 0 < < t,,
2{1 - (1)} (»* — p)/2 _
max{}_;<; e, H{IWisl = 2(logp)*/?}, 1}
Thus to prove Theorem 1, it suffices to show that
S e 1Wesl = 1) — GO}
{LG @)}
in probability, for 0 < ¢t < {4logp + o(log p)}'/2, where G(t) = 2{1 — ®(¢)}.
If t = {4log p + o(log p)}*/2, by (S2.1) and Condition (C2), it suffices to show
|2 G enaa, L(Vigl = 1) — G(1)}]
{lG(1)}
Ift < (Clogp)Y/? with C < 4, we have

SsenrrntHIWigl > 1) = I(Vig = 03| _ 2j4, 17|
LG (t) = 0(p>CP)

Q.

—0

(S2.2)

in probability. Thus, it is again enough to show that (S2.2)) holds. This shows the negligibility
of the highly dependent pairs. We arrange the indices {(i, 7) : (i,7) € Ho\ A, } in any ordering

and set them as {(i,,, jm) : m = 1,...,s} with s =Card(H, \ A,). Let ny/ny < K with

K>1,0n,= Var(€§f§3m,z€z(fg)‘m,z), and define Z ,; = (nl/”2){€1(jzm,lel(j])'m,l - E(Ef,gm,zef,g)‘m,z)}

forl1 <k <ngsand1 <[ <g,and Z,,; = —{e,(cl’gmﬁle,(:,;ml — E(e,(cl’gm’le,(i).mﬁl)} forny, +1 <

k<ni+mngand 1 <[ < q. Define

ni+n2 ¢

Vin = (n?q&n,z/nz + 7116]9m,1)_1/2 Z Z Ll

k=1 I=1
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and

LS

ni+ng
Vm = (n%qem,Q/HZ + nlqem,l)_l/2 Z Z k,m,ls
k=1

=1
Where ZAk,m,l = Zk,m,l](|Zk,m,l| S Tn) — E{Zk’m’lfﬂzk’mﬂ S Tn)}, and Tn — 32 log(p + nq).

Note that max(; j)exo\4, Vi) = Maxi<m<s V,7, and that

nitnz ¢
-1/2 >
Jma (nq) ; ; Bl Zna T{1 Zmal > 3210g(p + nq)}]
o 1/2

< C(ng)" max max max Ef|Zym|I{|Zym| = 321og(p + ng)}]
< 1/2 —4
< C(ng)“(p +ng)™" max max max Ef|Zym| exp{|Zim.l/8}]
< C(ng)"*(p+ng) ™.

This yields to

pr{ max Vi — Vin| > (logp)_l} < pr( max max max |Zg | > Tn> =0(p™).

1<m<s 1<k<n 1<I<q

By Lemma 6.1 in Liu|(2013)), we have

pr(|vm’ > t) —1-m
max Z ‘W - 1‘ < C(logp) )
0<t<t,

1/2

with 7y = min{7,1/2} and ¢, = (4log p — log, p — logs p)'/?. Thus to prove Theorem 1, by

the fact that G(t + o((log p)~'/2))/G(t) = 1 + o(1) uniformly in 0 < ¢ < 2/Iog p, it suffices

to prove that

A

| 2 1cmes LVl 2 1) — G(1)}]

oG (D)

in probability, for 0 < ¢ < ¢, where G(t) = 2{1 — ®(t)}. Let0 <ty < t; < --- <t =1,
such thatt,—t, | = v,for1 <. < b—1landt,—t, ; < v,, where v, = 1/{log p(log, p)?}/2.

—0

Thus we have b ~ t,,/v,. For any ¢ such thatt,_; <t <t,, we have

Zlgmgs ](|Vm| >t) G(t,) < Zlgmgs ]<|Vm| > 1)

ZOG(tb) G(thl) o loG(t)
< Zlgmgs [(|Vm| >t-1) G(t,_y)
- loG(t,1) G(t)

Thus it suffices to prove

e (V] = 1) = G)

2.
0<1<b lG(t.) —0 (52.3)
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.

I(|Vin] > t,) — G(t,)]

in probability. Note that

P 1cmes [ (IVinl = 1) = G(1)]
ZOG(tb>

pr < max
1<<b

i Z1gm§s[

o (e - |
< U_lp Ot” pr Zlgmgs[ﬂlz/git? t) — G(t)] > e bar
° S remes L (Vinl > 1) = G(t,)]
*E‘“{ hG() }

As noted in Section 4.2, in the two-sample setting, the test statistics can be highly dependent
since R, is not necessarily an identity matrix. To show the error rate control, we reorganize
the set of test statistics into a number of subgroups according to the level of dependency, as
shown in the proof of Theorem 4 in Xia et al.| (2015)), with 2nq regression models. As a result,
for any € > 0 that,

Zlgmgs{l(‘vﬂ >t) — Pr<|‘7m| > 1)}
2 p” 20o{1 — (t)}

0<t<tp
e L (Vinl = ) = pr(|Vial = )}
1<m<s m| = m| Z
r == >e|ldt = o(v
[ [ 201 — B(0)) . )

Thus (S2.3)) is proved. Then Theorem 1 follows. O
S2.2  Proof of Theorem 2

By the proof of Theorem 1, together with Lemma |3} Theorem 2 is proved. 0
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