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We present some further comparisons with the endpoint estimator proposed in Fraga Alves and
Neves (2014) and with the moment estimator for the tail index proposed by Dekkers, Einmahl
and de Haan (1989) in Section S1. All proofs of the theorems in Section 2 are given in Section

S2.

S1 Further comparisons on estimators for endpoint

and tail index

Per the request of an anonymous referee, we carry out the following two

comparison studies: (A) comparison between our new estimator for the end-
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point and the endpoint estimator proposed in Fraga Alves and Neves (2014)
and (B) comparison between our new estimator for the tail index and the
moment estimator in Dekkers, Einmahl and de Haan (1989). Throughout
the referred equation and theorem numbers without a letter are those in
the original paper.

The endpoint estimator in Fraga Alves and Neves (2014) is defined as

k-1
Opan(2k — 1) = Xpn + > api( Koot — Xnn—k—i), (S1.1)

=0
where ay; = (log2) !(log(k+i+1) —log(k +1)) for 0 <i < k—1. We will
call it FAN estimator. This estimator was originally proposed to estimate
the endpoint for distributions in the Gumbel max-domain of attraction.
Fraga Alves, Neves and Rosario (2017) have extended the setting to (1.1).

The moment estimator for the tail index v = —1/a proposed by Dekkers,

Einmahl and de Haan (1989) is given by

(1)y2

N 1 (Mn k) -1

Anr(k) = M) +1 - 51— Yo )7, (S1.2)
n,k

where Mr(lj,)€ = %Zle(log(Xnm,kH) —log(X,nx))’ for j =1,2. A natural
requirement for the moment estimator 4,,(k) is that all the data involved
in the estimation must be positive, which implies that the endpoint # must
be positive. Otherwise, one can add a positive constant to all observations

to fulfill this requirement.
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For empirical comparison, we will use the same setting as in Section 3.2,
that is, we use both distributions defined in (3.26) and(3.27), choose the
sample size n = 500, and repeat the experiment 1000 times. We calculate
the averages and estimate the mean absolute errors (L, errors) of the two
aforementioned estimators. The simulation results for distribution (3.27)
are somewhat similar to those for distribution (3.26), and so we will report
simulation results for distribution (3.26) only.

In Figures 1 and 2, we plot the averages of the estimates and their L,
errors for the endpoint based on our new penalized likelihood method (New
Estimator) and Fraga Alves and Neves’s (2014) method (FAN Estimator)
against the sample fraction k. We note that the FAN Estimator éF an(2k —
1) in (S1.1) employs 2k upper order statistics while the New Estimator
9~N(k) =0 given in Theorem 3 is based on k£ + 1 upper order statistics.
To make a fair comparison, two types of estimators are compared when the
same number of observations are involved in the estimation. More precisely,
we will compare Opan (k) and Ox (k) for k=2p—1, p=3,4,--- ,102.

We have repeated our simulation study for distribution (3.26) by se-
lecting various values for (71, 72). We choose (71, 72) = (0.5,1.0), (1.0,0.5),

(0.5,2.0), (1.0,2.0), (0.5,3.0), (1.0,3.0). For distribution (3.26), § = 0 and

a = 1179. Therefore, our study covers cases of a« = 0.5,1,1.5,2 and 3.
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In Figures 3 and 4, we plot the averages of the estimates and their
Ly errors for the index 1/« based on our new penalized likelihood method
(New Estimator) and the moment estimator (Moment Estimator) against
the sample fraction k. Since the moment estimator 4,/ (k) defined in (51.2)
is used to estimate 7 = —1/«, we actually plot the estimated means and L,
errors for &' given in (2.16) and —4,;(k). Since the moment estimator can
only be applied to positive observations, all our samples in the study are
drawn from the population 20 + X, where X is a random variable having
distribution (3.26). The values of (71, 72) selected in this study are the same
as in the simulation for the endpoint. The sample fraction £ is taken from
5 to 200 with an increment 5.

In conclusion, we observe from Figures 1 and 2 that the maximum
penalized likelihood estimator for endpoint is very stable against the sample
fraction in terms of the bias and the mean absolute error, and the FAN
estimator can perform better when the upper order statistics employed in
the estimation are relatively dense near the endpoint. Also we observe
from Figures 3 and 4 that the maximum penalized likelihood estimator is

superior to the moment estimator.
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Figure 1: Estimated means (left) and estimated L; errors (right) for two endpoint esti-
mators: New Estimator as the smallest solution to (2.17) and FAN Estimator defined in

(S1.1). The samples are taken from distribution (3.26), where § = 0 and a = 7172
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Figure 2: Estimated means (left) and estimated L; errors (right) for two endpoint esti-
mators: New Estimator as the smallest solution to (2.17) and FAN Estimator defined in

(S1.1). The samples are taken from distribution (3.26), where = 0 and o = 7175
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Figure 3: Estimated means (left) and estimated L; errors (right) for two estimators for
a~!: New Estimator &' defined in (2.16) and minus Moment Estimator —4a/(k), where
Aa (k) is defined in (S1.2). The samples are taken from population 20+ X, where X has

distribution (3.26) and o = 7172
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Figure 4: Estimated means (left) and estimated L, errors (right) for two estimators for
a~!: New Estimator &' defined in (2.16) and minus Moment Estimator —4a/(k), where
Aa (k) is defined in (S1.2). The samples are taken from population 20+ X, where X has

distribution (3.26) and o = 7172
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S2 Details on data applications

Einmahl and Smeets (2011) tested extreme-value conditions for the two
data sets. They applied the moment estimators for both the tail index
v = —1/a and the endpoint 6. It is important to decide the sample fraction
or threshold k in the estimation, and this can be done by minimizing the
so-called asymptotic mean squared errors (AMSE). They estimated v by
identifying some k-regions over which the AMSEs are relative small and
stable and then used the average of all estimates of v in these regions as
the final estimate for the tail index for each event. Next, they estimated
the endpoint for speed for each event by identifying k-regions and using the
average of estimates for the endpoints over the regions. The two k-regions
for men’s 100 meters and women’s 100 meters are 110 — 200 and 80 — 210,
respectively.

First, we compare the performance of our likelihood method with the
moment method. We estimate the speed endpoint and tail index for each
of the two events and plot the estimates based on the likelihood method
and the moment method in Figures 5 and 6, respectively. Note that the
estimates for the endpoints in the moment method in Einmahl and Smeets
(2011) use the same (fixed) estimates for tail index while in our study the

estimates of 7 depend on the sample fraction k. Therefore, our plots for
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moment estimates and the endpoints are different from those in Einmahl
and Smeets (2011). We notice that there are similar patterns or trends for
two types of estimation methods. But our likelihood estimators are more
stable than the moment estimators in general.

Second, we decide a single value of sample fraction k for our likelihood
estimates in the k-regions as the moment methods by Einmahl and Smeets
(2011) so that we don’t have to worry about violation of the extreme-value
condition. For men’s 100 meters, we check the k-region 110-200 and find out
that both estimates for the tail index and the endpoint are highly stable
when k changes from 140 to 160. We select & = 160 and the resulting
estimates for v and 6 are —0.18 and 37.96. Based on Theorem 77, the
standard error for the endpoint estimate is 0.6837, and thus a 95% upper
confidence limit is 37.95 + 1.645 x 0.6937 = 39.09. From formula ¢ = 36/s,
the estimates for the time endpoint and its 95% lower confidence limit are
9.48 and 9.21, respectively. Similarly, for women’s 100 meters, we find out
that both our estimates for the tail index and the endpoint are highly stable
when k changes from 100 to 200 which is within the k-region 80 — 210, and
thus we are able to decide the sample fraction & = 200. The corresponding
estimates are listed in Table 4. The results for the moment method from

Einmahl and Smeets (2011) are also listed in Table 4 for comparison. The
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standard error of the likelihood estimate for the speed endpoint is 0.5606

for women’s 100 meters.
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Figure 5: Our new likelihood estimates and the moment estimates for tail index v =

—1/a and the endpoint 6 for speed (in km/h) for men’s 100 meters.

S3 Proofs of Theorems 1, 2 and 3 in Section 2

S3.1 Some notation and lemmas

Let Vi, .-+ ,V, beiid. random variables with distribution function 1—1/x
forx > 1and V,; < --- < V,, denote the order statistics of Vy,--- V.

Since U(V}), - -+, U(V,) are iid random variables with the distribution F', for
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Figure 6: Our new likelihood estimates and the moment estimates for tail index v =

—1/a and the endpoint 6 for speed (in km/h) for women’s 100 meters.
convenience we assume X; = U(V;) for 1 <i <n and hence X,,; = U(V,,;)
for 1 <i<n.

Consider another independent sequence of i.i.d. random variables V}*,
.-+, V¥ with distribution function 1 — 1/x for > 1. Denote Vig < <

Vi) as their order statistics. It is well known that
d *
{Vn,n—k-i-j/vn,n—k}?:l = {Vk,j ?:17 (83‘3>

see Page 71 of de Haan and Ferreira (2006). That is, {Vin—k+j/Van—r o)
are distributed the same as the order statistics of a sample of size k from

the distribution function 1 — 1/x for > 1. In the sequel, we will simply
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denote Vi, np1j/Vanr by Vi for 1 < j < k.

Set Sp(A) = 3¢ (Vi)h = S0 (Vi)* for A > 0 and define for = € R,

k
1 Z
=1

Ty = = for A > 1/2
Az — 1+ (de/k)*:c
and
(Vi) A ‘
Rk %(W + (1= AT — ’f_—§)> if A\ e (1/2,1),
A\ ’
9 (V* ,)/\ '
& (e + (0 - VT) A > 1.

Let {Y,,} be a sequence of random variables and {a,} be a sequence
of positive constants. Assume {A,} is a sequence of measurable sets. If
P{|Y,/a,] > e} N A,) — 0 for every € > 0, then we say Y, /a, con-
verges in probability to zero on A, and denote it by Y, = o,(a,) on A,.
If im. o limsup,_, . P({|Yn/a,| > €} N A,) = 0, then we say Y, /a, is
bounded on A,, and denote it by Y,, = O,(a,) on A,.

The following two lemmas are very helpful and easy to prove, and the

details of the proofs are omitted here.

Lemma 1. Y, = o,(a,) if and only if for every 6 € (0,1) there exists a
sequence of measurable sets {A,} with P(A,) > § for all large n such that

Y, = opy(a,) on A,. The same conclusion is true if o,(a,) is replaced by

Op(an)-



14 FANG WANG AND LIANG PENG AND YONGCHENG QI AND MEIPING XU
Lemma 2. Let {Y,} and {Z,} be two sequences of random variables such
that Y, — Z, = 0,(1). If the limiting distribution of Z,, exists and is con-

tinuous at x, then lim, ., P(Y, < z) =1lim, .. P(Z, < 7).
The following lemma deals with limits of V;*,, Sp(A) and Qy.

Lemma 3. (i) V. /k % exp(—z71) (> 0).
(ii) If X € (0,1), then £SK(\) 5 5.
d
(iii) If A € (0,1/2), then %E(Sk(A) - %) 4 N0, o)

(iv) If A = 1/2, then (sku/g) - 2k:> 4 N(0,1).

1
vklogk

(v) If A\ =1, then ,fﬁj(g/\,)c = 1.

(vi) If X > 1, then ) = 0,(1).
(vii) Q< N(0,1) ask — oo. IfA € (0,1/2), then (L (Sk(N)—155), Qi) >

N(0,%,), where

5= )

if A\ =1/2, then \/7(51@(1/2) — 2k) and Qi are asymptotically indepen-

A2(1—=N)2(1 =201 A1 —)\)72

AL —A)? 1

dent.

Proof. (i) follows from a direct calculation that for x > 0, P(V;,/k <
z) = (1 — £)* for large k such that kz > 1, which has a limit exp(—z~')
as k — oo. See, also, de Haan and Ferreira (2006). Parts (ii) to (vii)

follow from the classic theory of probability (see, eg, Loeve (1977)) since
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Sk(N) = 2:?21(1/]-"‘)A is the sum of k i.i.d. random variables for each A > 0.
Note that the mean E((V))) = - is finite only if A\ € (0,1) and the

1—x
variance Var((Vi)}) = % is finite if A € (0,1/2). Therefore, part
(ii) is a consequence of the classic law of large numbers and part (iii) follows
from the standard central limit theorem. When A > 1/2; the distribution
of (V;*)* is in the domain of attraction of a 1/\-stable law. If A = 1/2, the
stable law is normal and part (iv) follows from Loeve (1977), page 364. IF
A > 1, Sp(\)/k* converges in distribution to a 1/A-stale law and part (vi)
follows immediately. If A =1, (Sk(1) — klogk)/k converges in distribution
to a l-stable law, which implies part (v). The first part of (vi) follows from

the standard central limit theorem, and the second part follows from the

multivariate central limit theorem since

1 1
—(Sk(A JdogVr —1
(\/E(Sk( ) — ), Qr) = \/—Z< T logV; >
and Y is the covariance matrix of (V;*)* and log V. O

Lemma 4. Under condition (2.6) there exists a regularly varying function
Ay (t) ~ A(t) such that

| 1
GO—U(t):bt”’O(—%—%er

Al(t)) for all large t

where b = limy_,, t™a(t) = (=), and c is given in (1.1).

Proof. From Theorem 2.3.6 of de Haan and Ferria (2006) there exists a
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function A;(t) ~ A(t) such that for any ¢ > 0 and § > 0

Ultz)-U({) _ z0—1 Yotp _ 1
’ bt'voA Yoo x ‘ < exyote maX(:L‘5, $75)
1(t) Yot P

forall t as tx >ty for some ty > 0. Since lim, o, U(x) = 6y, we get the

desired result by selecting § < —vy and letting x — oco. 0

In Lemmas 5, 6 and 7 below and their proofs we use e to denote the

complex number cos x + 7 sin x.

Lemma 5. Let x € R and v > 0 be any constants such that 1 + vz > 0.
(i) Conditional on Vi = kv,

E—1, 4

R 1
Thwi=—(T® 2"y 4 q o ifae(=1
A k)\( Az 1 _)\) A, Zf S (27 )
and
) 1
Tho = ETA(Z) & Grwe  ifAE(1,00).

(ii) Conditional on Vi) = kv, Qy converges in distribution to the standard
normal, and Q) and TA,\,x are asymptotically independent for \ € (%, 1) and

A€ (1,00).

Proof. (i) Conditional on V;*, = kv, the vector (V;’},---,V} ;) has the
same joint distribution as that of the order statistics from k — 1 iid random

variables Y} (v), -+, Yx—1(v) with a distribution function Fj, given by

1—y_1

W for 1<y<k’U

Fk,v <y> =
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Therefore, for each fixed z € R and v > 0 such that 1 +v*z > 0 we have

that
k—1 )

1+ (Y;(v)/k) x

P(T( < sV =kv) = <s) forseR.

J=1

_ Y (v)
Set Z; =k )‘(H(Y;(W — 15). Then we have

T
I

1 k—1
- ) < sV = ko) = P(Y 75 < s).

G a(s) = Pl (T8 = 17—

<.
Il
—

We can check that

Sn(t) == B(e"%) — 1

kv A
— e [ Gl =Ny = 1)y

1—(k + (y/k)*x
= ) L, (el RN )y
1 v >\ ) ,
= R, (Rt et 0= 1)y
v A
- W /Uk (eXp{itlfm}(l —ith™ (1= X)) = 1)y dy + 0(%)
v A
= R L (Pl ) - )y o)
1 v y v o I
= ey [, (el — it ()
+m /ljk (1+ itl —Ey*m)(l —itk M1 =) — 1)y_2dy i 0(%).

Some further manipulations show that

on(t) = l/v (exp{it v b—1—it v )y~ *dy
" k Jo 1+ yrx 1+ yrx
it v y2)\72x ,U)\fl 1
=z d ).
k:</0 et T o)

Note that the conditional characteristic function of Zk L Z; s (14 6,(1))".
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Thus

(14 0,(1)F = froa(t).

Similarly, the case for A > 1 can be verified.
(ii) The proof is standard by showing the convergence of the character-

istic functions E(e“lQ’fWk’ik = kv) — e7'i/2 and
E<€it1Qk eitQT)\,z |kak — kU) N e_tf/zf)\,v,x(zh)

for (t1,1t2) in a neighborhood of (0,0). The details are omitted here. O
The following two lemmas consider the limiting distributions of Rg\kg)c

and Q.

Lemma 6. Let A € (5,1) or A € (1,00).
(i) If x > 0, then

RS, % Hiu;
(i) If x < 0, then conditional on 1+ (Vi /k)*z > 0,
R exp{(=a) i

Proof. Note that

o (Vi
A L+ (Vi k) e

R + (1 - )\)T)\,JH

where T,\,x is defined in Lemma 5. We have shown in Lemma 5 that for any



S3. PROOFS OF THEOREMS 1, 2 AND 3 IN SECTION 219

x € R and v > 0 such that 1 +v*z > 0

") (1) == BV, = k) = froa(l) (S3.4)

A0,z

where fy,, is the characteristic function of G, . Since fikgm(t) is not
defined when kv € (0, 1], for convenience, we set fikgx(t) = fawz(t) when
kv € (0,1].

Denote (1,(v) := v72(1 — (kv) H)*I(kv > 1), i.e., the density function
of Vi), Set £(v) = v exp(—v~")I(v > 0), which is the density function
of the distribution function exp(1 —v™!), v > 0. We can easily verify that
I [k(v) = €(v)|dv — 0 as k — oo. In view of the dominated convergence

theorem and (53.4) we have

[0 200 = sl = N0l — 0

0

When z > 0, the constraint 1 + v*z > 0 is trivial and thus

U>‘

0 v
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from which we have as k — 0o

)\

B0 = [ expit) (1= M)}

[ et

= [ el = e

IN

A1 = Ne)tele)do

[ et AL = N
= [ et el = N0
< [ 1) -+ / O = A1) = Frne(1 = ) (o)

— 0.

It is easily seen that [ exp zt(1+ ) oz (1= A)t)€(v)dv is the character-
istic function of the distribution H) ,. This proves part (i) of the lemma.
When = < 0, the natural constraint 1+ (V;,/k)*z > 0 is equivalent to

Vi /k € (0,¢,). Therefore, we have

B |1+ (Vi /k) e > 0)

CNAD (1= M) (v)dv.

From Lemma 3 (i) we get P(1 4+ (Vi /k)*z > 0) = P(Vi/k < @) —

. 1 [
= warvr e Jo | eplit(s

exp(—(—2)"/*). Similar to the proof for part (i), we have as k — oo

/% exp(zt(l i )\>>f(k) (1 = A)t)(v)dv

—>/ expzt ))fA”((l— ANt)l(v)dv.
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Hence, we get

B |1+ (Vi k) x> 0)

Pz U}\

S exp((—o)") / exp(it(

; m))f)\,v,x((l — AMt)l(v)dv.

The limiting function is the characteristic function of the distribution

exp{(~2)"*} Hxa(y)

which is the conditional distribution of V*(1 + VAz) + (1 — \)Z,, given

V<<,0i/A

, where Z,, and V are two random variables such that V' has
a distribution exp(—v™'), v > 0, and the conditional distribution of Z, ,

given V = wv is G, , defined in Section 2. This completes the proof of the

lemma. O

Lemma 7. Let A € (5,1) or A € (1,00).
(i) If x > 0, then Rg\kg)c and Qy are asymptotically independent.
(it) If © < 0, then conditional on 1+ (Vi /k)*z > 0, R(Aki and Q. are

asymptotically independent.

Proof. We will sketch the proof for part (i) only. The proof for part (ii) is

similar. From Lemma 5 we have

e ) 52
(k) (t, 8) — E(eZtTA’ZJﬂSQk’V]zk = ]{ZU) — fA,v,x<t> exp(—E)’

A\,x
which is parallel to (S3.4) in the proof of Lemma 6. Note that exp(—%) is

the characteristic function of the standard normal and is free of v. The rest
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of the proof follows the exactly same lines as those in the proof of Lemma 6.

We then obtain that

R ) o] ) U)‘ 82

| B (e tisn) _ ( / exp (it ( X ) e ((1 —/\)t)ﬁ(v)dv) exp(——=)| =0
0 I1+wv 2

as k — oo, which implies the asymptotic independence in part (i). U

Before proving our theorems, we derive some useful inequalities. It

follows from Lemma 4 that there exists a C' > 0 such that for all large ¢

90 - U(tl’) y
—— = — x| < Cx™A for all z > 1.
| 60— U (1) 2| < Ca™A(t) for all z >
Write
_ 0o — Ultx) Y0 /70
5(t,x)—(90_U(t) 200 [0,

Then |0(t, )| < CA;(t) uniformly in > 1 for all large ¢, and

Ulte) - U(t) .
T 1 =271+ 0(t,x)).

Now for each 7,1 < j <k,plugint =V, ,_ and v =

Vi m gt -
. ’“:J in the above

equation we have

Xn,n—k+j - Xn,n—k
‘90 - Xn,n—k

Vn,n—k j *
= 1= () (14 0) = 1= (Vi (14 €0,

(83.5)

Vn n— j
where Enj = 5(Vn7n—k7 ﬁ

). Since A, (t) is regularly varying with expo-

nent p and kV,, ,—x/n — 1 in probability, we get Ay(V, ,—k)/A1(n/k) — 1
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in probability, and thus we have

£n 1= max |e, ;| = O,(A(n/k)).

1<j<k

For every 0 > X, ,,, define

0 — Xn n—k
=~ "R S3.6
! 90 - Xn,nfk ( )
and thus 0 = X, + 7(6p — X i) for 7 > %ﬁfz:k Then we can
write
0 — Xn,nkarj - 11— Xn,nkarj - Xn,nfk
0 — Xn,n—k 0 — Xn,n—k
- 1_ Xn,n—k—l—j - Xn,n—k
7-(90 - Xn,n—k)
VEYO(L+ (7 — D)(VE) 0 + e,
OO V) )
T

For each given § € (0, 1) define
Ay = {1+ (r = V7)™ > 610 {en < 6/2}
and
Bu= {1+ (r = (Vi)™ > 6} 0 {(r = D)™ < 510 {0 < 3/3).

Define 3, ; and &, ; such that

0— Xtk
# — V* -0 __ _ 1 *4 ,270 » .
0 — Xn,n—k+j T( k’]) <T )(Vk71> + 6 .J (S3 8)
and
0 — Xn n—k T(‘/k*j)_’yo
e | 1+ &) S3.9
0— Xnpniyj 1+(17— 1)(kaj)—wo( &n.i) ( )
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Then, from (S3.7) we can show for all large n,
)
5l < (r = D2V 4 Tl = DAVE) ™0 + (V) e} (8310
uniformly in 1 < 7 < k and 7 on A,, and

max &, < <

€, uniformly in 7 on B,,.
1<5<n 6

S3.2 Proof of Theorem 1

As we have known, there exists a unique solution to h(#) = 0 as defined in
(2.3) on {X,,,, > X, ,—1}. Since F' is continuous in a neighborhood of § and
Xnn—k — 0 almost surely, with probability one, X,,,, = X,,,—1 can occur
only finitely many times (in n). Set A = {X,,,, > X, ,—1 ultimately}. Then
P(A) = 1. Set B = {f > 0 + ¢ infinitely often}. If the statement in the
theorem is false, then P(B) > 0 for some £ > 0, and hence P(AN B) > 0.

We have from (2.5) that infinitely often in AN B

1 < &%) Xn,n - Xn,n—k |010 - 1| Z nn k+j3 — nn k

- k41 é—Xnm kE+1 - 6 — Xon— k+j
&%) Xn,n - Xn,n—k |010 - 1| Z nn k+j5 — Xn,n—k
- k41 € E+1
2 1
§ il i (6 - Xn,nfk>
g
< 1,

which yields a contradiction. This completes the proof. 0
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S3.3 Proof of Theorem 2

Define
hl <T> - h(Xn,n—k + T<90 - Xn,n—k))

and denote 7 as the solution to equation hi(7) = 0. Then it is readily seen

that
0 = Xpni +7(00 — Xnpp), (S3.11)

or equivalently,
(S3.12)

0—0p = (7 —1)(0p — Xpnes).

Since k = k, — oo, we have under condition (2.6) that P(X,, >
Xpn—k) — 1 as n — oo. Thus, with probability tending to one, the ML

estimator 6 is unique, and hence 7 is also the unique solution to hy(7) = 0

It follows from Lemma 4 that

(o — Xpmr)/(n/k)° L /(=) = . (S3.13)

We will aim at the limiting distribution of 7 — 1 since the limiting distribu-

tion for § — 6 follows immediately from (S3.12) and (S3.13).

It is easy to see that for any sequence {7,}, on {X,,, > Xy i}, 7 < 7,

if and only if hy(7,) <0 and 7, > %X’“Tﬂ which implies

Xn n - Xn n—
P(7 <7) = P(hi(r,) <0, 220 2nnmk 2y 4 o(1). (S3.14)
90 - Xn,n—k
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It follows from Lemma 3 and equation (S3.5) that

Xn,n - Xn,n—k

Vi ; L
0o — Xoonon 1) = —<%)70(1+0p(1)) — 1—exp(_<maX(0’ —33)) 'Yo).

k=o(

(S3.15)

Equations (S3.14) and (S3.15) play very important role in getting the lim-
iting distributions of 7.

We will consider four cases: ag > 2, ag = 2, ap € (0,2), ap # 1, and

Oéozl.

Case 1: ag > 2. For z € R define 7, = 7,,(z) = 1 + 7 For any 6 > 0, we

have that P(A,) — 1 as n — oco. It follows from (S3.8) and Lemma 3 that

on A,
1—|—’}/0 k X
s () + 2 ((Sk(=20) = 75=) = (Sk(=70) = S(=20) )|
< O(%)(Sk(_ZYO) + Sk(=370)) + O(1)Sk(—0)en
o,z + B

< O,(kA(n/k) + k™).

We have used the fact that S, (—=3v) < (Vi) 7°Sk(—=27). Set Y, =

a(7)/VE and Zy = 222 ((Sk(=0) = 157) + (Sk(=70) — Sk(=270))5 ).

—70

It follows that Y,, — Z,, = 0,(1) under condition (2.7) and

d —x 1
Ly — N )
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from Lemma 3. Then we obtain from Lemma 2 that

T

lim P(hy(1,) <0) = ¢(—).
nggo ( 1(T ) — ) (m)
Since (S3.15) implies P(%ﬁi’:i;k < Tp) — 1, we get from (S3.14) that

P(7 < 71p(x)) — O( ) for all z € R, that is,

X
V1+2v0

VEF —1) 5 N(0,1+ 27),

which together with (S3.12) and (S3.13) yields (2.11).

Case 2: oy = 2. We can show (2.12) similarly to Case 1 by setting 7, =

To(x) =1+ ﬁ. The details are omitted here.

Case 3: o € (0,2), ag # 1. Set 7, = 7,(x) = 1 + k"°2z. We consider two

cases: x > 0 and z < 0.

Case 3.1: = > 0. It follows from Lemma 3 (i) that for any ¢ > 0,
there exists a 0 > 0 such that P(B,) > 1 — ¢ for all large n. We have
from Lemma 5 that T(k%x = O,(k) if oy € (1,2) and T* 70 » = Op(k70) if

ap € (0,1). Therefore, it follows from Lemma 1 and equation (53.9) that

for ap € (1,2)

k;’Yohl (Tn)
(Vk*k> (k) kE—1
— Y0 k=1 10
k (1 + (Vk. k/k,) 'VOx (1 + 70)<T_'y(),q; 1 + 70)) + Op(k )gn
(Vk k) (k) kE—1
— Y0 B
k ( (Vk*k/k) Yo (1 + ’VO)(T—’yo,x 1+ Y )) (8316)

+ Oy (K A(n/k)),
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which converges in distribution to H_,, in view of Lemma 5. Since

G_02(y) is continuous in y, it can be verified that H_. ,(y) is contin-

nn Xnn k

X <Ta is fulfilled automatically

uous in y as well. The constraint

since % < 1. Therefore, we have from Lemma 2 and (S3.14) that

lim P(7 < 7,) = lim P(k"hy(,) <0) = H_,, ,(0) = A_, () (S3.17)

n—o0 n—oo
when o € (1,2). For o € (0,1) we have

(Vi) ™
(ka/k) o
(Vi) ™
L+ (Vi /k)ox

Khy () = k7 + (17T L) + Open)

1+

— ko + (14 70T ) + O, (A(n/k)).

Similarly, by using Lemma 5 we obtain (S3.17) for x > 0.
Case 3.2: 2 < 0. The proof for z < 0 with ag € (0,2) and ag # 1 is

a little bit complicated since we have to take into account of the constraint

Xn,ann,nfk

X < T We only consider the case x < 0 and o € (1,2) since

proof for o € (0, 1) is similar.

From (S3.5) with j = k and Lemma 3 (i) we have for y <0

lim P(Amn = Xnnk ) = lim PRV < (—p)7)

n—o0 Oy — Xn,n—k n—o0

= exp(—(—y)~ V), (S3.18)

which is a continuous distribution function. Moreover, it follows from
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(S3.15) that

Xnn - Xn n—
lim B|[(Zn Dk

< T(y)) = 1K (Vi) 0 < (—y)~H)] =0, (S3.19)
n—o0 90 - Xn,n—k

where I(A) denotes the indicator function of the event A. For any given

small € > 0, if 6 > 0 is small enough, we have that

EII(K° (Vi) 0 < (=2)7h) = IR (Vi) 70 < (=2/(1-0))7)]
= P(Vi) 70 < (=2)7) = PR (Vi) ™ < (—z/(1=9))7)
— exp(—(—z) ") —exp(—(—z/(1 — §))" V")

< €/2,
which implies that for all large k£,

BII(E" (Vi) 7 < (=) ™) = IR (Vi) 7 < (—2/(1-96)) )| < e
(S3.20)

Since {(kak)”o < (—z/(1 =0} ={1+ (1u(z) — 1)V,,;f,,€ > 0}, we have
E[I((Vi) ™ < (=z/(1=6))"") —I(By)] =0 asn—o0. (S3.21)

Then it follows from approximation (S3.9) that (S3.16) holds on B,,. Since

d > 0 can be arbitrarily small, by using (S3.19) with y = z, (S3.20) and
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(S3.21) we can show that

. Xn,n_Xn,nfk
an, Pln(m) < 0 g s 7 < ™)
(Vig) (k) k—1
= lim P(k™ ’ 1 T ——)) <
i PO (T iy oe + 40 e = 7550)) <0

V*
L+ (=5) 7" > 0)

= exp{(—a) "} H_,,(0),

where the last step follows from Lemma 6(ii). Once again we have (S3.17)
by using (53.14) and (S3.18) with y = =. Hence (2.13) follows from (S3.17)

and (53.13).

Case 4: oy = 1. The case ay = 1 can be verified directly since there is a

close form solutuon 6 = Xom+ (E+1)"YX,,, — Xpun_) as in Remark 1 in

Section 2. Then, it follows from (S3.13) and (S3.15) that

Xn n Xn n—k 1 C<90 - Xn n—k)
) ) _ 1 1 )
7 e AU ey Yy Py o
+ k 0(90 — Xn,nfk)
K+l (n/k)!

ne(@ —6) = k(

Xnn_Xnn—

= B(EE R 1) (14 0,(1)) + 1+ 0p(1)
QO_Xn,n—k

41z

since the distribution function on the right-hand side of (S3.15) is the same
as that of —Z, where Z is the standard exponential random variable. This

completes the proof of Theorem 2. O
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S3.4 Proof of Theorem 3

Our approach in the proof is first to identify that the estimator 6 falls
within a small neighborhood of 6y and then to use some expansions to get
the asymptotic distributions for both 6 and a&~*. The proof is very lengthy.
We will consider three cases: ag > 2, ag = 2, and ag € (0, 2).

Case 1: oy > 2. The idea for the proof is somewhat similar to that of

Theorem 6 in Hall (1982). We will split the proof into several steps.
Step 1. Some preparations.

Let {6,} be any sequence of random variables such that

n=7(0, — 6p) = 0,(1). (S3.22)
Define
S gn - Xn,n—k
" 00 - Xn,n—k .

Then it follows from (S3.13) that

n=(6,, — 6y) _n7
(n/k)=0(00 — Xnn—t) G

k0 (r —1) = (6 = 60)(1 + 0p(1)) = 0p(1).

(S3.23)
Since n=7°(6y — X, ) converges in distribution to a positive and continuous
random variable, we conclude that P(6,, > X,,,) — 1.

For any 6 € (0,1), P(A,) — 1 as n — oco. By virtue of (53.8) we have

en - Xn,nfk

= (Vi) (L (7 = D= (Vi) ™) + (Vi) )
n n,n—k+j
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for 1 <j<k.

From (S53.10) we have

AL
%&L;%(Vk,]) |Bn.j| = 0p(1)

and thus

en - Xn,n—k

+ (Ve B + (10 = 1*(Viy) 77) Op(1),

where O,(1) terms are uniform in j. Therefore we get that

O, S Wi Pl + (17222 0

= DD loB Vi + (= (L= (=0 + Oy((r ~ 1P + Aln/b).

where the last step follows from Lemma 3 and (S3.10). Hence we conclude

that
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In a similar manner we obtain that

k
en - n,n—
2 gn_—k

n n—k+j

= Si(=0) + (7o = D(Sa(=70) = Sk(=270)) + Op (7 — 1)K + kA(n/k)).

N _
Since -—=*% = 0, (k~), we have

On_Xn,n
k—1 k
en n,n—=k Qn Xnn k —Y0
S Sk S I = Rk g (),
j=1 n nn k+j =1 n nn k+j

With some tedious calculations we obtain

k kvo 1 .
9(6,) = (Sk(=0) — m)(l + ) + 07 (E jzllog Ve —1)

% B )
Ao 1 29y ~ D+ 0(1) (93.25)

+(1, = 1?0 (k') + O, (kA(n/k) + k7).

From Lemma 3 we get

9(0n) _ 'Vg P o
N i (H%)Q(Hz%)\/%(n 1)(140,(1)) + 0,(1).  (S3.26)

Step 2. We show 7”F70(0~ —6y) & 0 as n — oo, that is,
P(n™(0 —6y) >v) =0 forallv>0 (S3.27)

and

P(n™ (0 — 6y) < —v) — 0 for all v > 0. (S3.28)

We will show (S3.27) here. The proof for (S3.28) is tedious and will be

given in Step 4.
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By setting 6,, = 0y £ n"/loglogk in (S3.26) we have from (S3.23)
that ¢(,)/vk = Foo, which implies that with probability tending to one,
there exists a root 6 € (0y—n/loglog k, 6y +n /loglog k) to the equation
g(0) = 0. Since 6 is defined to be the smallest solution to g(6) = 0 we have
P(n=°(f — 6y) > v) — 0 for all v > 0.

Step 3. Proof of (2.20).

Note that (S3.22) holds with 6,, = §. Then it follows from (S3.25) and

(S3.24) that

VEF —1)
— (1+ 7(;)8\(/1%—?— 27) ((Sk(_%) - %%)(1 + 7o)
k
1 1070 (jzllog Vi — k)) +0,(1)
and
. k
Vi@t —agl) = _%ﬁ(;_ b _ %(Zlog Vi, — k) 4 o,(1).

Hence (2.20) follows from Lemma 3 (vii), (S3.12) and (S3.13).
Step 4: Proof of (S3.28).

We will expand ¢(#) uniformly for X,,,, < 6 < 6y or equivalently for

Xn,ann,nfk

o < 17 < 1 via (S3.6). From (S3.5), this latter constraint is
0 n,n—=k

equivalent to {—1 — e, ,, < (7 = 1)(V{},)7 < 0} =: C,,.
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Since P(Vy,/Vii_1 > ) = 1/x for x > 1, by setting §; = (2/(2—¢)) ™

(> 1) we have P((V;5,) 7 /(Vi1) 770 > 61) = 1 —¢/2 for every ¢ € (0,1).
Hence, on {(Vy5) ™/ (Viyy) ™ > 61} 1 {en < (61 — 1)/2),

_51 +1
20,

<(r=1)(Viy1) <0

holds uniformly for all 7 € C,, that is, 1 4+ (7 — 1)(V}5,_;)™° > ¢ holds
uniformly on 7 € C,, where § = (6; — 1)/(2d1). Therefore, on D,, =
(V™ (Vi)™ > 130 {en < 6/3}, we have 1+(r—1) (Vi)™ > 4,
and thus by redefining B, as {1 + (7 — 1)(V},_) 7 > 6} N {e, < §/3} we
have expansion (53.9) for 1 < j < k — 1 with max,cc, maxi<j<p—1 |&n,;| <

%gn uniformly on B,,. So we have on D,, (C B,,)

g0) = Ko+ Jer(1+0,(0) (1 = Wir + Oplen)) — k

= K, + Jk77(1 — Wk,—r) —k+ Jkﬂ—(l + WkJ)Op(En)

uniformly on 7 € C,,, where

J._ —9 — T(Vi;) — (Vi)™
ke =2 Z L+ (7= 1) (V)

—

e

and
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Note that for all 7 € C,,

o (Vi) ™0 = (V7)™
L+ (7 = 1)(V;)

k—1
Jer = 24> (V) O+ (1)
j=1

k—1 k—1 -
> ST (=) SV - (V) )
]*k Jj= . )

= + O, (VE) + (1 — 7)k(

1+ 7 ""Op(l))

14+2% 1+

from Lemma 3. Meanwhile, we have

k—1 k—1 * O\ —
Wi = 9% gV 4+ 23 0g(1 4 (1 Vi) —1
= g 2o kvf+EZOg( + _T)1+(T_1)(vk*.)fvo)
j:l '— »J
<~ kzil AP S ) -
< og Vi + P
k& d k S+ (=)
k—1 % \—
—Y0 . —T (Vi)™ =1
< — log V" + x
& ; . k 1= (1+6/3) ViR (Vi)

It follows from Lemma 3 (vii) that

k
Z logVii; =k + 0,(Vk).

j=1

Following those arguments in the proof of Lemma 5 and considering the

conditional distribution given on Vi, we can show that on D,

1 kot * ) 7 1]
k — 11 1
k‘; 1— 1+5/3)Vk72<%*j), 1+ )(1+0,(1)),

which coupled with the above estimates implies that

| 3

Jer(1=Wi,) — k> [0

_ o 1/2y
> AT e R o) + O k)
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We also notice that on D,,

e

-1
T =2+ 0p( ) _(Vii;)77°) = Op(k)

j=1

<
I

holds uniformly on 7 € C,, which implies K, - oo uniformly on 7 € C,,.

Therefore, we have from the above equations that on D,,

9(0) [of?
VE — (1+7%)*(1 + 27)

(1= 7)VE(1L 4 0,(1)) + O,(1) (S3.29)

holds uniformly for 7 € C,. Since P(D,) > 1 — ¢ for all large n and any
given £ > 0, we conclude from Lemma 1 that (S3.29) holds uniformly on

C,, and thus for every v > 0

. 9(9) |70|3 nYovkl/2
—= = 01 1 1
Xn,n<19219r;—mov \/E - p< )+ (14 70)2(1 + 270) by — Xn,nfk:( + Op( )
’70'3 — 1
= 1 0 /2-+0 1 1
Op(1) + (1_1_70)2(1_’_270)0 vk (1+0,(1))
5

from (S53.13), which implies (S3.28).

Case 2: ap = 2. The proof is similar to Case 1, and the details are
omitted here.

Case 3: ap € (0,2). A different approach from the case o > 2 is needed
in this case. We will approximate the function g defined in (2.17) by the

function h defined in (2.3). Define the lower bound

hi(0) = h(0) — an
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and the upper bound

hy(0) = h(0) + an,
where {a,} is a sequence of constants given by

k2 (log k)2, if ap € [1,2),
a, =
k=01 2(log k)2, if a € (0,1).
Then a,/k~° — 0 as n — 0.

Let 01, and 0y be the solutions to hz(6) = 0 and hy(0) = 0, respectively.
If such solutions are not unique, #; and 6y should be interpreted as the
smallest ones.

For ag € [1,2), we have a,/n — 0 as n — oo, and both hy and hy are
decreasing functions of ¢ for # > X, ,,. Therefore, the solutions to hz(6) = 0
and hy(0) = 0 exist and are unique.

We continue to use the notation in the proof of Theorem 2. For oy €
(0,1), let 7, = 7,(x) = 1+ k%2, and define 0, = 6,(x) = X,k +
To(2)(00 — Xppn—k). Note that h(6,) = hi(7,), where h; is defined in the
beginning of Section S3.3. It is readily seen that khy(6,,), kK7°h(6,), and
k™h(6,) have the same limiting distribution function. From (S3.17), for
every ¢ > 0, we can choose an z > 0 such that P(k"h(0,(x)) < 0) >

1 —¢e and P(k™hy(0,(z)) < 0) > 1 — ¢ for all large n. This ensures

that P(k"hr(0,(x,)) < 0) — 1 and P(k"hy(0,(x,)) < 0) — 1 for some
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sequence of constants {z,} with lim, . x, = co. Since h/ (0) = hi(0) =
h'(0), we conclude, by using the same arguments in Section 2.1, that with
probability tending to one, the solutions to hz(f) = 0 and hy () = 0 exist
and are unique in the interval (X, ,,, 0, (x,)).

From the proof of Theorem 2 we conclude that the limiting distributions
for 0., Oy and 0 are the same. Note that 6, < 0. By using (S3.9) we can

show that

k k

1 0 — Xn,n—k —7 * -

Rl = 2 1oe Vi Ol — 1) = 0+ 0,7
j=1 ™= j=1

(S3.30)

uniformly on 6 € [0, 0y]. Similarly, from (S3.8) and Lemma 3 we have

(

O,(k), if ap € (1,2);

N

-1

0 — Xn,nfk

m - Op(k:logk), if Qg = 17

1

<.
Il

L Op(k—’yo% if o € (O, 1)
uniformly on 6 € [0, 0y]. It is easily seen that with probability tending to

one,

hi(0) < g(0) < hy(0)

holds uniformly for 6 € [0, 6y]. Therefore, there exists a root to the equa-
tion g(d) = 0 in the interval [0, 0] with probability tending to one, and
we conclude that P(n=0(@ — ) > v) — 0 for v > 0. Similar to the proof

of (83.28) we can show P(n~(f — ) < —v) — 0 for v > 0. As a result we
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obtain that

n=°(0 —6) %o,

which implies that 6 and 6 have the same limiting distributions.

1

For a~!, using a similar expansion to (S3.30) we have

k
~— —70 * —
a = TZlongﬂ- + o(k™Y?),
j=1
which together with Lemma 7 yields (2.21). The asymptotic independence
of  and & follows from the asymptotic independence of 6 and Q, which

can be verified from Lemma 7 and the proof of Theorem 2. This completes

the proof. O
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