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S1 APPENDIX TO SECTION 2

To appreciate why approaches (a) and (b) are effective, consider the as-

sumption

there does not exist a nondegenerate interval J such that f)lit(u) is
nonzero for at least one element u of J, and fgfﬂz2 (—s,t) = 0 for all pairs (S1.1)

(s,t) such that s+t € J.

In view of (2.3), condition (S1.1) is sufficient for fx to be completely determined once
the distributions of (L, R) and (7, Z2) are known. Since (S1.1) fails only if fgsz(—& t)
vanishes on a particular line in the plane, then (S1.1) would hold for all parametric models
that are likely to be used in practice, and more generally, in a nonparametric setting,

(S1.1) would fail only rarely. Indeed, it can be seen from (2.3) that the distributions of
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(Z1,Z3) and X are both nonparametrically identifiable from data on (L, R) alone if:

the characteristic functions fg;“ 7, and fE¢ satisfy (S1.1), and fg;“ 7, cannot

be decomposed in the manner fgf,zz (s,t) = (s, t)p(t — s), where ¥ is

the characteristic function of a bivariate distribution and the function ¢, (51.2)
of a single variable, is the Fourier-Stieltjes transform of a function whose

variation does not occur at a single point.

We claim that (S1.2) holds whenever Z; and Z, are independent, which condition holds
when the point processes 7; are Poisson. To appreciate why the assumption of indepen-
dent Z; and Zs is sufficient for (S1.2), note that if fglt,zz (s,t) = ¥(s,t)p(t — s) then

(Z1, Z>) has distribution function

F(z1,22) = /F1(21 — v, 29 + v)dG(v),

where F} is the distribution function of the distribution with characteristic function 1,
and ¢ is the Fourier-Stieltjes transform of G. The function F' fails to be the product of its
marginals if G is not concentrated at a single point. (The case where G is a distribution
function is more familiar. There, F' is the distribution function of (U; + V,Us — V),
where (U, Us) has distribution Fy, V has distribution function G, (Uy,Usz) and V are

independent, and Z; and Z, fail to be independent if V' is not identically constant.)
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S2 APPENDIX TO SECTION 3

The reason for raising the weight function w in (3.7) to the power ¢ is that, when taking

q = 00, this gives the criterion

Seo(0,B,w) = sup ‘.@(57) (s + B, w) f2) 2, (=5, 10 |w(s, 1) (S2.3)

—o00<s,t<oo
This is more useful than its analogue where w = 1, which we would obtain if in

(3.7) we were to replace w(s,t)? by w(s,t) and let ¢ — oo.
In some instances it is convenient to modify the criterion in (3.7). For example,

under the model at (3.6) we might change S,(6, B,w) to

q 1/q
(A, B, w) {//' (1+A71 — 2" tit) Ft( ) — fEYs +1B,w) w(s,t)qudt} ,
(S2.4)
which when ¢ = oo reduces to
Soc(A, B,w) = sup (1+ A" Yis) (1 = A7 2at) fFb(s,t) — fE8(s 4 1B, w)| w(s, ).

—o00<s,t<o0
If we are in case (b), and therefore are employing a nonparametric estimator of g(s,t) =

fZ1 7, (8;1), for example g(s,t) at (3.4), then the criterion function changes to:

W) = {//\@(s,n _ gt(s+t|5,w)§(s,t)]qw(s,t)dsdt}l/q (52.5)

The g = oo version of this quantity has a formula analogous to (S2.3):

Soo(B,w) = sup \@(s, t) — (s+t|B w)g(—s,t)|w(s,t). (52.6)

—o00<s,t<oo

S2.1 Bandwidth selection

An appropriate smoothing parameter, for example a bandwidth in the definition of fX

at (3.8), can be chosen using the comparison method; see Deheuvels (1977). Specifically,
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we fit a smooth parametric model Fx to ﬁx (for example, Fx might be a Normal
distribution with mean and variance estimated from data), and also to the point processes
T: (here we would generally use a Poisson model), and simulate from both to generate
many “resamples” of intervals, 7} = {[L7, R{],...,[L}, R;]}. Using Z; in place of the
original dataset Z,, = {[L1,Ri],...,[Ln, Rn]} we construct an estimator ﬁ)*( of Fx,
using the methodology summarised in section 3.2, and from this distribution estimator
we compute the resampled version f} of ]”VX. Critically, f;*( depends on one or more

tuning parameters, for example on the bandwidth A if we are using the kernel method

at (3.8):

Feta = [ (S52) afso

—0
Since the fitted model Fy is smooth then it has a well defined density fx. We choose the
smoothing parameters in the construction of f}"( so as to minimise the average distance,
for example mean integrated squared error conditional on the data, from f% to fx, both
of which are known. Finally, we use these smoothing parameters when constructing fx

at (3.8).

S2.2 Renewal point processes.

Assume that the point process 7 = {...,T;,Tj11,...} is a stationary renewal process,
where the common lifetime distribution has probability density fii.(z]0) and character-

istic function fEt (@), and @ is a finite vector of unknown parameters. Then the joint

Life

distribution of (Z3, Z2), where Z; and Z, are as introduced in section 2, is that of the

current life and excess life for the stationary renewal process, and has density

fZ17Z2 (Zh 22) = N(a)ilfmfe(zl + ZQ|0)7 0< z1, 22 < 00,
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where p(0) = [, 2fur(2]0)dz denotes the mean of the lifetime distribution, assumed
to be finite. See Karlin and Taylor (1975, pp. 192—4).

The characteristic function fglt 7, 1s therefore given by

P2tz (5:4160) = {in(0)(s — )} {fT(s10) — fE.(216)}-

This quantity would be substituted into (3.7) when undertaking inference.

S3 TECHNICAL ARGUMENTS

S3.1 Proof of Theorem 1.

It is convenient to give the proof of part (b) first, and then summarise the minor changes
needed to derive part (a).

Step 1: Preparatory lemma for part (b) of Theorem 1. Define

s(Biw)=  sup  |fES(t,te) — FES (8 + b B w) FE L, (—tr, t)[w(ty, t).  (S3.7)

—00<ty,ta <00
Let (B,@) denote the minimiser of Sa(B,w) under the constraint (4.12)(ii). (Formally,
Fx(|B,®) is the weak limit of a sequence of distributions with densities fx (|B,w) that
satisfy [ |2|€3 fx (x|B,w)dr < C4 and that, in the limit of the sequence for fixed n, equal

the infimum of S (B,w) over all (B,w).) Our first step is to prove the following result.
Lemma 1. Under the assumptions in part (b) of Theorem 1, and for each By > 0,

P {s(é,a) < nBr(l/Q)} S (93.8)
Proof of Lemma 1. It can be proved from Bernstein’s inequality that

sup  |P{IfFh(tsta) = fER(h 82)] > 02} = 0(n=0)
—oco<t1<ta<o0
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for all C,e > 0. Therefore, if the set A,, contains O(ncl) pairs (t1,t2) for some C' > 0,

then

P{ sup  |fFE (b1, b)) — fFE (b1, t)] > nf—ﬂ/?)} — 0(n ) (53.9)
(

tlvt’.’)eAn
for all O, > 0. Assumption (4.12)(i) asserts that E|L|“® + E|R|%* < oo, where, without

loss of generality, 0 < C3 < 1. Therefore,

1 n
=3 (L1 + RB1%) = 0,(1), (53.10)
j=1
[FEh(t,t2) = FER(ts )| < (11— 161 + [t2 = 4 ) B(LI® + BIRI®),  (83.11)

PRt t2) = fEh(ts,t0)| < — D" [exp {ilty — to) L + i(t2 — ta) Ry} — 1]
j=1

1~ .
-~ E min(|t; —t3|‘Lj|+|t2_t4HRj|71)
i=1

IN

IN

(It — 3] + [t2 — 14| ) (12517 + | R;|“). (83.12)

n
=1

S|

J
Together, (S3.9)—(S3.12) imply that for any B; > 0, no matter how small, and any

B5 > 0, no matter how large,

P sup
[t1],[t2]<nP2

Similarly it can be proved that, for the same choice of B; and Ba,

fEb(t,ta) = fLR(t, 1) < nBl_(1/2)} — 1. (S3.13)

P{ sup  [G(t1,t2) — f5) 7, (t1,12)| < n31(1/2)} — L (S3.14)

[t1],]t2|<nB2
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Assumption (4.12)(vi) implies that we may choose Bs so large that, whenever n # 2,
w(ty,te) < %n*1/2 if (t1,t2) is in the set Aj,, of all pairs for which the absolute value of

at least one component exceeds nB2. Let Ay, denote the complement of A, in R?, and

put
sl(B,w):( s1)1p fg}{(tl,tg)ffgt(tl+t2|B,w)§(7t1,t2)’w(tl,tQ). (S3.15)
t1,t2 EAln
s2(B,w) =  sup ffltz(tl,tg)—f)]’;t(tl+t2|B,w)f§f’Z2(—t1,t2)‘w(tl,tg). (93.16)

(t1,t2)€A2p

Since the quantities within absolute value signs in (S3.15) and (S3.16) are bounded above
by 2 then

1n—1/2} =1  (S3.17)

1
P{0 < s1(Bw) < in_l/g} = P{0 < s(B,w) — 52(B,w) 5

IN

for n > 2.
We may assume without loss of generality that supw < 1. In this case, (S3.17)

implies that with probability 1,
|500(va> - 8(B7w)|

S sup |f£‘1t;{(t1,t2) — f)F(t(tl + tg\B,w)/g\(—t17t2)|w(t17t2) — 82(87(,0) .
(t11t2)e~'42n

+ {S(B’w) - SQ(va)} + Sl(va)

< sup {|fFR(tte) - TER(t,t)] + [G(—t, t) — fglt,ZQ(thtzﬂ} +n2

[t1],[t2]<n P2

These inequalities, (S3.13) and (S3.14) imply that
P{|S(B,w) — s(B,w)| < 2nP=1/2) £ n=1/2 for all (B,w)} — 1. (S3.18)

It follows from the definition of (B,®) that infp ., Seo(B,w) = Seo (B, &), where of

course the constraint noted in (4.12)(ii) is imposed. From this property and (S3.18), and
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the fact that By in (S3.18) denotes an arbitrary positive constant, we deduce that for all
B, >0,

P{|S+(B,®) — inf s(B,w)| < nBr=(/2y 5, (S3.19)

)

P{|5(B,®) — s(B,@)| < nP=1/2y 51, (S3.20)

where in (S3.19) the infimum is taken over pairs (B,w) that satisfy (4.12)(ii). Since the

distribution of X satisfies that constraint, and

fglt,z2 (ti,t2) — f)lit(tl + 752)f§1t,22(—t17t2),

then the quantity infg ,, s(B,w) in (S3.19) vanishes. Therefore (S3.19) and (S3.20) imply

(S3.8).

Step 2: Completion of proof of part (b) of Theorem 1. The definition of s(B,w) at (S3.7)

can be written equivalently as

s(B,w) = sup |f¥(t+t2) — fXi(t +t2|37w)|f§f,zg(—t17t2)\w(t1at2)~

—oo<r <0

Taking t; =t and ¢t3 = 0 in the supremum we deduce that
s(B,w) > [ fRE(t) — fX(t, B,w)||f£F 2, (—t,0)|w(t, 0) for all real ¢. (S3.21)

Write Fx and Fx(|B,w) for the distributions with characteristic functions fk* and
P4(|B,w), respectively. Since, by assumption (4.12)(iv), By = sup, fx(z) < oo, then
for each B, > 7! there exists Bs > 0, depending only on Bs; and By, such that for all

T >0,

T
B
sup  |Fx(z|B,w) — Fx(z)] §B4/ R B, w) — Et(t)\dt+?5. (S3.22)
0

—oo<r <o
(This is Esseen’s smoothing lemma; see, for example, Petrov (1975, p. 109).) By as-

sumption (4.12)(i), both [ |z|%* fx(z|B,w)dz < C4 and E|X|® < Cy where, without
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loss of generality, 0 < C's < 1. Hence there exists Bg > 0, depending only on C4, such
Ft _ Cs Ftp) _ Cs .. .
that |fx"(t|B,w) — 1] < Bg|t|“® and |fx"(t) — 1| < Bg|t|“® for all real t. Combining this

property with (S3.21) and (S3.22) we deduce that, if 0 < a, < T =T (n),

an T
sup |Fx(z|B,w) — Fx(z)| < ZBG/ t¢1dt 4 S(B,w)en/ t—tdt
—oo<x <00 0 an
=2BsC; taSh 4 s(B,w)ey, log(T/ay), (S3.23)
where
1 Ft
€n = angféT'fZl’Zz( t70)‘w(t70)'
Together (S3.8) and (S3.23) imply that, for all By > 0,
P{ sup  |Fx(z|B,&) — Fx(z)]
—oo<z<oo
< 2BsCytals +nPri=(1/2e, log(T/an)} — 1 (S3.24)

Assumptions (4.12)(iii) and (4.12)(vi) imply that e,, < (C5C7)~ (1 + T)%+%s and so
we can choose a, and T~! to converge to zero at sufficiently slow polynomial rates to
give (4.14) as a consequence of (S3.24).

Finally we derive part (a) of the theorem.

Step 1: Preparatory lemma for part (a) of Theorem 1. Define s(0,B,w) as at (4.9),
and write (6, B,&) for the minimiser of S (6, B,w) at (S2.3). The following result is

analogous to Lemma 1.
Lemma 2. Under the assumptions in part (a) of Theorem 1, and for each By > 0,
P{s(é, B,&) < n31*<1/2>} —1.

To prove the lemma, note that (S3.13) holds as before and leads directly to Lemma 2,

using the argument in Step 1 of the proof of part (b) of the theorem. On this occasion the
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derivation uses (4.11)(i)—(4.11)(iii); the first and last of these assumptions are identical
to (4.12)(i) and (4.12)(iii), respectively, and (4.11)(ii) is analogous to (4.11)(ii).
Step 2: Completion of proof of part (a) of Theorem 1. Tt follows directly from

Lemma 2 and (4.10) that for each By > 0,

P{||§—eo||+ sup | fR(s+t) — Et(s+t|g,@)|w1(s,t)gnBl_(l/w“)}—>1.

—o00<s,t<o0

In particular, P (H5 — ]| < n31*<1/204>) — 1 for all B, > 0, which implies the first

part of (4.13), and

P{ sup ’f}lzt(s +1) — )Ij,t(s +t|g,f\u)‘ wy(s,t) < nB1(1/204)} 1

—00<s,t<oo

which, by paralleling Step 2 in the proof of Theorem 1, can be shown to imply the second

part of (4.13).

S3.2 Proof of Theorem 2.

Analogously to the density estimator f)\( at (3.8), define the deterministic quantity

fx(z) = %/K <x2y> dFy (z).

Now,

1 () -

g

()|]oo = sup ’;L/K’(u){FX(x—hmg,@) — Fx(x — hu)}du

—oo<r<oo

IN

2(/|Kf|> sup  |Fx(2|B,3) — Fx ()

—oo<xr <o

= Op(n~ch™1), (S3.25)
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where the last identity follows from (4.13) and (4.14) in the respective cases (a) and (b).

Observe too that, with C1; and § as in (4.15),

@) = 1@l £ sw [ 1K@l = ) - fx(oldu

< Cuht /(1 )| K (u)]du = O(hY). ($3.26)

Result (4.17) follows from (S3.25) and (S3.26).

S4 NUMERICAL IMPLEMENTATION

Several elements must be specified or tuned in order to implement the proposed method:
the histogram bins B, the loss function S, (6, B,w) and the weight function w(s,t). We

suggest to use the Lo loss

S2(0,B,w // s+ 18,0) 50 4, (— s,t|9)}2w(s,t)2dsdt (S4.27)

because it can be minimized explicitly in w for fixed B; minimizing (S4.27) amounts
to solving a linear system of equations in w. For instance in the case of homogeneous

Poisson with rate 1 monitoring times, where

1 (A +st)+i(t—s)
(1 +st)2 4 (t—s)?

2z (=s,t) = {(1+ si)(1 = i)} (54.28)

straightforward manipulations show that & = M M, where M is a K x K matrix with

element in position (k, j) given by

//{ 1+S 1+t2)}2 \1’1(87t7j)T1(s’t7k)(1+5t)_‘IIZ(S,t,j)Tl(S7t7k)(t—8)

— Wa(s,t,7)Ya(s,t, k)(1+ st) — Wi(s,t,7)Ya(s, t,k)(t — s)|dsdt
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and M is a K-vector with element in position k given by

w?(s,t) 1 &
M), = —_— Ly +tRe)Y1(s,t, k
[ 2]k //(1+s2)(1+t2)nz COS(S ¢+ RZ) 1(Sa ) )

(=1

—sin(sLy + tRy)Ya(s, t, k) }dsdt7

where

sin{BY (s + t)} — sin{ BE (s + t)}

\111(5,t7k): s+t
cos{BL(s+t)} —cos{BY (s +1t
\Ilg(s,t,k‘): { k( )i+t { k( )}

Ti(s,t, k) = Va(s,t,k)(t —s) — Uy(s,t, k)(1 + st)

To(s,t, k) = Ua(s,t,k)(1+ st) + Uy(s,t,k)(t — s)

and BE and BY respectively denote the lower and upper bounds of the k-th bin of B.

The choice of the weight function w(s,t) has to respect the regularity conditions
outlined in Section 4. We obtained good results in our trials when using w(s,t) =
{(1 + [s])(1 + |¢])} 7 with p = 5. Such a high power ensures that sufficient weight
is given to observations in the neighborhood of (s,t) = (0,0) where @(s,t) is more
accurate.

The specification of the histogram bins B can either be done on a trial and error
basis, or by finding B (for a fixed number of bins) that minimizes .S if one has an efficient
algorithm to do so. The former option is relatively simple to implement: a good choice
of B will yield a histogram that looks reasonable while a poor choice will generate some
of the histogram heights, w, to be negative. A compromise that worked well in our trials
consists in minimizing Se over a small number of bin sets. Naive automated ways of

specifying the bin sets include using J bins of identical size or using the quantiles of the
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midpoints of the observed or innermost intervals; in our trials the first two of these three
options yielded good results. For each bin set, we estimated the bin heights wq,...,w s by
solving the linear equations that yield the values of the w’s that minimize the discretized

loss function

n
n*l Z ei(sLe—‘rth)
=1

S2(w,B) = Z w?(s,t)

(s,t)€eG
J it
— E w et gy 1+is)(1—it)y !

where By (B) are the bins and G is a grid of (s, t) points, for instance G = {(s,t) : =5 <

2
: (S4.29)

s,t < 5} a grid of size 40,000 = 200 x 200 of values of (s, t).
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