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In this supplement document, we first provide some technical lemmas which will be used in the proofs of
the main propositions and theorems. Next, we provide the proofs for Proposition 1 - 2 and Theorems [I] -
Bl Throughout this supplement, constants which do not depend on n and p are denoted by C,C1,Ca, .. ..
At last, We provide more simulation results of the proposed test method with the Benjamini and Hochberg

(1995) procedure and for the Gamma distributed data.

S1. Lemmas1-3

Lemma 1. Under the Assumptions (C1) - (C4), there exists a positive constant C
such that hy < Ck=P for each q.

Proof of Lemmall. For the generic random vectors X; = (X;,...,X;,)" and Xy =
(Xg.1,...,X2,)", under Assumptions (C3) and (C4), the Davydov’s inequality im-
plies that, for ¢+ = 1,2,

o] < 120X 14l Xiella (ax, (15 — kD)= < 12M2clj = K772 (SL1)
where || X, |, = (E|Xz~7j|r)1/r. Then, according to (SLI), (p—q) 'S, = (p—¢) ' (D1,4,+
Dy, —2D.,) < Cq~?, where C' = 144Mc?. This completes the proof of Lemmal[ll [

Lemma 2. Under the Assumptions (C1) - (C4), for each q, there exist positive
constants My and M, such that

/\max(Ei) S M1 and /\ma$<Wi,q) S MQ. (812)

Proof of Lemmal[Z. The upper bound for the eigenvalues of 3; can be derived directly
by (S1.1) and the Gersgorins Theorem:

p
/\max(zi) < Hl]aXZ |0-i7j7k| < Ml'
k=1



The derivation of the upper bound for the eigenvalues of W, , is similar but more
involved. Let ay, be the a-mixing coefficient of the sequence {Y;5"}2_{. Thus for
each given ¢, av, (k) < ay,(k — q) for £ > gq. We use the Davydov’s mequahty to

51752

. For |s1 — 89| > ¢,
— 52))2 < C(ls1 — 5o — )2 (S1.3)

obtain the upper bound for w;

i) < YY) o

For \31 — s9| < g,
51,82 __
|wi,q - |COV(XZ I 81X1 2J582 Xi7j781+qu7j,82+q) t Oiss1,520i,51+q,52+q

_Ui,81,81+q0i,82752+q|

< C(C_I—|S1—82|)ﬁ/2+C'|31—82|_25+Cq_25. (S1.4)
For |s; — s3] = g,
|wz;’sl+q‘ = (X 1,7, 81X12] 51+qu,j,Sl+2q) - 0-7;2751,314,(1 S Cl. (815)

And for s; = s5, we have

Wit = B(XF 0, XE s hg) — Orars < Ca. (S1.6)

1,7,51°71,7,51+4q ,51,51

Thus, by the Gersgorins Theorem and (SL3]) - (SLA), we have

p—q
max N(Wi,) < max Z |wi g™ < M.
so=1
This completes the proof. [l

Lemma 3. Under the Assumptions (C1) - (C5), for ¢ = o(p) and i = 1,2, j =

1,...,n, then,
p—q

Z E(yS1,81+qu2,82+qu3783+qYS4,S4+q) -0 ((p _ q)2) )

1,J
81,582,53,84=1
Proof of Lemma[3. In order to show that
p—q
81,51+q~/52,82+q~/53,53+q~/54,54+q\ __ 2
§ E(Yi,j Yi,j Yi,j Yi,j )=0 ((p —q) ) )
51,52,83,54=1

Y Ls ey s2seay ss,ss Ty s Hd oxeplicitly using Assump-

we will expand > 777

§1,82,83,84=1
tion (C4) and show that the expectation of each term is O ((p — ¢)?). Since lejvS2 _
X ’J’SIX 7.7 52 O-i,817827 we have
p—q
E 51,51+q~r52,52+q~753,53+q~754,54+¢

BV YY)

81,52,83,84=1



4 6 4
Mi,q@ - E :Mi,q,bk + E :Mi,q,ck - E :Mi,q,dk + Mi7q7ea (81'7)
k=1 k=1 k=1
where
pP—q
Miga = E E (X1 K510 Ke 5,52 K 5,500 K453 254, 53+9 254,54 50, ,50+q) 5
51,52,83,54=1
pP—q
Mign = E Tisn,s1+a B (K 0K g 509K .55 K53+ 950,50 Kigosata) »
51,52,83,54=1
p—q
Migre = E Ot (Ko X s +q XK ,s5 Xi s+ X jss Xig,sata) »
51,52,83,54=1
pP—q
Migps = E T ss,55+q 0 (Ki 1 K514+ ,5,52 K50+ K g,54 i jrsa+g)
81,52,83,54=1
pP—q
Migpa = E Tisasatqls (Ki g1 K j014+q 24,552 K4,5,50-+0K45,53 i jys3-+)
51,52,83,54=1
pP—q
Miger = E Tis1,51+q0,52,50-+q 10 (Ki g5 Ke g 5500 Ked,54 i grsa+q)
$1,52,83,84=1
pP—q
Mi7q7c2 - E , Ui,81,81+q0i,83,83+qE (Xi,j,szXi,j,sz—&-qxi,j,&;Xi,j,84+q)a
$1,52,83,54=1
p—q
Miges = E Tists14+qTi,50,55+q 10 (Koo X jso+qKi,5,53 K4,,53+)
51,52,83,54=1
pP—q
Miger = E i s,50+q0,53,55-+q b0 (Ki g1 K go14qKed,54 i g,sa+q)
51,52,83,54=1
pP—q
Miges = ) i s,50+q0 54,51+l (Kijs1XKigs1-0q K553 i g,s3+4)
51,52,83,54=1
p—q
Miges = § Tisz3+qTi,sa,55+q 10 (Xijisr X jis 49K, K, ,52-+)
51,82,83,54=1
pP—q
Migm = Y i mtqTisssntqTisssstaB (XigsiXijaita)

81,52,83,84=1



p—q
Ml}q,tﬂ = E , Ui,sl,81+qai182,82+q0i,84784+qE (Xi,j,é’in,j,Ss-i-Q)?
81,52,83,84=1
p—q
M;ga3 = Y OissitaCisssstaTisnsital (XijoXijetq)
81,52,83,84=1
p—q
Miga = Y OimsstaOisssstaTisnsital (Xija Xijeitq)
81,52,83,84=1

and
pP—q

Mi,q,e = E : Oi,s1,514q04,52,52+q1,53,53+qT4,54,51+q"
51,82,83,84=1

According to Assumption (C4), (SL1) can be explicitly written as follows:
p—q
Z E(Y,f71j781+qYZ?S2+qY:3’83+qY:§7S4+q) (81.8)

81,582,83,84=1

pP—q * * * *
- Z Z Z Z Z Fivslvflri@l*q»f? Fivs2:fsri;serq:&Fi,Ss,@s Fi733+q786

51,52,83,84=1 L1 0o £3,04 5,06 L7 08

8
XPi7S4,€7Fi,S4+q7ZSE Hzl}jlk )
k=1

where Y " denote the summation over mutually distinct indices. We consider all
combinations of £y, ..., 0s in the set {({1,...,0g) : {1 # lo, 03 # {4, 05 # lg and {7 #
(s} and will show that every term in (SL.8) is O ((p — ¢)?). For simplicity of notations,

we define

m
fs(l),82753784 = Fiysl7€Fi7327£]'—‘i7537£1—‘i=547€’
=1
m
7
fs(l),32,53,54,55,56 = § :Fi,817€Fi7827€Fi753yfri7547fri7857fr’i,86f

=1

and

m
7 _
fs(l)752733754755756737758 - Z Fivsl7€Fi,8275Fi,537fri7847eri§5,KFLSG,ZFLSLKFLSSJ'
/=1

It can be shown that ;4 5, = > ;o [isLis,e. Since E(Z;;0) = 0, any term with
a single ¢; in (SL8) equals to zero. First of all, we consider cases where ki, ..., kg

consist of four pairs with distinct values. For example, if {1 = (3, ly = by, U5 = {7



and (g = {3, we have
p—q x

E : E : Fi,SlﬁlPi,smflFi781+q,52Fi,sz+q,f2ri,83753Fi,smfsFi,83+q,f4ri,84+q,54

81,52,83,84=1£1,02,03,04

3 2
= Figa = 2Figm — 2F; g0 — Figps — Figpa + E Figor +4 E Figar — 6Fige,

k=1 k=1
(S1.9)
where
p—q
Figa= E : Oi,s1,5201,51+q,50+q71,53,54 0 i,s3+q,54+q>
$1,582,83,84=1
p—q
| o - (@)
i,q,b1 — 1,51+q,52+9% 1,53,54J 51,52,53+¢,54+¢q>
51,82,83,84=1
rP—q
_ (@)
Fi,q,bQ - Z 0-1381,82Ui,81+q,82+qf83,83+q,54784+q7
81,52,83,84=1
prP—q
. — E A . (%)
Fz,q7b3 - Uz,sl+q,52+q0-2,83+q784+qfsl,32,53,347
81,52,83,84=1
p—q
_ § : (@)
Fi7q,b4 - O—’i781,820—7;,83784fsl+q,82+q,83+q,84+q7
51,52,83,84=1
p—q
_ § : () (4)
Fi,q,cl - f81781+q:s2,S2+qf53,83+q,84784+q’
$1,52,53,54=1
pP—q
- E : (i) (4)
Fl,q,ﬁ - fsl,32,33,34 f81+q782+q783+q,84+q’
81,52,83,84=1
p—q
_ } : (i) (@)
Fl,q7c3 - f81,82,83+q734+qf51+q782+q,83754’
81,52,83,84=1
p—q
_ } : (@)
Flvq7d1 - 0-i751732 f81+(1,52+(1,33733+(1,54734+q7

51,82,83,84=1



pP—q

_ (%)
Figa = § Ui,81+q,82+qf81,82783,83+q784784+q7
51,52,83,54=1

and

p—q )
1,9, — 51,51+¢,52,52+4,53,53+¢,54,54+¢q"

81,582,583,84=1

We are going to prove that every term in (SL.9) is O ((p — ¢)?). According to Lemma

2l we have

P 2

< Z |gi,81,82| < Cs(p - Q)2~ (31.10)

$1,82=1

|Fi,q,a

According to the Cauchy-Schwartz’s inequality, the following inequality for F; ;41
holds:

p—q 1/2 p—q o 1/2
2 2 i 2
|Fi,q751| S Z ai,sl+q,52+qai,53,54 Z (f51,82,53+q,54+q)
51,82,83,54=1 $1,82,83,54=1
f i : p—q 2 2 _ N2

Similar to (SLI0), it can be shown that > 77 . _ 07 10070 =0 ((p—q)?).
And

P—q p m

(@) 2 (%) 2 _ 4 _ 2

Z (f51»52:33+%34+q) S Z (f81,52753,84> - Z Ai,llﬁg =1tr ((A’L o Al) )

51,52,53,54=1 $1,82,83,54=1 £ ,£2=1

< Mp=o(lp—9)?),
where the m x m matrix A; = FZ-TFZ- has the same non-negative eigenvalues as ;.
Thus we have F; 51 = O ((p — ¢)?). In the same way, F; 43 and F; ;54 can also be
shown to be O ((p — q)?).
For F; ; 42, since the following equality holds:

(@) _ 1 83,54
f83,53+q,54734+q - E(Z4 )wi,q — O4,53,6404,534q,50+q — Oi,s3,504+qT4,534+¢,54> (S]-]-l)
i?j’k
we have
1 pP—q
53,54
|Fi7q,b2’ < E(Z4 ) Oi,51,5201,514¢,52+qWi ¢
ivj’k 81782,33,84:1
rP—q
+ E : Oi,s1,5201,51+q,52+q04,53,54F,53+¢q,54+q

$1,52,83,54=1



pP—q
+ E Ui,sl,32Ui,sl+q,32+q0i,53,S4+q0i,33+q,54
51,52,83,84=1
_ 2
= O0(lr-a)°).
Similarly, using equation (SL.II]), we have
1 pP—q
. E 81,82, ,83,54
‘Fz,q,cll S E2<Z4 ) UJi,q wi,q
LIk | s1,59,83,54=1
p—q
+2 E O-i,s1,52Ui,sl+q,52+q0-i,53,S4+q0-z',53+q784

$1,52,83,84=1

2

E(Z; )

T
Q

51,52

Wiq Oi,s3+q,5404,53,51+¢

(]

$1,82,83,84=1
P—q
2

4 W52 o
E( 4 ) 1,q %,53,54%1,53+¢,54+¢
03k | s1,80,83,80=1

p—q
+ E , 0i,s1,5204,514q,50+q74,53,540i,s3+q,51+q
81,52,83,84=1

p—q
+ § : 04,51,524+q01,51+q,5201,53,54+q04,53+q,54
$1,82,83,84=1

= 0((p—19)7).

The derivation for F; ; .o and F; 4 .3 are also similar. Using the Cauchy-Schwartz’s

inequality, we have

- 1/2 g ; 1/2
j 2 ? 2
|Fi’q702| < Z (ffg:),sms,u) Z (f81+q782+q783+q784+q>
$1,82,83,84=1 $1,82,83,54=1
p

< Y (U, e <=t (Ao A)’) =0 ((p—q)).

81,82,83,84=1
Furthermore, for F; , 41 and F; 4 42, we have

m P—q 1/2

2 2 2
|Fi,q7d1’ < MlE : § : Fi,sl+q,fri,53,fri,34,é

=1 \s1,s2,83,54=1

p—q 1/2

2 2 2
X E Fi,sg+q,€ri,sg+q,ﬂl—‘i,54+q,€

81,52,83,84=1



< Ciplp—q) =0 ((p—q)?)
And the last term
m p
|Fi,q,€| S Z Z F?,sl,ZF?,SQ,ZFZZ,S&@FZ%S;L,Z

(=1 s1,52,53,514=1
= tr(d0A) =0(lp—0q)?).
Thus, (S1.9) is shown to be O ((p — q)?). Likewise, other combinations where
(1, ...,lg consists of four distinct pairs can be shown to be O ((p — ¢)?).
Define ”
fs(f),SQ,sg = Z | IR ) ey,
=1

and

m
7
FD  snss = E Uis1,6L,50,60 % 55,60 i 54,01 55,0
/=1

We consider the case if {1 = {4, {5 = {5 = {7 and {3 = (g = {3 and we have
pP—q x

E : E : Fi,shflFi752+q,51Fi,81+q,f2Fi,s&bFi784,f2Fi752753Fi,33+q,z3fi,54+q,23

51,82,83,84=1 £1,02,03

p—q p—q

_ § : (4) (@) (@) (4)
- Uz‘,sl,52+qf52,s3+q,34+qf51 +q,83,84 f81,82+q752,83+q,84+qf81 +4,53,54

§1,52,83,84=1 81,582,83,84=1

pP—q p—q )
_ f(l) f(l) + 2f(l)
51,511+¢,52+¢,53,54J 52,53+q,54+q 51,51+¢,52,52+4,53,53+¢,54,54+¢q"
51,82,83,84=1 81,52,83,84=1

(S1.12)
The first term in (SLI2) can be shown to be O ((p — ¢)?) as follows

P—q . .
o (i) 70
1,51,52+qJ 52,53+¢q,54+qJ 51+¢,53,54

$1,82,83,84=1

p—a 1/2 p—q 1/2
S Ml ( Z (fs(253+q,54+q>2) ( Z (fS(I)Jrq,S37S4)2>

81,52,83,84=1 81,52,83,54=1

< Mip—q) >, Al <Cs(p—@)tr(A7) =0 ((p—0q)?) .

0,65=1
And similar results hold for the other three terms. Thus, ([SLI2) is O ((p — q)?).

Other combinations with ¢4, ..., fg taking three distinct values can also be shown as



O ((p—a)?).
Furthermore, we consider cases where /1, ..., fg are divided into two groups with
distinct values. For instance, if {1 = l3 = {5 = {7 and ly = {4 = lg = L3,
p—q *

E , E :Fi,slllFZ}SQ,@lFi,s&flFZ}S4,€1Fi,sl-ﬂl,bFi,sz-‘-qlzFi,83+q7fzri784+q752

51,52,53,54=1 01,02

p—q )
= PO psifl o
51,52,53,547 81+¢,52+¢,83+q,54+q ~ 51,51+4,52,52+4¢,53,53+G,54,54+¢q"
81,52,83,84=1 81,52,83,84=1

Similar to the proof of (SL.9), we can show that the two terms in the above equation
are both O ((p — ¢)?). This completes the proof of Lemma [3]
[

S2. Proof of the main results

Proof of Proposition[1. Recall that we define the following in the proof of Proposition
M in the Appendix.

AE,ITZQ - Z Z 4,544, S+q (Xz ks X s+q)

nl j?

2
AEJZq = Z Z X 1,7, SXZ k,s+q Xz,l,st l s+q)

= m .k,
3
Az(',rzq = Z Z X,j, zk5+qlestts+q7
= nl 7.kt
and
p—q ny n2
AL = X1 5.6X 1 0tq) Kok sXo ks
&ng ;nanE;; 1,7,5431,7, +q)( 2,k,s452 k +q)
pP—q 1 *
2 _
Ac,nq - n1n2(n1 — 1 Z ZXI,], Xl ks+q(X2,l,sX2l8+q)7
s=1 ik 1=1
pP—q 1 *
Ay = ) (X11.5X11,549) X255 X 1.5
c,ng Z nan(n2 — 1 ZZ 1,0,s4x1,1 +q) 2,7,84%2.k.s+q>
s=1 =1 jk
pP—q 1 * *
AW — X156 X1kstqXo1sXos
c,ng Z nan(nl — 1)(”2 — 1 Z Z 1,5,5431,k,s+q<4*2,l,54 2,t,s+q-

ik Lt
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Since Dy g, Do nq and D 4 are unbiased and location invariant, we assume p; =
1
and Ag%q

are the leading terms of Dz ng and Dc nq shortly after. Therefore, in order to derive

po = 0 without loss of generality from now on. It will be shown that AZ ng
the variance of an, it suffices to derive the variances of AZ ng and A((;,l%q, 1=1,2, as
well as the covariances among them.

First of all, the variance of the U-statistic AE Tzq can be derived via the Hoeftd-
ing decompositions (Hoeffding |, [1948), which was proved to be valid in the high-
dimensional setting by [Zhong and Chen| (2011). For j = 1,...,n;, let B, ;(¢) =
(XijaXijisq - XijpqXijp) - Define the RP-9 x RP~4 — R kernel function

H(xy,25) = 2] 19, 1,75 € RP79. Hence, AE ng Can be written in the standard U-

znq_ ZH (q))a

where ("S) = (ni:‘i)!s! and C,, s refers to all distinct combinations of {ji,. .., js} from
{1,2,...,n;}}.
Define ¢, = Var (E(H (B;;(¢), Bix(¢))|Bi,;(q))) and ¢ = Var(H (B ;(q), Bix(q)))-

Then, standard derivations show that

statistics form as follows:

r—q
E : S$1,82 __ 7T
< g; 81,s1+qaz 82,52+qw J W Jz ,q
s1,52=1
and
p—q
_ 81,82 51,52 T 2
<2 = E + 2 E O0i,s1,514q074, 82752+qw1q = 2J W J i,q + tr(W )
s1,82=1 s1,89=1

According to the Hoeffding decomposition, we have

-1 2
Var(AE}TZq) = (2Z> Z (2) (;L o C) gc - JT W qu + ﬁtr(wiq>
pt U
(S2.1)

Similarly, we get

1 1 1
1 _ T T
Var(Afy) = =l Wiaag + S ;1 HWah + smtr(WigWa,). - (52.2)

and

2
Cov(ALy Alng) = I Wighey,  Cov(AL, Aj),) = —J[qWQ,quq.
1 T2
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Then, the leading terms of the variance of S, are

Var(Sn,) = Var(A(l) )+Var(A ) + 4Var(AQ) )

1,nq c,ngq

_4COV(A£17)L(17 Aglnq) 4COV(ACI7)an Aglr)Lq)
2
ni(n —1)

4
tr(W3,) + mtr(WLqWQ,q). (S2.3)

2,nq

= —JTwqu +— JTWQ,qJ +

L2
na(ng — 1)

Thus, it remains to show that the remaining terms A,L g A2 ‘g A?ﬁq, Af’%q and

tr(Wﬁq)

AEA})LQ are at a smaller order than the leading order terms of an. We first consider
the general case that b, = cq~® and establish the order of A" ng and A, In (B20),

ignoring the non-stochastic constants, the first term equals to

pP—q
51,52 — B 81,52 —B
E Tiys1,51+q0%,52,52+qWi Cq~ E | < C(p—q)q

51,52=1 s1,52=1

And it can be shown that tr(W?,) < (p — ¢) for the second term in (S2.I), according
to Lemma 2l and Assumption (C5).
Notice that the order of A!") depends on q. In the following three different

znq

regimes, the leading order of Al g
(i) If ¢ =o(n 1/’8) the first term of in (S2.0)) is the leading term;
(i) If ¢# < 1/n;, both terms in (S2.)) are of the same order;
(i) If nil/ﬁ = o(q) and g = o(p), the second term in (S2.1) is the leading term.

In order to show that A(2)q and A(3)q are at a smaller order than AE Tzq, it is

sufficient to show that the variances of A% and A® are both at a smaller order

znq znq
of Var(Al nq) Similarly, the variance of AZ g and AZ g can be derived using the
Hoeffding decomposition. Write Aﬁgq = P3, Zj,k,l o(j, k, 1), where

o(4,k,1) Z X g Kl s+q R ks XK ey sg-

Symmetrizing ¢ by
HQ(ley XZ ko Xl l)

@IH

in the standard U-statistic form with the symmetric kernel

3v
)

and we can write A

(00, kD) + 05, L k) + ok, 5, 1) + ok, 1, j) + ¢, g, k) + (L k, j)]
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function H, such that
1
Agizq = T Z HQ(le’ijana)-
(5) &

By the Hoeffding variance decomposition again, we have
-1 3

Var(Agizq) = |5 E Jls_ . Cac
c=1

4 2
= 5 (Zbiga +bigae) + P—g(z bigsi + > bige): (S2.4)
ng i j=1 J=1

i

where
p—q

bi,q,al: E : Oi,s1,5201,514+q,52+q04,51,51+q04,52,52+¢> (825)
s1,52=1

pP—q

bz‘,q,aQ - § 04.51,50+q04,51+¢,52014,51,51+qi,52,50+¢>
81,52=1

pP—q
Digp = Y OisrtquoraBXigis Xijor+aXiguss) B o Xijusa Xi jisara):

81,52=1

pP—q
bigp2 = E i tqusn B (XK1 X o140 XK j,5040) B (X s Xi g X s )
1

81,82—=

pP—q

bigbs = E Ti 1,5 (X g1 K1 49K guso+) B (K 140K, 5,50 K, s2+0)

s1,52=1

pP—q
bigss = > OisysaraBXigio Xigisr+aXigise) B K g0 X0 Xigisota):

s1,52=1

pP—q
bige1 = E  Ois1s00i,s1 a0 B (Koo X o1+ X 5o Xijusn+q)

s1,52=1

and
p—q

bigec2 = E Tis1,s0+q0 51+, B (Ki o1 XK gs +0Kid,50 X jrs2+g) -

s1,52=1

It suffices to show that each term in (S52.4) is a smaller order of Var(Ag}Tzq). It
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can be shown that the first term in (S52.4))

n; — 3 Myg"? 2 Mi(p—q)q”
P—T%bi7q7a1 S nZQ sszl |O"L'781,52‘ S n—zzn (82.6)
H 1,82=

For ¢ which is in Regimes (i) and (ii), Var(AY) ) < (p — ¢)¢=#/n; thus (SZ0) is at a

i,nq
(1

smaller order of Var(A; ). For larger ¢ in Regime (iii), since Var(A(l) ) =< (p—q)/n?

7,nq i,ng
and ¢~ = o(1), (52.6) is also at a smaller order of Var(AZ(-iZq). The same result holds
for b; g.a2. Next, we show that b; 4,1 = 0 <Var(A§},Zq)> and the rest of b; 44, 7 = 2, 3,4,

can be shown in the same way. For s; < s, we have

E(X 51X g5 Xi gysa+a) < 120X sy [[all X5 XK s ll a0,

Similarly, for s, < sq,

E(Xi 1 Xi 140X gs2) < 1201Xi 560 Xi sl 4l X jiso [l a0 (
Then, it follows that

pP—q
_ 2 2
bign = E Tistastals (X e Xijstq)
s=1

p—q—1
+ > Oisr e B X0 X0 ) E(Xi oy Xi s X jusa-tq)

[sa—s1]|=1
= Op—q).

Therefore, b; 451 /P2 is a smaller order of Var(A

s9—51])'/* < Crax, (|sa—s1])/%

s1—52))1/? < Cgax, (|s1—s2]) "2

(1)

i,ng

) for any ¢ = o(p). It also can
(1)

inq) for any
q = o(p). En}ploying the same method, we can show that Var(AZ(»izq) = O(Var(Ag}Tzq)),
since Var(A(d)

e ). It is noticed that the

covariances between Ag}gq, Agizq and Agizq are all ignorable comparing with Var(Ag}gq)
(1)

Z7nq

be shown that by, .1 and by, o are both at a smaller order than Var(A

) is at a even smaller order than Var(Agizq

by Cauchy-Schwartz inequality. Thus, A}’ is the leading order term of f)i,nq.

Similarly, it can be shown that for ¢ which is in Regimes (i) and (ii), Var(Al),) =

(p — q)¢?/n and for larger ¢ in Regime (iii), since Var(Ag,l,)Lq) = (p — q)/n* Now

we show that the variances of Aﬁ?%q, A((;?T)Lq and A((;f%q are at a smaller order than

Var(Al),). Standard derivation shows that

1 pP—q

Var(A® ) = ——— E O1,51.590 Wyl
c,ng ,81,52Y 1,814+q,52+q%2 q
nlng(nl — ].) P
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1 p—q
o o wslaSZ
E , 1,51,52+q% 1,51+q,52%2 ¢
nlng(nl — 1) “
s1,52=1
P—q
1
+ 1 E 01,51,5201,51+¢,52+992,51,51+902,52,50+¢
ni(ng — 1) ~
s1,52=1
1 P—q
1 E : O01,51,52+q01,51+¢,5292,51,51+902,52,52+¢ (52.7)
nl(nl o ) s1,52=1

For smaller ¢ which is in Regimes (i) and (ii), Var(Ag%q) is ar a smaller order
than Var(Aé,l%q) since there are additional n; in the denominator of each component
in ([S2.7). On the other hand, for larger ¢ in Regimes (iii), the first two terms in
(S2.7)) is at a smaller order of n=%(p — ¢). Note that

prP—q rP—q 2
2 _
E : 01,51,5201,51+q,52+q92,51,51+¢02,52,52+¢ < Ml E :0-2,8,8+q - 0<p - Q)-
s1,52=1 s=1

Thus, the latter two terms in (S2.7)) is also of smaller order than n=2(p — q). Hence,
Var(A((f)lq) = O(Var(Ag,l%q)) for any ¢ = o(p). The specific form of Var(Ag’%q) and
Var(Ag})Lq) are provided as follows.

1 p—q

Var(A® ) = ————— E 092,51.550 wyh®?
c,ng ,51,82Y 2,81+4q,52+q%1 q
nan(ng — 1) ot

1 pP—q
o o WwiLs2
E , 2,51,52+q% 2,51+¢,52%1 ¢
nlng(nz — 1)

Ss1,52=1
p—q
S eiDY
O1,s1,51+q01,52,52+q02,51,5202,51+q,52+¢
ng(ng — 1) “
s1,52=1
p—q
)
O1,51,51+q0 1,52,50+q92,51,50+¢02,51+¢,52-+q
ng(n2 — 1) “
S1,82=1
and
1 p—q
4) - -
Var(Ac,nq) - p2 p2 (01731,820’1781+q752+q +0’1,81,82+f101751+q,82)
17 M2 g1 ,59=1

X (02,51,3202,31+q,52+q + 02,31,32+q02,51+q,32)
Similarly, they can be shown to be at a smaller order than Var(Ag,l%q). Thus, AS)W
is the leading order term of f)cﬁnq. This completes the proof of Proposition [II n
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Proof of Proposition[4. We prove the ratio consistency of R;,, , i = 1,2, and R,
by deriving their means and variances, respectively. Write the sample covariance

estimator 6y, s 544 as the standard U-statistic form:

Uz s,s+q — ZX i, sX i,J,5+q P2 Z X; 1,5,8 1 k,s+q> (828)
] 1

Uz ]k

To be consistent with the notations before, Y : ; indicates the summation over dis-

tinct subscripts j and k. And the expectation of R;,, can be written as

p—q
_ E 2 (\781,811tq\782,521¢
s1,52=1
Derivations show that
N N 1 1 1
51,51+q~/52,52+¢ S1,82 __ 51,52 ) . ) )
E(Yi,j Yi,j )_wi,q =W, + P2 0-175178201781+q782+q+ P2 Oi,s1,50+q01,51+q,52°
(S2.10)
It can be shown that
p—q
E 2 2 2 2
Uz 5175201 s1+q,82+q — < M tr(E ) O(p - Q),
s1,82=1
and
p—q
2 2
z : Tis1,524+q% 0,51 +q,52
s1,52=1
p—q p—q—1 p—q—2
= o} 2 o2 2 o2
- 1,8,5+q 1,8 s+1+q 7 s+q,s+1 2,5 s+2+q 7 s+q,s+2
s=1 s=1 s=1
p—2q
2 2 2 2
ooty 2 Z Ois,542¢%,s+q5+g (T F Qaivl,pai,Hq,p—q
s=1
p—q—1 p—2q
2
< § Uz ,8,5+q +2 § Uz s s+1+q R E O-i,s,s+2q T+ 201 1,p
s=1
< 2M*(p—q)» hiq) =O(p—q).

k>q

Combining with Assumption (C5) and substituting (S2.10) into ([S2.9), we have
1
E (Ring) = tr(W7,) {1 +0 —2> } :

n
Thus, it is sufficient to show that Var (R;,,) = o ((p — ¢)?). Note that

Ys o= Y’f7’Js+q + (O-i,S,S+q - &i)5,3+q)7 (8211)

2%
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and we have

E(Rin,) =

,]1 (Q)TYiJﬂ (q))2 (Yidé (q)TYiJCz (q>>2 }

]17k1 Jz,kz

_ Z (@) Yir(g)

75 2 B(Yir@ Yin (@) (Yir(@) Vi)

J1,J2,k

TPy
o O BV Vi) (Vi) Vi)’

il g1 ,g2,k ke
= T;1+2T;2+ T3, say,

where
1 p—q
§ : E2 <Y81j751+qY52,82+qu3,83+qu4,84+q> ’
$1,52,83,84=1

P3 p—q
. n; (751,51+q~752,52+q~753,53+q~r54,54+¢
Tio = E : E <Yi,j Yiﬁj Yi,j Yi,j )

51,82,83,84=1

(751,81 +qXr52,52+q 753,53+qXrs4,54+¢q
X (Vi vy ) B (Vi)
C p—q
8 (751,51 +9X752,52+4X753,53+qxr54,54+q
Y E <Yi’j Yzsatayssataysioata) (92.12)

g -1
51,52,53,84=

IN
|

and

4 pP—q

2
B L 2 [Xrs1,511t9xrs2,52+q
Tiz = (P2)2 Z E (Yz}j Yij )]
i

s1,82=1

Since T3 is a smaller order of (p — ¢)? after subtracting E*(R;,,), we will focus
on analyzing T;,. The derivation of T;; is exactly the same without using the

Cauchy-Schwartz inequality as the proof of Lemma [3]

Substituting (S2.I1)) into (S2.12)), we have
p—q 4 6
751,51 +q~752,52+q~783,53+q\7S4,54+q \ _ (Y. E o E L )
E , E (Yi,j Yi,j Yi,j Yi,j > - Cz,q,a_ Cz,q,bj + Cz,qvca +Cz,q,d'
j=1 j=1

81,52,83,84=1

(S2.13)



17

where

Cigel

Ci,q7c2

Ci,q,c3

Ci,q,c4

Cig.es

Cz‘,q,cG

and

It has been shown that C; ,,

Ci,q,bl

Cigp2

Cig3

Cig,b4

Ci,q,a =

pP—q

2.

81,52,83,84=1

Y

51,51+q~/52,52+q~/53,53+q 84,84+f1)
B (Y7 Yy ey

p—q

2.

81,52,83,84=1

. A $9,82+q~s53,53+q~54,54+q
(0515140 = Oiysis1+9)E (Yi,j Yij Y5 ) )

pP—q

2.

81,82,583,84=1

~ $1,81+q~s83,83+4~S4,54+q
— Gisp,+q) B (Y YY)

(Ui,82782+q %,J

p—q

2.

81,52,83,84=1

N 81,51+tq~/52,52+q~754,84+q
(Gisssstq = Oisgsstq) B (Yi,j Yi,j Ym’ )7

p—q

2.

81,52,83,84=1

. A $1,81+q~s52,52+q~/93,53+q
(04,55,55+a — Oiysaysatq) E (Yi,j Y Y5 ) )

3
=)

81,52,83,84=1

=
Q

I
(]

51,52,83,84=1

I
(]2

81,52,83,84=1

p—q

(]

81,52,83,84=1

=
Q

I
(]

51,52,83,84=1

bS]
Q

(]

81,52,83,84=1

p—q
Cfuq,d =

= (Ui,s1,51+q -
(Ui,51,81+q -
(Ui,s1,s1+q -
(Ui,52,52+q -
(Ui,52,52+q -

(Ui,33,53+q -

2.

a'i,sl,lerq) (Ui,32,52+q -

&i,shsﬁ-q) (0i783753+q

6i,sl,51+q>(ai,84754+q -

&i,82782+Q> (0i783753+q -

&i,52752+q)(0—i754754+q -

6i,53,53+q> (0-7:,847544“1

(Ui,81751+q - &i781,81+q)(0i,82,82+q -

~ 53,53+q~754,54+¢q
Uz‘,sg,32+q)E (Yi,j Yz’,j ) )

~ 82,82+q~54,54+q
— Giss,s5+9)E (Yi,j Ym‘ )

~ 52,52+q
Oi,s4 7S4+Q)E (Yi,j

~ 51,51+q~/54,84+q
Uz‘,33,33+q)E (Yi,j Yz’,j )
~ 81,811+9~/93,53+¢q
Ui,s4,s4+q>E (Yi,j Ym )

~ 81,81+q~/s52,52+¢q
- Uz‘,34,s4+q>E (Y ] Yz}j )

1,7

~

Ui,sz,52+q)

$1,82,83,54=1
X (i,s5,55+a — Oiysarssta) (Tisa,satq = Oirsasata)-

=0((p—q)?) is O((p—q)?) in Lemmafl Accord-
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ing to the definition of 6y s 544 in (S2.8), C; 1 can be rewritten as

p—q
1
_ 52,52+(q 83,83+q S4,S4+q
Cigpt = — E sy s14qB (Y Y; Y; )

. 2
n; -1
51,52,83,54=

P—q
1
§ 52,52+q~/53,53+q~\/54,54+q
o E (X (B 51X 1, 31+inJ Yi,j Yi,j )
! s1,82,83,54=1
1 pP—q
= E [E (Xi,k,s1Xi,k,sl—i—qxi,k,szXi,k,sz+qu7k733Xi,k,s;g+qu,k,54Xi,k,54+q)

n; 1
51,52,83,54=

+Ui,5252+q z k,s14% k,s1+qu,ks,33Xi,k,33+qu,k,54 i,k,s4+q

i,k,81 4% k,s1+qu,k,52Xi,k,52+qu,k,54 i,k,s4+q

+0i,5181+qE (Xi,k,sgXi,k,sg—l—qxi,k,sgXi,k,53+qu,k,54 i,k,s4+q
+0i 5553+ (X

)
)
)
)

+0i,5484+q z k,s14M% k,s1+qu,k,52Xi,k,52+qu,k,53 i,k,s3+q

—04,5151+qT14,52,50+q i,k,S3Xi,k,S3+qu,k,54 i,k S4+q)
+
_Ji,s1sl+q0i,54,84+q i,k,5042 k,sg—l—qxi,k,sg i,k,s3+q

—04,s959 +q0i,53 ,83+q

i,k,51 42 k,sl—l—qu,lc,sg i,k,s3+q

E (X
—0i 5151400 i,s3,53+000 (K ko0 X s g Ky 50 i s
(X
E(X
— 0 5355+¢04,54,54+q L (X
(X

i,k,51 42 k,sl—l—qxi,k,sz i,k,s2+q

)

)

i3 K s+ g K 50 K ks kg)

)

— 0 s355+¢04,54,51+q L )
)

_Ji,5181+q0i,53,83+qE (Xi,k,sgxi,k,sz+qxi,k,54 i,k,54+q
+3Ji,5151+q0-i782,52+q0-i783,53+q0i,84,54+q
We derive each term above as we did in the proof of Lemma [ and thus C; ;1 =
O ((p — ¢)%). Analogous derivation shows that C, ,,;, 7 = 2,3, 4, is exactly the same
with C; 4p1. And C; 41 can be derived in the same way because
p—q

_ 53,53+q~/54,54+¢q
Ciger = E [0i751,51+q‘7i782,52+qE (Yi,j Yi,j )

51,82,83,84=1

A 83,53Fq~/54,541¢q
_Ui,sl,lerqE (01,32,32+qY' 1 Y ; )

A 53,53+¢q 54784+q
_Ui,52,52+qE (01,31,31+qY' i Y i )

FE (GisrontaGisssaraY Y) | s219)

We expand each term in (S2.14) and write the explicit form of C; , . as follows:
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pP—q
) A $3,83+q~/54,54+q
E , Tis151+q (0-2782752+in,]' Y, )
51,82,83,84=1
1 pP—q
_ . . o 53,53+q~/54,54+¢q
= E Tisy 51 +qL (Xz,J,SQXz,J,SQJqui,j Yi,j )

n; .
$1,52,83,84=1

p—q
n; —1 84.5¢
3,83+q~/54,54+q
+ N E : 0i,81781+q0i782782+qE (Yi,j Yz’,j )
(A

51,52,53,54=1
pP—q 1
= E ;O-i,sl,sl—‘rqE (Xi,k,sgXi,k782+qxi,k,53Xi,k,sg+qu,k,S4Xi,k,54+q>

T
81,52,83,84=1

1
T 0is1,514+qT4,3,53 +qE (Xi,km Xiak752 +qu,k,54 Xi,k,&l-&-q)

2

1
T 0is1,514+q7i,54 ,S4+qE (Xi,k& Xi,k782 +qu,k,53 Xi,k’783 +q)

(2
+ n Ui,51,51+q0i,52,52+qE (Xi,k,53Xi,k,sg+qu,k,54Xz‘,k,54+q>
7
- s Oi,s1,514q04,52,52+q01,53,53+q04,54,51+¢ | »
i
P—q A 83,53 Fq~/54,54+¢q : :
and Y01 OisnsatgB (Fisy g Yoy TY ) can be derived in the same way.
And
P—q
~ A 53,83+q~/54,54+¢q
E (ai,sl731+q0i,82782+in,j Yi,j ) (82‘15)

51,52,83,54=1
pP—q
= E [E (Gis1,51+q07,59,50-+q K553 i 5349 N4, 54 45+

51,52,83,54=1

+0i,83,83+q0i784,84+qE (O-i781,81+q0-i782,82+q)
—0i,s5,53-+q 15 (Uim,S1+q0i782782+qu,j,S4Xi7j784+q)
_gi,84,84+qE (0-1151781+q0i752782+qu,j,83Xi7j753+q)

where the first term in (S2.15) is

p—q

Y E(Gis s q0issataXiuss XigussraXigss Xigisarq) = Hig + Hag + Hy g+ Hay)

81,52,83,84=1
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with

HLq

H2,q

>

81y.-+384=

Z >R

>3 Ex

1j1=1j2=1

Y Yy

S1yeeey

> Yy e

S1yeens

s4=1 j1,k1 j2=1

s4=1j1=1 jo,ko

,J1781 i,J1,81+¢q

1,J1,5142 k1,s1+qu,j2752Xi,j2,sz+qX 1,7, 83X 1,J,83+4q

1,J1,51

1,J1,81 4> k1,S1+qxi,j2,S2Xi,k2,52+q

Xi,]é ,52 Xi7j2 ,52 +qX 1,J,83 X,

7j1751+qu7j2752Xiak2752+qX'L Js 83X i,5,83+¢

XijssXi

1,7,53

1,J,83+4

1,J,83+q

XijisaXi

7]754

Xi a2

84=1 j1,k1 j2,k2

Derivation shows that

Hl,q =

H27q

pP—q 1

E P E (Xi,k,sl Xi,k,sl +qu,k,32 Xi,k,82 +qu,k,33 Xi,k,33 —0—qu,]€,34 Xi,k,34+q)

S14ee0y84=1 g

+ 2 E (Xi,k,81Xi,k,s1+qu,k,$2Xi,k,$2+q) E (Xi,k,33Xi,k,53+qxi,k,54Xi,k,&ﬁ-q)

0j.s1,s1 +qE (Xi,k,sz Xi,k,SQ +qu,k:,33 Xi,k:,53 +qu7k,S4 Xi,k,84 +q)

O4,s2,52 +qE (Xi,k,sl Xi,k,Sl +qu,k,83 Xi,k,33 +f1Xi7k7S4 Xi,k,54 +Q>

n;—1
+ 7,;2 Ui751781+q0i782752+qE (Xi,k,53Xi,k,53+qu,k,54Xi,k54+q) )

E : [E (Xi,km Xi,k,szxi,k,@-ﬁ-lI) E (Xi,k,sl+qu7k,83Xi,k,83+qu,k,S4Xi7k754+q)

814...,84=1

+E (Xi,k,51+qu,k,32Xi,k,52+q) E (Xi,k,slXi,k,53Xi,k,33+qu,k,54Xi,k,54+q) } )

p—q
E |:E (Xi,k,sl Xi,k,sl+qu,k,sz) E (Xi,k,32+qxi,k,33Xi,k,33+qu,k,S4Xi,k,54+q)

1
n2
v os1,...,84=1

+E (Xi,k,slXi,k731+qu,k752+fJ) E (Xi,k,52Xi,k,53Xi,k,33+qu,k,54Xi,k,54+q) } )

»J754+q)

X .7, 54X 7]754"!“1)

X s 84X 7J784+q)

1,7, 84+q)
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and
1 prP—q
H4,q = F |:(nz - 1)0i,51+q,52+qE (Xi,k,slXi,k,szxi,k,sgXi,k,sg,+qu,k,54Xi,k,54+q>
i S1,...,84=1
+(ni - 1)0-1781,82E (Xi,km+qu,k,S2+qu7k783Xi7k783+qu,k,84Xi,k,s4+Q)
+(ni 1)0-1 81,82+qE (Xi,k,sl+qu,k,32Xi,k,SSXLk,Serqu,kMXi,k,84+Q)
(1 = 1) 0514050 B (K o0 Ko s +-9K 53 XK 55005 54 K k51 +q)

+P2 101,50 0,514 qsatq (K ks X ks 0,k 0 i,k 51 4g)

+P; 1 0is1,504q051 4,520 (K ks X ks 0,k 54 i,k 544
The other three terms in (S2.15]) can be derived in the same way. Taking all the
terms back into (S2.14)), we have the exact form of C;, .. Similarly, we can derive
the explicit form of other terms C, ., 7 = 1,...,6, and C; 4. It is shown that
all the terms involved with o; 4+, can be canceled out, as shown in the proof of
Lemma [3 and the rest of the terms have been shown to be O ((p — ¢)?). Hence, T
is O ((p — q)?). The ratio consistency of R, ,, can also be shown in the same way.

This completes the proof of Proposition
O

Pmof of Theorem [Z. It has been shown that the leading order term of an is S(l)
A1 gt Al
Meanwhile, we have shown that E (Sg}) = S, and Var (Sﬁ}J) = qu. For the

asymptotic normality of gnq, it is sufficient to prove that,

VHSW —8,) 4 N(0,1) as n,p— oco. (S2.16)

nq ngq

Sng 2Ac,nq in the proof of Proposition [l in the supplementary document.

We follow the martingale central limit theorem (Hall and Heyde, 1980), to es-

tablish (S2.16]). Define a sequence of new random vectors &; such that
£ = Xy, for j=1,2,... n;
Enivrw = Xop, for k=1,2,...,n

Let Fo = {0,Q} and F; = o{&1,--- ,&} be the o-field generated by {&i,...,&}
for t =1,...,n1 + ny. Denote the conditional expectation with respective to F; by
E,(-) and Eo(-) = E(-). Let Gy, = E, (SSJ) ~E_, (éﬁ,’) and 12, = B, 1 (G2,),
t = 1,...,n1 + ny. Then for every g, {(th,}}) st =1,--+,n; + ny} forms a

martingale difference array and S4) — E(S\) = ST Gy
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It suffices to show that for any ¢ > 0, as ny,ny and p — oo, (see page 58,
Theorem 3.2, [Hall and Heyde (1980)),

Fort=1,...,
Gq,t -

where Q7';”

for j # ¢ except when j =t or { =t, (E; —

Fort:n1+1,...,n1+n2, we have
Gq,t = (Et - Et—l) 2 nq (Et )Aglnq
9 ni+ng p—q
= m Z Z Et - Et71> (£k,s§t,s+q)(§t,s£t,s+q)
2072 k=ni+1k#£t s=1
niy pP—q
Z Z E, — B 1) (5] sgj S—HZ)(ft sgt s+£1)
g j=1 s=1
pP—q
— EZ U2ss+ — O1,s,5+ )Y;’:—‘rq + ZY§i+q
No — q q ,t—n1 n2 _ 1 ni
Ys ,5+q s ,5+q
nan Z 2;t—ny 1 ;ny 0

where Q3 =

ni+ng
an Z yq%t — 1, and
t=1
n1+n2
V..b Y E(Gy,) =0
t=1

(B — Et—l) Aglgzq —2(E, — Ei-1) Al),
Z Z Et 1 fz sgi,s-i-q)(gt,sgt,s—l—q)
] 1,5#t s=1
n2 p—q
nan kz; ; Et 1 gt sft,s—&-q) (€n1+k,s€n1+k,s+q)

ni, Gg can be written in the following explicit form:

(S2.17)

(S2.18)

(S2.19)

2 — 8,5+ s,5+ 8,5+
H_I; Ulss—l—q Ust—i—q)Y q+ n1—1 ZY qut (118220)

ZFl Y7';* for any integer t € {1,...

=3 YS1 *? for any integer t € {1,...,n2}.

Under these new notations, invoking the definition that Vq%t =E (

,n1} and (m) is valid since
Etfl) (Xl,j,sxl,j,erq)(XI,Z,SXLE,SJrq) = 0.

s ,8+q
2t—m1—1

(S2.21)

Gg,t|ft—1)7 we
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have, for t =1,.
rP—q
2 = i Ot i
q,t _ 2 0-1781 ;51149 0-2731751 +q 0-1752732+q 0-2 ,82,82+¢q 1,(]
31,52 1
T — 4 E Cu51,82Qsl,81-"-11(9827524-!1
1 1,t—1 1,t—1
n (nl _ 1 »q ) )
s1,82=1
4 prP—q
81,82 (M}$2,52+4q
+ 2 1 Z (01751,81-&-11 0251,51+q>w1q Q1,t_1 , (82.22)
ni(n; —1) o
s1,52=1
and for t =ny +1,...,n1 + no,
prP—q
V2 — i (O' — 0O )(O- o )wslasQ
qt D) 2,51,51+q 1,51,51+q 2,s2,82+q — Y1,s2,52+q)%2 ¢
2 s1,52=1
§1,52 (")S1,51+4q 82,82+q
+n2(n — E : Wa g Q2 (t—n1) 1Q2(t n1)
2\ 102
81,82=1
4 p—q
51,52 82,52+q
+ 2 1 E : (U2781,81+q 01 51781+q)w2,q Q2 t—nq)
nj(ns — 1) 4
$1,52=
4 pP—q
51,82Q81,81+qQ82,52+q
n2n2 1,m1 1,ny
172 s1,52=1
51,52 (MS2,52+9
- 2 § : <0-2,81781+q 01 81,81+q)w2q Ql,m
s1,52=1
31,32 81,81+q $2,82+q
§ Wil Q) Q2 (S2.23)
n1n2 Ny — 1 2,(t—m1)—1 ;M1
s1,82=1

Using the explicit forms of Gy, and 7, we now derive (S2I7) and (S2IS).
According to (§2.22) and (S2.23]), we have

ni+ng

9
2 _
> V=2 L
t=1 i=1

where

4 e

L = — ( - ) Jwily™

1= L O1,s1,51+q — 02,51,51+¢)\T1,52,50+q = 02,59,50+¢) W14 >
181752:1

L = — ( — )( ) 51,82

2 = 7 02,51,51+q — O1,51,51+¢)\02,50,504+q — Ol,s0,80+q)Waq s
2

81,52=1
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_ 51,52 81,S1+q 52,82+q
I3 = n? _1 Z Wig E Q2 QA |
m s1,52=1 Lj=1 |
4 p—q 7
) ) +q 82,82+q
_[4 - - (,Usl 52 Qsl s1
2 _1)\2 E : 2,9 § : 2,k—1 2/<;—1 )
nz(nge — 1) s1osa—1 |
4 p—q
— 81,52 S2,82+q
I5 o 2( _1> § : (01,51,51+q 0281,81+q)w1,q E QLJ 1 )
il s1,52=1 j=1
4 pP—q B
— 81,52 S2,82+q
lg = 2(ny — 1) E , (02,51,514¢ — 01 31,31+(1)w2,q E Q2k 1|
N s1,52=1
_ E : 51,32 $1,51+9 (yS2,82+q
I7 - UJ Ql?’bl Ql,nl )
nan
s1,52=1
4 p—q
— $1,82 (MS2,82+9
Iy = — E:(U2181781+q 0181,81+q)w2,q Qi
ning
s1,82=1
n2
_ 51,52 $2,82+q S1,51+q
Iy = T2 _1 E Wa, le E :Q2,k—1
1 2 2 51752 1 k=1

By taking expectation of each I;, ¢ = 1,...,9, it can be readily shown that
E (/™ v2,) = V2. It suffices to show that the variance of > ;2™ 12, is at a
smaller order of qu. The order of V,fq is specified under different regimes of ¢ as

follows (see details in the proof of Proposition [l in the supplementary material):
W, for ¢ = o(n'/?),
Vn2q = W = & for ¢ such that ¢ P =<1/n, (S2.24)
P-4, for ¢ such that n'/? = o(q) and ¢ = o(p).
We first calculate the variances of I;, ¢ = 3,...,9, since I; and I, are determin-
istic. The variances of I3 and I4 can be derived in the same way and we take I35 as

an example. Let

p—q
Vie= D wly™ (VIR — w1 = )
s1,52=1
Notice that E(I3) = ﬁ 4 1 (wi?)? and we have
ni—1 .
4(ny — max{7, k
]3_E(]3): Z ( 1 { })V},k

e ni(ny —1)2



25

Thus,
ni * . 9
16(n1 — j)° 16(ny — max{j, k})
Var () I Nar(Vy,) + Var(Vi.)
]2_; i(ng —1)4 ]zk: ni(n; — 1) J
" 16(n; — max{j, k)’
> ni (= 1) Cov(Vik: Vin)- (S2.25)
gk 1\
According to Lemma [2] for j =1,...,ny, we have
Var(VjJ») — Z Z w51752 254E (Yi}jsl‘HIYT?J?SQ+QYi?j53+qY<]9-:4‘;84+Q)

s1,52=1 s3,84=1

pP—q
81,82 83,84 2
- YY)

s1,8=1 s3,81=1
= O(lp—9)?).
For j # k, we have Var(V;;) = tr(W},) and Cov(Vj, Vi;) = tr(W},), which are all
O(p — q). Thus, by (82.25)), we have

Var(I3) = O (%) Lo <(p —4q)) |

Ny
Comparing with the leading order of V2, in (§2.24)), we have Var(I3) = o(V,,) for
any ¢ = o(p).
Similarly, the variances of I5 and I can be shown to be o(V ). Specifically, I5

can be written as
ni—1

8(711 - k)
Is = —=T
5 ; n%(nl _ 1) k>

— p—q 51,52\752,521¢ ; ; —
where Ty, = > 0 0 (01518119 = O2s1.540)W1) Y17 - Likewise, for k =1,...,n,

1 Tyi73

TErEC

Thus, according to Lemma [2} it can be shown that Var(I5) = o(V,,) for any ¢ = o(p)
in the three regimes in (S2.24)).

Furthermore, according to Lemma [3 we have

Var(Tk) =

ni pP—q

16
— 51,52 83,54 81,514~/ 52,524~/ 53,534~/ 54,5414
Var(l7) = MQZ D Wiy B Y Y Y )
172 =1 s1,..84=1

2 *
32P 81,82, 83,84, 51,83, 52,54
w w w w
2,9 2,9 1,9 1,q

TL ’n/
1772 ]7k S1ye-eyS4= 1
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16M2
2 §1,81+q~s52,52+4~/ 93,53+~ 54,5419
Z E(Y Ylaj YLj Yl,j )

TL?TL% S15.e0y84=1 H
32]\/[22(711 — 1) 9

+Wtr ((Wl,qWQ,q) ) .
Comparing Var(I7) with the order of V2 in (S224), we have Var(I7) = o(V,,) for
any ¢ = o(p).

We also have
16 ni pP—q
Var(ls) = a0 YooY Wi

=1 81,82,583,54=1

X (02,51,s1+q - 01,51,51+q)(02,53,53+q — 0'1753753_1_(])
16
- Ty (WaqWigWag) Js. (52.26)

nin3

Similar to the derivation for I5, according to Lemma [2] Var(Is) is shown to be at a
smaller order of V, for any ¢ = o(p) in the three regimes in (S2.24).

The last term in (S2.23) equals to
p=q

16
Var(lh) = o QL ks el MEQIETTQIT)
17721002 §1,82,83,54=1

no
x Y BQIIQe)

k1,ko=1

p—q
16(2712—1) 51,52, 53,54, 51,53, 52,54

= — E w w w w
2 2 2 1 )
671171% (n2 — ].) 4 & & 4
51,52,83,84=1

which is also at a smaller order of V,;, for any ¢ = o(p).

From the above derivations, the variances of I; are all at a smaller order of qu.
By the Cauchy-Schwartz inequality, the covariances between I; are also at a smaller
order of V). Until now, we have proved (S217).

In order to establish (S2.18)), according to the explicit form of G, in (S2.20) and
(S2.21)), for some constant 7, we have

ni1+ng ni ni ng n2 n2
Z E(Gy,) <7 Z E(Bj) + Z E(B) + Z E(Bj) + Z E(By,) + Z E(Bjs)| .
t=1 t=1 t=1 t=1 t=1 t=1
where
o9 P4 vote
Btl = (Jl,s,s+q - 0—2,5,s+q)Y11t ;
ny

s=1
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E +4q)s:5+4q
Bt2 — YSS N .
nl o 1 1,t 1
2 p—q
—_— S7S+q-
Bt3 - n_ g <02,5,8+q - Ul,s,s—&-q)YQ,t )
2 _

_ ss+q s,54q.,
Bt4 - E Y 2t—1a
n2 o — 1

. 2 : ss+q s,5+q
Bt5 —_— Y 1n1 .

ning

In the following, we prove that the above five terms are of smaller orders of qu.

Under Assumption (C3), we have
160M _
E:EJBé <——@-qc.

In Regime (i) where ¢ = o(nl/ﬁ) and Regime (ii) where ¢ satisfies that ¢=% =< 1/n in
(8224), V2, =< (p—q)q~" /n, thus we have > E(B{;) = o(V,}) in these two regimes.
In Regime (iii) where g satisfies that n'/? = o(q) and ¢ = o(p), V;2, < (p — ¢)/n* and
we also have Y ' E(B};) = O(qu).

Similarly, according to Lemma

- 16A4 —
E(B4) < $1,51+9 82,82+qQ83783+CIQS4,84+Q)
2) > 1,t—1 Qi 1,t—1 1,6—1
t=1 nl t=1 s1,...,54=1
p—q ni
16M

_ 51,511+q~/52,52+4~/83,53+q~/54,54+¢q
= E E _1 Yl,k Yl,k Yl,k Yl,k )

S1,...,84=1 k=1

p—q ni
48M _ 1 )w81’52w83784
1,9 l,q
S1

»Sa=1 k=1
(p-—q) (p—q)’ 4
= O —F— O———)=0(V,,).
( n i n? ’ ( nq)

In the same way, > >, E(B{;) and > 72, E(Bf,) can also be shown to be of smaller
order of qu. Then, the last term

S 16M

E B4 < ‘ E 51,5114 (52,5214 (")83,53 14 (M) 54,54 +¢
; ( t5) — n%nj Z (Ql,nl Ql,nl Ql,nl Ql,n1 )

81,52,53,84=1
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16M — $1,81+9~/52,52+4~/53,53+q~/54,54+(q
- 13 E §E<Y1k Yl,k Yl,k Yl,k )

$1,52,83,84=1 k=1

pb—q

48 M

81,82, 83,54

+—n4n3 E (n1 — 1)(ng — 2)wi 2wy
172 _

$1,82,83,84=1

2 2
oft) o(bf) v

Until now, we have proved (S2.I8). By verifying the two conditions (S2.17)
and (S2.I8)) of the Martingale Central Limit Theorem, we assure the asymptotic
normality in (S2.16). The asymptotic normality of an in Theorem [ is established
by the Slutsky Theorem. This completes the proof for Theorem [l m

Proof of Theorem[4. For any ¢ = o(p), since we have proved the ratio consistency
of V(fnq in Proposition 2], for any & > 0 and the set By = {f/(fnq < Vigng (1+1)},
Pr(B¢) — 1 as min{ny,na},p — oo. That is, for any ¢ > 0, there exists positive
integers Ny and Py, such that for all ny, ny that satisfy min{n;,no} > Ny and p > P,
Pr(B¢) > 1 — e. Thus, according to [B4), B,p,(a) satisfies that

Brpqla) > Pr M>z_a—’q—5n7,B
pq( ) an 1 Vb,nq p,qs 2§

Spe — S
> Pr (V—q > 21a(l+n) — 5np,q> - Pr(Bg),
nq

where Bf is the complementary set of Be. According to Theorem[I] Vngl(an —-Sy) LN

N(0,1) as min{ny,ny},p — oo. Hence, we have
liminf  Bup.(a) > 1—-@ (zl_a(l +n)—  liminf (5np7q> — €.
min{ni,nz},p—0c0 min{ni,n2},p—o0
Let ¢ = 0 and n — 0, and the following inequality holds:
liminf  Bp.(a) >1 -3 (zl_a —  liminf 5np7q> )

min{ni,n2},p—oo min{ny,na},p—oco

This completes the proof of Theorem [ m
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S3. Simulation results

S3.1 Simulation results for Gaussian Data with Benjamini and Hochberg
(1995) procedure

In this section, we report simulation results for Gaussian distributed data using the
Benjamini and Hochberg (1995) multiple test procedure by controlling the FDR at
5%. The multiple testing was implemented for Hy, : S, =0, ¢ = 0,1,..., N where
N = [p®7] and the joint hypothesis Hy : ¥; = X, is rejected if there exists any
individual test Hy, rejected in the multiple test procedure.

Tables [l and 2] provide the empirical sizes and powers for the joint test Hy : X1 =
Y9. And Tables Bland @ reporte the empirical False Discovery Rates (FDRs) and the
Correct Rejection Rates (CRRs) of the Benjamini and Hochberg (1995) procedure,
which is equivalent to the Storey et al. (2004) procedure with A = 0. The Benjamini
and Hochberg (1995) procedure obtains very similar results with those using the
Storey et al. (2004) procedure in Tables [Il to M in the paper. This is due to the
positive correlation between S, under Models (1)) - (£4) in our simulation study.
This result indicates that we can still use the Benjamini and Hochberg (1995) method
if the positive correlation assumption can be verified by some inference methods or
induced by prior knowledge. Otherwise, we recommend using the Storey et al. (2004)

method to accommodate more general types of dependence.

S3.2 Simulation results for non-Gaussian Data

In this section, we present additional simulation results for the Gamma distributed
data to evaluate its performance for non-Gaussian distributions.

We generated iid random variables {Z; ;x}_;, i = 1,2, j = 1,...,n;, from the
standardized Gamma(1,0.5) distribution with zero mean and unit variance. Ran-
dom vectors X, ; =1,7;;,1=1,2, j =1,...,n;, were generated from models (4.J))
and ([L3). To evaluate the power, the first sample was generated from models (1]
and (£3)) and the second sample was generated from models (£2)) and (£4]) corre-
spondingly. The multiple testing was implemented for Hy, : S, =0,¢=0,1,..., N
where N = [p%7| with the Storey et al. (2004) procedure controlling the FDR at

5%. The numerical performance of the proposed test was compared with the tests
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proposed by SY, LC and CLX. The simulation results are summarized in Tables [Bl to
B Figures [ and ] plot the empirical sizes of the individual tests Hy, : S, = 0 from
q = 0 to [p*7] for the Gamma distributed data X;; generated from models (1))
and (£3)), respectively. And the individual empirical powers are shown in Figures B]
and @ for models ([A2]) and (4]) respectively. These results are largely similar with
the Gaussian case in the paper. It indicates that the proposed test is robust under

Gaussian and non-Gaussian distributions.

Hall, P. and Heyde, C. C. (1980). Martingale Limit Theory and Its Application.

Academic press, New York.

Hoeffding, W., (1948). A class of statistics with asymptotically normal distribution.
The annals of mathematical statistics 19, 293-325.

Zhong, P.S., Chen, S.X., (2011). Tests for high-dimensional regression coefficients
with factorial designs. Journal of the American Statistical Association 106, 260274.
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Table 1: Empirical sizes and powers of the proposed test in conjunction with the Benjamini
and Hochberg (1995) procedure and the tests of Srivastava and Yanagihara (2010) (SY),
Li and Chen (2012) (LC) and Cai et al. (2013) (CLX) for the Gaussian distributed data
generated from model (@) for size and ([E2) for power. The multiple test procedure is
conducted by controlling the FDR at o = 0.05 and N = |p®"|. The figures in the parentheses
are the adjusted empirical sizes and powers so that the empirical sizes are smaller than the
other three tests.

Empirical Size Empirical Power
P n SY LC CLX  Proposed SY LC CLX  Proposed

50 30  0.068 0.072 0.053 0.108(0.051)  0.250 0.158 0.271 0.660(0.585)
50  0.059 0.060 0.041 0.100(0.040)  0.423 0.219 0.288 0.900(0.869)
80  0.046 0.057 0.040 0.090(0.042)  0.608 0.484 0.443 0.992(0.984)
100 50  0.058 0.053 0.049 0.068(0.052)  0.311 0.126 0.267 0.990(0.986)
80  0.053 0.053 0.056 0.061(0.043)  0.422 0.240 0.269 1.000(1.000)
100 0.049 0.059 0.047 0.068(0.046)  0.602 0.520 0.409 1.000(1.000)
200 80  0.045 0.039 0.057 0.068(0.040)  0.325 0.126 0.255 1.000(1.000)
100 0.040 0.046 0.045 0.063(0.045)  0.618 0.211 0.265 1.000(1.000)
120 0.046 0.050 0.057 0.067(0.045)  0.706 0.531 0.381 1.000(1.000)
400 100 0.038 0.040 0.046 0.043(0.041)  0.339 0.109 0.260 1.000(1.000)
120 0.046 0.049 0.060 0.047(0.034)  0.638 0.210 0.268 1.000(1.000)
150  0.048 0.052 0.041 0.047(0.038)  0.757 0.555 0.330 1.000(1.000)
600 120  0.040 0.043 0.047 0.045(0.043)  0.347 0.106 0.245 1.000(1.000)
150  0.047 0.049 0.069 0.042(0.041)  0.795 0.209 0.274 1.000(1.000)
180 0.051 0.059 0.046 0.048(0.039)  1.000 0.594 0.322 1.000(1.000)
1000 150  0.046 0.043 0.047 0.040(0.040)  0.341 0.131 0.242 1.000(1.000)
180 0.049 0.041 0.047 0.043(0.040)  0.801 0.233 0.246 1.000(1.000)
200  0.043 0.043 0.042 0.045(0.039)  1.000 0.558 0.283 1.000(1.000)
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Table 2: Empirical sizes and powers of the proposed test in conjunction with the Benjamini
and Hochberg (1995) procedure and the tests of SY, LC and CLX for the Gaussian distributed
data generated from model [@3)) for size and (&) for power. The multiple test procedure is
conducted by controlling the FDR at o = 0.05 and N = |p®"|. The figures in the parentheses
are the adjusted empirical sizes and powers so that the empirical sizes are smaller than the
other three tests.

Empirical Size Empirical Power
P n SY LC CLX  Proposed SY LC CLX  Proposed

50 30 0.047 0.057 0.043 0.108(0.047) 0.356  0.372 0.295 0.566(0.496
50 0.063 0.069 0.042 0.099(0.045) 0.604 0.589 0.243 0.779(0.718
80 0.050 0.069 0.065 0.092(0.041) 0.935 0.943 0.527 0.936(0.911
100 50 0.050 0.063 0.051 0.061(0.039) 0.518 0.401 0.282 0.916(0.885
80 0.058 0.059 0.031 0.057(0.050) 0.785 0.637 0.309 0.995(0.994
100 0.031 0.042 0.042 0.058(0.041) 0.990 0.966 0.469 0.999(0.998
200 80 0.039 0.047 0.057 0.065(0.041) 0.754 0.403 0.263 1.000(1.000
100 0.043 0.053 0.049 0.071(0.041) 0.968 0.672 0.292 1.000(1.000
120 0.043 0.054 0.042 0.068(0.045) 1.000 0.990 0.400 1.000(1.000
400 100 0.052 0.044 0.051 0.049(0.038) 0.896 0.421 0.251 1.000(1.000
120 0.051 0.046 0.039 0.048(0.038) 0.994 0.706 0.270 1.000(1.000
150 0.061 0.039 0.061 0.045(0.038) (
600 120 0.044 0.032 0.039 0.046(0.045) (
150 0.048 0.042 0.055 0.048(0.038) (
180 0.049 0.056 0.045 0.043(0.043) (
1000 150 0.057 0.041 0.041 0.048(0.048) (
180 0.056 0.057 0.040 0.049(0.043) (
200 0.066 0.042 0.052 0.044(0.044) (

1.000 0.992 0.353 1.000(1.000
0.943 0.377 0.256 1.000(1.000
1.000 0.733 0.258 1.000(1.000
1.000 0.996 0.321 1.000(1.000
0.986 0.361 0.245 1.000(1.000
1.000 0.758 0.260 1.000(1.000
1.000 0.996 0.280 1.000(1.000

— — — — — — — /O Y’ YO O O Y — Y —
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Table 3: False discovery rate and correct rejection rate of the proposed test in conjunction with
the Benjamini and Hochberg (1995) procedure for the Gaussian distributed data where the first
sample is generated from model (A1) and the second generated from model ([AL2). The multiple
test procedure is performed by controlling the FDR at o = 0.05 and N = |Cp"7]. Three
dimensions are considered for each dimension, that isn = 30, 50,80 for p = 50, n = 50, 80, 100
for p=100; n = 80,100,120 for p = 200; n = 100, 120, 150 for p = 400; n = 120, 150,180 for

p = 600; and n = 150, 180,200 for p = 1000, respectively.

False Discovery Rate

Correct Rejection Rate

p p
50 100 200 400 600 1000 50 100 200 400 600 1000
C=1 C=1
0.076 0.067 0.061 0.055 0.049 0.047 0.193 0.269 0.439 0.748 0.933 0.997
0.044 0.045 0.053 0.052 0.054 0.045 0.246 0.343 0.552 0.837 0.974 1.000
0.041 0.056 0.053 0.054 0.048 0.046 0.309 0.421 0.657 0.928 0.993 1.000
C=15 C=15
0.062 0.052 0.063 0.052 0.051 0.044 0.149 0.205 0.399 0.688 0.920 0.996
0.051 0.060 0.050 0.052 0.056 0.043 0.205 0.321 0.484 0.824 0.971 1.000
0.054 0.046 0.058 0.059 0.051 0.042 0.287 0.368 0.652 0.921 0.993 1.000
C=2 C=2
0.071 0.057 0.059 0.050 0.049 0.052 0.154 0.162 0.407 0.644 0.927 0.996
0.046 0.056 0.049 0.053 0.051 0.050 0.210 0.304 0.448 0.827 0.961 1.000
0.060 0.052 0.059 0.059 0.051 0.053 0.289 0.350 0.616 0.918 0.991 1.000
C =25 C=25
0.061 0.049 0.050 0.046 0.051 0.053 0.143 0.167 0.382 0.592 0.922 0.996
0.042 0.067 0.046 0.057 0.055 0.052 0.202 0.303 0.454 0.795 0.969 1.000
0.065 0.038 0.059 0.052 0.049 0.052 0.272 0.353 0.623 0.905 0.991 1.000
C=3 Cc=3
0.066 0.042 0.052 0.043 0.053 0.042 0.144 0.197 0.391 0.524 0.922 0.996
0.059 0.048 0.042 0.052 0.055 0.049 0.201 0.305 0.485 0.805 0.971 1.000
0.075 0.046 0.046 0.049 0.057 0.041 0.270 0.366 0.620 0.920 0.991 1.000
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Table 4: False discovery rate and correct rejection rate of the proposed test in conjunction with
the Benjamini and Hochberg (1995) procedure for the Gaussian distributed data where the first
sample is generated from model ([A3)) and the second generated from model ([d4). The multiple
test procedure is performed by controlling the FDR at o = 0.05 and N = |Cp"7]. Three
dimensions are considered for each dimension, that isn = 30, 50,80 for p = 50, n = 50, 80, 100
for p=100; n = 80,100,120 for p = 200; n = 100, 120, 150 for p = 400; n = 120, 150,180 for

p = 600; and n = 150, 180,200 for p = 1000, respectively.

False Discovery Rate

Correct Rejection Rate

p p
50 100 200 400 600 1000 50 100 200 400 600 1000
C=1 C=1
0.033 0.062 0.049 0.048 0.053 0.052 0.324 0.652 0.983 1.000 1.000 1.000
0.048 0.048 0.051 0.053 0.049 0.054 0.544 0.874 0.998 1.000 1.000 1.000
0.037 0.057 0.055 0.052 0.054 0.053 0.684 0.955 0.999 1.000 1.000 1.000
C=15 C=15
0.067 0.053 0.057 0.048 0.053 0.043 0.253 0.601 0.980 1.000 1.000 1.000
0.051 0.049 0.052 0.046 0.051 0.044 0.464 0.843 0.996 1.000 1.000 1.000
0.046 0.052 0.058 0.053 0.056 0.044 0.655 0.943 0.999 1.000 1.000 1.000
C=2 C=2
0.065 0.050 0.050 0.048 0.053 0.055 0.214 0.572 0.980 1.000 1.000 1.000
0.050 0.057 0.052 0.047 0.052 0.057 0.425 0.858 0.995 1.000 1.000 1.000
0.050 0.051 0.058 0.055 0.057 0.057 0.623 0.935 0.999 1.000 1.000 1.000
C =25 C=25
0.061 0.059 0.052 0.048 0.050 0.053 0.185 0.532 0.976 1.000 1.000 1.000
0.068 0.061 0.052 0.049 0.050 0.056 0.362 0.843 0.995 1.000 1.000 1.000
0.049 0.053 0.059 0.055 0.051 0.053 0.641 0.929 0.999 1.000 1.000 1.000
C=3 Cc=3
0.056 0.047 0.056 0.050 0.060 0.047 0.169 0.513 0.981 1.000 1.000 1.000
0.044 0.056 0.052 0.050 0.060 0.046 0.373 0.850 0.993 1.000 1.000 1.000
0.061 0.056 0.053 0.054 0.060 0.044 0.609 0.924 0.998 1.000 1.000 1.000
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Table 5: Empirical sizes and powers of the proposed test in conjunction with the Storey et al.
(2004 ) procedure and the tests of SY, LC and CLX for the Gamma distributed data generated from
model (1)) for size and ([@2)) for power. The multiple test procedure is conducted by controlling
the FDR at o = 0.05 and N = [p®7|. The figures in the parentheses are the adjusted empirical
sizes and powers so that the empirical sizes are smaller than the SY’s and LC’s tests.

Empirical Size Empirical Power

P Ny =No SY LC CLX  Proposed SY LC CLX  Proposed
50 30 0.078 0.060 0.041 0.102(0.060) 0.237 0.177 0.255 0.599(0.422
50 0.075 0.071 0.045 0.096(0.057) 0.409 0.265 0.250 0.877(0.720

80 0.055 0.065 0.046 0.096(0.047) 0.644 0.402 0.416 0.990(0.860

100 50 0.069 0.058 0.041 0.061(0.058) 0.537 0.258 0.260 0.986(0.820
80 0.067 0.067 0.040 0.063(0.063) 0.831 0.397 0.378 1.000(0.996

100 0.058 0.065 0.044 0.066(0.055) 0.927 0.521 0.405 1.000(0.994

200 80 0.063 0.053 0.047 0.069(0.051) 0.944 0.401 0.364 1.000(0.999
100 0.056 0.068 0.042 0.067(0.051) 0.988 0.556 0.383 1.000(1.000

120 0.054 0.046 0.042 0.067(0.046) 0.997 0.661 0.433 1.000(1.000

400 100 0.060 0.062 0.044 0.047(0.047) 0.999 0.540 0.349 1.000(1.000
(0.047) (

(0.042) (

(0.044) (

(0.036) (

(0.043) (

(0.041) (

(0.050) (

(0.047) (

120 0.054 0.063 0.039 0.047(0.047 1.000 0.678 0.380 1.000(1.000
150 0.044 0.044 0.050 0.051(0.042 1.000 0.830 0.355 1.000(1.000
600 120 0.056 0.048 0.049 0.044(0.044 1.000 0.693 0.380 1.000(1.000
150 0.075 0.055 0.041 0.036(0.036 1.000 0.850 0.415 1.000(1.000
180 0.048 0.048 0.042 0.043(0.043 1.000 0.932 0.530 1.000(1.000
1000 150 0.061 0.059 0.039 0.041(0.041 1.000 0.867 0.386 1.000(1.000
180 0.050 0.063 0.042 0.052(0.050 1.000 0.929 0.450 1.000(1.000
200 0.055 0.048 0.044 0.047(0.047 1.000 0.980 0.562 1.000(1.000

—_ — — O — — /O O O O T O — OO O O
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Table 6: Empirical sizes and powers of the proposed test in conjunction with the Storey et al.
(2004 ) procedure and the tests of SY, LC and CLX for the Gamma distributed data generated from
model [A3) for size and [@4) for power. The multiple test procedure is conducted by controlling
the FDR at o = 0.05 and N = [p®7|. The figures in the parentheses are the adjusted empirical
sizes and powers so that the empirical sizes are smaller than the SY’s and LC’s tests.

Empirical Size Empirical Power
P Ny =No SY LC CLX  Proposed SY LC CLX  Proposed

50 30 0.066 0.063 0.043 0.102(0.046) 0.555 0.373 0.293 0.604(0.577)
50 0.062 0.069 0.035 0.092(0.060) 0.787 0.618 0.242 0.812(0.793)

80 0.046  0.061 0.042 0.098(0.042) 0.952 0.867 0.350 0.964(0.954)

100 50 0.063 0.065 0.043 0.069(0.053) 0.905 0.663 0.292 0.925(0.914)
80 0.062 0.065 0.039 0.058(0.058) 0.991 0.902 0.289 0.994(0.992)

100 0.051 0.068 0.043 0.063(0.051) 0.998 0.969 0.346 1.000(0.999)

200 80 0.046  0.057 0.041 0.065(0.046) 1.000 0.939 0.223 1.000(1.000)
100 0.057 0.073 0.042 0.060(0.056) 1.000 0.987 0.359 1.000(1.000)

120 0.043 0.068 0.043 0.061(0.041) 1.000 0.998 0.363 1.000(1.000)

400 100 0.047 0.061 0.044 0.042(0.042) 1.000 0.992 0.229 1.000(1.000)
120 0.059 0.054 0.043 0.050(0.050) 1.000 1.000 0.282 1.000(1.000)

150 0.056 0.058 0.044 0.047(0.047) 1.000 1.000 0.413 1.000(1.000)

600 120 0.050 0.042 0.045 0.046(0.036) 1.000 1.000 0.246 1.000(1.000)
150 0.058 0.053 0.042 0.043(0.043) 1.000 1.000 0.376 1.000(1.000)

180 0.056 0.055 0.043 0.037(0.037) 1.000 1.000 0.511 1.000(1.000)

1000 150 0.049 0.065 0.036 0.057(0.043) 1.000 1.000 0.310 1.000(1.000)
180 0.050 0.052 0.039 0.049(0.049) 1.000 1.000 0.407 1.000(1.000)

200 0.033 0.063 0.037 0.039(0.029) 1.000 1.000 0.533 1.000(1.000)
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Table 7: False discovery rate and correct rejection rate of the proposed test in conjunction
with the Storey et al. (2004) procedure for the Gamma distributed data where the first sample
is generated from model (A1) and the second generated from model ([L2)). The multiple test
procedure is performed at level a = 0.05 and N = |Cp®"|. Three dimensions are considered
for each dimension, that is n = 30,50,80 for p = 50; n = 50,80,100 for p = 100; n =
80,100,120 for p = 200; n = 100,120, 150 for p = 400; n = 120,150, 180 for p = 600; and

n = 150, 180,200 for p = 1000, respectively.

False Discovery Rate

Correct Rejection Rate

p p
50 100 200 400 600 1000 50 100 200 400 600 1000
C=1 C=1
0.064 0.050 0.055 0.045 0.054 0.045 0.163 0.226 0.321 0.517 0.791 0.907
0.060 0.049 0.047 0.047 0.051 0.046 0.245 0.273 0.401 0.639 0.831 0.937
0.041 0.055 0.048 0.050 0.048 0.049 0.257 0.334 0.481 0.754 0.891 0.960
C=15 C=15
0.063 0.051 0.055 0.051 0.057 0.046 0.121 0.209 0.318 0.516 0.772 0.905
0.058 0.055 0.051 0.045 0.052 0.049 0.197 0.255 0.397 0.582 0.832 0.938
0.065 0.057 0.054 0.058 0.050 0.043 0.240 0.291 0.480 0.760 0.890 0.959
C=2 C=2
0.052 0.055 0.041 0.043 0.052 0.050 0.123 0.206 0.319 0.508 0.732 0.897
0.054 0.055 0.046 0.058 0.051 0.055 0.196 0.261 0.375 0.573 0.840 0.946
0.047 0.050 0.058 0.054 0.049 0.051 0.234 0.322 0.495 0.739 0.880 0.959
C =25 C=25
0.067 0.051 0.054 0.054 0.049 0.065 0.136  0.209 0.325 0.511 0.757 0.907
0.045 0.066 0.046 0.051 0.052 0.068 0.198 0.260 0.371 0.575 0.848 0.929
0.056 0.043 0.051 0.053 0.052 0.064 0.237 0.315 0.457 0.761 0.888 0.963
C=3 Cc=3
0.069 0.045 0.061 0.055 0.047 0.060 0.125 0.212 0.300 0.515 0.724 0.909
0.043 0.043 0.042 0.055 0.054 0.061 0.186 0.265 0.380 0.591 0.840 0.931
0.064 0.038 0.058 0.059 0.060 0.054 0.241 0.313 0.441 0.707 0.892 0.961
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Table 8: Fualse discovery rate and correct rejection rate of the proposed test in conjunction
with the Storey et al. (2004) procedure for the Gamma distributed data where the first sample
is generated from model ([A3) and the second generated from model ([L4l). The multiple test
procedure is performed by controlling the FDR at a = 0.05 and N = |Cp®7|. Three dimensions
are considered for each dimension, that is n = 30,50,80 for p = 50; n = 50,80,100 for
p = 100, n = 80,100,120 for p = 200, n = 100,120, 150 for p = 400; n = 120,150,180 for

p = 600; and n = 150, 180,200 for p = 1000, respectively.

False Discovery Rate

Correct Rejection Rate

p p
50 100 200 400 600 1000 50 100 200 400 600 1000
C=1 C=1
0.052 0.073 0.046 0.054 0.052 0.052 0.230 0.652 0.966 1.000 1.000 1.000
0.051 0.053 0.048 0.054 0.054 0.049 0.422 0.851 0.993 1.000 1.000 1.000
0.052 0.066 0.050 0.049 0.054 0.053 0.669 0.929 0.997 1.000 1.000 1.000
C=15 C=15
0.044 0.055 0.053 0.057 0.058 0.044 0.225 0.635 0.957 1.000 1.000 1.000
0.046 0.045 0.053 0.058 0.055 0.044 0.427 0.861 0.991 1.000 1.000 1.000
0.055 0.038 0.055 0.055 0.057 0.048 0.661 0.938 0.997 1.000 1.000 1.000
C=2 C=2
0.062 0.051 0.056 0.058 0.057 0.056 0.231 0.629 0.958 1.000 1.000 1.000
0.053 0.054 0.057 0.058 0.058 0.058 0.415 0.847 0.990 1.000 1.000 1.000
0.052 0.043 0.051 0.056 0.044 0.044 0.678 0.945 0.996 1.000 1.000 1.000
C =25 C=25
0.071 0.057 0.050 0.056 0.054 0.054 0.238 0.643 0.961 1.000 1.000 1.000
0.067 0.053 0.060 0.059 0.053 0.055 0.400 0.862 0.991 1.000 1.000 1.000
0.049 0.046 0.053 0.057 0.054 0.059 0.669 0.940 0.996 1.000 1.000 1.000
C=3 Cc=3
0.066 0.057 0.055 0.057 0.063 0.047 0.221 0.638 0.968 1.000 1.000 1.000
0.070 0.059 0.053 0.058 0.062 0.047 0.431 0.827 0.992 1.000 1.000 1.000
0.055 0.051 0.057 0.057 0.051 0.047 0.660 0.937 0.996 1.000 1.000 1.000
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Figure 3: Empirical powers of the individual tests Hy, : S, = 0 for the Gamma
distributed data with the first sample generated from model (€I while the second
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Figure 4: Empirical powers of the individual tests Hy, : S, = 0 for the Gamma
distributed data with the first sample generated from model (£3)) while the second
sample generated from model (4.7]).
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