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The following supplementary material contains detailed proofs of the
Theorems 1 to 5.
In three of the proofs we use the following lemma, which relates the plug-
in estimate with data containing additional measurement errors to plug-in

estimates with i.i.d. data without additional measurement errors.

Lemma 1. Let a > 0 be a (possibly random) finite constant and set

1 n

Then it holds for « € R and the plug-in estimates defined above that

XZ—X17n|>a}
dxmn,a—s, — @ < 4x n,a < X n,a+é, +a

Proof. Consider

n

1
Fu@) = Fala+a) = =3 (I, ey — Iovisosa) ) -
=1
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The i-th summand becomes one, if

Xin <z and X;>z+a.

In this case |X,~ — Xi,n‘ > a also holds true. So we can conclude

1 n
Fn($) — Fn(l’ -+ CL) S E Z I{|Xi*Xi,n|>a} = 571
i=1
Analogously we can also show
_ 1 &
Fn(ZL‘) — Fn(l’ — CL) Z _E Zl{lXi_Xi,n‘>a} = _5n
i=1

Hence we get

(xno=min{z €R: F,(z) > a}
=min{z€R:F,(2) = F,(z+a)+ F, (2 +a) > a}
>min{z €R:J,+ F, (2 +a) > a}
=min{zeR:F,(z) >a—0,}—a

=d4xXna—6, — Q@

and



S1. PROOF OF THEOREM 13

G na=min{z€R:F,(z) >a}

=min{z€R:F,(2) = F,(z—a) + F, (z —a) > o}
<min{ze€R: -0, + F,(z —a) > a}
=min{z€R:F,(2) >a+d,}+a

= X n,a+6, + a,

which yields the assertion. O

S1 Proof of Theorem 1

Let a, € (0,1) be such that
a, = a a.s.

We divide the proof into three steps:

In the first step of the proof we show that
dist (Gxnan: @x,a) = 0 a.s. (S1.1)

Therefore set

N = {an—>0z (n —o00) and sup|F,(t)— F(t)] =0 (n—)oo)}

teR
Notice that

P(N)=1



4 MATTHIAS HANSMANN AND MICHAEL KOHLER

because of the Glivenko-Catelli theorem (cf., e.g., Theorem 12.4 in Devroye,
Gyorfi and Lugosi (1996)) and «,, — « a.s. Let € > 0 be arbitrary. We

know
F <q¥;g] — e) <a<F (qu;pi - e) . (S1.2)
Setting
p1 = min (a - F (qglfog] — 6) ,F (q%pi + 6) — 04) ,

we can conclude

F(qglg;”]—e>+%<a<F(q[)?ﬂ+e>—%.

Assume N to hold in the following. Then we can (for all w € N) find ny,

such that for all n > ng we have

|an—a|<% and sup|Fn(t)—F(t)|<%,

teR
which implies
F [low] _ F [up]
n\lxaq —€) <0n <In(gx,te€

and consequently

low ~ U,
QE(,Q] —€< 4X n,an < QE(,po]é + e

Hence,

P <1im sup dist (4x n.an, @x,0) < e) >P(N)=1.

n—oo
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Since € > 0 was arbitrary this implies the assertion.

Let € > 0 again be arbitrary and set

1 n
5n = ﬁ Z [{\Xﬁ)’(i,n|>e}‘
i=1

In the second step of the proof we show
0 — 0 a.s. (51.3)

Therefore we observe

1 — 11 — _
n Z; ]{\Xi—)?i,n|>e} = en ; | Xi — Xi,nla

which yields the assertion by (2.1)).

Furthermore, we know by Lemma

qAXﬂ'L,Oé—(Sn — € S qAX,TL,O( S qX7n7()é+67z —I— € (814)

In the third step of the proof we finally show the assertion. By the second
step, we know o — 4, — «a a.s. and a + 9, — « a.s., so by choosing
ap, = a — 0, or @, = a+ 0, resp., we conclude by (S1.4) and by the first

step for arbitrary € > 0
dist (qA)_(,n,om QX,a)
< dist (Gxna—s, Qx.0) + €+ dist (Gxna+s,, Qxa) +€— 26 a.s.

(S1.5)

Since € > 0 was arbitrary this implies the assertion. 0



6 MATTHIAS HANSMANN AND MICHAEL KOHLER

S2 Proof of Theorem 2

In order to proof Theorem [2, we need the following lemma, which is a
straightforward extension of ideas in Theorem 4 in Feldman and Tucker

(1966)) to random sequences.

Lemma 2. Let a € (0,1) be arbitrary and X, X1, Xo,... be independent
and identically distributed real valued random variables with cdf. F'.

(a) Let vy, be a (possibly random) sequence, that satisfies

21 | 2
Yt + (14 v) \/ 0g (log (n/2)) <a and Yoy —a  a.s.
n

for some v > 0. Then it holds

(:?Xvnﬂ’YH,l — QEI((?;U} a.s. (826)

(b) Let v, be a (possibly random) sequence, that satisfies

21og (1 2
Ynr — (1 + V) \/ og (log (n/2)) >a and Yy — o a.s.
n

for some v > 0. Then it holds

AX o, — qg?i]y a.s. (52.7)

Proof of Lemma [2} (a) It suffices to show
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i) P ((jx’n%’l < qglgqi] —€ i.o.) = 0 for any € > 0, and

(i) P (dxn, > din i0.) =0,

where i.0. means infinitely often. First of all we show (i). Therefore let

€ > 0 be arbitrary. We know

F (qgl:;”] - e) < a.

Setting
pr=a—F (4~ ),

we can conclude

F (qgl:;"] —e> —1—% <.

Choose

N = {’yn’l —a (n—o00) and sup|F,(t)— F ()] =0 (n — oo)} .
teR
As in the proof of Theorem 1 we have P(N) = 1. We can (for every w € N)

find ng such that for all n > ng it holds

Pp— g% and  sup|F, (1) — F (1) < 2.

teR 4

This implies (for every w € N)

Fu () =€) <
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and hence
[low]

qunv’Yn,l > qX,Oz €

for n large enough. So we actually have shown
1—P@mwM§&ﬁ—eia>2PMU:L

which proves (i).

It remains to show (ii). Therefore set

U=1-2-1

{Xigqﬁ?jfj]} fori=1,...,n
and
p=P (X < qﬂ’;’;”]) > a.
We know
E{U;} =1-2p; <1—-2a and s=V{U} =4p;-(1—p)

and

ZU =n—2n-F ( [low])

g n qX,a :

i=1

Thus,

~ low low
{qunv'Yn,l > qA[X,a}} = {Fn <qA[XV,CM]) < fynyl}

{—2n B, (q&osg > =27 - n}

{z”: Ui>n—2vy,, - n) ) (S2.8)

=1

N
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It is only necessary to consider the nontrivial case where s > 0. Set v, =
(2ns - log (log (ns)))"?, which we will need in the subsequent application
of Kolmogorov’s law of the iterated logarithm. Observe that 1, is well-

defined for n large enough. Since 0 < z- (1 — z) < ; for x € [0, 1], we have

1
4

0 < s <1 and thus (2n - log (log (n)))"/? > t,. Because of

s> (11 ) 28007

n

we can conclude

1+v [2log(log(n))
2 n

A — Yn,l Z
for all n large enough. Combining this with

1—-2p <1-—2a,

we get by (SZ.3)

~ low] .
P <QX,n,wn,z > q[Xﬂ] z.o.>

<P <Z U>n—2v,-n @'.0.)

i=1

IN

P(iUi2n-(1—2a)+2-(a-n—%,l-n) i.o.)

=1

§P(Zn:UiZn'(l—Qpl)—i-(l%—u)-wn i.o.).

i=1

We know by Kolmogorov’s law of the iterated logarithm (cf., e.g., Theorem
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1 on page 140 in [Tucker| (1967)))

ZUi—n-(1—2p1)
P | limsup &2 =1\ =1,

n—o0 Q/JTL

from which we can conclude

P(ZUi2n~(1—2p1)+(1+V)~wn i.o.) = 0.
i=1

This completes the proof of (a).

(b) It suffices to show

(i) P <ch,n%,T > qE?f’i +e€ z'.o.) = 0 for any € > 0, and

(ii) P ((jXﬂWW, < g @0) ~0.

The proof of (i) is analogously to (i) in part (a). It remains to show (ii).
Therefore set

V;' =2 [{X‘<q[up] —1 fori= 1,...,TL

X,

and
p2:P<X<qE?7pi> <a.

We have E{V;} =2p;—1 <2a—1and § = V{V;} =4py-(1 — ps). Observe

that if

4 [up]
qX7n77n7T < qX,CM ?
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then

1 — 1 — X
w2 s} 2 3 2 s, = P (@) 2 9
1= 1=

Thereby, we can analogously to (ii) in part (a) conclude

n
{qAXany'Yn,r < QE?,po}é} g {Z‘/Z 2 2’}/77,77‘ n — n} .
i=1

Again, we only need to consider the nontrivial case § > 0 and set 1/~Jn

(2n5 - log (log (n§)))**. Since 0 < z- (1 —z) <

1 for z € [0,1], we have

(2n - log (log (n)))l/ ?> > 4),,. The assumption on 1, implies

o — > 1 —|2— v [2log(log (n))

n

for all n large enough. Thus, using 2a — 1 > 2py — 1, we can conclude

P (dxnn,. < di) i0) <P <Z Vis e (2pr—1)+(1+0) 4, zo)

=1

Again, by Kolmogorov’s law of the iterated logarithm, we get

P(Xn:ViZn-(Zpg—l)Jr(l+l/)-@En i.o.) =0,

=1

which completes the proof.

Proof of Theorem 2. Set

1 n
O = D xSy
i=1

and observe that (2.2) implies

1 « 1 1< _ N
Op = ngfﬂxi—Xi,nbm} < ﬁﬁzl | Xi — Xinl < T
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Using Lemma 1 and (52.9)), we can conclude that for any (random) sequence

v, holds

éX,n,'yn—\/an =V < qAX,n,'yn < qAX,n,7n+\/an + V' <S2'1O>

for every n € N. By setting v, = «,, in (52.10) we know

QX n.on—vim = V1 < Q%o < Xnant i + Vi (S2.11)

for all n € N. Having regard to

a, +(1+v)- \/210g (105 (n/2)) + Vi < «

forall 0 <v <1, as well as o, = « a.s., we also know that v,,; = o, + /1

and 7, = o, — /7, fullfill the assumptions of Lemma ) So we get

[low] [low]

X mon—im — Vi = Axo @S- A (X pantyim T VI = Qxa QS
which yields

~ [low]
qX,n,an — QX,o( a.s.

Analogously we can show

QX,n,Bn — q&?ﬂ a.s.

by using Lemma ), which completes the proof. 0
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S3 Proof of Theorem 3

Let @ € (0,1) be arbitrary. Assume to the contrary that there exists a

sequence (Gn,a),cy Of quantile estimates statisfying
Gne (X1v. o, X)) =F g ($3.12)

whenever X1, X, ... are such that for some independent and identically as

X distributed X7, Xs,... we have
1 ¢ .
- Y IXi-Xi| =0 as. (S3.13)
i=1

Let X, X, X, ... be independent and indentically distributed with cdf.

’

0 if <0
x if 0<z<a«
F(r)=19 a if a<z<l+a

r—1 if 1+a<xr<?2

1 it 2<x

\

and a-quantile qgl;j;”} = «. For k € N set

(

0 if <0
T if 0<r<a-7%
By (z) = a—2 if a-¢<z<l+a-7

rz—1 if Il+a—-2<x<2

1 it 2<x
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and

7

X,+1 if X, e [a—%,a}

Then Xl(k),XQ(k), ... are independent and identically distributed random
variables with cdf. Fj, and a-quantile q,[clf’aw} =1+ a. Soif weset X; = Xi(k)

for all ¢ > N with N € N arbitrary, (S3.13)) is fullfilled (with X; replaced
by XZ-(k)) and we know by (S3.12]) that

Gna (X1s .o, X)) =7 gl (S3.14)

Next we define for suitably chosen deterministic ng :=0 < ny < no, < ...

(where n; € N for all i € N) our data with measurement error by

For all i € N we have
P(X;-X;|=0)>1-a and P(|X;—Xi|=1)<a
and hence
0<E{|X;—Xi|} <a and V{|X;-X|} <E{|X;- X’} <o
So

= V{X, - X; -
S AT o5 e
=1

=1
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By a criterion which is sometimes called the Kolmogorov criterion (cf., e.g.,

Theorem 14.5 in |Burckel and Bauer| (1996))), we get

1 o . .
EZ(|XZ-—X1-\ ~E{|X;, - Xi]}) 20 as. (33.15)
i=1
But since |X; — Xi(k)| > | X; — Xi(l)| for all [ > k and i € N, we can conclude
1 . 1 . 1 < .
0< - ZE{’Xz - Xil} = - ZE{‘XZ — Xil} + - Z E{[X; — Xil}
i=1 i=1 i=nj+1

1 & 1 ®)
<_§: + = E: E{|X; — X!

n
Nk 1 o
n
i=np+1
<M 5% o)
— o+ — — (n 00
—n k k ’

for every k € N, which implies
1< .
> E{|IX; - X;[} - 0
et
and finally by (S3.15|)
1< .
n <
=1
So it suffies to show, that for some ¢ > 0

lim sup P (

n—o0

qAn,oz (Xla e 7Xn) - Q,[)lgg]

> e) > 0. (93.16)

To do this we will choose ny such that ((S3.16|) holds. Let 0 < € < 1 be fixed

and choose n; such that

P

DO | —

~ (1 ¥ low
Gni (Xl( ), o ,X,(fl)) - qg,a ]

>€><
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This is possible because of (S3.14)). Given ny,...,n;_1, we choose ny > nj_1

such that

P

which is again possible because of ((S3.14). The choice of nq,no, ... implies

P

G o <X1, e K W XB ,ng) _ qg;w]‘ - e) <

)

N —

. - 1
Cjnk,cx (Xla"‘7XTLk) _QI[ia} 5

>€><

and accordingly

Cjnk,a (X1, C. ,Xnk) _ ql[gl:)aw]

N | —

P

for £ € N. Using the triangle inequality, we know

<e)>

low low e
1= l[c,a] - Q_[X',a] <

qAnk,OL (X].a ce. 7Xnk) - QI[gl,Oaw] +

Thereby, we can conclude for any k € N

P

2P<1—

P

qAnk,a (X17 e ’Xnk> — qgl(o’g]

>1—€>

Gre (X100, X)) — gf

<

>1-) (83.17)

e (X1, oo, X)) — ql[j;w]

v
N =

which completes the proof. O]

qAnk,a (Xb s 7Xnk) - qX,a

[low]
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S4 Proof of Theorem 4

For the sake of simplicity we write ¢x o for the lower a-quantile of X instead
of gy

We divide the proof into two steps:

In the first step of the proof we show that if «,, is a (possibly random)

sequence with

a, = a  a.s.

it holds

1 1/
|qAX,n,an - QX,oz| = OP (ﬁ + ’Oén — OK|) . (S418)

Therefore it suffices to show

n—00 \/ﬁ

for every ¢; > 1, with the finite constant ¢, > 0 of (2.5)).

2 (1 1 )
limsupP ( |dxma, — txal < o (= +law—al) | > 1-2exp (~233)
Co

Now set
9 ¥
B, :{ﬂ|an—a|§—}
Co 2
and
C, = {su |F (t) - F, (t)|<i}
" te]g " —n
We know

P(B)) =0 (n—o00) and P(CS) < 2exp(—26})
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because of a,, = a a.s. and the Dvoretzky-Kiefer-Wolfowitz inequality (cf.,
Dvoretzky, Kiefer and Wolfowitz (1956)) in combination with Corollary 1
in [Massart (1990). Choose ng € N, such that 0 < % -k < % is fullfilled
for all n > ng. Assume in the following, that the events B, and C,, hold

and consider n > ng. Set 6, = 2¢1 - |a, — | +2 - \c/—lﬁ The assumptions

imply

1 1/~ 261 2 c 1/~ C'y C'y 1/
0<(—0.) =" Jan—a+- =) <(>+>] =
(Cz ) (02 @ a|+02 \/ﬁ) _(2+2) ‘

so we can conclude by the assumption in (2.5) and F (¢x.) = @

1\ 1\
0n = 2 |qx.0 — 4xa — (—Hn) <la—F|qgxa+ <_9n)
CQ 02
(S4.19)
and
1\ 1\
On = C2|qx,0 — Gx,a + (—0n> <la—F|qgxa— <_9n) .
Co Co
(S4.20)

Since 6, > 0 for all n, (54.19) and (S4.20]) imply

Flagxa—|—0n <ao——<a<at+—<F|gxa+|—0n .

(S4.21)

Since the event C,, holds, we know

1 1/ c 1 1/~
Fn o T _en - T = S F a _gn
<QX, (C2 ) ) \/ﬁ ax, <C2 )
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and

1 1/~ 1 1/~ e
F o —0, < F, o —0, —.
ot () )2 oner (G0) )+ 5

Combining this with (S4.21)) and the definition of 6, leads to

1 1/ 1 1/~
Fn QX,a - (0_2971) < a—Cpr | — an| S Oé—i—Cl"Oé - an| < Fn QX,a + (C_26n> .

Since ¢; > 1 we have
a—cla—ay <a, <atco-la—a,l,

which implies

So finally we have shown

1 1/v 1 1/~
P (Bn N Cn) <P Fn dx,a — (C—Qn) <oy < Fn dx,a + (C_0n> ,
2 2
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which by the definition of ¢x ,., and for n > ng leads to

1 1/~
P ‘qAX,n,ozn - QX,Q‘ S (_9n>
Co
1 /v 1 /v
=P qdX,0 — <_9n) < qAX,n,an < 4X,a + (_9n>
Co Co
1 1/ 1 1/
Z P Fn qX,0 — (_9n> < ap < Fn qX,a + <_0n)
Co Co
>P(B,.NCY)
—1-P(BUCY)
> 1o P(B) - P(C)
>1-P(B;)—2exp(—2cf) = 1 —2exp (—2¢]) (n— 00).
This was the assertion.

Furthermore, we know (see proof of Theorem 2 in combination with

(2.4))

1 ¢ T

Using ((54.22)), application of Lemma 1 yields

(jXﬂl:Oé—\/'an ~— Vi < (jf(,n,a < (jX,'n,a—i-\/quL + /" (S423)

for all n € N.

In the second step of the proof we finally show the assertion. By the first
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(G’
=Op ((%Jr\/n_n)lm) :

A% no — Oxa| < ldxma-yim — Vln — @x.a| + | matyin + Vi — X0l

step we can conclude

qX n,o—, /Mn 4X,a

and

dX n.a+ymm — X,

By (54.23]) we know

<

(jX,n,a—\/nTL - QX,Q‘ + ’(jX,n,oz—i-\/'rTn - QX,a‘ + 2\/ Tns
which completes the proof. [l

S5 Proof of Theorem 5

Let a € (0, 1) be arbitrary. For the sake of simplicity we write gx o for the

lower a-quantile of X instead of qglg;“}. Assume to the contrary that there ex-

ists an estimator ((jnva)nEN such that for all random variables Xl,na Xgm, e
which are such that for some independent and identically as X distributed

X17 XQ, ... it holds

n

1 _
M= LXK Kl 50 as (55.24)

i=1
we have

lim lim sup P (|(jn7a (X'Ln, . ,Xnm) — qX@‘ >c- (

€20 nsoo

3=
+
Pt
N
N———
N———
|
VO
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with a sequence 7, that fullfills

M

—F0. (S5.26)
Vin

Let X, X, Xs,... be independent and identically uniformly on (0,1) dis-
tributed, i.e., with cdf.

¢

0 if z<0

Fx)=q 2z if 0<a2<1

\1 it x>1

and lower a-quantile gx o = a. Set f = min (a,1 — «) /2 and for k € N let

Y *®) have the distribution function

p

0 if x<0
T if 0<z<a-—-p %
a—pf % if a—p %<x<04
2@ —a)+a—Fy/1 if a<z<a+fy/;
x if a+py/;<z<l
1 if 1<ux.

In other words the distribution of the random variable Y*) is obtained by
shifting all mass, that is contained in the interval [a - p %, a}, by S \/%

to the right. This distribution has the lower a-quantile gy ®) , = o+ g\/% :
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Furthermore, we set

k
Xi(,n) = largest samples of (X;);_

-----

, in [a—ﬁ %,Oé}

X, otherwise
\

and notice that this is almost surely well defined, since ties occur only
with probability zero because F' is continuous. Now let Yl(k), YQ(k), ... be
independet and identically as Y*) distributed. Then we know by (S5.25))

that for every k € N

Laplace theorem (cf., e.g., Theorem 1 and Corollary 1 on pp. 47-48 in
Chow and Teicher| (1978))), which is a special case of the central limit theo-

rem for binomially-distributed random variables, implies for a B (n, 15} \/% >—

Xi+5\/% if X;e [a—ﬁ %,a} and Xj is one of the LB\/%
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distributed random variable Z, and p = ﬁ\/%

[pn

P (AD) Z() (X € a—pal) - P(X ¢ fa—pa])"™

=0

£

()

P <(An’“))c> — % (n — o0)

N | —

(n — o0)

and

for every k € N. So we can conclude by (85.27)) that for every k € N

1
limsup P ( > é\/%)
n—o0

qA?’L,OL (Xl(n7 X(k > _qY(k)’a

1 c
< limsup | P ({ o (X0 X)) =gy 2 @\/;} mA;M) +P((A) )]
n—oo
=0+ = !
22
(S5.28)
because if we intersect with the event AL the samples X, ,3, e XT(LkT)L are

in fact samples drawn from the distribution of the random variable Y *),

So for every k € N we get in particular for n large enough

g /1 3
> 1 E) < 1 (S5.29)
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It suffices to show, that there exists a strictly increasing sequence (ny),cy

and data with measurement error X, , ..., X, ., fullfilling (S5.24)), and

7, satisfying (S5.26)), such that for every c3 > 0

°(

for k large enough.

(S5.30)

co| —

A~ v v 1 =
an,a (Xl,nka s 7Xnk,nk) - qX,a| > C3 - (\/_n_k + nnk)) Z

We will now sequentially construct such a sequence ny, and the data X, ,,, , . . .

and show that ((S5.30) holds. Choose n; > 1 such that

P( 8 1><§
—4V1) 4

holds. This is possible because of ((S5.29). Given nj_q, choose ny > ng_q

~ 1
C.an,Ol <X1(77217 AR 7X7§L]i)7nl) - QY(l),a

such that n, > k2 and

6 /1 3
P( = z)ﬁz

hold. This is again possible because of (S5.29)). Setting

~ k
Qny,a <X1(,73k> s vag];),nk> — 4y ®) o

X,-ﬁn:Xi(;) for 0<n<m andi=1,...,n and
’ (S5.31)

Xi,n = Xi(,,:z) for ng_1<n<n, andi=1,..n,

1 1 1B
SE'V\/;”J‘ﬁ FS Tk
2

nnkg% for all k € N

we can conclude for ny_; < n < ny

=S - LS
=1 i=1

n

and in particular

Y X’I’Lk,’nk
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and

m — 0 a.s.

In this way we have constructed a strictly increasing sequence (1),

and data with measurement error X Lngs
P <
By the triangle inequality, we know

6 /1
5\/; = |ty .0 — @x.0l

S |QY(k)7a - an,a (Xl,nku

..,X’nk,nk such that for all £k € N

_ g /1 3
o Xpn) — Gy o] = Vil <71 (S5.32)

an,oz (Xl,nk b

.. 7Xnk,nk)‘ + an,a (Xl,nka N 7Xnk,nk) - QX,a‘ .
(S5.33)
Thereby, we can conclude for all £ € N
P Qn oz(Xln H-Xnn)_QXa|>c3' L—|'77]n
k> STk ) ksTk ) \/n_k; k
g1 . = > I
Z P (2 E - ‘qY(k)7a — Qny,a (Xl,nk> s 7Xnk,nk)| > C3 - _/n—k + Ty,
6 /1 1 N . =
:P (2 E —C3 \/—n_k+7]nk > }QY(k),a_an,a (lenkf"?Xnk,nk)‘
Since 17, < 5—;, we know by ((S5.26
T Vi _p ) (k — o0).
WiV

Furthermore, since ny, > k2 for all £ € N by construction, we have

1
< Vk?

3

Nk

-0 (k— ),

N ke
==
Ny

==
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which implies for every c3 > 0

e (i + ) PO

k — 00).
8. /1
i\ &
So setting
1 g /1
B, = A7, +—— ) <E4/=
k {63 (77 e T \/n_k) < k}
yields
P(By) =1 (k— o)
and thus

7
P (By) Zg

for k large enough. Thereby, we finally get for every ¢3 > 0 and k large

enough

4 % v - 1

, o ]
> P 5[ (nnk \/—n—k) > gy w o = Gnga (Xl,nw'--’Xnkv”k”)

1 R _ _
> P {— L (nnk+\/—n—k) |2y 09,0 — an,a(Xl,nm-'-’Xnk,nkﬂ}mBk)

ZP {ﬁ\/7 |qY(k)a ana(Xlnka-.ank,nk)‘}mBk)
1

> ——_:_7

-4 8 8
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where we have used ((55.32)) in the last inequality. This yields the assertion.

OJ
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