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This supplementary material contains proofs of the theorems and lemmata contained in the

manuscript “Risk consistency of cross-validation with lasso-type procedures”

S1 Squared-error loss and quadratic forms

We can rewrite the various formulas for the risk from as quadratic forms.

Define the parameter to be γ> := (−1, β>), with associated estimator γ̂>t :=

(−1, β̂>t ).

R (β) = Eµn
[
(Y − β>X )2

]
= γ>Σnγ (S1.1)

where Σn := Eµn [ZZ>].

R̂ (β) =
1

n
||Y − Xβ||22 = γ>Σ̂nγ,

where Σ̂n = n−1
∑n

i=1 ZiZ
>
i .

R̂Vn (t) =
1

K

∑
v∈Vn

(γ̂
(v)
t )T Σ̂vγ̂

(v)
t , (S1.2)

where Σ̂v = |v|−1
∑

r∈v ZrZ
>
r , γ̂

(v)
t := (−1, β̂

(v)
t )>, and

β̂
(v)
t := argmin

β∈Bt
γ>Σ̂(v)γ,

with Σ̂(v) := (n− |v|)−1
∑

r/∈v ZrZ
>
r .
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S2 Background Results

We use the following results in our proofs. First is a special case of Ne-

mirovski’s inequality. See Dümbgen et al. (2010) for more general formula-

tions.

Lemma 1 (Nemirovski’s inequality). Let (ξi)i∈v be independent random

vectors in Rd, for d ≥ 3 with E[ξi] = 0 and E ||ξi||22 < ∞. Then, for any

validation set v and distribution for the ξi’s,

E

∣∣∣∣∣
∣∣∣∣∣∑
i∈v

ξi

∣∣∣∣∣
∣∣∣∣∣
2

∞

≤ (2e log d− e)
∑
i∈v

E ||ξi||2∞ ≤ 2e log d
∑
i∈v

E ||ξi||2∞ .

Also, we need the following results about the Orlicz norms.

Lemma 2 (van der Vaart and Wellner 1996). For any ψr-Orlicz norm with

1 < r ∈ N and sequence of R-valued random variables (ζj)j=1,...,m∣∣∣∣∣∣∣∣ max
1≤j≤m

ζj

∣∣∣∣∣∣∣∣
ψr

≤ Ψ log1/r(m+ 1) max
1≤j≤m

||ζj||ψr
,

where Ψ is a constant that depends only on ψr.

Lemma 3 (Corollary 5.17 in Vershynin 2012). Let ξ1, . . . , ξn be iid centered

random variables and let ||ξi||ψ1
≤ κ. Then for every δ > 0,

P

(∣∣∣∣∣
n∑
i=1

ξi

∣∣∣∣∣ ≥ nδ

)
≤ 2 exp

(
−cnmin

{
δ2

κ2
,
δ

κ

})
,

where c = 1/8e2.
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S3 Supporting Lemmas

Several times in our proof of the main results we need to bound a quadratic

form given by a symmetric matrix and an estimator indexed by a tuning

parameter. To this end, we state the following lemma.

Lemma 4. Suppose a ∈ Rp and A ∈ Rp×p. Then

a>Aa ≤ ||a||21 ||A||∞ ,

where ||A||∞ := maxi,j |Aij| is the entry-wise max norm.

We use Lemma 1 to find the rate of convergence for the sample covari-

ance matrix to the population covariance.

Lemma 5. Let v ⊆ {1, 2, . . . , n} be an index set and let |v| be its number

of elements. If µ ∈ Fq, then there exists a constant C, depending only on

q, such that

Eµ
∣∣∣∣∣∣Σ̂v − Σn

∣∣∣∣∣∣
∞
≤ C

√
(log p)1+2/q

|v|
,

where it is understood that 2/∞ = 0.

Proof. (Lemma 5) Let ξr ∈ R(p+1)2 be the vectorized version of the zero-

mean matrix 1
|v|(ZrZ

>
r − EZZ>). Then, by Jensen’s inequality

(
E
∣∣∣∣∣∣Σ̂v − Σn

∣∣∣∣∣∣
∞

)2
≤ E

∣∣∣∣∣∣Σ̂v − Σn

∣∣∣∣∣∣2
∞

= E

∣∣∣∣∣
∣∣∣∣∣∑
r∈v

ξr

∣∣∣∣∣
∣∣∣∣∣
2

∞

.
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Using 1 with d = (p+ 1)2 and writing ||X||2L2(µ)
:= EµX2 we find

Eµ

∣∣∣∣∣
∣∣∣∣∣∑
r∈v

ξr

∣∣∣∣∣
∣∣∣∣∣
2

∞

≤ 2e log
(
(p+ 1)2

)∑
r∈v

∣∣∣∣∣∣∣∣ ||ξr||∞ ∣∣∣∣∣∣∣∣2
L2(µ)

≤ 4e log(p+ 1)
∑
r∈v

((
2(log 2)1/q−1

) ∣∣∣∣∣∣∣∣ ||ξr||∞ ∣∣∣∣∣∣∣∣
ψq

)2

. log(p+ 1)
∑
r∈v

(
log1/q

(
(p+ 1)2 + 1

) ∣∣∣∣∣∣∣∣ ||ξr||ψq

∣∣∣∣∣∣∣∣
∞

)2

. log(p+ 1)
1

|v|2
∑
r∈v

(
log1/q

(
(p+ 1)2 + 1

)
Cq

)2
≤ C ′ log(p+ 1)

1

|v|2
∑
r∈v

log2/q
(
(p+ 1)2 + 1

)
≤ C

(log p)1+2/q

|v|
.

Note that ψq is the Orlicz norm induced by the measure µn and the third

inequality follows by 2.

Corollary 1. By the definition of µn,

P
(∣∣||Y ||22 − nE[Y 2

1 ]
∣∣ ≥ nδ

)
≤ 2 exp

(
−cnmin

{
δ2

C ′2q
,
δ

C ′q

})
,

where c = 1/8e2 is an absolute constant and C ′q = (log 2)1/q−1Cq.

Proof. This result follows immediately from 3 and the result

||ξ||ψ1 ≤ (log 2)1/q−1||ξ||ψq ≤ (log 2)1/q−1Cq = C ′q.
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S4 Proof of Main Results

Theorem 4. Let Dn, En be any two sets. Then we can make the following

decomposition:

P
(
E(t̂, tn) ≥ δ

)
= P

(
E(t̂, tn) ≥ δ ∩Dn ∩ En

)
+ P

(
E(t̂, tn) ≥ δ ∩Dc

n ∩ En
)

+

+ P
(
E(t̂, tn) ≥ δ ∩Dn ∩ Ec

n

)
+ P

(
E(t̂, tn) ≥ δ ∩Dc

n ∩ Ec
n

)
≤ P

(
E(t̂, tn) ≥ δ ∩Dn ∩ En

)
+ 2P (Dc

n) + P (Ec
n) . (S4.3)

Also,

E(t̂, tn) = R
(
β̂t̂

)
−R (βtn)

= R
(
β̂t̂

)
− R̂Vn

(
t̂
)︸ ︷︷ ︸

(I)

+ R̂Vn

(
t̂
)
− R̂Vn (tmax)︸ ︷︷ ︸
(II)

+

+ R̂Vn (tmax)− R̂
(
β̂tn

)
︸ ︷︷ ︸

(III)

+ R̂
(
β̂tn

)
−R (βtn)︸ ︷︷ ︸

(IV )

, (S4.4)

where we use the notation β̂t = β̂(Bt). Now, for any t ∈ Tn, R̂Vn

(
t̂
)
−

R̂Vn (t) ≤ 0, by the definition of t̂, and thus (II) < 0.

Let Dn :=
{
tmax ≤ 2nC ′q/an

}
and En := {tmax ≥ tn}. On the set En,

(III) ≤ R̂Vn (tmax)− R̂
(
β̂tmax

)
=: (̃III). Taking the first term from Equa-

tion (S4.3) and combining it with the decomposition in Equation (S4.4), we
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see that

P
(
E(t̂, tn) ≥ δ ∩Dn ∩ En

)
≤ P

(
(I) ≥ δ/3 ∩Dn

)
+ P

(
(̃III) ≥ δ/3 ∩Dn ∩ En

)
+ P

(
(IV ) ≥ δ/3

)
(S4.5)

We break the remainder of this section into parts based on these terms.

Final predictor and cross-validation risk (I): Using the notation

introduced in S1, note that by equations (S1.1) and (S1.2)

R
(
β̂t̂

)
− R̂Vn

(
t̂
)

= γ̂>
t̂

Σn γ̂t̂ −
1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>Σ̂vγ̂

(v)

t̂

=
[
γ̂>
t̂

Σn γ̂t̂ − γ̂>t̂
(

Σ̂n

)
γ̂t̂

]
+

[
γ̂>
t̂

(
Σ̂n

)
γ̂t̂ −

1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>Σ̂vγ̂

(v)

t̂

]
Addressing each of the terms in order,[
γ̂>
t̂

Σn γ̂t̂ − γ̂>t̂
(

Σ̂n

)
γ̂t̂

]
= γ̂>

t̂

(
Σn − Σ̂n

)
γ̂t̂ ≤ ||γ̂t̂||

2
1

∣∣∣∣∣∣Σn − Σ̂n

∣∣∣∣∣∣
∞
,

where the inequality follows by Lemma 4.

Likewise,[
γ̂>
t̂

(
Σ̂n

)
γ̂t̂ −

1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>Σ̂vγ̂

(v)

t̂

]

=

(
γ̂>
t̂

Σ̂nγ̂t̂ −
1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>Σ̂nγ̂

(v)

t̂

)
+

(
1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>Σ̂nγ̂

(v)

t̂
− 1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>Σ̂vγ̂

(v)

t̂

)

=
1

K

∑
v∈Vn

(
γ̂>
t̂

Σ̂nγ̂t̂ − (γ̂
(v)

t̂
)>Σ̂nγ̂

(v)

t̂

)
+

(
1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>
(

Σ̂n − Σ̂v

)
γ̂
(v)

t̂

)

≤ 1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>
(

Σ̂n − Σ̂v

)
γ̂
(v)

t̂
.
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The last inequality follows as γ̂t̂ is chosen to minimize γ̂>
t̂

Σ̂nγ̂t̂, and so for

any v ∈ Vn,

γ̂>
t̂

Σ̂nγ̂t̂ ≤ (γ̂
(v)

t̂
)>Σ̂nγ̂

(v)

t̂
. (S4.6)

Continuing and using Lemma 4,

1

K

∑
v∈Vn

(γ̂
(v)

t̂
)>
(

Σ̂n − Σ̂v

)
γ̂
(v)

t̂
≤ 1

K

∑
v∈Vn

∣∣∣∣∣∣γ̂(v)
t̂

∣∣∣∣∣∣2
1

∣∣∣∣∣∣Σ̂n − Σ̂v

∣∣∣∣∣∣
∞

≤ 1

K

∑
v∈Vn

∣∣∣∣∣∣γ̂(v)
t̂

∣∣∣∣∣∣2
1

(∣∣∣∣∣∣Σ̂n − Σn

∣∣∣∣∣∣
∞

+
∣∣∣∣∣∣Σn − Σ̂v

∣∣∣∣∣∣
∞

)
Therefore,

(I) ≤ ||γ̂t̂||
2
1

∣∣∣∣∣∣Σn − Σ̂n

∣∣∣∣∣∣
∞

+
1

K

∑
v∈Vn

(
γ̂
(v)

t̂

)> (
Σ̂n − Σ̂v

)
γ̂
(v)

t̂

≤ (1 + tmax)
2

(
2
∣∣∣∣∣∣Σn − Σ̂n

∣∣∣∣∣∣
∞

+
1

K

∑
v∈Vn

∣∣∣∣∣∣Σn − Σ̂v

∣∣∣∣∣∣
∞

)
.

By 5 with Vn = {{1, . . . , n}} and cn = n,

E
∣∣∣∣∣∣Σn − Σ̂n

∣∣∣∣∣∣
∞
≤ C1

√
(log p)1+2/q

n
,

while taking Vn = {v1, . . . , vK} shows,

1

K

∑
v∈Vn

E
∣∣∣∣∣∣Σn − Σ̂v

∣∣∣∣∣∣
∞
≤ C2

√
(log p)1+2/q

cn
.

Combining these two bounds together gives

P
(

(I) ≥ δ

3
∩Dn

)
≤ 3

δ
E[(I)1Dn ]

≤ 3

δ

(
1 +

2n(log 2)1/q−1Cq)

an

)2(
2C1

√
(log p)1+2/q

n
+ C2

√
(log p)1+2/q

cn

)
.

(S4.7)
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Cross-validation risk and empirical risk (III): Due to the discussion

following Equation (S4.4), it is sufficient to bound (̃III) instead. Recall that

Σ̂(v) = (n− cn)−1
∑

r/∈v ZrZ
>
r .

Then,

R̂Vn (tmax)− R̂
(
β̂tmax

)
=

1

K

∑
v∈Vn

(γ̂
(v)
tmax

)>Σ̂vγ̂
(v)
tmax
− γ̂>tmax

Σ̂nγ̂tmax

=
1

K

∑
v∈Vn

(
(γ̂

(v)
tmax

)>Σ̂vγ̂
(v)
tmax
− (γ̂

(v)
tmax

)>Σ̂(v)γ̂
(v)
tmax

)
+

+
1

K

∑
v∈Vn

(
(γ̂

(v)
tmax

)>Σ̂(v)γ̂
(v)
tmax
− γ̂>tmax

Σ̂nγ̂tmax

)
≤ 1

K

∑
v∈Vn

∣∣∣∣∣∣γ̂(v)tmax

∣∣∣∣∣∣2
1

∣∣∣∣∣∣Σ̂v − Σ̂(v)

∣∣∣∣∣∣
∞
,

where the inequality follows by Lemma 4 and the fact that γ̂
(v)
t∗ is chosen

to minimize (γ̂
(v)
t∗ )>Σ̂(v)γ̂

(v)
t∗ , which implies

(γ̂
(v)
tmax

)>Σ̂(v)γ̂
(v)
tmax
≤ γ̂>tmax

Σ̂(v)γ̂tmax . (S4.8)

As before,

1

K

∑
v∈Vn

∣∣∣∣∣∣γ̂(v)tmax

∣∣∣∣∣∣2
1

∣∣∣∣∣∣Σ̂v − Σ̂(v)

∣∣∣∣∣∣
∞
≤ (1+tmax)

2 1

K

∑
v∈Vn

(∣∣∣∣∣∣Σn − Σ̂v

∣∣∣∣∣∣
∞

+
∣∣∣∣∣∣Σn − Σ̂(v)

∣∣∣∣∣∣
∞

)
.

We can use a straight-forward adaptation of Lemma 5 to show that

1

K

∑
v∈Vn

E
∣∣∣∣∣∣Σn − Σ̂(v)

∣∣∣∣∣∣
∞
≤ C3

√
(log p)1+2/q

n− cn
.

Therefore,

P
(

(̃III) ≥ δ/3 ∩Dn ∩ En
)
≤ 3

δ
E[(̃III)1Dn ]
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≤ 3

δ

(
1 +

2nC ′q
an

)2
C2

√
(log p)1+2/q

cn
+ C3

√
(log p)1+2/q

n− cn

 . (S4.9)

Empirical risk and expected risk (IV ) The proof of these results is

given by Greenshtein and Ritov (2004). We include a somewhat different

proof for completeness. Observe

R
(
β̂tn

)
−R (βtn) = R

(
β̂tn

)
− R̂

(
β̂tn

)
+ R̂

(
β̂tn

)
−R (βtn)

≤ R
(
β̂tn

)
− R̂

(
β̂tn

)
+ R̂ (βtn)−R (βtn)

≤ 2 sup
β∈Btn

∣∣∣R (β)− R̂ (β)
∣∣∣ .

Using Lemma 4 (See S1 for notation)

sup
β∈Btn

∣∣∣R (β)− R̂ (β)
∣∣∣ ≤ sup

β∈Btn
||γ||21

∣∣∣∣∣∣Σ̂n − Σn

∣∣∣∣∣∣
∞
≤ (1 + tn)2

∣∣∣∣∣∣Σ̂n − Σn

∣∣∣∣∣∣
∞
.

Therefore,

P
(

(IV ) ≥ δ/3

)
≤ 3

δ
(1 + tn)2

(
C4

√
(log p)1+2/q

n

)
. (S4.10)

The proof follows by combining Equation (S4.3) with Equation (S4.5)

and using the bounds from Equations (S4.7), (S4.9), and (S4.10).

Lastly, there are the various constants incurred in the course of this

proof. In Lemma 2, the constant Ψ can be chosen arbitrarily small based

on inspecting the proof of Lemma 2.2.2 in van der Vaart and Wellner (1996).

As this constant premultiplies every term in Ωn,1 and Ωn,2, we can without



Darren Homrighausen and Daniel J. McDonald

loss of generality set the constant equal to one. For instance, in Lemma

5, the constant C is upper bounded by 8e1/2(log 2)(2−q)/(2q)81/qCqΨ. This

constant can be taken arbitrarily small by choosing Ψ small enough.

Lemma 6. Define the set Dn :=
{
tmax ≤ 2nC ′q/an

}
, where an is the nor-

malizing rate defined in Corollary 5 and C ′q = Cq(log 2)1/q−1. Then, P(Dc
n) ≤

e−cn.

Proof. By Corollary 1,

P

(
||Y ||22
an

≥ n(E[Y 2
1 ] + δ)

an

)
≤ exp

(
−cnmin

{
δ2

C ′2q
,
δ

C ′q

})
.

Furthermore, E[Y 2
1 ] ≤ C ′q, so

P

(
||Y ||22
an

≥
n(C ′q + δ)

an

)
≤ P

(
||Y ||22
an

≥ n(E[Y 2
1 ] + δ)

an

)
.

Therefore, setting δ = C ′q yields P(||Y ||22 /an ≥ 2nh/an) ≤ e−cn.

Lemma 7. Define the set En := {tmax ≥ tn} . If antn = o(n), then, for all

n > 2antn/E[Y 2
1 ], P(Ec

n) ≤ exp {−cn} .

Proof. By Corollary 1,

P

(
||Y ||22
an

≤ n(E[Y 2
1 ]− δ)
an

)
≤ exp

(
−cnmin

{
δ2

C ′2q
,
δ

C ′q

})
,
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for all δ > 0. Setting δ = E[Y 2
1 ]− antn/n therefore implies

P (tmax ≤ tn) ≤ exp

(
−cnmin

{
(E[Y 2

1 ]− antn/n)2

C ′2q
,
E[Y 2

1 ]− antn/n
C ′q

})
≤ exp

(
−cnmin

{
E[Y 2

1 ]2

4C ′2q
,
E[Y 2

1 ]

2C ′q

})
.

Since 0 < E[Y 2
1 ]/C ′q ≤ 1, the result follows.

Corollary 6. For the
√

lasso, the result is nearly immediate as we are con-

sidering the same constraint set ||β||1 ≤ t and the same search space for

the tuning parameter T = [0, ||Y ||22 /an]. However, in Equations (S4.6) and

(S4.8), we rely on the empirical minimizer. The analogous results here are

γ̂>
t̂

Σ̂nγ̂t̂ ≤ (γ̂
(v)

t̂
)>Σ̂nγ̂

(v)

t̂
and (γ̂

(v)
tmax

)>Σ̂(v)γ̂
(v)
tmax
≤ γ̂>tmax

Σ̂(v)γ̂tmax respectively,

but this implies that (S4.6) and (S4.8) hold.

For the group lasso with maxg
√
|g| = O(1), we have t ≥

∑
g∈G

√
|g| ||βg||2 ≥

||β||1 so that Lemma 7 still applies with tmax as before. We note that in

this case, the oracle group linear model is restricted to the ball Btn = {β :∑
g∈G

√
|g| ||βg||2 ≤ tn} rather than the larger set {β : ||β||1 ≤ tn}.
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