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Proposition 1. As s goes to infinity, (ν̂ − ν)/
√
s converges weakly to a normal distribution

with mean zero and variance γ2 = γ2
1 + γ2

2 , where

γ2
1 =

p21
2p2

+
p31
p22

+
p41
4p32

, γ2
2 =

{
1− p0 +

p21
2p2

}
·
{
p0 −

p21
2p2

}
.

Proof of Proposition 1. With m = (n0, n1, n2)
⊤ and p = (p0, p1, p2)

⊤, as s goes to infinity,

√
s(m/s−p) converges weakly to N (0, diag(p)−pp⊤), where N (µ,Σ) is a multivariate normal

distribution with mean µ and covariance matrix Σ and diag(·) builds a diagonal matrix with

its arguments as diagonal entries. Let f(p) = 1 − p0 + p21/(2p2). By the delta method, as

s goes to infinity, (ν̂ − ν)/
√
s =

√
s(f(m/s) − f(p)) converges weakly to N (0, γ2), where

γ2 = ∇⊤f(p){diag(p)− pp⊤}∇f(p) and ∇⊤f(p) = (−1, p1/p2,−p21/(2p
2
2)). By some algebra,

γ2 = γ2
1 + γ2

2 .

Proposition 2. The estimator ν̃ is unbiased in the limit in the sense that

E(ν̃/s) = 1− p0 + p21/(2p2) +O
(
(1− p2)

s). (1)
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Proposition 3. The σ̃2 is unbiased in the limit in the sense that

E(σ̃2/s) = γ2
1 +O

(
s2(1− p2)

s). (2)

Proofs of Propositions 2 and 3. We will show that the following hold, i.e.,

E(ν̃/s) = 1− p0 + p21/(2p2)− p21/{2p2(1− p2)} · (1− p2)
s, (3)

E(σ̃2/s) = γ2
1 − (1− p2)

−3 · r(s, p1, p2)(1− p2)
s. (4)

For i = 1, 2 and 3, write

E

{
n1

s

i∏
j=1

(n1 − j)

(n2 + j)

}
=

∑
n1+n2+u=s

n1

s

i∏
j=1

(n1 − j)

(n2 + j)
· s!p

n1
1 pn2

2 qu

n1!n2!u!

=
pi+1
1

pi2

∑
n1+n2+u=s,n1>i+1

(s− 1)!pn1−i−1
1 pn2+i

2 qu

(n1 − i− 1)!(n2 + i)!u!

=
pi+1
1

pi2

{
1−

i−1∑
j=0

(
s−1
j

)
pj2(1− p2)

s−1−j

}
,

where u = s− n1 − n2 and q = 1− p1 − p2. Clearly, (3) and (4) hold.

Proposition 4. Both ν̌ and σ̌2 are unbiased in the limit, i.e.,

E(ν̌/s) = 1− p0 + p21/(2p2) + b1(p1, p2)/s+O((1− p2)
s), (5)

E(σ̌2/s) = γ2
1 + b2(p1, p2)/s+O(s−3/2), (6)

where b1(p1, p2) = p1/(2p2) and

b2(p1, p2) =

3∑
i=1

{p2 + (p1 + p2)(i− 1)/2}ipi1
{1 + I(i = 1) + 3I(i = 3)}pi+1

2

.

Proof of Proposition 4 . Write

E

(
n1

n2 + 1

)
=

∑
n1+n2+u=s

n1

n2 + 1
· s!

n1!n2!u!
pn1
1 pn2

2 qu =
p1
p2

{
1− (1− p2)

s
}
.
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Note that (5) holds as, with n2
1 = n1(n1 − 1) + n1,

E

(
ν̌ − n

s

)
=

p21
2p2

{
1− (1− p2)

s−1
}
+

1

s
· p1
2p2

{
1− (1− p2)

s
}

=
p21
2p2

+
1

s
· p1
2p2

−
{

p21
2p2(1− p2)

+
1

s
· p1
2p2

}
(1− p2)

s.

To prove (6), we write

σ̌2

s
=

1

2
· (n1/s)

2

(n2/s+ 1/s)
+

(n1/s)
3

(n2/s+ 1/s)2
+

1

4
· (n1/s)

4

(n2/s+ 1/s)3
. (7)

By the linearity of the expectation functional, one can consider the three terms in (7) one by

one. Let gm(x1, x2) = xm+1
1 /xm

2 , m = 1, 2 and 3, x1 > 0 and x2 > 0. Let f be one of g1, g2

and g3, and

f
′
i,1−i =

∂f

∂xi
1∂x

1−i
2

, f
′′
i,2−i =

∂2f

∂xi
1∂x

2−i
2

, f
′′′
i,3−i =

∂3f

∂xi
1∂x

3−i
2

.

Let W1 = n1/s and W2 = (n2 + 1)/s. Note that Ef(W1,W2) − f(p1, p2) = A1 + A2, where,

using Taylor expansion of f(W1,W2) at (p1, p2) and the linearity of the expectation, and with

ξi being between pi and Wi, i = 1, 2,

A1 = f ′
1,0E(W1 − p1) + f ′

0,1E(W2 − p2) + 2−1f
′′
2,0E(W1 − p1)

2

+ 2−1f
′′
0,2E(W2 − p2)

2 + f
′′
1,1E(W1 − p1)(W2 − p2),

A2 =

3∑
i=0

1

3!

(
3

i

)
E
{
f

′′′
i,3−i(ξ1, ξ2)(W1 − p1)

i(W2 − p2)
3−i
}
, (8)

where f
′
1,0, f

′
0,1, f

′′
2,0, f

′′
0,2 and f

′′
1,1 are evaluated at (p1, p2). One has

A1 =
f ′
0,1 + 2−1f

′′
2,0p1(1− p1) + 2−1f

′′
0,2p2(1− p2)− f

′′
1,1p1p2

s
+

f
′′
0,2

2s2

=
(mpm1 /pm+1

2 ){p2 + (p1 + p2)(m− 1)/2}
s

+
m(m+ 1)pm+1

1

2s2pm+2
2

.

Next we will seek an upper bound of |A2| by considering the terms in A2 one by one. By

the Cauchy-Schwarz inequality, one has∣∣∣E {f ′′′
i,3−i(ξ1, ξ2)(W1 − p1)

i(W2 − p2)
3−i
}∣∣∣2

6 E
∣∣∣f ′′′

i,3−i(ξ1, ξ2)
∣∣∣2 · E{(W1 − p1)

i(W2 − p2)
3−i}2.

(9)
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With Zi,s = (ni − spi)/{spi(1− pi)}1/2, by the Cauchy-Schwarz inequality,

E{(W1 − p1)
i(W2 − p2)

3−i}2 6
{
E{(W1 − p1)

4i}E{(W2 − p2)
4(3−i)}

}1/2

,

E{(W1 − p1)
4i} = s−2i{p1(1− p1)}2iEZ4i

1,s,

E{(W2 − p2)
4(3−i)} = s4(i−3)

4(3−i)∑
j=0

γijE(n2 − sp2)
j

= s2(i−3)


4(3−i)−1∑

j=0

γij
{p2(1− p2)}j/2EZj

2,s

s2(3−i)−j/2
+ {p2(1− p2)}2(3−i)EZ

4(3−i)
2,s

 ,

where γi,j =
(
4(3−i)

j

)
. Let µi denote the ith moment of N (0, 1). Because the moment generating

function of Zi,s converges to that of N (0, 1),

lim
s→∞

s3/2
{
E{(W1 − p1)

i(W2 − p2)
3−i}2

}1/2

6 {di(p1, p2)}1/4. (10)

where di(p1, p2) = {p1(1− p1)}2i{p2(1− p2)}2(3−i)µ4iµ4(3−i).

Either f
′′′
i,3−i = 0 or f

′′′
i,3−i ∝ xa

1/x
b
2 or 1/xb

2, where a and b are natural numbers. If

f
′′′
i,3−i ∝ xa

1/x
b
2, then, since ξ2a1 /ξ2b2 6 (p2a1 + W 2a

1 )(1/p2b2 + 1/W 2b
2 ), by the Cauchy-Schwarz

inequality and the Minkowski inequality,

E(ξ2a1 /ξ2b2 ) 6 E{(p2a1 +W 2a
1 )(1/p2b2 + 1/W 2b

2 )}

6 {E(p2a1 +W 2a
1 )2}1/2 · {E(1/p2b2 + 1/W 2b

2 )2}1/2

6
{
p2a1 +

√
E(W 4a

1 )

}{
1/p2b2 +

√
E(1/W 4b

2 )

}
.

By the Jensen inequality and the Minkowski inequality, one has

p4a1 = (EW1)
4a 6 EW 4a

1 = E(W1 − p1 + p1)
4a 6

[
p1 + {E(W1 − p1)

4a}1/(4a)
]4a

.

Note that lims→∞ E(W 4a
1 ) = p4a1 since

lim
s→∞

[s/{p1(1− p1)}]2aE(W1 − p1)
4a = lim

s→∞
EZ4a

1,s = µ4a.
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Let d(u; s, p) =
(
s
u

)
pu(1− p)s−u and write

E(1/W 4b
2 )

24b
=

s∑
u=4b−2

s4b

{u+ (u+ 2)}4b d(u; s, p2) +
4b−3∑
u=0

s4b

{u+ (u+ 2)}4b d(u; s, p2)

<
s4b∏4b

i=1(s+ i)

s∑
u=4b−2

4b∏
i=1

s+ i

u+ i
d(u; s, p2) + s4b

4b−3∑
u=0

d(u; s, p2)

<
1

p4b2

{
1−

8b−3∑
u=0

d(u; s+ 4b, p2)

}
+ s4b

4b−3∑
u=0

d(u; s, p2).

Since lims→∞ E(1/W 4b
2 ) 6 (2/p2)

4b,

lim
s→∞

{E(ξ2a1 /ξ2b2 )}1/2 6 {2(1 + 22b)p2a1 /p2b2 }1/2.

If f
′′′
i,3−i ∝ 1/xb

2, then lims→∞{E(1/ξ2b2 )}1/2 6 {(1 + 22b)/p2b2 }1/2. To summarize, there exists

ci(p1, p2) always being either zero or positive such that

lim
s→∞

E
∣∣∣f ′′′

i,3−i(ξ1, ξ2)
∣∣∣2 6 ci(p1, p2), i = 0, 1, 2, 3. (11)

From (8), (9), (10) and (11), conclude that

lim
s→∞

s3/2
∣∣∣E {f ′′′

i,3−i(ξ1, ξ2)(W1 − p1)
i(W2 − p2)

3−i
}∣∣∣ 6 c

1/2
i (p1, p2)d

1/4
i (p1, p2),

lim
s→∞

s3/2|A2| 6
3∑

i=0

1

3!

(
3

i

)
c
1/2
i (p1, p2)d

1/4
i (p1, p2).


