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Supplementary Material

In this supplement, we provide the proofs for Theorem 1 and Theorem 2, and give more details for the

analysis of the data in Section 4 in the main paper.

S1 Proofs

We first provide a useful lemma which is proved in the end of this section.

Lemma 1. Suppose {(Py, Qu)},2, are i.i.d. continuous random variables with
finite means. Also suppose that the density of O and the conditional density of
P|Qx are bounded by C, then uniformly in o, between n™' and e™', there exists

a constant C* such that for sufficiently large n,

n

P( sup n”! Z l(lPk —aQ; —b| <|o,log 0'n|) > C*lo, log 0'n|) <Cn™.
a,beR =1
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S1.1 Proof of Theorem 1

We note that S1 and S2 play the role of Lemma 1 in (Chen et al. (2008). With
these two properties, it then follows from the Borel-Cantelli Lemma that as n —
oo and almost surely,

1. for each given o between n~' and e,

n

sup n”! Z 1(|Y,- —~Z'B| < |olog O'|) < Clolog o,

BeRn i=1

2. uniformly for o between 0 and n™!,

n

sup n”! Z 1(|Y,- - Z'Bl <|olog 0'|) < 4(logn)?/n.

PR =1

These almost sure results are stated for a given 0. However, following the argu-
ments in Lemma 2 of Chen et al.| (2008)), we have a stronger result as follows.
Except for a zero-probability event not depending on o, we have for all large
enough n:

1. for o between n™' and e™', suppeps n7' Y l(lYi - Z!Bl < |olog O'|) <
Clo log o,

2. for o between 0 and ™", supg g, 0" Y| l(IY,-—ZiT,BI < |olog O'|) < 4(logn)?/n.

We partition the parameter space with respect to o as in Chen et al. (2008]).
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LetI' =@ : 0 < <l ={0Q:0 <19,00 >}, [ =T-T,UI),
where €, 7o and ' are specified in (Chen et al. (2008)). Note that ZiTﬁ in our
setting plays the same role as 6 in (Chen et al.| (2008), where the model has no
covariates. Hence, with the above almost surely results and Theorem 1 and
Theorem 2 of Chen et al. (2008)), we have as n — oo and almost surely, the
penalized maximum likelihood estimators of our model will be attained in I';.
Note that o is bounded away from zero in I's, standard techniques of proving
the consistency of the maximum likelihood estimators lead to the consistency
of our proposed penalized maximum likelihood estimators.

Next, we show S1 and S2. Since the proof of S2 is essentially the same as
that for S1, we only provide the details of the proof of S1. For convenience, we
allow the constants used in the proofs vary line by line.

Recall that Z = (1, U, V), where 1 represents the intercept in the model and
U consists of only discrete variables with a finite sample space and V consists of
only continuous variables. We prove S1 for the following three cases.

Case 1: If Z only has three dimensions, that is, Z = (1, U, V). Further, we as-
sume U ~ Ber(1/2).

Case 2: If Z = (1,U, V), where U is a random vector taking any finite values
and V is one dimensional continuous variable.

Case3: If Z = (1,U,V), where U is a random vector taking finite values and V
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ia a vector of continuous random variables.
From Case 1 to Case 3, we will prove S1 from the simplest case to the most
general situation. Then we complete the proof of Theorem 1.

Next we provide the detailed proof under Cases 1-3.

Proof for Case 1: We prove S1 when Z only has three dimensions, that is,

Z = (1, U, V). Further, we assume U ~ Ber(1/2).

Let U, =n™' YL, U; and let fx(x) and fxyy(x]y) denote the density of X and

the conditional density of X|Y, respectively. Then, for any given o, € (n”!, e7!),

let
€, = {n"'(8logn)}'/?,
I = P(supgeps Wa(B) > Cloy log |10, = 1/2] < 6,
11=P(0,-1/2] > ).
We have,
P(A(C) = P(suppeps Wa(B) > Clor, log o)

IA

P(suppeps Wa(B) > Clor, log |

0, - 1/2 < &)+
(SL.1)

P(U, - 1/2| > &)

= I+1I
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We verify the following two claims:

CL1 /I <Cn%

CL2 I <Cn2.

Proof of CL1: By Bernstein’s inequality, for sufficient large n,

n’e:/2

_ -2
11 = 2P(; Ui/n—1/2> &) < exp{ - m} <Cn
Proof of CL2: Note that
I = P(supge Wa(B) > Cloy log o[l U, - 1/2| < &)

S P(SUPgers Wa(B) > Clor, log |

Ui=up, Uy = |0, - 1/2] < &)

Xﬁula"',unll_]n)(ul’ T u”)'

-1 n

For any u;,--+ ,u, such that U, = n”' 3" u; € 27' - €,27 + 6], let U =
WUy, - ,Uy), u = (uy,- -+ ,uy,), and {iy,--- ,i,p,} are indices for u = 1, and
{j1,-*+, Ju-np,} are indices for u = 0. Also let U;, = (U;,---, U,-wn), U, =
Wi, U0 and let the variables (Py, Qi) and (P}, Q;) be specified with the

following distributions:

(P, QN 2 (Y, VXD, =1
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and

D

(P QN0 2 (Y, ViU, = 0.

By the independence of {Z,};_, = {(1, Uy, Vi)};_,, we have

IA

IA

P( supgeps Wa(B) > Clo, log |

Ui =u,--- ,Un:un,lUn_l/zléen)

P( SUPgegs W,.(B) > Clo, log o,||U;

ul,""Un:un)

P(supgeps i~ 3% 1Y, = B1 = B2 = B3 Vil < los log o))

+nt SO 1(Y, = B — BVl < Lo log o)} > Clo, log o

U:u)

P( SUppes 17! S0 1Yy, = B1 = Ba = B3Vi | < o log ) > (C/2)lors log | Uy, = 1)

+P(suppes 7' X0 1(Y, - By — BaVl < lowlog o) > (C/2)lor, log o||U;, = 0)
P(sup, e (nU,) ™ S5 1((P, — aQ,, - bl < |0y log 04]) > (C/2)|or, log o)

+P(5up, yep(n = nT,)" Ti7 1(Py - aQy — bl < |y log ) > (C/2)ler, log ).

Since (Y, Z;, X;)', are i.i.d., {(Py, Q))/=""" are i.id. and so are {(P,, Q)"

We now prove the following two properties under both the null hypothesis and

the alternative hypothesis.

CL3

CL4

(Pt Ox) and (P, Q) have finite means;

The densities of Py, P, and the conditional densities of Py|Qy, P|Q, are

bounded.

Then, by the choice of U,, nU, = O(n/2) and n — nU, = O(n/2) almost surely.
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Taken CL3 and CL4 and Lemma 1 together, we conclude that there exist con-
stant C” such that I < C’n? for sufficiently large n. The proof for CL1 and CL2

is then complete.

Proof of CL3 and CL4: Recall
YU, V), X} ~ n(X"Y)N(Z" (B, + B,),0}) + (1 = n(X"y))N(Z" B,, 073).

Note that the null model is just a special case of the above in that 8, = O and oy =
0. By the definitions of (P, Qx) and (P, Q)), forany B = (y7, 87,5, 01, 02),

if suffices to show the following two statements:

SG) E(|YI|U) < oo, E(VU) < oo

S(ii) the conditional densities of V | U and Y | U, V are bounded.

The statement S(ii) is obvious, since Y | V, U, X follows the logistic mixture
of normals, its density is uniformly bounded by {(27)!/? min{o;, 0,}}~!, where
01, 0, are the true parameters in the model. Therefore, the conditional density
of Y|V, U is bounded, and by Condition C4, the conditional density of V | U is

bounded. For S(i), by Condition CS5, E(|V||U) < oo, again because Y | V,U, X
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follows logistic mixture of normals,

E(v|v) = E[E(Y|U. V. X)|U} = E{(E(x(X"y)IYi|+ 1 - n(X"P)]IY2|U. V. X))|U]

E{[x(X"y)E(I71|

U, V,X)

+[1 - m(X"p)]E(|Y,

uv 1))

where Y, | (U,V,X) ~ N(Z" (B, + B,),07), Y2 | (U,V,X) ~ N(Z'B,,03), and

Z = (1, U, V). Note that

EIU.V.X) < o E(IRZEZE) U, V. X) + (1 + V] + [UDIB) +Boll
= Zoi+ L+ VI+UDIB, +Boller
where || - || 1S the supreme norm and the last equation is due to the fact that

E|Z| = 227)" 2 if Z ~ N(0, 1). Similarly,

E(VI|U. V. X) £ —=0 + (1 + V] + [UDI|B, llo-

2
- Vor
Therefore,

E(Y|U) < \/iz_ﬂ max{oy, o} + max{|[B,lle. I18) + Boll}E(1 + VI + U U) < o0,

where the last inequality is due to Condition CS5.

We have now verified properties CL3 and CL4 for any 8 = (", 81, 85.01,0%),
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under both the null and the alternative hypotheses. By the results from CL1,

CL2 and Equation (S1.1)), we finished the proof of Case 1.

Proof for Case 2: We prove S1 with Z = (1,U, V), where U is a random
vector taking any finite values and V is one dimensional continuous variable.

Let PU = u') = p > 0,¢t = 1,2,---,r,and };_, p, = 1. Also let
U =n!'Y 1(U; = u),t =1,2,---,r. As in the earlier proof, we set

€: = {n"'(8logn)}'/?, and we bound P(A,(C)) by

r

U, € [pi—€wp+ et =1, ,r)+ > P(U, = pl > €) S T+11.

=1

P(AL(C)

By Bernstein’s inequality, we know II < Cn~2. For part I, we use arguments
conditional on U; = u;, i = 1,2,--- ,n, such that the values of u; satisfy U,’l €
[p: — €us pr + €], t = 1,--- ,r. We then group the U; = u; which have the same
value of u’. Note that the number of the items in each group is of the order
of O(p;n), and by the independence of the vectors of Z;, we can directly apply

Lemma 1 and get the desired results.

Proof for Case 3: We prove S1 for general Z = (1,U,V), where U is
a random vector taking finite values and V ia a vector of continuous random

variables.
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We bound P(A,(C)) by conditioning on the possible values of U as we did

previously, then it suffices to show

n

P( sup n! Z l(lPk—paTQk—bl <|o,log 0'n|) > C*|o, log anl) < Cn>,

beR,peR™ ||lall=1 =1

for some C* and C and sufficiently large n. However, the set of a with |||l = 1
is a compact set, we can prove it by using standard empirical process argument

and the same techniques as those used to prove Lemma 1 in the next subsection.

S1.2 Proof of Lemma 1

In this subsection, we prove Lemma 1 which is needed for the proof of Theorem

1. We allow the constants below to vary line by line. Let

Gula, b, o) = ™ Xy 1(1Px — aQi — bl < oy log o),
Lnl = P(Sup|a|5n2,beR Gn(a, b’ O-n) > CXlo-n log a-nl)’

Ly = P(SUpyps 2 per Gula, b, 0) > C*lo, log o).

Note that

sup G,(a,b,0,) = max{ sup Gyla,b,0,), sup Gyla,b, O'n)}.

a,beR lal<n?,beR |a|>n2,beR
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Thus we have,

P( sup G,(a.b, o) > C'lor, log 0y]) < Ly + L. (S1.2)

a,beR

Step 1: We show L, < Cn™2.

1

Note that for any given o, € (n”!, '), |0, log o] > n~! log n. We have

- C rll n nl n
Gn(a,b,O'n) < n lzzzll(ﬂ_stk+ﬁ<ﬂ+M)

- lal lal lal = lal lal

x1(1Pil < (lal = Doy log o)

+n7" T 1(1Pd > (lal = Do, log o7,).

Therefore,

SUP|ysp2 per Gn(as b, 07y)

_ n o, logo, . o, log oy,
S SUPgp2 per {” DYy (% - | |j <O+ % < % + ! Ij l)
X1(Pd < (lal = Diery log 7))}
—1 n
+supy,e {17! iy 1P > (lal = Diory log o))}
< SupﬁeR n_l{ ZZ:] 1(_|O-n log O-nl < Qk -0 < |U-n 10g Unl)}

+n P Y0 1P > n).

Let

Lo = P(sup{n™! Z I(~loylog o] < Q40 < |orylog o)} > (C*/2)lor, log o)
k=1

0eR
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and

Then,

Lo = P(

Lin = P(n™ ) 1P > n) > (C*/2)lor, log 7).
k=1

sup  Gy(a,b, o) > C'loy log (T,,I) < Lot + L. (S1.3)

|a|>n2,beR

Step 1-1: We show L,»; < Cn™2.

Observe that in L,

n ! Y 1( = loy log ol < Qi — 6 < o, log 0,

Fn(e + |O-n 10g O-nl) - Fn(g - |O-n log O-nl)’

where F), is the empirical distribution for Q. Since the density of Q is bounded,

a direct application of Lemma 1 of |Chen et al. (2008) yields L,,; < Cn™2.

Step 1-2: We show L, < Cn™2.

Note that E{1(|P;| > n)} < n 'E(|P:]) < n"'logn < |o,log o], for suffi-

ciently large n. Then, by Bernstein’s inequality, we have

Ln22

IA

IA

P( iy [1IPd > n} = E(1{Pi > n})| > Crlor, log o)

(Cn)*oy log l* } -2
- = <
283 { 2n|o, log oy |[+2Cnloy log oyl ) — Cn ’

where C = C*/2 - 1.
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By Step 1-1, Step 1-2 and Equation (S1.3), we have
Ly < Ly + Ly < Cn™2, (S1.4)

which completes the proof of Step 1.
Step 2: We show L, < Cn™2.

Let 6, = n”!|o,logo,| > n~2(logn). Divide |a| < n* into the union of k,
subsets {Q,, j}];.’; ,» such that, the distance between any two points in each subset is
no greater than 6,,. It is clear that we can achieve this with k, < (logn)™'2n* <

O(n*). Let Uy(a, b, 0,) = 1(|Px — aQy — b| < |0, log o)), then

Supla\Snz,beR Gl’l(a’ ba O-n)

= maxlsjskn [ Supaeﬂ,,j,beR{Gn(aa b’ O-rz)}]

IA

Max ek, | SUPseg Gal@), b, 070) + SUP_y s per {IGul@, b, 00) = Gy b, )]

IA

max <<, [ SUPyer Gn(@j, b, 0) + SUPy_y <5, per {n_l -1 1Ui(a, b, o)

~Ulaj, b, o)},

where a; is any fixed point in Q,;. Let

L1y = kysup P{sup G,(a.b, ) > (C°[2)lor, log o).

aeR beR



JUAN SHEN, YINGCHUAN WANG, AND XUMING HE

and

n

Ly =kysupP{  sup  n™' > [Upla, b, 0)-Unld@, b, o)l > (C*/2)lor, log .

a' eR la—d’ |<6,,bER k=1

Then we have

Lnl < Lnll + Ln12- (515)

Step 2-1: We show L,;; < Cn2.
In L,,, for any a € R, let R{ = P; — aQy. Since Py, O are continuous, and

R is continuous and its density fR;(”) = f fRz|Qk(r|qk) fo. (g )dqr = f frao (r +

aqilqr) fo.(qr)dgi < C. Therefore,

G.(a,b,o,) =n'37, l(lRZ - b| <o, log O'n|)

= Fn(b + |O-n log O-n|) - Fn(b - |0-n log O-nl)’

where F, is the empirical distribution for R¢, k = 1,--- , n. Since the density of
R{ is uniformly bounded over a, a direct application of Lemma 1 of Chen et al.

(2008) yields

n

P( sup n! ; 1(IR: - b < |07y log 0,]) > (C*/2)lor, log oy]) < Cn™,

for any a € R and for some fixed constant C*. By using the order of k,, we have
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for some C*,

Ly <C'n™ (51.6)

for sufficiently large n.
Step 2-2: We show L,;, < Cn2.

For any a € R, let

My(a,b,d,0,) = n7 Tl 1(Pe—d Qc—b > —lo, log ol ) 1Py — aQy — b < —lor, log o),

My(a,b,d , o) ntyn, I(Pk —a Qr—b<|o,log 0',,|)1(Pk —aQy—b > |o,log 0'n|),

My(a.b.d o) = n' Sp 1(P—d Q= b < —|o, log o) 1(Pi — aQy — b > —|o, log o),

Mn4(a, b, a,a O-n)

nt Y, 1(Pk -ad Qr—b>|o,log O'n|)1(Pk —aQy—b <o, log 0',1|);

Nn](b, a,’ O-n)

n! Y 1( = low log ol + 6,1Qul 2 Py —d' Qr = b > —|o, log o),
1

Np(b,d, o) = n Ti 1 = lowlog ol = 6,10 < P —d @k = b < —lory log 0],

Nn3(b» (1,, O-n) n_l 22:1 1 Io-n 10g O-nl - 5n|Qk| < Pk - a,Qk -b < Io-n 10g O-nl)’

(
(
(
(

Nu(b,d' ) = 07" S, 1(low log ol + 6,lQul = Py = @/ Qi = b > o, log ).
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Then,

n_l ZZ:[ |Uk((1, b’ O-n) - Uk(a/’ b’ O-n)l
= I/l_] ZZ:[ |Uk(aa b9 O-n) - Uk(a,’ b, O-n)lUk(a,, b’ O-n)

+n~" Y, Uk(a, b, o) = U, b, a)I(1 = U@, b, 0))

IA

M, (a,b,d ,0,) + M,y(a,b,d , o)

+Mn3(a’ b9 a/a O-n) + Mn4(aa b7 a/a O-n)

Note that for any a, such that |a — a'| < 6,

Pi—d Qu—b = Py—aQy—b—(d —a)Qy € [Pi—aQi—b—6,1Qxl, Pi—aQi—b+5,|Qxl].

Thus, for any a, such that |a — al<é,,

M, (a,b,d ,0,) + Myp(a,b,d ,0,) + M,s(a,b,a’,0,) + My(a,b,a’,o,)

< an(b7 a,a O-n) + NnZ(b7 a/a O-n) + Nn3(ba Cl/, O-n) + Nn4(b’ a,a O-n)

Therefore, for any a €R,

Sup|a—a/|§6”,beR n_l 22:1 |Uk(a9 b» O-n) - Uk(a ) b, 0-n)|

IA

SupbeR Nn] (b7 a,7 O-n) + SupbeR an(b, a,7 0-}1) + SupbeR Nl’l3(ba al’ O-I’l)

+ Sup,eg Nua(b, a,o).
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Let L2 = ky, sup, g P(N,i(D, a,o,) > (C*/8)|o, logo,l),i=1,2,3,4. Then

4
L,» < Z Ly1i. (S1.7)
i=1

By the choice of 6,

A

Nui(b,c,00) < sup,een™ iy 1 = o log ol + 6,1Qul = Py —a' Qi — b

> —|or, logor,l) X 1(IQW < m) + ™" Ti_y 11QWl > )

IA

SUPyeg ' Do 1(0 > Py—a Qr—b > —|o, log o-n|)

+n7! iy 100kl > n).

Therefore,

Luai < kysupy g P(suppeen™ Tiey 102 Pr—d' Q= b 2 —lo, log o)

> (C*/16)|o, log o)) + Kk P(n™! Tizy 10Qul > ) > (C*/16)|or, Tog ).

Analogous to the proof for (ST.4), we have L,;»; < Cn™2. Similarly, the results
hold for L,;,i = 2,3, 4. Therefore, by (SI.7), L2 < Y& Luioi < Cn2.

By Step 2-1, Step 2-2 and Equation (S1.5), we have
2
L < ) Ly < Cn?, (S1.8)

which completes the proof of Step 2.
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By Stepl1, Step 2 and Equation (S1.2)), we complete the proof of Lemma 1.

S1.3 Proof of Theorem 2

For Theorem 2, we note that the Taylor expansion of pE ME.K) together with Con-
dition C6 which implies that the penalty vanishes almost surely. Then, the results

follow from similar arguments to those for Theorem 2 in|Shen and He (2015).

S2 Additional Results for Empirical Studies

In this section, we provide additional tables and figures for the simulation and
real data examples in Section 4 of the paper.
Firstly, we show the type-1 errors of the pEM test with A = 50, which gives

similar results to Table 1 in the main paper.

Table 1: Type I errors of the pEM test with bootstrap approximations in 1000 data sets with
standard errors in the parenthesis, with 1 = 50.

n Nominal level o pEM© pEM® pEM®
n=60 0.01 0.013(0.004)  0.013 (0.004) 0.014( 0.004)
0.05 0.044(0.006)  0.050( 0.007)  0.051( 0.007)
0.10 0.089 (0.009)  0.088( 0.009)  0.094( 0.009)
n=100 0.01 0.010(0.003)  0.010( 0.003)  0.008( 0.003)
0.05 0.049(0.007)  0.049( 0.007)  0.048( 0.007)
0.10 0.103 (0.010)  0.116(0.010)  0.113(0.010)

For the NSW data, we have the descriptions of the variables in Table @

For the AIDS data, we have the estimates from the unequal variance model
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Table 2: Summary statistics for the NSW study. In the first six rows, we give the mean and
quantiles for the continuous variables, and in the last two rows we give the frequencies of the
four binary variables. In the table, Y: log(RE78+1)-log(RE75+1) in which RE78 and RE75 is
the earning of the individual in 1975 and in 1978, respectively; tr¢: treatment indicator, that is, if
the subject joins the training program; X : education years; X,: whether the subject is Black; Xj:
whether the baseline income is zero; and X,: whether the baseline income is above the median
of the positive part.

Y X
Min. -9.81 3
1st Qu. -0.38 9
Median 041 10
Mean 1.43 10
3rd Qu. 6.94 11

Max. 10.44 | 16

trt X2 X3 X4
0 425 | 144 | 433 | 506
1 297 | 578 | 289 | 216

in Table |3} and the plot of estimated membership scores from (4.3) and (4.4) in

Figure|]

Bibliography

Chen, J., Tan, X., and Zhang, R. (2008). Inference for normal mixtures in mean

and variance. Statistica Sinica 18, 443-465.

Shen, J. and He, X. (2015). Inference for subgroup analysis with a structured

logistic-normal mixture model. Journal of the American Statistical Associa-

tion 110, 303-312.



JUAN SHEN, YINGCHUAN WANG, AND XUMING HE

Table 3: Parameter estimates and their standard errors when the unequal variance structured
logistic-normal mixture model was used to fit the data in the ACTG study with A = 400.

Bi(1)  Bi) B(log(cdd0)) B, (log,(rna.0)) B (Age)
est | -46.00 41.76  -0.68 7.41 0.72
se | 4446 634 359 6.73 0.38

Bo(1)  Bo(trt)  By(log(cdd.0))  B,(log,o(rma.0)) Bs(Age)
est | 323 5174 875 -1.23 -0.71
se | 63.63 973 579 10.23 1.06

y(1) 7( 10g(cd4.0)) 7( loglo(rna.O)) v (Age)
est | 9.16 0.67 1.40 -0.02
se | 1.02 0.08 0.16 0.01

(o] (o)
est | 57.65 48.29
se | 1.24 0.97

°© T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Sa(X)

Figure 1: AIDS data. Membership scores for all the subjects estimates from the equal vari-
ance structured mixture model (4.3) and the unequal variance structured mixture model (4.4),

respectively.
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