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This document contains proofs of Theorem 1 and 2, and the detailed steps for the two

dimensional solution surface algorithm of the censored kernel quantile regression.

S1 Proof of Theorem 1

The estimated regression function f(x) whose form of (6) can be rewritten as
X . A P
o) = 760 - 60| + 30
Lt s ae j._ ¢ X
=1 | o= 00+ > _(0; — 0K (xx) + (7 —7m) D wiK(x, %)) | + T f'(x). (M.1)
jeet j¢e

For i € £, we have y; — f(x;) = y; — f(x;) = 0 which leads (M.1) to:
A= XYy — (1 =)D wiK(xi,%;) =00 — 05+ Y (0, — 0 K(xi,x;), Vie &' (M2)
J¢Er jeer
Moreover, the solution must satisfies Y ", 0; = Yo éf = 0 by Krush-Kuhn-Tucker condi-

tions and hence we have
J¢Er jeer

Together (M.2) and (M.3) form a set of (|€f| + 1) linear equations, which can be expressed

in a matrix form as By(8¢ — ééﬁg) = A/A. Finally, the linear update equation (8) follows.
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S2 Proof of Theorem 2

We start with introducing some notations:

Rl fi7) = E {%MY — 16| + 22111,

Roses(f37) (Y= F(x)) + S I

G

For e > 0 fixed, we have a positive integer Ny such that ay, sup || f[|3,,. < §,¥n > Ny by (Al).
In addition, we have another Ny by (A2) and (A3) such that |}A%n7reg(f;7') — Ryreg(fi7)] <
€/8,¥n > Ny. For Vn > N = max (N, Ny),

sup [R*(fr37) = R*(f5;7)| =sup |R(fr;7) = R(f557)

A

<sup R(fr? T) - Rn,reg(fﬂ T)+ Rn,reg(f:5 T) — R(fr; 7')‘

T

P > R > * * €
S sup Rreg(fr; T) - Rn,reg(fT; 7—) + Rn,reg(ffr; 7—) - Rreg(fq—; 7—)‘ + Z
r r * * €
S SUP Rreg(f'r; T) - Rn,reg(f*r; T) _'_ Rn,reg(fq-; T) - Rreg(fT; 7—)‘ + 5
<2sup |R,(f;7) — R(f;T)‘ +5
T

Notice that there exists a constant K such that Vo € £ is bounded by K under the
assumptions 1 and 2. Now applying Theorem 24 of Pollard (1984)

R.(f;7)— R(f;T)‘ +§ > 6)

P (Sup ’R*(ﬁﬁ) - R*(fi;T)‘ > 6) <P (2sup
T fr

< (sw|ru(fin) ~ r(rin)| > §)

f’T

<8Nwo(35, 1, Z)exp( 211K2>

where Noo(€,n,.Z) = supp, Noo(€, Py, Z) with the empirical measure P, denotes uniform
ls-covering number. In order to obtain the ¢ .-covering number bound, we firstly show that
©(+) satisfies the Lipschitz condition.

(2 1.7) = (8 ,7) = i 0oV ) = oYV )| < s U = el

and E[6/G(Y|X)] = 1. As pointed out by Zhang (2002), since the Lipschitz condition holds
for p(-) € &, the uniform ¢..,-covering number bound of . can be obtained by using the
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one of a class of function f, denoted by .#. Moreover, the two have the same growth rate in
terms of the sample size n. By (A1), we have .# = {f : || fll#x sup, || K (-, X) |3, < M} for
a constant M;. By the theorem 4 of Zhang (2002) we have the following.

log(2+ 1) +logn
ne

log Noo(€,m, F) < My M

where M is a constant. Therefore log Ny (€, n,.%) = O(logn/n), which completes the proof
by Borel-Cantelli Lemma.

S3 Algorithm for Two-Dimensional Solution Surface

Due to the joint piecewise linearity (8), we can build the entire solution surface on S¢ and
therefore the main step of the two-dimensional solution surface algorithm is to obtain a set
S* explicitly. We developed the proposed algorithm in R language and is available from the

authors upon request.

S3.1 Initialization

For simplicity, we assume that the data are properly ordered as y; > yo > --- > y,. The
initialization step sets the starting values of A\! and 7! with the associated estimates and
sets, denoted by 0 — (éé,@}, e ,QA}Z)T and &', LY, R, respectively. For k = 1,--- ,n, we
first compute £} = {1,--- ,k}, R} ={k+1,--- ,n}, and

Q. (xi) — qr(X;)

A\i = max
€L} JER, Yi = Yj
where q(x) = —(1—7}) Zieﬁ}c w; K (x, x;)+7} EjeR}c w; K (x,%;) with 7} = Zie% wif S wi.
Now, define k* = argmaxycg .. ,_1} At then we have indices ¢* and j* such that \; =

—q’“(x;’f*):Z’ffx"*). Finally, the initial value of A and 7 are given by
K3 J

M=), and 7'= T,cl*,

with the associated estimates as

R —(1=7YHw; ifie L. R
T W 7€ Ry«
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and sets as
E'V=1{i*j*}, L' =L, \i*, and R'=TR,. \ j*

We point out that any solution for A > A! (regardless of the value of 7) is trivial in the
sense that its elbow set is empty and the solution is readily determined from the definition
of left and right set. Defining Q to denote the region on the (A x 7)-plane having meaningful
solutions as @ = {(\,7) : 0 < X < A0 <7 < 7}, it is enough for the proposed algorithm

to search the CKQR solutions only on O.

S3.2 Updating S°

In Section 3.1, the S¢ is defined as a subregion on the (A x 7)-plane such that all the sets
remain the same as £, £, and R’. Therefore we have the following constraints in order to
define the S*.

First, Event 1 can not be occurred as long as 6; fails to reach its lower bound —w;(1 —7)

for all i € €. That is, by (8)
0 + g (A — A+ gh(r — 7 > —wi(1 —7), Vi€ (M.4)
We also have similar constraints in order to prevent Fvent 2 from happening as follows.
0! + g4 (N — A + gh(r — 7°) < wir, Vi e & (M.5)

For preventing the last Event 3, f*(x;) > y; for i € £ and f*(x;) < y; for j € R’. Employing
(11) we have

{yi = M) I = hy ()7 < N (x0) = ho(x)} — T'h5(xi), Vi € LF, (M.6)
{y; — B IA = Po(x))T = N{FA (%) — ha(x)} — T'ha (%), Vj € R (M.7)

Notice that the constants (M.4) — (M.7) form the linear constraints given in Section 4.
Finally, the S is defined explicitly by the region satisfying all the constraints. Notice that
all the constraints are linear and hence the set S¢ turns out to be a connected, convex, and

closed polygon.
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In order to keep continuing the algorithm, we set the middle points of each adjacent
vertices of 8¢ as the next points to be updated. The solutions on the middle points can
be readily updated by Theorem 1. It is essential to update the set for the middle points.
Remark that each side of the polygon S’ represents a different event and a set at a middle
point should be updated according to the event represented by the side. Notice also that
S* has multiple sides to be updated. The algorithm searches all the solutions by keeping
continuing to obtain S¢ and solutions at its vertices. The algorithm is terminated after the

entire domain of Q is searched.

S3.3 Empty Elbow

We note that there is a possibility that £ can be empty due to Event 1 and Event 2 and we
call it empty elbow. If the empty elbow occurs then we can not apply Theorem 1. Suppose
the empty elbow occurs at (A, 7¢) then use a superscript ‘€’ to denote quantities obtained
at (A, 7°).

It is not difficult to verify that two conditions are satisfied under the empty elbow: 1)
T¢ =Y ewi/ Y i g w; and ii) 0¢ are unique while #¢ is not. In fact, 6 can be any value in
the following interval,

lar, ay] = rzrel%xmf, fgznmf : (M.3)

where m{ = y;\¢ — Z?Zl é]eK (x;,x;). Since solution path of 6, is continuous, the empty
elbow can be resolved only by fo touching one of the two boundaries, ay or ay. We regard
the 98 obtained from the algorithm at (A°, 7¢) as an entrance to the empty elbow and it must
be one of the ay, or ay. Without loss of generality, we suppose ég = ay, then the empty elbow
is resolved by reaching another boundary a;, which can be regarded as an exit. Therefore
under the empty elbow, the sets can be updated as follows: Let i} = argmax,.,. m; and
if, = argmin,cg. m$, then the next &, denoted by ! is updated from the empty set to
{i¢,}. The updated £ and R under empty elbow, denoted by LT and R¢*!, respectively

can be accordingly obtained from the fact that the ¢f; is one from either of the two sets. In

case of af§ = ay, we will have £ = {i§ } and the other two sets updated accordingly.
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