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S1 Proof of Theorem 1

Proof of Theorem 1. Let VT denote the σ-field generated by {vi,t : 1 ≤ i ≤ m, 1 ≤ t ≤ T}.
Because Ut = (u1,t, . . . , um,t)

′ is an iid vector independent from VT and

m∑
i,j=1

wiwj

(
T∑
t=1

vi,tvj,tEui,tuj,t

)
/T −→ σ2

with probability one by the law of large numbers,

P

(
T−1/2

T∑
t=1

(r̃t − µ̃) ≤ x

)

= E

{
P

(
T−1/2

T∑
t=1

(
m∑
i=1

wivi,tui,t

)
≤ x | VT

)}
−→ E {Φ(x/σ)} = Φ(x/σ).

Then (8) follows. To prove (9), rewrite
√
T
(
σ̂2
T − σ2

)
as

√
T
(
σ̂2
T − σ2) = T−1/2

T∑
t=1

[
(r̃t − µ̃)2 − σ2]+

√
T (µ̂T − µ̃)2

−2(µ̂T − µ̃)T−1/2
T∑
t=1

(r̃t − µ̃)

= T−1/2
T∑
t=1

[
(r̃t − µ̃)2 − σ2]+Op(T

−1/2)

≡ CT +Op(T
−1/2)
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For a given M , we approximate CT by

CT.M = T−1/2
T∑
t=1

[(
m∑
i=1

wie
Zi,t,Mui,t

)2

− σ2
M

]
,

where Zi,t,M = µz,i +
∑M
s=0 As,iηt−s with As,i = (A

(s)
i,1 , . . . , A

(s)
i,m) and ηt = (η1,t, . . . , ηm,t)

′ (cf.

Equation (6)) and σ2
M = E(

∑m
i=1 wie

Zi,t,Mui,t)
2. Since

∑m
i=1 wie

Zi,t,Mui,t is a m-dependent

sequence, CT,M is asymptotically normal. Following the same m-dependence argument used in

proving Theorem-(i) of Ho (2006), we can show that the central limit theorem for CT holds,

which implies (9) and that the asymptotic variance g2 is the limit of V ar(CT,M ) (see also Ho

and Hsing (1997)). To derive the explicit form of g2 under the normal assumption, we note that

because {Ut} is an i.i.d. normal vector and is independent of {Zt},

V ar (CT ) = V ar

(
1√
T

T∑
t=1

{
m∑

i,j=1

wiwje
Zi,t+Zj,t (ui,tuj,t − σU,ij)

})

+V ar

(
1√
T

T∑
t=1

{
m∑

i,j=1

wiwje
Zi,t+Zj,tσU,ij − σ2

})
≡ DT,1 +DT,2

We now compute DT,1 and DT,2 separately.

DT,1

=
1

T

T∑
t=1

E

{
m∑

i,j=1

wiwje
Zi,t+Zj,t (ui,tuj,t − σU,ij)

}2

+
1

T

∑∑
s6=t

E


m∑

i,j=1

wiwje
Zi,t+Zj,t (ui,tuj,t − σU,ij)

m∑
k,l=1

wkwle
Zk,s+Zl,s (uk,sul,s − σU,kl)


=

m∑
i,j,k,l=1

wiwjwkwlE
{
eZi,1+Zj,1+Zk,1+Zl,1 (ui,1uj,1 − σU,ij) (uk,1ul,1 − σU,kl)

}
=

m∑
i,j,k,l=1

wiwjwkwl (σU,ikσU,jl + σU,ilσU,jk) eJ
′
4µz(i,j,k,l)+ 1

2
J′4ΣZ(i,j,k,l)J4 .

DT,2 = V ar

(
m∑

i,j=1

wiwje
Zi,1+Zj,1σU,ij

)

+
2

T

∑
1≤t<s≤T

Cov

 m∑
i,j=1

wiwje
Zi,t+Zj,tσU,ij ,

m∑
k,l=1

wkwle
Zk,s+Zl,sσU,kl

 .(S1.1)
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The first term of (S1.1) is

V ar

(
m∑

i,j=1

wiwje
Zi,1+Zj,1σU,ij

)

= E

(
m∑

i,j=1

wiwje
Zi,1+Zj,1σU,ij

)2

−

(
E

m∑
i,j=1

wiwje
Zi,1+Zj,1σU,ij

)2

=

m∑
i,j,k,l=1

wiwjwkwle
J′4µz(i,j,k,l)+ 1

2
J′4ΣZ(i,j,k,l)J4σU,ijσU,kl

−
m∑

i,j,k,l=1

wiwjwkwle
J′4µz(i,j,k,l)+ 1

2
J′2{ΣZ(i,j)+ΣZ(k,l)}J2σU,ijσU,kl

=

m∑
i,j,k,l=1

wiwjwkwle
J′4µz(i,j,k,l)+ 1

2
J′2{ΣZ(i,j)+ΣZ(k,l)}J2σU,ijσU,kl

(
eσZ,ik+σZ,il+σZ,jk+σZ,jl − 1

)
.

The second term of (S1.1) is

2

T

∑
1≤t<s≤T

Cov

 m∑
i,j=1

wiwje
Zi,t+Zj,tσU,ij ,

m∑
k,l=1

wkwle
Zk,s+Zl,sσU,kl


=

2

T

T−1∑
r=1

r∑
u=1

m∑
i,j,k,l=1

wiwjwkwlCov
(
eZi,r+1−u+Zj,r+1−u , eZk,r+1+Zl,r+1

)
σU,ijσU,kl,

where, by the moment formula of log-normal random variable (see, for example, Taylor 1986,

p. 74),

Cov
(
eZi,r+1−u+Zj,r+1−u , eZk,r+1+Zl,r+1

)
= E

(
eZi,r+1−u+Zj,r+1−u+Zk,r+1+Zl,r+1

)
−
(
EeZi,r+1−u+Zj,r+1−u

)(
EeZk,r+1+Zl,r+1

)
= eJ

′
4µz(i,j,k,l)+ 1

2
J′2{ΣZ(i,j)+ΣZ(k,l)}J2+J′2{ΣZ,{(i,j),(k,l)}(−u)}J2

−
(
eJ
′
2µz(i,j)+ 1

2
J2ΣZ(i,j)J2

)(
eJ
′
2µz(k,l)+ 1

2
J2ΣZ(k,l)J2

)
= eJ

′
4µz(i,j,k,l)+ 1

2
J′2{ΣZ(i,j)+ΣZ(k,l)}J2

(
eJ
′
2{ΣZ,{(i,j),(k,l)}(−u)}J2 − 1

)
.

The second term of (S1.1) then becomes

2

T

∑
1≤t<s≤T

Cov

 m∑
i,j=1

wiwje
Zi,t+Zj,tσU,ij ,

m∑
k,l=1

wkwle
Zk,s+Zl,sσU,kl


=

2

T

T−1∑
r=1

r∑
u=1

m∑
i,j,k,l=1

wiwjwkwle
J′4µz(i,j,k,l)+ 1

2
J′2{ΣZ,ij+ΣZ,kl}J2 ×

×
(
eJ
′
2{ΣZ,{(i,j),(k,l)}(−u)}J2 − 1

)
σU,ijσU,kl

which converges to

2

m∑
i,j,k,l=1

wiwjwkwle
J′4µz(i,j,k,l)+ 1

2
J′2{ΣZ,ij+ΣZ,kl}J2

∞∑
u=1

(
eJ
′
2{ΣZ,{(i,j),(k,l)}(−u)}J2 − 1

)
σU,ijσU,kl
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as T →∞ according to the Cesáro mean. Consequently,

lim
T→∞

V ar(CT )

=

m∑
i,j,k,l=1

wiwjwkwl (σU,ikσU,jl + σU,ilσU,jk) eJ
′
4µz(i,j,k,l)+ 1

2
J′4ΣZ(i,j,k,l)J4

+

m∑
i,j,k,l=1

wiwjwkwle
J′4µz(i,j,k,l)+ 1

2
J′2{ΣZ(i,j)+ΣZ(k,l)}J2σU,ijσU,kl

(
eσZ,ik+σZ,il+σZ,jk+σZ,jl − 1

)
×

{
1 +

2

eσZ,ik+σZ,il+σZ,jk+σZ,jl − 1

∞∑
u=1

(
eJ
′
2{ΣZ,{(i,j),(k,l)}(−u)}J2 − 1

)}
.

The proof is complete.

S2 Proof of Theorem 2

The following lemma serves as a preparatory step for proving Theorem 2.

Lemma. Let σ∗T = (T−1
T∑
t=1

m∑
i,j=1

wiwjvi,tvj,tσU,ij)
1/2. Then

∆T ≡ E [Φ(AT /σ
∗
T )− Φ(AT /σ)] = o(T−1/2) as T →∞, (S2.2)

where Φ(·) stands for the standard normal distribution function.

Proof of Lemma. Write
√
T (Φ(AT /σ

∗
T )− Φ(AT /σ)) as

√
T (Φ(AT /σ

∗
T )− Φ(AT /σ)) =

{
φ(C∗) [σ∗Tσ(σ∗T + σ)]

−1
}{√

T (σ2 − σ∗T
2
)
}
, (S2.3)

where φ(x) = Φ′(x) and C∗ is a constant lying between AT /σ
∗
T and AT /σ. Similar to (9), it

can be shown that E
(√

T (σ2 − σ∗T 2)
)2

= O(1) and
√
T (σ2 − σ∗T 2) converges in distribution

to a mean-zero normal random variable. Moreover, since σ∗T
p→ σ, AT converges to Φ−1(α)σ,

and
√
T (Φ(AT /σ

∗
T )− Φ(AT /σ)) is uniformly integrable due to E

(√
T (σ2 − σ∗T 2)

)2

= O(1)

(Chung, 2001), it follows that
√
T∆T → 0 as T →∞ (Billingsley, 1971).

Proof of Theorem 2. To evaluate the α-th quantile Qα(T ), we first express Equation (11) as

α = P

(∑T
t=1 r̃t − Tµ√

Tσ∗T
<
AT
σ∗T

)

= E

{
P

(∑T
t=1 r̃t − Tµ√

Tσ∗T
<
AT
σ∗T
| VT

)}

= Φ

(
AT
σ

)
+ E

[
Φ

(
AT
σ∗T

)
− Φ

(
AT
σ

)]
. (S2.4)

Then, by applying (S2.2) to the right side of (S2.4),

Φ−1(α+ o(T−1/2)) = AT /σ,
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which yields

Qα(T ) = S0 exp{
√
TσΦ−1(α+ o(T−1/2)) + T µ̃}.

If µ̃ is known, since

ln(Q̂α(T )/Qα(T ))

= (σ̂T + σ)−1Φ−1(α)
√
T (σ̂2

T − σ2) + ∆T

√
T

(
ασ

φ(Φ−1(α∗))

)
for some α∗ in (α−∆T , α+ ∆T ), then (13) follows from (9). When µ̃ is unknown,

T−1/2 ln(Q̂α(T )/Qα(T ))

= (σ̂T + σ)−1Φ−1(α)(σ̂2
T − σ2) + ∆T

(
ασ

φ(Φ−1(α∗))

)
+
√
T (µ̂T − µ̃)

=
√
T (µ̂T − µ̃) + op(1), (S2.5)

implying (14).
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