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Abstract: Sample selection bias has long been recognized in many fields including
clinical trials, epidemiology studies, genome-wide association studies, and wildlife
management. This paper investigates the maximum likelihood estimation for cen-
sored survival data with selection bias under the Cox regression models where the
selection process is modeled parametrically. A novel expectation-maximization al-
gorithm is proposed and shown to have considerable computational advantages.
Rigorous asymptotic properties of the estimator are established. Extensive simu-
lation studies and a data analysis are conducted to investigate the performance of
the proposed estimation procedure.
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1. Introduction

Biased sampling is frequently encountered in the study of biology ([Lerwilliger
ef-all (T997)), economics (Wooldridgd (2010, Chap. 17)), sociology (Vella (T99R)),
public health (Brookmeyer and Gail ([987)) and industrial engineering (Kvam
(2008)). Researchers have long recognized the efficiency and convenience of bi-
ased sampling, but have also noted that the observed data do not represent
the distribution of the target population (Heckmanl ([976, [990); Smifh (I993)).
Since Heckman’s seminal work (Heckman (I[979)), many techniques for correct-
ing sample selection bias under either parametric or semi-parametric models have
been proposed, mainly for the outcome variable that has a normal distribution
(Wooldridgd (2010, Chap. 17)). When the outcome is event times subject to
right censoring, sample selection bias can also occur in a wide range of appli-
cations including astronomical surveys with truncated data (Woodroofe (I983)),
gene mapping studies ([Lerwilliger et all ([997)), financial performance analy-
ses with survivorship bias (Carpenter and Lynch (1999)), labor economy stud-
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length bias (Oshlack and Wakefield (2009)), epidemiological studies with preva-
lent cohort sampling (Brookmeyer and Gail (I987)), and wildlife studies with
area-biased sampling (Pafil’and Rad (IT978); Horne, Garton, and Sager-Fradkin
(2007)), among many others.

Consider a univariate continuous outcome denoted by T, for example, the

unemployment duration of a subject in a target population. Given covariates
X = z, assume that T has the population density function denoted by f(t|z).
Suppose that a subject from the target population is selected to a study with
a probability proportional to a weight function w(t,x) such that the density
function of the observed outcome is

w(t, z) f(t]x)
Jw(u,z) f(ulz)du
Clearly, the density function of the outcome variable for the sampled sujects is

a biased or weighted version of the density function f(:|z) for the targeted pop-
ulation. The sampling mechanism (1) is very general; with various forms of

(1.1)

the weight function w(t, z), it can describe situations as diverse as the truncated
survival data, size-biased data, and missing data. If the sampling weight function
w(t, x) is known completely, then this is a form of biased sampling carried inten-
tionally by design. If w(t, z) is not known completely, then this is a form of biased
sampling that occurs accidentally by the nature of the study. This includes the
selection bias or missing data problem (Chen (2001)), and the propensity score
methodology for reducing selection bias in estimating the treatment effect for
observational studies (Rosenbaum and Rubin (T984)).

In this paper, we focus on a class of the general biased-sampling mecha-

nism () when the sampling weight function is independent of the covariates,
w(t,z) = H(t), where H(t) is a positive increasing function for ¢ > 0. If H(t) is
proportional to the length of the failure time, H(t) = t, this is the length-biased
sampling problem. The weight function H(t) may be interpreted as propor-
tional to the cumulative distribution function of the underlying truncation time.
Therefore, our model generalizes the setup for left-truncation survival data.

For left-truncation survival data, extensive efforts have been made for the
nonparametric estimation of the distribution of 7' (Tnrnbull (T976); NVardi (TI85);
[['sui, Jewell, and Wu (T98R); Lagakos, Barraj, and Gruttold (T98R); Kalbfleisch
and Lawless ([989)), and for the semiparametric estimation of the regression
models for f(t|z) (] d Ying (T991); Wang. Brookmeyer, and Jewell (I993);
Gross and Lai (1996)). The existing estimation methods for the regression mod-
els are largely based on the approach conditional on the observed truncation
time without modeling its distribution specifically (Keiding (T992); Andersen_efi
all (1997); Klein and Moeschberger (2003)). As acknowledged in the literature,
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such conditional methods can lead to a loss of efficiency (Asgharian, M’Lan, and
Waolfsonl (2002)). The analysis of length-biased data has recently attracted a
considerable amount of work on nonparametric and semiparametric estimation
of the distribution of unbiased time 7', including the construction of consistent
estimating equations and maximum likelihood estimation (Wang (1996); Asghar
ian_and Wolfson (2005); Tsai (2009); Qin et al] (2011); Carone, Asgharian, and
Jewell (2014)). A major challenge when analyzing length-biased data is to verify
the stringent stationarity assumption (Asgharian, Wolfson, and Zhang (2006)),
w(t,x) = t, which is equivalent to check the sampling weight function as a uni-
form distribution.

We study maximum likelihood estimation (MLE) under a general biased-
sampling mechanism when w(t,z) = H(t) in (), for a positive increasing
function H(t) for ¢ > 0 that is specified parametrically. Qin et all (2011) stud-
ied maximum likelihood estimation for a semiparametric model of f(¢|z) under
length-biased data that must satisfy a stationarity assumption. We generalize
their model by considering a flexible class of parametric models for H(t). The
main focus is a semiparametric model for f(t|x) for the failure time data subject
to a general biased-sampling, often the main interest of the practitioners. By
linking the general biased-sampling problem with the truncated survival data
problem, we make two major contributions to the literature: we provide a new
approach to the maximum likelihood estimation with a general left-truncation
model; specifying H(t) parametrically allows us to alleviate the stationarity as-
sumption for length-biased data.

Research on general biased-sampling mechanisms is relatively limited, espe-
cially when the weight function is of a general form in (). When the den-
sity function f(t|x) is left unspecified or specified semiparametrically, the weight
function w(t, z) have to be modeled parametrically in order for model (I-T) to be
identifiable. In the case of a left-truncated survival time, Wang (1989) showed
that a full-likelihood approach is not possible due to identifiability issues, if the
distributions of the survival time and the truncation time are both left completely
unspecified. When the weight function w(t,x) is known up to a single param-
eter, [Gilbert, Lele, and Vardi (1999) showed that the biased-sampling model is
identifiable for a nonparametric estimation of the distribution of the failure time.
Kim_ef all (P2013) considered a general biased-sampling problem and proposed
an estimating-equation-based approach. They acknowledged that their approach
is less efficient than the likelihood-based inference that is still lacking in the
literature.

Directly maximizing the likelihood function is computationally prohibitive.
We devise an expectation-maximization (EM) algorithm that incorporates the
biased-sampling mechanism into a missing-data framework. Compared to the
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(T, 4)

T

Figure 1. Sampling schema for time-to-event data (T, A).

EM method in Qin et al] (2011), the proposed EM algorithm does not need to
impute the censored observations for the sampled individuals. As a result, the
proposed procedure is computationally more efficient and can be implemented
easily. The maximum likelihood estimator is shown to be asymptotically most
efficient under the semiparametric Cox regression model. As a by-product, our
unified approach can lead to the development of tools for checking the stationarity
assumption underpinning the analysis of length-biased data.

This paper is organized as follows. In Section 2, we describe the intrinsic
connection between biased-sampled data and truncation data, derive the full
likelihood for the observed data, and present the key computational tool based
on the EM algorithm. In Section 3, we establish large sample properties for the
estimators. In Section 4, we present simulation studies and the analysis of a data
example. We make concluding remarks in Section 5. Proofs are in the Appendix.

2. Methods
2.1. Model

Let T and A be positive random variables representing the unbiased event
time measured from an initial event to an endpoint event, and the event time
measured from the initial event to the sampling time, respectively. We model the
association between a covariate vector X and the distribution of 7', with observed
biased-sampling data (7, A). Under this sampling schema, the data (T, A) can
be only observed conditional on 7' > A as depicted by Figure 1.

Let f(-|z) and S(-|z) be the respective density and survival function of T
given X = z. The biased-sampling data are the pair (7', A) with the joint density
function

ho(a)l(t > a) _ hg(a)1(t > a) )
fS(U|$)h9(U)duf( ) = fHa(U)f(u|x)duf(t| )

(2.1)
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where hy(-) and Hp(-) are proportional to the density and cumulative distribution
function of A, respectively, with their forms known up to some parameters 6 of
finite dimension. Here, 1(C) is the indicator function taking the value 1 when C
is true and 0 otherwise. Given X = z, the density function of T is a weighted
function of f(t|x) in the form ()

Hy(t)f(t|z)
J Ho(u)f (ulz)du

When there is no censoring, the likelihood function based on (E-I) as a func-
tion of (T, A) = (t,a) can be written as, for t > a,

f(tlz) [ S(alz)he(a)
S(alx) {fS(u|:L‘)h9(u)du}' (2.2)

The first term of (22) is the conditional density function of T’ given A = a, while
the second term is the marginal density function of A, all for given X = x and
conditional on T > A. As the second term in (Z2) involves the distribution
function S(:|z), any inference procedure based only on the conditional density
function of T given A = a (the first term) loses information for the estimation
of the distribution on T, even if the density function hg(-) in (232) is completely
known or known up to some parameters §. On the other hand, if hy depends on z
but is completely unspecified, then even with a parametric assumption on S(+|z),
the second term in the likelihood cannot contribute additional information to the
estimation of the distribution on T', as the term S(-|x) is absorbed into hy.

It is natural to base any statistical inference on the full likelihood approach
as it is the most efficient. We thus illustrate the full likelihood approach for a
general biased-sampling function hgy(-) specified parametrically in (222), jointly
with a commonly used semiparametric Cox model for the survival function of T':
conditional on covariates X = x,

0

S(t|z) = exp{ - / t eﬁTdi(u)}, (2.3)

where [ is the regression parameter, and the baseline cumulative hazard function
A(t) is not specified.

2.2. Likelihood

Denote the independently and identically distributed observed data from n
subjects as Y; = min{T;, (4; + C;)} and §; = 1(T; < A; + C;), where C; is the
censoring time measured from the sampling time. As illustrated in Figure 2, the
failure time 7; is subject to dependent right censoring by the time A; + Ci.
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Sampled:

Sampling time .
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A

Figure 2. Dependent right censoring of bias-sampled data for a single sub-
ject.

Conditional on X;, assume that the unbiased times TZ and fli are indepen-
dent. We also make the commonly used assumption that C; is independent of
(A;,T;) conditional on X;. Under these assumptions, the full likelihood can be
written as

LSO RA) ey VS STIXDho(A) 1
g{fs(“Xi)hG(u)dquYz AZX%)} {fSu!Xz ()du (C’X)} 7

where go(:|X;) and Ge(-|X;) are the respective density function and survival
function of the censoring time C; for given X;, and the parameters of interest are
= (0,5,A(-)). It is evident that the terms on the censoring distributions can be
factored out from the likelihood as they do not involve the parameters of interest
on the distribution of 7' and A. The likelihood function is thus proportional to

Foi(Yi] Xi)S' 0 (Yi] X)
6.5, 4) H [ S(u|X;)hg(u)du

ho(A;). (2.4)

Let 0 = t) < t1 < t9 < --- < tg < oo denote distinct observed time
points, both censored and uncensored. Following an argument similar to that of
Vardi, Y! (T989) and Qin et all (2011), the nonparametric maximum likelihood
estimator (NPMLE) for a discrete A has positive masses at {t1,...,tx} for any
given (6, 3), in contrast to the Nelson-Aalen estimator in the traditional survival
analysis. The NPMLE for the baseline function A is thus defined in the sense as
described in Gill (T9R9).

2.3. EM algorithm

In this section, we exploit the underlying feature of the biased-sampling
mechanism and devise an EM algorithm to find the MLE for ¢. Let A\, = dA(ty)
be the positive masses of the discrete baseline function A at the times ¢1,...,tx,
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respectively, where A(u) = S0 Apl(t, < u). Let A = (Ay,...,A\g)". The
log-likelihood function can be expressed as

n K )

i=1 “k=1

—log/S(u]Xi)hg(u)du—i—loghg(Ai)].

With biased sampling, the data generating mechanism for each subject can
be considered as sampling the unbiased times (7', A) for a random m; times until
T > A. Fori=1,...,n, let the unobservable failure times be denoted by T[; and
43,

In the presence of right censoring, the complete data for the ith subject include

the observed data (Y, 4;, §;, X;) and the latent unobservable data (T;;, A;‘j). The

where A;‘j > TZ’; with the corresponding covariates X; for j = 1,2,...,m;.

log-likelihood for the complete data can be written as

n m; K m;
> [log ho(Ai)+)_log hg(Ajj)+) > LT}, = ty){ log Aot B7 X~ A(t)e? X7}
=1 j=1 k=1j=1

K
+ Z 1(Y; = tx){0i(log A + 87 X;) — A(tk)eBTXi} ;
k=1

where A(t;) = Ei,zl A/ -
Denote the observed data for the ith subject by O; = (A;,Y;,d;, X;) for
i =1,...,n. By the biased-data generating mechanism for the ith subject, the
random integer m; follows a geometric distribution with the success probability
P(A; > T;). Denote the current parameter value in the EM step by ¢ = {6, 3, A}
Then, conditional on the observed data O; the expectation of m; is
1—P(A; <T|X;) 11— J fz5(ulXy)Hz(u)du

E(m;|0;) = P(A; < Ty X;) - ffB,S\(u|X1)H9~(u)du ’

where f35(t5]X) = Ay exp(57X;) exp{ —A(tx) exp(57X;)}, and Hy(u) = [§ hg(v)
dv. The expected number of truncated latent subjects who would have the event
time t;, is
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where Hj(u) = 1 — Hy(u). The expectation of log hg(A;‘j) given the observed
data under the biased- samphng constraint Aj; > T7% i

J F55(ulXi)hg(u) log ho(u)du
f AlulXi)hg(u)du ’

E{log hg(A};)|Aj; > T},

177

Oi} =

where Fj 5 (u|X;) = Iy f5.5(v|X5)dv. It follows that the expected complete-data

log-likelihood function given the current parameter estimate z; = {é, ﬂN , 5\} is

- 5 (ulX5) log hg(u)du
EE(Q’ﬂ’A):Z[loghG(Ai)—f-E(mﬂO f f (ul (> g o(v)

P AUl Xi)hg(u)da
K T
+ Z wik{ log A\ + 87 X; — A(tk)e’g Xi}
k=1
K T
+ > 1(Y; = t){6:(log A + BTX;) — Altg)e” i}, (2.5)
k=1

The M-step is to maximize the expected complete-data log-likelihood func-
tion conditional on the observed data with respect to 6, 3, and A. It turns out
that the maximizer for A\; has a closed form that depends only on g,

S Awik + 1(Y; = t,)8;} |
2ie1 Zk’:k{wik’ + 1(Y; = tps) JeBT X

We notice the resemblance between (28) and the Breslow-type estimator in the
traditional survival analysis, but they are different as w;; in (Z0) is a function
of both truncation and survival time distributions.

Maximizing the expected complete-data log-likelihood function with respect
to B is equivalent to solving the equation

Ak(B) = (2.6)

n

‘%E -3 [Z {wik 1Y = )8 — {wi + 1(Y; = tk)}eﬁTXiA(tk)}Xi] -0.

=1
(2.7)
Plugging X\;(B) for j =1,..., K into (Z3), # can be solved from

Zn: [i {“’ik +1(Y; = )

=1 “k=1
n 5TX,
> {wj +1(Y; =t1)d;} e

k
—{wie +1(Y; =)} > n]:; XZ-] =0. (2.8)
Y 9 g+ 1Y = 1)}
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In summary, the maximization in the M-step thus cycles through 6, 8, and
A: given 6 and B, the maximization with respect to A is calculated explicitly
using (Z@); given A and f, the maximization with respect to 6 is maximizing
(EH) with respect to 0, which only involves the first two terms; given 6 and A,
the maximization with respect to regression 8 can be achieved using the existing
software for the standard Cox regression model as follows.

To use the existing program for the Cox model with right-censored data, we
note that 8 can be estimated by (ER). First, create a data set for the unob-
served truncated subjects, where the failure times are constructed by repeating
the observed distinct times n times as Ty, = (t1,-..,tK,---,t1,...,tx). The cor-
responding censoring indicator of T,k is an identity vector of length nK, A, x =
(1,...,1)T. Each vector of the covariate matrix is also repeated K times to match
the truncated latent failure times, X, x = (X1,...,X1,..., Xn,..., X»)". The
complete data are the combination of the observed data and the created data for
unobserved truncated subjects. By using the function coxph() in S-PLUS (or
R) with the option of weight, we can find the estimator of 3 at the M-step,

> coxph(Surv(Te, Ac) ~ X¢,weight = W),

Where TC: (y17 e 73/n7TnK)7 AC: (617 T 76717 ATLK)ﬂ XC = (X17 T 7XTL7X7’IL‘K)T7
and W, = (1,--- ,1,wi1, - ,WiK, " ,Wnl, - ,Wnpk). The first n elements in
the weight vector are associated with the observed data, so they have weight 1.

3. Asymptotic Properties

We establish the asymptotic properties of the maximum likelihood estimator
(MLE), denoted by @n = (én, B, An()), where we use subscript n to emphasize
its dependence on the sample size n. Using the counting processes formulations,
the log-likelihood function has the form

L) =3 [ /0 " (87X + log dA(w))dNi(u) — /0 " Mi(u) exp(67 X:)dA(u)

=1

+log hg(A;) — log /OT S(u]Xi)hg(u)du], (3.1)

where 7 is the upper bound of the support for T, N;(t) = 1(4; < Y; < t)4;,
and M;(t) = 1(Y; > t)1(Y; > A;). Under some mild regularity conditions listed
in the Appendix, we first establish the strong consistency of the MLE using
the classical Kullback-Leibler information approach (Gill (T989); Parned (I998)).
We then apply the Z-theorem for the infinite-dimensional estimating equations to
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prove the weak convergence of the estimators (van_der Vaarf_and Wellned (998,
Thm. 3.3.1)). Proofs are in the Appendix.

3.1. Strong consistency

Let the true value be g = (6o, Bo, Ao). As in maximizes the log-likelihood
function, the empirical Kullback-Leibler information £, (1) — £, (1)) must be
always nonnegative. If 1&,1 converges to ©¥*, say, then we can show that En(d}n) —
£, (1po) must converge to the negative Kullback-Leibler distance between Py« and
Py,. As the Kullback-Leibler information is always nonnegative, it implies that
Py« = Py, almost surely. Under condition (1) in Appendix A, the parametric
family {hg(a)} is identifiable, while the Cox model for {fg a(t|x)} is also identi-
fiable. It follows from (27T) that the model {Py} is identifiable, and ¥* = .

Let || - ||2 be Euclidean distance. Suppose that 7 is finite with A(7) < oo.

Theorem 1. Under the regularity conditions listed in Appendix A, the mazimum
likelihood estimators (O, B, An(+)) are consistent: ||6n — Ooll2, |8 — Boll2, and

SUPg<y<r |Ap(u) — Ao(u)| converge almost surely to 0 as n — co.

3.2. Weak convergence

Using the EM algorithm, we find the MLE estimators (én, B, An) for the full
likelihood function (B). The MLE hence must satisfy the infinite-dimensional
score equations of (6,3, A), as the baseline function A(:) is estimated nonpara-
metrically. We establish weak convergence by applying the Z-theorem for infinite-
dimensional estimating equations (van_der Vaarfand Wellner (1996, Thm. 3.3.1)).
This approach has been applied to the semiparametric frailty models by Murphy
(995, Thm. 1) and Parnexd (T998, Thm. 2), among many others.

The maximizer of the likelihood function, the MLE estimators (6, Bn, Ay),

satisfy jointly the infinite-dimensional score equations of (6, 8, A),
Uln(énnémAn) = 07 UQn(énw@mAn) = 07 and U3n(ta énaBm[\n) - 07

where the score functions {Uiy,, Usn, Us,} are calculated using the von Mises
method for semiparametric MLE (Gill (T989)), by differentiating ¢,,(¢) with re-
spect to 6, 3, and a sub-model dA,(-) = (1 + n¢(-))dA(-), for a bounded and
integrable function ¢(-), and a constant 7 > 0. The infinite-dimensional score
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functions have the form

ho(As) . o, I S (ulXi)hg(u
Uinl)= ;{hewm”) S S (ulX0)ho(u

\_/\_/

ZZ} (3.2)

n

U2n(¢)=iz;[/oTX¢{dNi(u)— <M,~(u) {0 S(v]Xi ;Zzg;;lz)eﬁTXidA(U)}:,
(3.3)

-2 [ o (- ) )]
(3.4)

where hg(-) is the first partial derivative of hg(- ) with respect to ¢. Under (E70),
it can be easily confirmed that, conditional on T > A, the estimating equations
are of mean zero, E{U1,(¢)} =0, E{U2,(¢)} = 0 and E{Us,(t,v)} = 0.

Let Uy (-,¢) = {U1n(¥), Uan (), Usn (-, ¢) }, and denote its expectation under
the true values 1y = (6o, Bo, Ao) by

Uo(+, %) ={U10(¢), Uao(¥), Uso (-, %) }
={Eo{U1n(¥)}, Eo{U2n(¥)}, Eo{Usn (-, ¥)}}-

It can be confirmed that the true value g satisfies the population score equations
Uo(t,19) = 0. Evaluated at the true value vy the estimating functions can be
written as an empirical process /nUy,(t, 1) = v/n{U,(t, 1) — Uos(t, o)} indexed
by t.

By the uniform central limit theorem, \/nUy,(+, 1) converges weakly to W(-)
= {Wy,Ws(-)}, where W; is a Gaussian random vector and Wy(-) is a tight
Gaussian process. Letting 2®? = zz™, the marginal covariance function for W

s=(3130).
Y i) IO MU [ ) )

Yoa(t1,t2) = Eo{Us1(t1,%0)Us1(t2,%0)}-

Denote the Fréchet derivative of Uy(1)) evaluated at ¢ = 1y by Up. We con-
firm that the operator Uy is continuously invertible using the classical Fredholm

has the form

where

theorem for the integral equations ([ricomi (T985)). To apply the Z-theorem
for the infinite-dimensional estimating equations (van_der Vaarf_ and Wellner
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(996, Thm. 3.3.1)), we outline our proof in the Appendix by confirming the
three main conditions of the Z-theorem: Fréchet differentiability and invertibil-
ity, weak convergence of \/nU, (1)), and a stochastic approximation condition of
the estimating equations. Theorem 2 summarizes the results.

Theorem 2. Under the reqularity conditions listed in Appendiz A, \/ﬁ(qﬁn — 1)
converges weakly to a tight mean zero Gaussian process onf 1(W)

3.3. Asymptotic normality

We characterize the asymptotic distribution of the sequence /(1 —t) that
is completely determined by the tightness of Uo_ L(W) and its marginal covariance
function. Let hg(t) = d>hg(t)/d6?, ho(-) = he,(-), ho(-) = hg,(-), and ho(-) =
fl@o(-). Denote for [ = 0,1, 2,

ool fhetanm)
Qo ) f(;r exp{ _ fou eBo XdAo(u)}hO(u)du

ko = Ey UO Q(u, X)ho(u)du + (/OT Q(u, X)ho(u)du>2
(i - Gea) o =]
iy (u) = /UT Ey [{ho(’v) /OT Qo(z, X)ho(z)dz — ho(”)}QO(U,X)eﬁOTXX@l] dv,
kS (u) = /UT Eo[

{Ao(v) - /0 ' Qo(z, X )Ao(z)ho(z)dz}Qo(v, X)e20o" X X@l]
ho(v)dv,

k() = E HM(U) - /u e X)ho(z)dz}eﬁoTXX@] ,
oa(t, v) = /u ’ EO{ (1(2 > y) /u ’ Qo(s,X)ho(s)ds> Q(Z,X)e%oTX}ho(z)dz,

Jin = < "0 {Jo ’igl)(u)dAO(U)}T >
7RO @)dAo(u) f7{xE () + kP (u) YdAo(u) )

Jor(w) = Jiz(w)" = ( for 6 (2)do(2) i (5" (2) + w50(2)} dAo (2)) -

By straightforward calculation, the Fréchet derivative of Uy(v)) is

o) = (70 72) (3) = (Cule) T o))
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where { = (6", 87)" are the finite dimensional parameters, and
o1 (§) = Jng oA = / Jio(u)dA(u), 021(§)(t) = Ja1(2)E,
0

Tan(A)(t) = /0 t{ /0 ' fi4(u,v)dA(v)}dA0(u)+ /0 t k) () dA (u).

Here, Ji; is the Fisher information for the finite diminutional parameters £ when
the true value Ag is known. The derivative Uy, is continuously invertible with
this form:

U_l(i/J) _ 01_11 + 01_11012@_102101_11 —01_11012(1)_1 13
%o - @—10.210.1—11 @—1 A

where 01_11 &) = Jﬁ1§ . Here, ® = 090 — 02101_11012 is continuously invertible with
the inverse as a function of ¢ that has the form

O HA)(t) = /Ot jg(})(z) +/0T (/Ot R(v,u)dv) jgox)(z), (3.5)

where R(t,u) satisfies the equation

R(t,u) = K(t,u) + /K(t,v)R(v,t)dv,

_ ol) IO T -
K(t’ ’LL) - Ké{)) (t) { <Hg1) (t)l—i— Hél) (t) Jll ‘]12(“) - "{4(757 u)} (36)

It follows that the process \/ﬁ(f\n —Ap) converges weakly to a tight Gaussian
process ® o907 (W) + &~ 1(Wy), where ®1(Wy) is a Gaussian process given

b
' O~ H(Wy)(t) = td\\gf(“) +/DT (/OtR(v,u)dv> d\vf)'f(“).

0 £ (u) sy (u)

The stochastic integral is defined via integration by parts. Furthermore, for the
estimator &, = {0}, B~ }" of the finite dimensional parameters, the random vector
Vn(&, — &) converges in distribution to a mean zero normal random vector

Ufll(Wl) + Uﬂlalz@_laglaﬁl (Wl) — Ufllalgq)_l(Wg). (37)

The first term o' (W) in (822) has mean zero and the sandwich covariance
matrix Jﬁlszﬁl. The extra terms 0;11012@_10210ﬁ1(W1) — Uﬁlalg\ll_l(Wg)
in (B77) indicate the extra variability due to A,,. The asymptotic variance of the
finite dimensional estimator fn is thus quite complicated, as it involves both W,
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and W, which depend on the randomness of the estimator A, of the infinite-
dimensional parameter.

While the asymptotic variance of the estimator for the finite-dimensional
parameters can be calculated as the inverse of the empirical information matrix
of the likelihood function profiled over (6, 57), direct evaluation of the variance-
covariance matrix is extremely difficult as there is no explicit form for the infor-

mation matrix. Since the rate of convergence for 1, is shown to be n~=1/2

, We use
an EM-aided computational differentiation approach (Chen and Tiffld (1999)) to
approximate the information matrix. For notation clarity, we drop the subscript

n in the description of computational algorithm:

(i) Perturb each component of = (él, ... ,éq,Bl, ... ,Bp) by a small value ¢ =
1/n in its neighborhood in both directions to obtain the perturbed estimators
ff+ =£4(0,...,¢6...,0) and fl_ =£—(0,...,¢,...,0), respectively, for
l=1,...,q9+p.

(ii) With ¢ = ffr or £ = f{‘*, we calculate the conditional expectations required
in the E-step, and update the respective estimate 5\5;4» or 5\577 by maximizing

the expected log-likelihood in the M-step. We repeat the steps (i)—(ii) until
convergence is achieved.

(iii) Calculate the expected complete-data scores with respect to (6, 5), evaluated

~

at (él“r’ 5\5;+) and (ff_, 5‘5‘;—) and denoted by VE(é;ﬁ )\élé+) and ve(§~, /\5;—),

respectively.

(iv) Approximate the Ith row of the information matrix of € by

1 A a fet 2
26{VE(£Z ,)\éle)—]/E(glJ"?)\éng)}.

l

4. Numerical Results
4.1. Simulation

We conducted simulation studies to evaluate the finite sample performance
of the proposed estimators and the variance estimation procedure. We also com-
pared the efficiency of the proposed method with that of an existing MLE method
for length-biased data (Qin et all (2011)) and an conditional method for left-
truncated data (Wang, Brookmeyer, and Jewell (1993)).

We generated the survival time T from a proportional hazards model with
baseline function A(t) = ¢? and two covariates (X1, X»), with X a binary covari-
ate following a Bernoulli distribution with parameter 0.5, and X5 a continuous
covariate generated from a uniform distribution on (—0.5,0.5). The regression
coefficients = (31, f2) was set to be (0.5,1). The underlying truncation time A
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was independently generated from an exponential distribution of a single param-
eter 6. For length-biased data, the truncation time was generated independently
from the uniform distribution. To form a prevalent cohort, we kept only the
subjects satisfing the sampling constraint 7 > A. The censoring time C in the
prevalent cohort was generated from a uniform distribution on the interval [0, 7],
where 7. was chosen so that the overall censoring rate was approximately 20%,
30%, and 50%, respectively. Sample sizes of 100, 200, and 400 were used, and
each scenario used 500 simulation replicates.

We first compare the performance of three methods in analyzing length-
biased data: the proposed method, the method described in Qin et all (2011), and
the conditional method of Wang, Brookmeyer, and Jewell (1993). The simulation
results are summarized in Table 1, including the empirical means, the average
of the asymptotic standard error estimators and the mean squared errors based
on 500 replicates. The two maximum likelihood estimators have lower MSEs
than the conditional method. As the data were generated under the length-
biased sampling, the method of Qin et all (201T) has a slightly lower MSE than
the proposed method that is developed for general left-truncation data. This is
expected because the proposed method has more parameters to estimate than
the method by Qin et all (2011). The proposed method has relatively smaller
bias than the method of Qin et al] (2011) under high censoring rate (50%). In
the simulation studies, the proposed EM algorithm was computationally more
efficient than that of Qin et al] (2011) in terms of the CPU times under the two
computational algorithm.

Table 2 summarizes the simulation results with left truncation data. We
report the empirical means, the average of the asymptotic standard error estima-
tors, the empirical standard deviations, and the mean squared errors based on 500
replicates. With a light (20%) or moderate (30%) censoring percentage, all three
model parameters 6, 51, and B2 were well-estimated by the proposed method in
that the biases of the estimates were small and the estimated standards errors
were close to the empirical standard deviations, even with a small sample size
(100). With heavy censoring (50%) and a small sample size (100), the biases of
the estimated parameters were around 10%, but decreased when the sample size
increased or the censoring rates were reduced. In additional simulation studies
(results not shown), the bias vanished when sample size is very large (n =1,000).
In Table 2, we present the simulation results using the conditional method for
left-truncated data (Wang, Brookmeyer, and Jewell (T993)). As expected, the
conditional method is less efficient than the proposed MLE method with larger
mean squared errors.
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Table 3. Estimates (Standard Errors) of Regression Coefficients for Demen-

tia Data.
Proposed MLE ~ Qin et al. (2011) Conditional method
Probable Alzheimer’s  0.130 (0.064) 0.125 (0.062) 0.037 (0.093)
Vascular dementia 0.193 (0.078) 0.185 (0.077) 0.124 (0.113)
0 0.0002(0.013) NA NA

4.2. Application

We applied the proposed method to a cohort of prevalent cases in one of the
largest epidemiological studies of dementia, the Canadian Study of Health and
Aging ([I'he Canadian Study of Health and Aging Working Group (1994)), which
has been analyzed previously (Asgharian, M'Lan, and Wolfson (2002); Qin et all
(2017); Carone, Asgharian, and Jewell] (2004)). In the study, a total of 10,263
people agreed to participate, and were then screened for dementia. Among them,
1,132 individuals were identified as having the disease and their dates of dementia
onset were ascertained from their medical records. These individuals identified
as having dementia were followed until death or last follow-up in 1996. Excluding
the participants with missing dates of disease onsets or classification of dementia
subtype, the data set included 818 participants: 393 with probable Alzheimer’s
disease, 252 with possible Alzheimer’s disease and 173 with vascular dementia.

We used the semiparametric maximum likelihood estimation as described in
Section 2.3 to analyze the survival differences among the three dementia subtypes.
We used the subgroup with possible Alzheimer’s disease as the baseline group and
included two binary indicators for the other two subtypes of dementia in the Cox
proportional hazards model for the overall survival time from dementia onset.
We assumed the truncation time followed truncated exponential distribution on
(0, Tmaz ), where Tiq, is the maximum observed time from dementia onset.

The estimated covariate effects of the two subtypes of dementia from the
two estimation methods and the estimated parameter of the exponential dis-
tribution for the truncation time by our method are summarized in Table 3.
The proposed semiparametric MLE suggested a statistically significant survival
difference between the group with possible Alzheimer’s disease and the group
with vascular dementia (0.193, SE=0.078), and a marginally significant differ-
ence between the groups with possible versus probable Alzheimer’s disease (0.130,
SE=0.064). The results are comparable with those reported in Qin et al] (2011),
where the estimate was 0.185 (SE=0.077) for comparing possible Alzheimer’s
disease with vascular dementia, and was 0.125 (SE=0.062) for comparing proba-
ble Alzheimer’s disease with possible Alzheimer’s disease. The estimated effects
using the conditional method do not show any statistically significant survival
differences among the three subtypes of dementia. The estimated parameter for
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the truncated exponential distribution was very small (0.0002) compared with
its standard error (0.013), suggesting that the truncation time could be approx-
imately uniformly distributed. This result is consistent with a previous finding
by [Asgharian, Wolfson, and Zhang (2006), who showed that the dementia data
satisfied the stationarity assumption.

5. Discussion

Biased sampling is well recognized in a wide range of applications. Jointly
modeling the bias selection process with a parametric specification and the sur-
vival time with a semiparametric specification, we propose a full maximum likeli-
hood approach that works well for the problem of general left-truncation data, a
special case of biased sampling. The proposed MLE is shown to be asymptotically
consistent and efficient. A novel EM algorithm with desirable computational ad-
vantages is developed to find the semiparametric MLE with infinite-dimensional
parameters. The M-step for the regression coefficient can be easily implemented
by the existing software for the Cox regression model with right-censored sur-
vival data. As demonstrated in the numerical studies, the proposed MLEs are
more efficient than the estimating equations approach based on the conditional
likelihood. The proposed EM algorithm does not need to impute the censored ob-
servation. In spite of the additional step to estimate the parameters for the trun-
cation time distribution, the proposed EM algorithm is computationally more
efficient than the EM algorithm developed by Qin et all (2011).

From scientific and statistical points of view, it is of great interest to estimate
the truncation time distribution. In the setting of biased sampling, the truncation
time is only partially observed because only subjects who had not have the failure
event before the recruitment time are recruited. The proposed method has the
advantage of evaluating the distribution of the underlying selection process in
addition to efficiency improvements in estimating the survival functions of the
failure events.

For the purpose of model identifiability, a parametric model hg(-) without
covariate is assumed for the distribution of the truncation time. It is critical to
develop model checking techniques to test the goodness-of-fit of the parametric
model assumption. In practice, one approach is to use a rich parameter family
and then examine the model fitting. Additionally, the proposed approach can
be generalized to include X in the weight function with a properly assumed
parametric structure for hy(a|z).

Although statistical methodology has been proposed to verify the stationar-
ity assumption for length-biased data (Asgharian, Wolfson, and Zhang (2006)),
the proposed modeling framework can be used to develop a formal test of whether
hg(-) is uniformly distributed. Indeed, verifying whether the underlying disease
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process is stationary can be of research interest in itself. In our numerical study,
we considered a single parameter 6 = 0 for the left truncation distribution. How-
ever, testing = 0 is on the boundary of the parameter space that requires
special considerations. While asymptotic theory with boundary problems has
been well developed for parametric models (Self and Liang (I987)), yo the best
of our knowledge, little has been done in semiparametric modeling with bound-
ary problems. The situation is more complicated in the setting of the biased
sampling problem, which remains a future research topic.

We have focused on the Cox model for the survival data because of its pop-
ularity and availability in standard statistical software. More general survival
models such as the transformation models can also be investigated. However,
the extension of the EM algorithm for these models is not straightforward. Fur-
ther investigation is warranted.
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Appendix: Proofs of Asymptotic Properties
Appendix A. Regularity conditions
We summarize the regularity conditions:

1. The parameter {6, 5} is in a compact set B in the real space R? x RP. The
parametric model {hy(-) : § € B} is identifiable. The parameter A is in the
set A of nondecreasing functions with A(0) = 0 and A(7—) < oco. The true
parameter Ag(-) is continuous and differentiable, and P(A + C > 7) > 0.

2. The function hg(a) > §; for some constant d; > 0 for every a.

3. The function hg(-) and hg(-) satisfy a Lipschitz condition in . More specifi-
cally, there exist functions, F; and F5 such that

|ho,(a)—he,(a)] < [|01—0a]2F1(a), and |hg, (a)—he,(a)| < [|1—02[l2Fa(a),
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where Eg{Fi(A)?} < oo and Eg{F»(A)?} < oco.

4. The covariate X is bounded, and Ey||X||3, Eo{e!l®" X} are all bounded for
every (3 in B.

5. The matrix Ji; is positive definite and the bivariate function K(¢,u) in (B3)
is square integrable.

Appendix B. Proof of consistency

To avoid the measurability issues, the probability measure is understood as
the outer probability (van der Vaarf and Wellner (1996)). As technical details
are similar to those in the literature for semiparametric maximum likelihood es-
timation, see for example, Parner (199R), we provide only a sketch of the proof.
The first step is to show that 1]1n = (én, Bn,f\n) stays bounded, in particular,
lim,A, < oco. As {én,Bn} are found in a bounded compact set of finite di-
mensions, we can find a convergence subsequence of {én, Bn} To show that A,
stays bounded, we use proof by contradiction as follows. Suppose that An() di-
verges. We can then construct some sequence (6,,, 3,, A,,) such that the empirical
Kullback-Leibler distance Zn(én, Bn, An) — Ll (O, Bn, An) goes to negative infinity.
This is a contradiction because 1/3,1 maximizes the log-likelihood function so that
En(én, Bu,s An) — L (0n, B, A) > 0 for every (0, 3y, A) in the parameter set. The
construction of the contradiction is along the lines of that in Parned (T99R) for
the gamma frailty model. Briefly, choose {0y, 3.} = {60, 30}, and choose A, to
be

_ N | [ So(v|Xi)ho(v)dv ﬁ(?Xl}l { n | }
An(t) = /0 {Z (MZ(U) Io So(v]Xi)ho(’U)d’U>e d ;N](u) 7

i=1

where So(-|X;) = exp{— [, 0 XdAo(u)} and ho(-) = ho,(+). It can be easily
shown that using the mean-zero estimating equation (B4), A, (t) converges to
A almost surely and uniformly in ¢ by an application of the Glivenko-Cantelli
theorem. Using a technical argument similar to that in Parned (I998), we can
show that En(én, Bu, [\n) ~ln (0, Bn, Ap) — —o00 as n — 0o, but this is impossible
so A,, must stay bounded.

As A, stays bounded, we can apply Helly’s selection principle to find a
convergent subsequence of (én, Bnk, Ank) for an arbitrary subsequence from the
sequence indexed by {1,...,n}. We can then show that by the strong law of
large numbers, such convergent subsequence must converge to (6o, 89, Ao), us-
ing the classical Kullback-Leibler information approach. For any given subse-
quence {ng}, we can identify a further subsequence of (énk, Bnk, An,) that con-
verges to (6o, B, Ao). Helly’s selection theorem implies that the entire sequence
(én, Bu, f\n(t)) must converge to (6p, Bo, Ao(t)) for each ¢t. By the assumption that
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Ao(+) is continuous, the convergence of A, (t) at each ¢ is also uniform in ¢. The
convergence can be made almost-surely convergence by carrying out the proof
for a fixed w in the underlying probability space €2, and applying the law of large
numbers only countable many times.

Appendix C. Proof of asymptotic normality
C.1. Score equations

We first calculate the score equations for a single subject with the log-
likelihood function

e(zp):/T <BTX+logdA(u))dN / M (w)e? X dA(u)

0
+1log hy(A) — log /0 " S (u|X ) ho () du, (C.1)

where N(t) = 1(A <Y <t)d and M(t) = 1(Y > ¢)1(Y > A). The score function
for the infinite dimensional parameter A(-) is calculated through a submodel
dAy(-) = (1 +ne(-))dA(-), where ¢(-) is a bounded and integrable function, and
n > 0 is a constant. By taking the derivative £(6, 5, A,) with respect to n and
evaluating at n = 0, the score operator for A has the form

I S hg(v)dv
fo hg(v)dv

Taking ¢(-) = 1(- < t) in (C2), we have the equivalent score function for A

ba(6,0)(0) = [ ot |antu)~{ pr(u) b an . (c2)

: [t [T S| X)hg(v)dv) gr
U(t,1p, O) = /O {dN(u)—{M(u)— SO, (v)dv}eﬁ XdA(u)]. (C.3)

The score function for 5 has the form

b(v.0) = | TX[dN(U) - {M(u) - fo gg”:gZZg“;j“}ﬂdim)]

= /T Xdls(t,0,q). (C.4)
0

The score function for 6 has the form

ho(4) [ S(u|X)hg(u)du

B0V =) ™ St ha(wydu 2

where hg(-) is the first partial derivative of hg(-) with respect to 6.
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C.2. Fréchet derivative

We first confirm that the expectation of the estimating equations is Fréchet
differentiable and its Fréchet derivative is continuously invertible. Denote the
expectation of the estimating equations by Uy(v)) = {U1o(¥), Uso(¥), Uso(-, )},

where
[ £
= [n[sfosr- (- ) ).

o[ affver- (-]

The Fréchet differentiability of Uyp(v)) at ¢ = 19 can be verified by the
definition, and the derivation can be calculated using the Gateaux variations
of Up(vp). This is done by the differentiation of Uy(v,) with respect to 1 and
evaluated at n = 0, where v, = (6,, By, Ay) = (Bo, 00, Ao(+)) +n(B,0,A(-)).

The Gateaux derivative of Ujg(v) evaluated at vy is —{s11(6) + s12(5) +
s13(A)}, where

s11(0) = 88 U10(6y, Bo, Ao) o Oko,
s12(B) = 8877(]10(00;6777/\0) o ﬂT/O figl)(u)dAo(u),
s13(A) = (;977[]10(90,50,/\17) o :/o </ ngo)(v)dv>dA(u).

The Gateaux derivative of Uag (1)) evaluated at ¢ is —{s21(0) + s22(5) + s23(A) },

where

s21(0) = ;Ulo( nyﬁo,l\o)‘ o™ Q/T sV (u)dAo(u),

s22(p) = §U10(90,ﬁn,/\0 =p" [/ {H(Q) (2)(U)}d/\0(“) :

0
823(/\) = %Ulo(eo, 607 An)‘

- /O {689 () + 150 () YA (u).

The Gateaux derivative of Usg(t, 1) evaluated at 1g is —{s31(0)(t) + s32(8)(t) +
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s33(A) ()}, where

531(0)(t) = 88 Usa(t, by, Ao)|_ =0 / "0 (w)do ()
s22(5)(6) = -t B M) = 6] [ 0680000+ 0 )} dtatw
s33(A)(t) = 88 Uso(t, 6o, Bo, A )nzo

= [ [ rtwnine faso + [

It follows by straightforward calculation that the Fréchet derivative Up (v0) has
the form

) 811 12 813 0 511(0) + s12(8) + s13(A)

Uypo () = | s21 S22 S23 B | = | s21(0) + s22(8) + s23(A) | . (C.9)
(B
(0

531832 833/ \A 531(0) + s32(8) + s33(A)
Denote the finite dimensional parameters by £ = (0, )". Take
Lo ( " {fo nl wdo(w)}* )
=1 @ ) (2) '
0 k1 fo {“2 ‘1'“3 (u) Ao (u)
Jor(t) = Jia(u (fo o (u)do(u) i {mS) () + w50 ()} dAo () -

Then the Fréchet derivative Up(t)p) can be written as

o) = (7272) (§) = (79 £oe),
where ga3(A) = s33(A),

~(s1(0) +s12(B) \ _
w(®==(000) o) =
021(&)(t) = —{s31(0) () + 532(8) ()} = Ja1 ()¢,
nah) = (220 = [T s(uan

If the inverse of U% exists, then its inverse must have the form:

o Y4 Bt oe® togiort —o o ® ! 13
1 — 11 11 912 21911 11 912
UTZ}O (¢) - < @*10.210.1—11 -1 A (C].O)

where ® = g9y — GglUﬁlUlg. Thus, to show that U% is continuously invertible,
we need only show that o717 and ¢ are continuously invertible.
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First, the operator o1 is identical to the symmetric matrix Jy;. This matrix
is the Fisher information on the estimation of (5p, #y) when the baseline function
Ag is known. It is reasonable to assume that the information matrix Jy is
positive definite so that it has inverse Jﬁl. It follows that the operator o1 is
continuously invertible with the inverse o' (€) = J;'€.

To determine whether the operator @ is invertible, note that it has the form

D(A) =092(A) — 02101_11012(1\)

_ /0 t { /0 " ala, v)dA<v>}dAo<u> + /0 " (A (u)

— /0 ' Jo1 () 1t Ti2(w)dA (u).

Showing that the operator ® is continuously invertible is equivalent to showing
that there exists a unique solution to the operator equation ®(A) = A for each
bounded function A. This can be written as an integral equation

/Ot { /OT K (u, v)dA(v)}dAo(u) + /Ot kS (u)dA (u) — /OT o1 () J 5y Trz(u)dA (u)
=A().

Taking the derivative with respect to ¢ on both sides,

Ao(t) /0 754(t,v)dA(v)—i—/séO)(t)dA(t)— /0 Tjgl(t)Jl_lljlg(u)dA(u):d]X(t), (C.11)
where

Jan(t) = (5 (020(0) {6 (0) + £V (0 A0 (2).)

This can be written as a Fredholm integral equation of the second type:

dA(t) _
k(1)

~ Xo(?) k0 (t) ' 1
K(t? u) - Kz())(]) (t) { (ﬂgl) (t)l—l— ﬁ;(v,l) (t) Jll Ji2 (u) - H4(t’ u)} (013)

The existence and uniqueness of its solution for given A(-) are well known (I¥i

dA(t) — /0 " K (b w)dA(u), (C.12)

comi (I985)). Under the regularity conditions, we have

/

A®)
kS (1)

2
dt < oo, // |K (t,u)2dtdu < oo.
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By the classical existence and uniqueness theorems for Fredholm integral equa-
tions, there exists one and only one solution to (CIT). It follows that the inverse
operator ®! exists and has the form

cp—l(A):/O 0 //OH » dA(u),

where R(t,u) is independent of ]\() and satisfies the equation

R(t,u) = K(t,u) /Ktv R(v,t)dv.

C.3. Weak convergence

Both the score function U, and its expectation Uy are defined on the param-
eter set B x A, where B is an open convex set in RP™4 and A is in the space
of functions of bounded variation. As the true value )y satisfies the population
estimating equations Up(tg) = 0, we have

VU (o) = \/E{Uln(wo) —Ur0(v0), Uzn(%0) — U20(vb0), Usn(t, ¢0) — Uso(t, wo)}-

As the summation of independently and identically distributed (i.i.d.) random
vectors, /n{Uin(v0) — U10(%0), Uan (o) — Ua0(v00)} converges in law to Wy by
the multivariate central limit theorem. The process v/n{Us,(t,1v0) — Uso(t,%0)}
is a sum of i.i.d. processes of bounded variation. By a lemma for the central limit
theorem for processes of bounded variation (van_der Vaarf and Wellnex (1996,
Example 2.11.16)), v/n{Usy(t,%0)—Uso(t, o)} converges to a tight Gaussian pro-
cess, denoted by Ws(+). The Weak convergence of /nUy, (1) to W = {W1, Wy(-)}
follows by the continuous mapping theorem (kan_der Vaarf and Wellned (996,
Thm. 1.3.6)).

C.4. Stochastic approximation

To confirm the conditions for the Z-theorem (wan_der Vaart and Wellner
(996, Thm. 3.3.1)), we prove the stochastic approximation

V{ (Un = Uo)(vn) = (Un — Uo)(¢h0) }
= Vn[{Un (-, 9n) = Uo (-, 9n)} = {Un(-%0) — Uo (- 0)}] = op=(1).

Let P, be the empirical measure and let ((t,, Q) = {£1(1, O), la(1p, O),
Us(t,1p, 0)}. Write Uy, (¢p) = Pol(-,1,0) = n~! lel {(-,1,0;). Denote the
empirical process by G, f = v/n(P,f — Pyf), where Py denote the expectation
under the true value 9. Then /n(U, — Up)(¥)) = Gpf(-,¢,O) is the empirical
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process indexed by the class of functions {é(t,@b, 0),Y € Bx At €[0,7)}. Let
the norm || - || on H = B x A be defined as ||¢||% = |B] + ||Allco- Then the

stochastic condition is

”an(t,?])n, O) - Gné(t7w07 O)HH = OP*(]')‘

We follow kan_der Vaarf and Wellnex (1996, Lemma 3.3.5) in proving the stochas-
tic approximation. First, we show that the difference of the score functions
{0(t, 4, 0) — £(t, 10, 0) : t € [0,7), ][t — 10|l < 6} is Pp-Donsker. This is done
by showing that the functions are sum, products and continuous transformations
of Py-Donsker classes.

Under regularity condition 3, the functions hg and hg satisfy a Lipschitz
condition. Thus, there exist functions, F} and F5 such that

|h, (a) — ho,(a)| < [|61 — O2][2F1(a), and |k, (a) — ho,(a)| < |01 — Oa]2F2(a),

where Eo{F1(A)?} < oo and Eo{Fy(A)?} < oco. It follows that the classes of
functions {hg : || =gl < 6} and {hg : || —1o|l» < 6} are Py-Donsker (van der
Vaarf_and Wellned (1996, Thm. 2.7.11)). We have assumed that hg > ; for some
constant d; > 0 for every 6 satisfying [[¢) — 1g|l3x < 0. Then by the permanence
of the Donsker property, the class of functions {hg/hg : ||t — Yol < &} is also
Py-Donsker (van_der Vaart_and Wellner (1996, Example 2.10.9)).

Now

( ¢7 )_éi’)( ¢0, )
/M )eo X dAg(u /Y )P X dA (u)

v| X )hg(v)dv BUX A () — t So(v|X)ho(v)dv BIX "
/fo (0] X )ho(v)dv " dA(u) o Jo So(v[X)ho(v)du dho(w).

Under the regularity conditions, 3 is in the compact set B so that |3| is bounded.
We assume that Ep{exp(2|8"X|)} < oo for every 8 in B. It follows that the
class of functions {exp(8"X) : || — tolly < 0} is Py-Donsker. The class
of all monotone functions on a bound set [0,7) is Py-Donsker (van_der Vaarf
and_Wellner: (iQQﬁ' Thm. 2.7.5)). It then follows that the class of functions
{fo 2t € [0,7), || — volln < 6} is Po-Donsker, and so is the class
of functlons {fo w)e? XdA(u) : t € [0,7),[[¢) — Yol < 8}. Furthermore, the
following classes of functions are also Pp-Donsker:

{exp{—exp(B" X)A(t)ho(t)} : t € [0,7), [ = tbolln < 3},
{exp{—exp(BTX)A(t)hg(t)} : t € 0,7), [l4) — ol < 8.
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The map ¢ : f +— fo u)du is a continuous map for f in the set of bounded
variations. Hence, it follows that by the continuous mapping theorem, the fol-
lowing classes of functions are Py-Donsker: { [[" S(u|X)hg(u)du : t € [0,7),|[¢) —
ol < 0t = { [y Lu > t) exp{—exp(B*X)A(u)hg(u)du} : || — |l < 3}, and
{J] S(uX)hg(u)du : t € [0,7), ¢ = tolln < 6} = {5 1(u > t) exp{— exp(87X)
A(u)hg(u)du} : ||t — bolj3 < 6}. Finally, by the permanent property of Donsker
classes and assuming that 5TX is bounded for every 8 in B, we have confirmed
the following classes of functions are Py-Donsker:

{61(¥, 0) — £1(¥0, O) : |1 — tolln < 6},
{l2(¥), 0) — ba(0, O) : Y — ol < 63,
{03(t,1h, ©) — £3(t, 1, ©) : t € [0,7), |1 — olln < 6}

When ||¢ — ¢olly — O, {(t, 1), O) converges to é(t, g, O) for each ¢t. The
convergence also holds in the square moment by the dominated convergence
theorem. Hence,

S[up) EOHé(t,T/% O) - é(tv¢07 O)H%—l — 0.
te|0,7

The stochastic approximation of (U, — Up)(¢n) to (U, — Up)(tho) follows by ap-
plying a result of kan der Vaarf_and Wellned (1996, Lemma 3.3.5).
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