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Appendix

Appendix A: Some discussions on two modifications of WGLR tests

In constructing λna, both the “likelihood” function and local smoother are of Wilcoxon-
type and come from (2.2). If we replace the local linear estimators in (1.3) by the local
linear Walsh-average estimators and denote the resulting test statistic as ωna, i.e.,

ωna =
n

2

(
log

n∑
i=1

ε̂a2i − log
n∑

i=1

ε̂2i

)
(A.1)

Similar to Theorems 1-2, we can establish the asymptotic normality of ωna.

Theorem 7 (i) Suppose the conditions in Theorem 2 hold. Under H0, we have

(ωna − µωna)/σωna
d→N(0, 1),

where

µωna =
1

h
(p+ 1)|Ω|

(
K(0)σ−2ζ2 − 1

2

∫
K2(t)dt

)
, ζ2 = φ−1/2τ

∫
xG(−x)dG(x),

σ2
ωna =2h−1σ−2τ2(p+ 1)|Ω|

(∫
K2(t)dt− σ−2ζ2

∫
K(t)K ∗K(t)dt

+
1

4
σ−2τ2

∫
(K ∗K)2(t)dt

)
;

(ii) Suppose the conditions in Theorem 2 hold. under H
′

na, we have

[ωna − µωna − σ−2τ2d2na]/σ
∗
ωna

d→N(0, 1),

where σ∗2
ωna = σ2

ωna + σ−2h−1E[G(U)TWWTG(U)].

This theorem implies that the power of ωna is

βωna = Φ

(
− σωna√

σ2
ωna + nσ−2B(G)

zα +
2−1nσ−2B(G)√
σ2
ωna + nσ−2B(G)

)
.

It is difficult to calculate the ARE of ωna with respect to the GLR test under the general
cases. For convenience, we choose the same bandwidth for ωna and GLR and then

ARE(ωna,GLR)

=
στ−1

(∫ {
K(t)− 1

2K ∗K(t)
}2
dt
)1/2

(∫
K2(t)dt− σ−2ζ2

∫
K(t)K ∗K(t)dt+ 1

4σ
−2τ2

∫
(K ∗K)2(t)dt

)1/2 .
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Table A.1 shows the ARE of ωna, LOSS (Hong and Lee 2013) and WGLR with
respect to GLR for a number of distributions and kernel functions. We observe that
ARE(ωna,GLR)’s are similar for different kernels and generally much smaller than
ARE(WGLR,GLR) for heavy-tailed distribution. To a certain extent, ωna can be viewed
as some compromise between the GLR and WGLR tests. Moreover, if the local linear
Walsh-average estimators in (2.4) are replaced by the local linear estimators, similar
results to those in Table A.1 can be obtained.

Table A.1: The asymptotic efficiency comparisons of ωna and WGLR. t(d): student’s
t-distribution with d degrees of freedom. T (ρ, σ):Tukey contaminated normal with CDF
F (x) = (1− ρ)Φ(x) + ρΦ(x/σ) where ρ ∈ [0, 1] is the contamination proportion.

Epanechnikov Biweight Triweight Gaussian
ARE(LOSS,GLR)

1.46 1.46 1.46 1.49
Errors ARE(ωna,GLR) ARE(WGLR,GLR)
N(0, 1) 0.99 0.99 0.99 0.99 0.96
t(3) 1.16 1.16 1.16 1.16 1.90
t(4) 1.07 1.07 1.07 1.07 1.40
T (0.05, 10) 1.59 1.58 1.58 1.59 4.77
T (0.10, 10) 1.88 1.87 1.87 1.89 7.19
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Appendix B: Proof of Theorem 6

Here we only provide the proof of Theorem 6. Obviously, Theorem 1 and 2 are the
special cases of Theorem 6 with ϱ2(x) = 1. Let rn = 1/

√
nh. For ease of illustration, we

need some notations:

ξi = φ−1/2ρ(Ui){G(−εi)− 1/2}, w0 =

∫ ∫
t2(s+ t)2K(t)K(s+ t)dtds,

Rn10 =
1√
n

n∑
i=1

ξi(α
′′
0(Ui) +A′′

0(Ui)
TXi)

∫
t2K(t)dt(1 +O(h) +O(n−1/2)),

Rn20 =
1

2

1√
n

n∑
i=1

ξiα
′′
0(Ui)w0.

Rn30 =
1

8
E[α′′

0(Ui)
2 +A′′

0(Ui)
TXXTA′′

0(Ui)]w0(1 +O(n−1/2)),

αn(u0) = r2nΓ(u0)
−1

n∑
i=1

ηiW iK((Ui − u0)/h), c = (c,01×p)
T ,Γ(u) = Σ(u)f(u),

Rn(u0) = r2n

n∑
i=1

Γ(u0)
−1

(
α(Ui)− β(u0)

TV i(u0) +A(Ui)
TXi − γ(u0)

TZi(u0)

)
W iK((Ui − u0)/h),

R1n =

n∑
k=1

ξkRn(Uk)
TWk/ρ

2(Uk), R2n =

n∑
k=1

αn(Uk)
TWkW

T
k Rn(Uk)/ρ

2(Uk),

R3n =
1

2

n∑
k=1

Rn(Uk)
TWkW

T
k Rn(Uk)/ρ

2(Uk).

Lemma 1 Let Â be the local linear Walsh-average estimator. Then, under conditions
(A1)-(A5), uniformly for u0 ∈ Ω,

(α̂(u0), Â(u0)
T )T − (α(u0),A(u0)

T )T = c+ (αn(u0) +Rn(u0))(1 + op(1)),

and under condition (A4′), c = 0 and ηi = ξi, i = 1, . . . , n.

Proof. From Shang et al. (2012), we can easily obtain the result. �

Proof of Theorem 6 By Proposition 1, the estimators ρ̂k(x) is consistent. Note that
under H0a, ε̂

a
i = εi. Thus, by Slutsky’s theorem, we only need to consider the asymptotic

property of

λna =
φ−1/2

n+ 1

∑∑
i≤j

(|τ−1εi + τ−1εj | − |ρ−1(Ui)ε̂i + ρ−1(Uj)ε̂j |)

=
φ−1/2

n+ 1

∑∑
i≤j

(
|τ−1εi + τ−1εj | − |τ−1εi + τ−1εj + ϕij)|

)
,
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where ϕij = ρ−1(Ui)(α(Ui)−α̂(Ui)+A(Ui)
TXi−Â(Ui)

TXi)+ρ
−1(Uj)(α(Uj)−α̂(Uj)+

A(Uj)
TXj − Â(Uj)

TXj). By using the identity

|z| − |z − y| = ysgn(z) + 2(z − y){I(0 < z < y)− I(y < z < 0)}

which holds for z ̸= 0, we have

λna =

(
− φ−1/2

n+ 1

∑∑
i≤j

ϕijsgn(εi + εj) +
2φ−1/2τ−1

n+ 1

∑∑
i≤j

(τ−1(εi + εj) + ϕij)

×
{
I(0 < τ−1(εi + εj) < −ϕij))− I(−ϕij < τ−1(εi + εj) < 0)

})
.
=Ah −Bh.

Firstly, we consider Ah. By Lemma 1, we have

Ah =

(
− φ−1/2

n+ 1

∑∑
i≤j

(
Rn(Ui)

TW i/ρ(Ui) +Rn(Uj)
TW j/ρ(Uj)

)
sgn(εi + εj)

− φ−1/2

n+ 1

∑∑
i≤j

(
αn(Ui)

TW i/ρ(Ui) +αn(Uj)
TW j/ρ(Uj)

)
sgn(εi + εj)

)
(1 + op(1))

.
=(Ch +Dh)(1 + op(1)).

Firstly, note that Dh

φ−1/2

n+ 1

∑∑
i≤j

(
αn(Ui)

TW i/ρ(Ui) +αn(Uj)
TW j/ρ(Uj)

)
sgn(εi + εj)

=

n∑
i=1

αn(Ui)
TW i/ρ(Ui)

∑∑
j ̸=i

φ−1/2

n+ 1
sgn(εi + εj)

+
φ−1/2

n+ 1

n∑
i=1

αn(Ui)
TW isgn(εi)/ρ(Ui)

=

n∑
i=1

αn(Ui)
TW iξi/ρ

2(Ui) + op(h
−1/2),

where the last equality holds because of the facts that

∑∑
j ̸=i

φ−1/2

n+ 1
sgn(εi + εj) = φ−1/2(G(εi − 0.5)) + op(n

−1/2),

E

(
φ−1/2

n+ 1

n∑
i=1

αn(Ui)
TW isgn(εi)/ρ(Ui)

)
= O

(
1

nh

)
= o(h−1/2),

var

(
φ−1/2

n+ 1

n∑
i=1

αn(Ui)
TW isgn(εi)/ρ(Ui)

)
= O

(
1

n
+

1

n2h

)
= o(h−1).



S6 LONG FENG, ZHAOJUN WANG, CHUNMING ZHANG AND CHANGLIANG ZOU

Similarly, we can prove that

φ−1/2

n+ 1

∑∑
i≤j

(
Rn(Ui)

TW i/ρ(Ui) +Rn(Uj)
TW j/ρ(Uj))

)
sgn(εi + εj)

=
n∑

i=1

Rn(Ui)
TW iξi/ρ

2(Ui) + op(h
−1/2).

Thus,

Ah =

n∑
i=1

αn(Ui)
TW iξi/ρ

2(Ui) +

n∑
i=1

Rn(Ui)
TW iξi/ρ

2(Ui) + op(h
−1/2).

Next, we consider Bh which can be written as

Bh =− 2φ−1/2

n+ 1

∑∑
i≤j

(τ−1(εi + εj) + ϕij)I(0 < τ−1(εi + εj) < −ϕij))

+
2φ−1/2

n+ 1

∑∑
i≤j

(τ−1(εi + εj) + ϕij)I(−ϕij < τ−1(εi + εj) < 0)

.
=Eh + Fh.

On the set {ϕij < 0} and conditional on {Xi, Ui},

E(Eh) = −2φ−1/2

n+ 1

∑∑
i≤j

∫ ∫ −ϕij−y

−y

(τ−1(x+ y) + ϕij)g(x)g(y)dxdy

=
2φ−1/2

n+ 1

∑∑
i≤j

∫
1

2
τ2ϕ2ijg

2(y)dy +O(n−1/2h−3/2)

=
1

n+ 1

∑∑
i≤j

ϕ2ij + o(h−1/2)
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and var(Eh) = O(n−1h−2) = o(h−1). Similarly, on the set {ϕij > 0}, E(Fh) =
1

n+1

∑∑
i≤j

ϕ2ij + o(h−1/2) and var(Eh) = O(n−1h−2) = o(h−1). Thus,

Bh =
1

n+ 1

∑∑
i≤j

((
(αn(Ui) +Rn(Ui))

TW i

)
/ρ(Ui)

+ ((αn(Uj) +Rn(Uj))
TW j)/ρ(Uj)

)2

+ op(h
−1/2)

=
1

2

n∑
i=1

(αn(Ui)
TW i)

2/ρ2(Ui) +
1

2

n∑
i=1

(Rn(Ui)
TW i)

2/ρ2(Ui)

+
n∑

i=1

Rn(Ui)
TW iW

T
i αn(Ui)/ρ

2(Ui)

+
1

n+ 1

∑∑
j ̸=i

αn(Ui)
TW iαn(Uj)

TW j/ρ(Ui)/ρ(Uj)

+
1

n+ 1

∑∑
j ̸=i

Rn(Ui)
TWiRn(Uj)

TW j/ρ(Ui)/ρ(Uj)

+
1

n+ 1

∑∑
j ̸=i

αn(Ui)
TW iRn(Uj)

TW j/ρ(Ui)/ρ(Uj) + op(h
−1/2).

After calculating the expectation and variance of the last three sums, we can prove that

1

n+ 1

∑∑
j ̸=i

αn(Ui)
TW iαn(Uj)

TW j/ρ(Ui)/ρ(Uj) = Op(1 + (nh)−1/2 + (nh)−1),

1

n+ 1

∑∑
j ̸=i

Rn(Ui)
TWiRn(Uj)

TW j/ρ(Ui)/ρ(Uj) = Op(h
4 + n−1/2h7/2 + n−1h3),

1

n+ 1

∑∑
j ̸=i

αn(Ui)
TW iRn(Uj)

TW j/ρ(Ui)/ρ(Uj) = Op(h
2 + n−1/2h3/2 + n−1h),

and accordingly,

Bh =
1

2

n∑
i=1

(αn(Ui)
TW i)

2/ρ2(Ui) +
1

2

n∑
i=1

(Rn(Ui)
TW i)

2/ρ2(Ui)

+

n∑
i=1

Rn(Ui)
TW iW

T
i αn(Ui)/ρ

2(Ui) + op(h
−1/2).

This leads to

λna =

n∑
i=1

αn(Ui)
TW iξi/ρ

2(Ui)−
1

2

n∑
i=1

(αn(Ui)
TW i)

2/ρ2(Ui)

+Rn1 −Rn2 −Rn3 + op(h
−1/2).
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Taking the same procedure as Lemma 7.2 in Fan et al. (2001), we can show that

Rn1 = n1/2h2Rn10 +O(n−1/2h),

Rn2 = n1/2h2Rn20 +O(n−1/2h),

Rn3 = nh4Rn30 +O(h3).

Also, similar to Lemma 7.4 in Fan et al. (2001), it can be verified that

n∑
i=1

αn(Ui)
TW iξi/ρ

2(Ui) =
1

h
(p+ 1)K(0)Ef(U)−1

+
1

n

∑∑
j ̸=i

ρ−1(Ui)ρ
−1(Uj)ξiξjW

T
i Γ(Uj)

−1W jKn(Ui − Uj) + op(h
−1/2),

n∑
i=1

(αn(Ui)W
T
i )

2/ρ2(Ui) =
1

h
(p+ 1)Ef(U)−1

∫
K2(t)dt

+
2

nh

∑∑
i<j

ρ−1(Ui)ρ
−1(Uj)ξiξjW

T
i Γ

−1(Ui)K ∗K((Ui − Uj)/h)W j + op(h
−1/2).

Thus, λna = µna − d1na + W (n)h−1/2/2 + op(h
−1/2), where d1na = τ−2[nh4R30 −

n1/2h2(Rn10 −Rn20)] = Op(nh
4 + n1/2h2) = op(h

−1/2) and

W (n) =

√
h

n

∑∑
j ̸=i

ρ−1(Ui)ρ
−1(Uj)ξiξj [2Kh(Ui − Uj)−Kh ∗Kh(Ui − Uj)]W

T
i Γ(Uj)

−1W j

=

√
h

n

∑∑
j ̸=i

ζiζj [2Kh(Ui − Uj)−Kh ∗Kh(Ui − Uj)]W
T
i Γ(Uj)

−1W j

where ζi = ρ−1(Ui)ξi = φ−1/2τ(G(εi)− 0.5). It remains to show that

W (n)
d→N(0, v)

with v = 2||2K − K ∗ K||22(p + 1)Ef(U)−1. Similar to Fan et al. (2001), by applying
Theorem 2 in De Jong (1987), we can easily obtain the result.

Under H ′
1a and by similar arguments as above, it can be checked that

λna =µna + d2na −W (n)h−1/2/2

−
n∑

i=1

h−1/2GT (Ui)W iξi/ρ
2(Ui) + op(h

−1/2),

Then we can obtain the assertion. �
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Appendix C: Proofs of other theorems

Proof of Proposition 1 By Fan and Gijbels (1996), we can easily show that f̂(u) =
f(u)(1 + op(1)). Thus, we only need to show that

ρ̃−1(u) =
φ−1/2

2n(n− 1)tnf2(u)

n∑
i=1

n∑
j=1

I(|ε̂i + ε̂j | ≤ tn)Kh(Ui − u)Kh(Uj − u)

is a ratio-consistent estimator of ρ−1(u).

ρ̃−1(u) =
φ−1/2

2n2tnf2(u)

n∑
i=1

n∑
j=1

I(|ϱ(Ui)εi + ϱ(Uj)εj | ≤ tn)Kh(Ui − u)Kh(Uj − u)

+
φ−1/2

2n2tnf2(u)

n∑
i=1

n∑
j=1

(I(|ε̂i + ε̂j | ≤ tn)− I(|ϱ(Ui)εi − ϱ(Uj)εj | ≤ tn))

×Kh(Ui − u)Kh(Uj − u)
.
= Un1 + Un2

Clearly, Un1 = 1
n2

∑n
i=1

∑n
j=1Wn(i, j) is of the form of U -statistic since Un1 is symmetric

in this arguments. Note that

E(W 2
n(i, j)) =

3

t2nf
4(u)

E(I(|ϱ(Ui)εi + ϱ(Uj)εj | ≤ tn)K
2
h(Ui − u)K2

h(Uj − u))

=
3

t2nh
4f4(u)

E

(∫ (
G

(
tn

ϱ(Ui)
− ϱ(Uj)

ϱ(Ui)
ϵ

)
−G

(
− tn
ϱ(Ui)

− ϱ(Uj)

ϱ(Ui)
ϵ

))

× g(ϵ)dϵK2

(
Ui − u

h

)
K2

(
Uj − u

h

))

=

√
3v20

tnτϱ(u)h2f2(u)
(1 + o(1)) = O(t−1

n h−2) = o(n)

where the antepenultimate equality is followed by a simple calculation similar to Parzen
(1962). Thus, Un1 = E(Wn(i, j)) + op(1). Similarly,

E(Wn(i, j)) =
φ−1/2

2tnf2(u)
E(I(|ϱ(Ui)εi + ϱ(Uj)εj | ≤ tn)Kh(Ui − u)Kh(Uj − u))

=
φ−1/2

2tnh2f2(u)
E

(∫ (
G

(
tn

ϱ(Ui)
− ϱ(Uj)

ϱ(Ui)
ϵ

)
−G

(
− tn
ϱ(Ui)

− ϱ(Uj)

ϱ(Ui)
ϵ

))

× g(ϵ)dϵK

(
Ui − u

h

)
K

(
Uj − u

h

))

=
1

ϱ(u)τ
(1 + o(1))
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Thus, Un1 = ρ−1(u)+op(1). Similarly, we can show that Un2 = O(h2+(nh)−1/2) = o(1)
by Lemma 1. Thus, ρ̂−1(u) is a ratio-consistent estimator of ρ−1(u).

Proof of Theorem 7 Taking the same procedure as Fan et al. (2001), under H0, we
have

ωna =
n∑

i=1

αn(Ui)
TW iεi/σ

2 − 1

2

n∑
i=1

(αn(Ui)
TW i)

2/σ2

+

n∑
i=1

Rn(Ui)
TW iεi/σ

2 −Rn2/σ
2 −Rn3/σ

2 + op(h
−1/2).

Also, we can verify that

n∑
i=1

αn(Ui)
TW iεi =

1

h
(p+ 1)K(0)ζ2Ef(U)−1

+
1

n

∑∑
j ̸=i

εiξjW
T
i Γ(Uj)

−1W jKn(Ui − Uj) + op(h
−1/2),

n∑
i=1

Rn(Ui)
TW i =n

1/2h2Rωn10 +O(n−1/2h).

Thus,

ωna = µωna +Wω(n)h
−1/2/2 + op(h

−1/2),

where

Wω(n) =
2h1/2

n

∑∑
j ̸=i

σ−2εiξjW
T
i Γ(Uj)

−1W jKn(Ui − Uj)

− 1

nh1/2

∑∑
j ̸=i

σ−2ξiξjW
T
i Γ

−1(Ui)K ∗K((Ui − Uj)/h)W j .

Applying the martingale central limit theorem (Hall and Heyde 1980), we can verify that

Wω(n)
d→N(0, ς),

where

ς =2(p+ 1)Ef(U)−1

(
4σ−2τ2

∫
K2(t)dt− 4σ−4ζ2τ2

∫
K(t)K ∗K(t)dt

+ σ−4τ4
∫

(K ∗K)2(t)dt

)
.

Under H
′

1a and by the similar arguments as above, it can be verified that

ωna =µωna + σ−2τ2d2na −Wω(n)h
−1/2/2

−
n∑

i=1

√
nGT

n (Ui)W iεi/σ
2 + op(h

−1/2),
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from which the assertion follows immediately.

Proof of Theorem 3 Denote

Γ =

(
Γ11 Γ12

Γ21 Γ22,

)
, Γ1,2 = Γ11 − Γ12Γ

−1
22 Γ21,

where Γ11,Γ12,Γ21,Γ22 are (p1+1)×(p1+1), (p1+1)×p2, p2×(p1+1), p2×p2 matrices

and p2 = p− p1. Taking the same procedure as for Â, we have

Â
b

2(u0)−A2(u0) =r
2
nΓ

−1
22 (u0)

n∑
i=1

(
ξi +A2(Ui)

TX
(2)
i − η̄2(u0,X

(2)
i , Ui)

)
×X

(2)
i K((Ui − u0)/h)(1 + op(1)),

where η̄2(u0,X
(2)
i , Ui) = A2(u0)

TX
(2)
i +A′

2(u0)
TX

(2)
i (Ui − u0). Note that λnb = λna −

λ′nb where

λ′nb =
φ−1/2τ−1

n+ 1

∑∑
i≤j

(
|ε̂ai + ε̂aj | − |ε̂bi + ε̂bj |

)
.

Similar to the proof of Theorem 6, under H0b, we have

λ′nbτ
2 =r2n

n∑
i=1

n∑
j=1

ξiξjX
(2)
i

T
Γ−1
22 (Ui)X

(2)
j K((Ui − Uj)/h)

− 1

2
r4n

n∑
i=1

 n∑
j=1

ξjK((Ui − Uj)/h)X
(2)
i

T

Γ−1
22 (Ui)X

(2)
i X

(2)
i

T
Γ−1
22 (Ui)

×

 n∑
j=1

ξjK((Ui − Uj)/h)X
(2)
i

+ op(h
−1/2),

Consequently,

−λnbτ2

= −r2n
n∑

i=1

n∑
j=1

ξiξj

(
W

(1)
j − Γ12(Ui)Γ

−1
22 (Ui)X

(2)
j

)T
Γ−1
1,2(Ui)

×
(
W

(1)
i − Γ12(Ui)Γ

−1
22 (Ui)X

(2)
j

)
K((Ui − Uj)/h)

+
r4n
2

n∑
i=1

n∑
j=1

ξiξj

n∑
k=1

(W
(1)
i − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
i )TΓ−1

1,2(Uk)

× (W
(1)
k − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
k )(W

(1)
k − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
k )T

× Γ−1
1,2(Uk)(W

(1)
j − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
j )

+Rn4 +Rn5 + op(h
−1/2),
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where W
(1)
i = (1,X

(1)
i

T
)T and

Rn4 =
r4n
2

n∑
i=1

n∑
j=1

ξiξj

n∑
k=1

(W
(1)
i − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
i )TΓ−1

1,2(Uk)

× (W
(1)
k − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
k )X

(2)
k

T
Γ−1
22 (Uk)X

(2)
j

×K((Ui − Uk)/h)K((Uj − Uk)/h),

Rn5 =
r4n
2

n∑
i=1

n∑
j=1

ξiξj

n∑
k=1

(W
(1)
j − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
j )TΓ−1

1,2(Uk)

× (W
(1)
k − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
k )X

(2)
k

T
Γ−1
22 (Uk)X

(2)
j

×K((Ui − Uk)/h)K((Uj − Uk)/h).

After some tedious calculation, as nh3/2 → ∞, E(R2
n4) = O(n−2h−4) = o(h−1) and thus

Rn4 = op(h
−1/2). Similarly, we can show Rn5 = op(h

−1/2). As a consequence,

−λnbτ2

= −r2n
n∑

i=1

n∑
j=1

ξiξj(W
(1)
j − Γ12(Ui)Γ

−1
22 (Ui)X

(2)
j )TΓ−1

1,2(Ui)

× (W
(1)
i − Γ12(Ui)Γ

−1
22 (Ui)X

(2)
j )K((Ui − Uj)/h)

+
r4n
2

n∑
i=1

n∑
j=1

ξiξj

n∑
k=1

(W
(1)
i − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
i )TΓ−1

1,2(Uk)

× (W
(1)
k − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
k )(W

(1)
k − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
k )T

× Γ−1
1,2(Uk)(W

(1)
j − Γ12(Uk)Γ

−1
22 (Uk)X

(2)
j ) + op(h

−1/2)

The remaining proof follows the same lines as those in the proof of Theorem 6. �

Proof of Theorem 4 Let ηi = δ−1(G(2c − εi) − 1/2) and Γ2,1 = Γ22 − Γ21Γ
−1
11 Γ12.

Analogously to the arguments for Â, we get

(α̂c(u0), Â
c

1(u0)
T )T − (α(u0),A1(u0)

T )T = (c,01×p1)
T + (α̃n(u0) + R̃n(u0))(1 + op(1)),

where

α̃n(u0) = r2n

(
1 0
0 Γ11

)−1 n∑
i=1

ηi(1,X
(1)
i

T
)TKh((Ui − u0)/h),

R̃n(u0) = r2n

(
1 0
0 Γ11

)−1 n∑
i=1

(
α(Ui)− β(u0)

TV i(u0) +A1(Ui)
TX

(1)
i

−A1(u0)
TX

(1)
i −A′′

1(u0)
TX

(1)
i

)
(1,X

(1)
i

T
)TK((Ui − u0)/h).
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Define ϕ̄ij = α(Ui)− α̂c(Ui)+A(Ui)
TXi− Â

c
(Ui)

TXi+α(Uj)− α̂c(Uj)+A(Uj)
TXj −

Â
c
(Uj)

TXj and W
(1)
i = (1,X

(1)
i

T
)T . Thus,

λn2u =
ψ−1δ

n+ 1

∑∑
i≤j

(|ε̂ci + ε̂cj | − |ε̂i + ε̂j |)

=
ψ−1δ

n+ 1

∑∑
i≤j

(|εi + εj − 2c+ ϕ̄ij | − |εi + εj − 2c+ ϕij |)

=
ψ−1δ

n+ 1

∑∑
i≤j

(|εi + εj − 2c+ ϕ̄ij | − |εi + εj − 2c|)

− ψ−1δ

n+ 1

∑∑
i≤j

(|εi + εj − 2c+ ϕij | − |εi + εj − 2c|)

.
=Gh −Hh.

Taking the same procedure as in the proof of Theorem 6, we can show that

Gh =ψ−1δ2
n∑

i=1

(α̃n(Ui) + R̃n(Ui))
TW

(1)
i ηi + ((α̃n(Ui) + R̃n(Ui))

TW
(1)
i )2 + op(h

−1/2),

Hh =ψ−1δ2
n∑

i=1

(αn(Ui) +Rn(Ui))
TW iηi + ((αn(Ui) +Rn(Ui))

TW i)
2 + op(h

−1/2).

Finally, similar to the proof of Theorem 3, we can obtain the result. �

Proof of Theorem 5 Denote ξ∗i =
∑∑
j ̸=i

φ−1/2τ
2(n+1) sgn(ε

∗
i +ε

∗
j ). We will show that E∗(ξ∗i ) =

op(1) and E
∗(ξ∗i

2) = τ2(1 + op(1)) where E
∗ denotes the conditional expectation given

{Xi, Ui, Yi}ni=1.

E∗(ξ∗i ) =E
∗

∑∑
j ̸=i

φ−1/2τ

2(n+ 1)
sgn(ε∗i + ε∗j )

 =
φ−1/2nτ

2(n+ 1)
E∗(sgn(ε∗i + ε∗j ))

=
φ−1/2τ

2n(n+ 1)

n∑
i=1

n∑
j=1

sgn(ε̂i + ε̂j) =
φ−1/2τ

2n(n+ 1)

∑
1≤i,j≤n

sgn(εi + εj + ϕij)

=
φ−1/2τ

2n(n+ 1)

n∑
i=1

n∑
j=1

[sgn(εi + εj + ϕij)− sgn(εi + εj)]

+
φ−1/2τ

2n(n+ 1)

n∑
i=1

n∑
j=1

sgn(εi + εj)

.
=I1h + I2h,

where ϕij is defined in the proof of Theorem 6. Taking the similar procedure as for
dealing with Bh, we obtain that E(I21h) = O((nh)−1) and E(I22h) = O(n−1). Thus,
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E∗(ξ∗i ) = op((nh)
−1/2 + n−1/2) = op(1). Next, we consider the second moment.

E∗(ξ∗i
2) = E∗

∑∑
j ̸=i

φ−1/2τ

2(n+ 1)
sgn(ε∗i + ε∗j )

2

=
φ−1τ2

4n(n+ 1)2

n∑
i=1

n∑
j=1

(sgn(εi + εj + ϕij)sgn(εi + εl + ϕil))

=
φ−1τ2

4n(n+ 1)2

n∑
i=1

n∑
j=1

(sgn(εi + εj)sgn(εi + εl))

+
φ−1τ2

4n(n+ 1)2

n∑
i=1

n∑
j=1

n∑
l=1

([sgn(εi + εj + ϕij)− sgn(εi + εj)]sgn(εi + εl + ϕil))

+
φ−1τ2

4n(n+ 1)2

n∑
i=1

n∑
j=1

n∑
l=1

(sgn(εi + εj)[sgn(εi + εl + ϕil)− sgn(εi + εl)])

.
=J1h + J2h + J3h.

Using the similar arguments as for Bh, it can be verified that E(J1h) = τ2, var(J1h) =
O(n−1), E(J2

2h) = O((nh)−1) and E(J2
3h) = O((nh)−1). Hence, E∗(ξ∗i

2) = τ2 +
Op((nh)

−1/2 + n−1/2). With these results, Theorem 5 can be established by mimick-
ing the proof of Theorem 6. �

Proof of Corollaries 1-2 The proof of these two results are similar and thus we only
elaborate on the first one. We decompose this problem as the following two simple null
hypothesis

H0g1 : (α0, α1) = (β0 + c, β1) versus H1g1 : m(x) = α0 + α1x (A.2)

and

H0g2 : (α0, α1) = (β0 + c, β1) versus H1g2 : m(x) ̸= α0 + α1x, (A.3)

where β0, β1 are the true value of parameters. The WGLR test statistics for the hypothe-
ses (A.2) and (A.3) are denoted as λng2 and λng2, respectively. It can be easily seen

that λng = λng2 − λng1. According to Theorem 3, we have σ−1
ng (λng2 − µng)

d→N(0, 1).
Furthermore, by Theorem 3.6.1 in Hettmansperger and McKean (2010), we have λng1 =
Op(1) = op(h

−1/2), from which the result immediately follows. �
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Appendix D: Simulation results in heteroscedasticity cases

In this subsection, we conduct a simulation study in the heteroscedasticity case. All the
settings are the same as the above subsection except that the variance function is

ϱ2(u) =
eu∫ 1

0
etdt

.

Similar to Koul et al.(1987), we choose the bandwidth tn in (2.14) as tn = hγα where
γα is the α-th quantile of the empirical distribution function of {|ε̂i − ε̂j |}1≤i<j≤n. Here
we choose α = 0.8.

Tables A.2 and A.3 report the simulated level of our test and power comparison
with other tests, respectively. The simulated results are similar to the homoscedasticity
case. We can control the empirical sizes in most cases. Under the normal cases, WGLR
performs a litter worse than GLR, Zheng and LOSS tests. However, under the non-
normal cases, WGLR is significantly powerful than the other tests. And WGLR still
performs better than WQ in the model (I) and (VI). Thus, our WGLR procedure is also
robust in the heteroscedasticity case.

Table A.2: Simulated level (%) of test on testing (3.1) with heteroscedastic error

n = 25 n = 50 n = 100
h (a) (b) (c) (a) (b) (c) (a) (b) (c)

0.12 7.5 7.0 7.1 5.4 4.5 5.8 5.6 5.9 4.8
0.15 7.2 6.7 7.3 5.7 4.9 4.8 5.3 5.2 4.9
0.18 6.3 5.1 5.3 4.3 4.0 4.7 4.1 5.4 5.3
0.21 4.5 5.0 4.2 5.5 4.4 3.8 4.2 4.1 5.7
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Table A.3: Empirical power (%) of tests on testing (3.1) with heteroscedastic error.

n = 25 n = 50
Models WGLR GLR WQ Zheng LOSS WGLR GLR WQ Zheng LOSS

N(0, 1) (I) 13 13 4.8 25 23 37 27 4.0 43 39
(II) 17 22 13 33 37 45 46 19 66 61
(III) 11 24 20 17 14 40 51 47 41 26
(IV) 16 32 48 46 21 50 65 82 77 49
(V) 22 30 18 40 41 58 62 37 74 70
(VI) 28 28 5.8 45 42 62 57 09 76 71

t(3) (I) 40 16 5.5 37 27 75 39 4.6 50 56
(II) 49 33 19 50 46 84 64 39 68 75
(III) 43 32 35 23 20 87 68 83 41 47
(IV) 55 43 71 57 35 90 77 97 79 68
(V) 61 42 35 51 56 92 77 70 77 80
(VI) 65 41 09 62 53 96 72 18 79 81

T (0.05, 10) (I) 66 35 5.6 57 44 96 54 5.5 65 56
(II) 78 50 44 72 60 99 70 71 77 73
(III) 69 48 72 38 31 99 69 99 67 53
(IV) 81 57 96 71 52 99 74 100 87 65
(V) 86 60 69 69 66 100 74 95 80 79
(VI) 89 58 19 74 65 100 76 32 83 80

Appendix E: Some additional simulation results in Section 3

Table A.4: Simulated level (%) of test on testing linearity

n = 60 n = 100
h (a) (b) (c) (d) (a) (b) (c) (d)

0.06 7.2 6.8 7.0 7.3 6.2 6.4 6.5 6.6
0.09 6.4 6.0 6.3 6.6 6.1 5.8 6.2 5.6
0.12 5.3 5.2 4.7 4.6 5.8 5.5 4.4 4.9
0.15 5.0 5.4 4.5 5.3 5.1 4.7 5.3 5.0
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Figure A.1: Simulated power curves of square alternative on testing linearity.
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Figure A.2: Simulated power curves on testing homogeneity with n = 100, h = 0.09.
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Table A.5: Simulated level (%) of test on testing homogeneity

n = 60 n = 100
h (a) (b) (c) (d) (a) (b) (c) (d)

0.06 6.9 7.3 7.2 7.3 6.2 6.3 6.0 6.9
0.09 5.9 6.2 5.5 6.8 6.3 5.7 6.2 5.9
0.12 5.3 5.8 5.7 4.4 5.8 5.8 4.7 5.7
0.15 4.4 5.7 4.9 5.9 5.0 4.2 5.6 5.2

Appendix F: Some additional figures in Section 4
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Figure A.3: The normal QQ-plot for the residuals
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Figure A.4: Fitted coefficient functions and corresponding pointwise 95% confidence interval.


