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Supplementary Material

This note contains proofs for Lemmas 3, 4 and 6, Propositions 1 and 2.

S1 Proofs for some technical lemmas

In this section, we provide proofs for Lemmas 3, 4 and 6.

S1.1 Proof of Lemma 3.

Note that

V̂p2,2

=

N−2 ∑
1≤j 6=j′≤N

BJJ ′,p2
(j/N, j′/N)BJ′′J′′′,p2

(j/N, j′/N)


Ns2

J,J ′,J′′,J′′′=1−p2

=

N−2
 N∑
j=1

BJJ ′′,p2
(j/N, j/N)

 N∑
j=1

BJ′J′′′,p2
(j/N, j/N)


Ns2

J,J ′,J′′,J′′′=1−p2

−

N−2
N∑
j=1

BJJ ′,p2
(j/N, j/N)BJ′′J′′′,p2

(j/N, j/N)


Ns2

J,J ′,J′′,J′′′=1−p2

= V̂p2
⊗ V̂p2

−

N−2
N∑
j=1

BJJ ′,p2 (j/N, j/N)BJ′′J′′′,p2 (j/N, j/N)


Ns2

J,J ′,J′′,J′′′=1−p2

.

Note that the entries in the matrix V̂p2,2 − V̂p2 ⊗ V̂p2 are zero when the maximum
absolute difference between any two of the indices (J, J ′′), (J ′, J ′′′) is greater than p;
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otherwise

N−2
N∑
j=1

BJJ ′,p2
(j/N, j/N)BJ′′J′′′,p2

(j/N, j/N)

= N−1
[∫ 1

0

BJJ ′,p2 (x, x)BJ′′J′′′,p2 (x, x) dx+O(N−1h−1s2 )

]
= O

(
N−1hs2 +N−2h−1s2

)
.

Hence,
∥∥∥V̂p2,2 − V̂p2

⊗ V̂p2

∥∥∥
∞

= O
(
N−1hs2 +N−2h−1s2

)
. Since∥∥∥Vp2

⊗Vp2
− V̂p2

⊗ V̂p2

∥∥∥
∞

= max
1−p2≤J′,J′′′≤Ns2

Ns2∑
J,J ′′=1−p2

∣∣∣∣∣∣N−2
N∑

j,j′=1

[BJJ ′,p2 (j/N, j′/N)BJ′′J′′′,p2 (j/N, j′/N)]

−
∫ 1

0

∫ 1

0

BJJ ′,p2 (x, x′)BJ′′J′′′,p2 (x, x′) dxdx′
∣∣∣∣

≤ max
1−p2≤J′,J′′′≤Ns2

Ns2∑
J,J ′′=1−p2

N∑
j,j′=1

∫ j′/N

(j′−1)/N

∫ j/N

(j−1)/N
|BJJ ′,p2

(j/N, j′/N)

×BJ′′J′′′,p2
(j/N, j′/N)−BJJ ′,p2

(x, x′)BJ′′J′′′,p2
(x, x′)| dxdx′

≤ Ch−2s2 (Nhs2)
2 ×N−2 ×N−2h−2s2 = CN−2h−2s2 ,

applying Assumption (A3) one has
∥∥∥Vp2

⊗Vp2
− V̂p2,2

∥∥∥
∞

= o
(
N−1

)
.

According to Lemma 2, for any (Ns2 + p2)
2

vector τ , one has
∥∥(Vp2 ⊗Vp2)−1τ

∥∥
∞ ≤

h−2s2 ‖τ‖∞. Hence, ‖(Vp2 ⊗Vp2)τ‖∞ ≥ h
2
s2 ‖τ‖∞. Note that∥∥∥V̂p2,2τ

∥∥∥
∞
≥ ‖(Vp2

⊗Vp2
)τ‖∞ −

∥∥∥(Vp2
⊗Vp2

)τ − V̂p2,2τ
∥∥∥
∞

= O
(
h2s2
)
‖τ‖∞ .

If τ satisfies that
∥∥∥V̂−1p2,2

∥∥∥
∞

=
∥∥∥V̂−1p2,2

τ
∥∥∥
∞
≤ O

(
h−2s2

)
‖τ‖∞ = O

(
h−2s2

)
, the lemma is

proved.
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S1.2 Proof of Lemma 4.

Note that for any matrix A = (aij)
m,n
i=1,j=1 and any n by 1 vector α = (α1, . . . , αn)

T
, one

has ‖Aα‖∞ ≤ ‖A‖∞ ‖α‖∞. It is clear that

∥∥N−2XTρ
∥∥
∞ =

∥∥∥∥∥∥∥N−2
 ∑

1≤j 6=j′≤N

BJJ ′,p2
(j/N, j′/N) ρjj′


Ns2

J,J ′=1−p2

∥∥∥∥∥∥∥
∞

≤ ‖ρ‖∞ max
1−p2≤J,J ′≤Ns2

∣∣∣∣∣∣N−2
∑

1≤j 6=j′≤N

BJJ ′,p2
(j/N, j′/N)

∣∣∣∣∣∣
≤ h2s2 ‖ρ‖∞ .

One also observe that∥∥∥N−2BT

p2
(x, x′)V̂−1p2,2

XTρ
∥∥∥
∞
≤
∥∥BT

p2
(x, x′)

∥∥
∞

∥∥N−2XTρ
∥∥
∞

∥∥∥V̂−1p2,2

∥∥∥
∞
,

which, together with the boundedness of spline functions and Lemma 3, leads to the
desired result.

S1.3 Proof of Lemma 6.

Let Ft = σ(ξ̄·11, ξ̄·12, . . . , ξ̄·1t, ξ̄·22, . . . , ξ̄·t−1,t, ξ̄·tt), then F2 ⊆ F3 ⊆ F4 ⊆ · · · is an
increasing sequence of σ-fields. Define

St(x, x
′) =

√
n

∑
1≤k 6=k′≤t

ξ̄·kk′φk(x)φk′(x′) +
√
n
∑

1≤k≤t

(
ξ̄·kk − 1

)
φk(x)φk(x′),

for t = 2, 3, . . . , kn, where limn→∞ kn =∞. We first show that St(x, x
′) is a martingale

process indexed by [0, 1]2, i.e. for each (x, x′) ∈ [0, 1]2.

Let

dt(x, x
′) = St(x, x

′)− St−1(x, x′)

=
√
n

{
t−1∑
k=1

ξ̄·kt (φk(x)φt(x
′) + φt(x)φk(x′)) +

(
ξ̄·tt − 1

)
φt(x)φt(x

′)

}
,

then dt(x, x
′) is Ft-measurable for each (x, x′) ∈ [0, 1]2. Next note that for any t,

E{dt(x, x′)|Ft−1}

=
√
nE

{
t−1∑
k=1

ξ̄·kt (φk(x)φt(x
′) + φt(x)φk(x′)) +

(
ξ̄·tt − 1

)
φt(x)φt(x

′)

∣∣∣∣∣Ft−1

}

=
√
nE

[
n−1

n∑
i=1

ξit

{
t−1∑
k=1

ξik (φk(x)φt(x
′) + φt(x)φk(x′))

}∣∣∣∣∣Ft−1

]
+
√
nE
{(
ξ̄·tt − 1

)
φt(x)φt(x

′)
∣∣Ft−1

}
= 0.
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Hence {dt(x, x′), t = 2, 3, . . .} is a martingale difference process indexed by [0, 1]2 with
respect to {Ft, t = 2, 3, . . .}.

Note that

E{d2t (x, x′)|Ft−1} = v
(1)
t (x, x′) + v

(2)
t (x, x′) + v

(3)
t (x, x′), (S.1)

where

v
(1)
t (x, x′) = nE

{t−1∑
k=1

ξ̄·kt (φk(x)φt(x
′) + φt(x)φk(x′))

}2
∣∣∣∣∣∣Ft−1

 ,
v
(2)
t (x, x′) = nE

[{(
ξ̄·tt − 1

)
φt(x)φt(x

′)
}2 |Ft−1

]
,

v
(3)
t (x, x′) = 2nE

[{
t−1∑
k=1

ξ̄·kt (φk(x)φt(x
′) + φt(x)φk(x′))

}(
ξ̄·tt − 1

)
φt(x)φt(x

′)|Ft−1

]
.

For v
(1)
t (x, x′), one has

v
(1)
t (x, x′) = E

 1

n

n∑
i=1

{
t−1∑
k=1

ξik (φk(x)φt(x
′) + φt(x)φk(x′))

}2

ξ2it
∣∣Ft−1


= E

∑
1≤k≤t−1

[
1

n

n∑
i=1

{
ξ2ikξ

2
it (φk(x)φt(x

′) + φt(x)φk(x′))
2
}∣∣∣∣∣Ft−1

]
= Eξ21t

∑
1≤k≤t−1

ξ̄·kk
(
φ2k(x)φ2t (x′) + φ2k(x′)φ2t (x)

+2φk(x)φk(x′)φt(x
′)φt(x)) ,

so we have for n→∞ and kn →∞,

kn∑
t=2

v
(1)
t (x, x′)→

∞∑
k 6=k′

φ2k(x)φ2k′(x′) +

∞∑
k 6=k′

φk(x)φk′(x′)φk(x′)φk′(x) <∞

in probability.

Next note that v
(2)
t (x, x′) =

(
Eξ41t − 1

)
φ2t (x)φ2t (x′), so one has for any kn ≥ 1,

kn∑
t=2

v
(2)
t (x, x′)→

∞∑
k=1

(
Eξ41k − 1

)
φ2k(x)φ2k(x′) <∞.

For v
(3)
t (x, x′), one has

v
(3)
t (x, x′)

= 2nE


t−1∑
k=1

1

n

n∑
j=1

ξjkξjt (φk(x)φt(x
′) + φt(x)φk(x′))


(

1

n

n∑
i=1

ξ2it − 1

)
φt(x)φt(x

′)|Ft−1


= 2(Eξ31t − 1)E

[{
t−1∑
k=1

ξ̄·k (φk(x)φt(x
′) + φt(x)φk(x′))

}
φt(x)φt(x

′)|Ft−1

]
,
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where ξ̄·k = 1
n

∑n
i=1 ξik. Note that

sup
(x,x′)∈[0,1]2

∞∑
k=1

∞∑
k′=1

{|φk′(x)φk(x′)φk(x)φk(x′)|+ |φk(x)φk′(x′)φk(x)φk(x′)|} <∞,

thus,

kn∑
t=2

v
(3)
t (x, x′) = 2(Eξ31t−1)

kn∑
t=2

t−1∑
k=1

E
[
ξ̄·k|Ft−1

]
{φk(x)φt(x

′) + φt(x)φk(x′)}φt(x)φt(x
′)

converges to zero in probability as n→∞ and kn →∞.

According to (S.1), one has, as n→∞ and kn →∞,

kn∑
t=2

E{d2t (x, x′)|Ft−1} →
∞∑

k 6=k′

φ2k(x)φ2k′(x′) +

∞∑
k 6=k′

φk(x)φk′(x′)φk(x′)φk′(x)

+

∞∑
k=1

(
Eξ41k − 1

)
φ2k(x)φ2k(x′)

= G2(x, x′) +G(x, x)G(x′, x′) +

∞∑
k=1

(
Eξ41k − 3

)
φ2k(x)φ2k(x′),

in probability.

In the following, denote

E
{
d3t (x, x′)|Ft−1

}
= w

(1)
t (x, x′) + 3w

(2)
t (x, x′) + 3w

(3)
t (x, x′) + w

(4)
t (x, x′)

where w
(i)
t (x, x′), i = 1, 2, 3, 4 are defined in the following:

w
(1)
t (x, x′) = n3/2E

{t−1∑
k=1

ξ̄·k,t (φk(x)φt(x
′) + φt(x)φk(x′))

}3
∣∣∣∣∣∣Ft−1

 ,
w

(2)
t (x, x′) = n3/2E

{t−1∑
k=1

ξ̄·k,t (φk(x)φt(x
′) + φt(x)φk(x′))

}2 (
ξ̄·tt − 1

)
φt(x)φt(x

′)

∣∣∣∣∣∣Ft−1

 ,
w

(3)
t (x, x′) = n3/2E

[{
t−1∑
k=1

ξ̄·k,t (φk(x)φt(x
′) + φt(x)φk(x′))

}(
ξ̄·tt − 1

)2
φ2t (x)φ2t (x′)

∣∣∣∣∣Ft−1

]
,

w
(4)
t (x, x′) = n3/2E

[{(
ξ̄·tt − 1

)
φt(x)φt(x

′)
}3 |Ft−1

]
.
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Then one has for any (x, x′) ∈ [0, 1]2,

w
(1)
t (x, x′)

= n3/2E




∑
1≤k≤t−1

ξ̄·ktφk(x)φt(x
′) +

∑
1≤k′≤t−1

ξ̄·k′tφt(x)φk′(x′)


3
∣∣∣∣∣∣∣Ft−1


= n−3/2E

 ∑
1≤k≤t−1

n∑
i=1

ξikξitφk(x)φt(x
′)

+
∑

1≤k′≤t−1

n∑
i=1

ξik′ξitφk′(x′)φt(x)


3
∣∣∣∣∣∣∣Ft−1


= n−3/2E

 n∑
i=1


 ∑

1≤k≤t−1

ξ3ikφ
3
k(x) + 3

∑
1≤k,k′≤t−1

ξ2ikφ
2
k(x)ξik′φk′(x)

 ξ3itφ
3
t (x′)

+

 ∑
1≤k′≤t−1

ξ3ik′φ3k′(x′) +3
∑

1≤k,k′≤t−1

ξ2ikφ
2
k(x′)ξik′φk′(x′)

 ξ3itφ
3
t (x)


∣∣∣∣∣∣Ft−1


= n−1/2

(
Eξ31t

)E
 ∑

1≤k≤t−1

(
1

n

n∑
i=1

ξ3ik

)(
φ3k(x)φ3t (x′) + φ3k(x′)φ3t (x)

)∣∣∣∣∣∣Ft−1


+3E

 ∑
1≤k,k′≤t−1

(
1

n

n∑
i=1

ξ2ikξik′

)(
φ2k(x)φk′(x)φ3t (x′) + φ2k(x′)φk′(x′)φ3t (x)

)∣∣∣∣∣∣Ft−1




Next note that

sup
(x,x′)∈[0,1]2

∞∑
k=1

∞∑
k′=1

{|φ3k′(x)φ3k(x′)|+ |φ3k(x)φ3k′(x′)|} <∞,

sup
(x,x′)∈[0,1]2

∞∑
k=1

∞∑
k′=1

∞∑
k′′=1

{|φ2k(x)φk′(x)φ3k′′(x′)|+ |φ2k(x′)φk′(x′)φ3k′′(x)|} <∞.

Hence, as n→∞ and kn →∞,

kn∑
t=2

w
(1)
t (x, x′)

= n−1/2
(
Eξ31t

) [ kn∑
t=2

E

{
t−1∑
k=1

(
1

n

n∑
i=1

ξ3ik

)(
φ3k(x)φ3t (x′) + φ3k(x′)φ3t (x)

)∣∣∣∣∣Ft−1

}

+3

kn∑
t=2

E

 ∑
1≤k,k′≤t−1

(
1

n

n∑
i=1

ξ2ikξik′

)(
φ2k(x)φk′(x)φ3t (x′) + φ2k(x′)φk′(x′)φ3t (x)

)∣∣∣∣∣∣Ft−1




→ 0, in probability.
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For w
(2)
t (x, x′), one has

w
(2)
t (x, x′)

= n1/2E

 1

n

n∑
i=1

 ∑
1≤k≤t−1

ξik (φk(x)φt(x
′) + φt(x)φk(x′))


2

ξ2it
(
ξ̄·tt − 1

)
φt(x)φt(x

′)
∣∣Ft−1

}
= n1/2E

 ∑
1≤k≤t−1

1

n

n∑
i=1

ξ2it

(
1

n

n∑
i=1

ξ2it − 1

)
ξ2ik (φk(x)φt(x

′)

+φt(x)φk(x′))
2
φt(x)φt(x

′)
∣∣∣Ft−1

}
= n1/2E

 ∑
1≤k≤t−1

1

n

 n∑
i=1

(
1

n
ξ4it − ξ

2
it

)
ξ2ik +

1

n

n∑
i 6=j

ξ2itξ
2
jtξ

2
ik

 (φk(x)φt(x
′)

+φt(x)φk(x′))
2
φt(x)φt(x

′)
∣∣∣Ft−1

}
= n−1/2(Eξ41t − 1)

∑
1≤k≤t−1

E
{
ξ̄·kk

(
φ2k(x)φ3t (x′)φt(x) + φ2k(x′)φ3t (x)φt(x

′)

+2φk(x)φk(x′)φ2t (x′)φ2t (x)
)∣∣Ft−1

}
.

In fact,

kn∑
t=2

w
(2)
t (x, x′) = n−1/2(Eξ41t − 1)

kn∑
t=2

t−1∑
k=1

E
{
ξ̄·kk

(
φ2k(x)φ3t (x′)φt(x) + φ2k(x′)φ3t (x)φt(x

′)

+2φk(x)φk(x′)φ2t (x′)φ2t (x)
)∣∣Ft−1

}
,

and

sup
(x,x′)∈[0,1]2

∞∑
k=1

∞∑
k′=1

{|φ2k′(x)φ3k(x′)φk(x)|+|φ2k′(x′)φ3k(x′)φk(x′)|+|φk′(x)φk′(x′)φ2k(x′)φ2k(x)|} <∞,

Therefore, for any (x, x′) ∈ [0, 1]2,

kn∑
t=2

w
(2)
t (x, x′)→ 0 in probability.

Note that

w
(3)
t (x, x′)

= n3/2E

 1

n

n∑
j=1

 1

n2

(
n∑

i=1

ξ2it

)2

+ 1− 2

n

n∑
i=1

ξ2it

 ξjtξjk (φk(x)φt(x
′) + φt(x)φk(x′))

× φ2t (x)φ2t (x′)
∣∣Ft−1

}
= n−1/2

[
E(ξ51t)− 2E(ξ31t)

] ∑
1≤k≤t−1

E
{
ξ̄·k (φk(x)φt(x

′) + φt(x)φk(x′))φ2t (x)φ2t (x′)
∣∣Ft−1

}
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Hence, for any (x, x′) ∈ [0, 1]2

kn∑
t=2

w
(3)
t (x, x′) = n−1/2

[
E(ξ51t)− 2E(ξ31t)

]
×

kn∑
t=2

t−1∑
k=1

E

{
1

n

n∑
i=1

ξik (φk(x)φt(x
′) + φt(x)φk(x′))φ2t (x)φ2t (x′)

∣∣∣∣∣Ft−1

}

and
∑kn

t=2 w
(3)
t (x, x′)→ 0 in probability.

Next for any (x, x′) ∈ [0, 1]2, under assumptions (A4) and (A5), one has

w
(4)
t (x, x′) = E

[{√
n
(
ξ̄·tt − 1

)
φt(x)φt(x

′)
}3 |Ft−1

]
=

1√
n
φ3t (x)φ3t (x′)E

(
ξ21t − 1

)3
.

Therefore, as n→∞ and kn →∞, sup(x,x′)∈[0,1]2
∑kn

t=2 w
(4)
t (x, x′)→ 0, in probability.

According to the definition of E
[
d3t (x, x′)|Ft−1

]
, one has

sup
(x,x′)∈[0,1]2

kn∑
t=2

E
[
d3t (x, x′)I(

∣∣d2t (x, x′)
∣∣ > ε)|Ft−1

]
→ 0, in probability, for every ε > 0.

The uniform central limit theorem, Theorem 1 in Bae and Choi (1999) induces that
L(St(x, x

′), (x, x′) ∈ [0, 1]2) converges to L(ζZ(x, x′), (x, x′) ∈ [0, 1]2), as n→∞, where
ζZ(x, x′) is a gaussian process such that EζZ (x, x′) = 0,

Eζ2Z (x, x′) = G2(x, x′) +G(x, x)G(x′, x′) +

∞∑
k=1

(
Eξ41k − 3

)
φ2k(x)φ2k(x′)

and covariance function

cov (ζZ (x, x′) , ζZ (y, y′)) =

∞∑
k 6=k′

φ2k (x)φ2k′ (x′)φ2k (y)φ2k′ (y′)

+

∞∑
k,k′=1

(
Eξ41k − 1

)
φ2k (x)φ2k′ (x′)φ2k (y)φ2k′ (y′) .

According to the definition of ζ (x, x′) in Section 3.2, Lemma 6 is proved.
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S2 Proof of Proposition 1

Recall that the error terms defined in Section 2 are Uij = Yij − m(j/N), i = 1, ..., n,
j = 1, ..., N . Note that

Ū·jj′ = n−1
n∑

i=1

UijUij′

= n−1
n∑

i=1

{ ∞∑
k=1

ξikφk (j/N) + σ (j/N) εij

}{ ∞∑
k=1

ξikφk (j′/N) + σ (j′/N) εij′

}
= Ū1jj′ + Ū2jj′ + Ū3jj′ + Ū4jj′ ,

where

Ū1jj′ =

∞∑
k 6=k′

ξ̄·kk′φk (j/N)φk′ (j′/N) ,

Ū2jj′ =

∞∑
k=1

ξ̄·kkφk (j/N)φk (j′/N) ,

Ū3jj′ = n−1
n∑

i=1

σ (j/N)σ (j′/N) εijεij′ ,

Ū4jj′ = n−1
n∑

i=1

{ ∞∑
k=1

ξikφk (j/N)σ (j′/N) εij′ +

∞∑
k=1

ξikφk (j′/N)σ (j/N) εij

}
.

Let Ũip2
(x, x′) = BT

p2
(x, x′) (XTX)

−1
XTŪi, where Ūi =

{
Ūijj′

}
1≤j 6=j′≤N , for i =

1, 2, 3, 4. Then we can have the following decomposition for G̃p2(x, x′)

G̃p2(x, x′) = Ũ1p2 (x, x′) + Ũ2p2 (x, x′) + Ũ3p2 (x, x′) + Ũ4p2 (x, x′) .

Define

U1(x, x′) =

∞∑
k 6=k′

ξ̄·kk′φk (x)φk′ (x′) ,

U2(x, x′) = G (x, x′) +

∞∑
k=1

{
φk (x)φk (x′)

(
ξ̄·kk − 1

)}
.

Next we illustrate the facts that Ũ1p2
(x, x′) and Ũ2p2

(x, x′) are the dominating terms
in the above decomposition, which converge uniformly to U1(x, x′) and U2(x, x′) respec-
tively, while Ũ3p2 (x, x′) and Ũ4p2 (x, x′) are negligible noise terms.

By the definition of Ū1, one has that

Ũ1p2
(x, x′) = N−2BT

p2
(x, x′)V̂−1p2,2

XT


∞∑

k 6=k′

ξ̄·kk′φk (j/N)φk′ (j′/N)


=

∞∑
k 6=k′

ξ̄·kk′φ̃kk′ (x, x′) .
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For any 1 ≤ k 6= k′ ≤ ∞, E
(
ξ̄·kk′

)2 ≤ n−1
(
Eξ41kEξ

4
1k′

)1/2
= O

(
n−1

)
. Lemma 5 and

Assumption (A3) imply that

E

 sup
x,x′∈[0,1]2

∣∣∣∣∣∣
∞∑

k 6=k′

ξ̄·kk′(φkk′ − φ̃kk′) (x, x′)

∣∣∣∣∣∣


2

≤
∞∑

k 6=k′

Eξ̄
2
·kk′

{
sup

x,x′∈[0,1]2

∣∣∣(φkk′ − φ̃kk′) (x, x′)
∣∣∣}2

≤ Cn−1
∞∑
k=1

∞∑
k′=1

ch2p2
s2

(
‖φk′‖∞ ‖φk‖0,1

)2
≤ Cn−1h2p2

s2

∞∑
k=1

‖φk‖0,1 = o
(
n−1

)
,

thus,

sup
x,x′∈[0,1]2

∣∣∣(Ũ1p2 − U1) (x, x′)
∣∣∣ = sup

x,x′∈[0,1]2

∣∣∣∣∣∣
Ũ1p2 −

∞∑
k 6=k′

ξ̄·kk′φ̃kk′

 (x, x′)

∣∣∣∣∣∣
= sup

x,x′∈[0,1]2

∣∣∣∣∣∣
∞∑

k 6=k′

ξ̄·kk′(φkk′ − φ̃kk′) (x, x′)

∣∣∣∣∣∣
= op(n−1/2).

Similarly, one has E
(
ξ̄·kk − 1

)2
= n−1

(
Eξ41k − 1

)
. Also

sup
x,x′∈[0,1]2

∣∣∣(Ũ2p2
− U2) (x, x′)

∣∣∣ = sup
x,x′∈[0,1]2

∣∣∣∣∣
∞∑
k=1

(
ξ̄·kk − 1

)
(φkk − φ̃kk) (x, x′)

∣∣∣∣∣
= op

(
n−1/2

)
.

Lemma 5 and Assumption (A3) imply that

E

{
sup

x,x′∈[0,1]2

∣∣∣∣∣
∞∑
k=1

(
ξ̄·kk − 1

)
(φkk − φ̃kk) (x, x′)

∣∣∣∣∣
}2

≤
∞∑
k=1

E
(
ξ̄·kk − 1

)2{
sup

x,x′∈[0,1]2

∣∣∣(φkk′ − φ̃kk′) (x, x′)
∣∣∣}2

≤ Cn−1h2p2
s2

∞∑
k=1

‖φk‖0,1 = o
(
n−1

)
,

then supx,x′∈[0,1]2
∣∣∣(Ũ2p2

− U2) (x, x′)
∣∣∣ = op

(
n−1/2

)
. Therefore, one has

sup
x,x′∈[0,1]2

∣∣∣(Ũ1p2 + Ũ2p2 − U1 − U2) (x, x′)
∣∣∣ = op

(
n−1/2

)
.
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Denote that

N−2XTŪ3 =

{
n−1

n∑
i=1

AiJJ ′

}Ns2

J,J ′=1−p2

,

where

AiJJ ′ = N−2
∑

1≤j 6=j′≤N

BJ,p2 (j/N)σ (j/N)BJ′,p2 (j′/N)σ (j′/N) εijεij′ .

It is easy to see that EAiJJ ′ = 0 and EA2
iJJ ′ = O

(
h2s2N

−2). Using standard arguments
in Wang and Yang (2009), one has∥∥N−2XTŪ3

∥∥
∞ = oa.s.

{
N−1n−1/2hs2 log1/2 (n)

}
.

Therefore, according to the definition of ˜̄U3p2 (x, x′), one has

sup
x,x′∈[0,1]2

∥∥∥BT

p2
(x, x′)V̂−1p2,2

N−2XTŪ3

∥∥∥
∞

≤ Cp2
sup

x,x′∈[0,1]2
‖Bp2

(x, x′)‖∞
∥∥∥V̂−1p2,2

N−2XTŪ3

∥∥∥
∞

= oa.s.

{
N−1n−1/2h−1s2 log1/2n

}
= oa.s.

(
n−1/2

)
.

Likewise, in order to get the upper bound of
∣∣∣Ũ4p2 (x, x′)

∣∣∣, one has

XTŪ4 =
2

n


n∑

i=1

∞∑
k=1

ξik
∑

1≤j 6=j′≤N

φk (j/N)σ (j′/N)BJJ ′,p2 (j/N, j′/N) εij′


Ns2

J,J ′=1−p2

.

Let

DiJJ ′ = N−2
∞∑
k=1

ξik ∑
1≤j 6=j′≤N

φk (j/N)σ (j′/N)BJJ ′,p (j/N, j′/N) εij′

 ,

then EDiJJ ′ = 0,

ED2
iJJ ′ = N−4

∞∑
k=1

∑
1≤j 6=j′≤N

φ2k (j/N)σ2 (j′/N)B2
JJ ′,p2

(j/N, j′/N)Eξ2ikEε
2
ij′

≤ CN−4

{
sup

x∈[0,1]

∞∑
k=1

φ2k (x)

} ∑
1≤j 6=j′≤N

B2
J,p2

(j/N)σ2 (j′/N)B2
J′,p2

(j′/N)

= CN−4

{
sup

x∈[0,1]
G(x, x)

} ∑
1≤j 6=j′≤N

B2
J,p2

(j/N)σ2 (j′/N)B2
J′,p2

(j′/N)

= O
(
h2s2N

−2) .
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Similar arguments in Wang and Yang (2009) leads to∥∥∥∥XTŪ4

N2

∥∥∥∥
∞

= oa.s.

{
N−1n−1/2hs2 log1/2 (n)

}
.

Thus, ∥∥∥∥BT

p2
(x, x′)V̂−1p2,2

XTŪ4

N2

∥∥∥∥
∞

= oa.s.

{
N−1n−1/2h−1s2 log1/2 (n)

}
= oa.s.

(
n−1/2

)
.

S3 Proof of Proposition 2

For simplicity, denote

X1 =

 B1−p1,p1(1/N) · · · BNs1
,p1(1/N)

· · · · · · · · ·
B1−p1,p1(N/N) · · · BNs1

,p1(N/N)


N×(Ns1+p1)

for the positive integer p1. We decompose m̂p1(j/N) into three terms m̃p1 (j/N), ξ̃p1
(j/N)

and ε̃p1
(j/N) in the space H(p1−2) of spline functions:

m̂p1
(x) = m̃p1

(x) + ε̃p1
(x) + ξ̃p1

(x),

where
m̃p (x) = {B1−p1,p1 (x) , . . . , BNs,p1 (x)} (XT

1X1)
−1

XT

1m,

ε̃p1
(x) = {B1−p1,p1

(x) , . . . , BNs,p1
(x)} (XT

1X1)
−1

XT

1e,

ξ̃p1
(x) = {B1−p1,p1

(x) , . . . , BNs,p1
(x)} (XT

1X1)
−1

XT

1

∞∑
k=1

ξ·kφk,

where m = (m (1/N) , . . . ,m (N/N))
T

is the signal vector,

e = (σ (1/N) ε·1, . . . , σ (N/N) ε·N )
T

, ε·j = n−1
∑n

i=1 εij , 1 ≤ j ≤ N , is the noise

vector and φk = (φk (1/N) , . . . , φk (N/N))
T

are the eigenfunction vectors, and ξ·k =
n−1

∑n
i=1 ξik, 1 ≤ k ≤ ∞.

Thus, one can write the residuals Ûij,p1
= Yij − m̂p1

(j/N) as

Ûij,p1 = m (j/N)− m̃p1 (j/N)− ξ̃p1
(j/N)− ε̃p1 (j/N) + Uij .

Let ˆ̄U·jj′,p1
= n−1

∑n
i=1 Ûij,p1

Ûij,′p1
. We calculate the difference of Ĝp1,p2

(x, x′)−G̃p2
(x, x′)

by checking the difference ˆ̄U·jj′,p1
− Ū·jj′ first. For any 1 ≤ j 6= j′ ≤ N , one has

ˆ̄U·jj′,p1
− Ū·jj′ = n−1

n∑
i=1

[Uij(m̃p1
−m) (j′/N) + Uij′(m̃p1

−m) (j/N)

+Uij ξ̃p1
(j′/N) + Uij′ ξ̃p1

(j/N) + Uij ε̃p1
(j′/N) +Uij′ ε̃p1

(j/N)]

+ (m̂p1
−m) (j′/N) (m̂p1

−m) (j/N) .
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Next, we calculate the super norm of each part of Ĝp1,p2
(x, x′) − G̃p2

(x, x′) respec-

tively. One can write ε̃p1
(j′/N) =

∑Ns1

J=1−p1
BJ,p1

(j′/N)wJ , where {wJ}
Ns1

J=1−p1
=

N−1V̂−1p1
XT

1e and

XT

{
n∑

i=1

Uij ε̃p1
(j′/N)

}
1≤j 6=j′≤N

=


n∑

i=1

∑
1≤j 6=j′≤N

Uij ε̃p1 (j′/N)BJJ ′,p2 (j/N, j′/N)


Ns2

J,J ′=1−p2

.

Thus,∥∥∥∥∥∥XT

{
n−1

n∑
i=1

Uij ε̃p1
(j′/N)

}
1≤j 6=j′≤N

∥∥∥∥∥∥
2

2

=

Ns2∑
J,J ′=1−p2

 1

n

n∑
i=1

∑
1≤j 6=j′≤N

Uij

 Ns1∑
J′′=1−p1

BJ′′,p1
(j′/N)wJ′′

BJJ ′,p2
(j/N, j′/N)

2

≤
Ns2∑

J,J ′=1−p2

Ns1∑
J′′=1−p1

 1

n

n∑
i=1

∑
1≤j 6=j′≤N

UijBJ′′,p1

(
j′

N

)
BJJ ′,p2

(
j

N
,
j′

N

)2
Ns1∑

J′′=1−p1

w2
J′′

= I × II,

where

I =

Ns2∑
J,J ′=1−p2

Ns1∑
J′′=1−p1

n−1
n∑

i=1

∑
1≤j 6=j′≤N

UijBJJ ′,p2 (j/N, j′/N)BJ′′,p1 (j′/N)


2

and II =
∥∥∥N−1V̂−1p1

XT
1e
∥∥∥2
2
.

Let h∗ = min {hs1 , hs2}. The definition of spline function implies that

E[I] = n−1
Ns2∑

J,J ′=1−p2

Ns1∑
J′′=1−p1


N∑

j,j′′=1

E (U1jU1j′′)BJ,p2
(j/N)BJ,p2

(j′′/N)

×
N∑

j′ 6=j

N∑
j′′′ 6=j′′

BJ′,p2
(j′/N)BJ′′,p1

(j′/N)BJ′,p2
(j′′′/N)BJ′′,p1

(j′′′/N)


≤ C(G, σ2)n−1N4h2s2h

2
∗Ns2 max {Ns1 , Ns2} ≤ C(G, σ2)n−1N4hs2h∗.

Hence, ∥∥∥∥∥∥N−2XT

{
n−1

n∑
i=1

Uij ε̃p1 (j′/N)

}
1≤j 6=j′≤N

∥∥∥∥∥∥
2

= O
(
n−1/2h

1/2
s2 h

1/2
∗

)
.
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Meanwhile, one has that

II ≤ Cp1

∥∥N−1XT

1e
∥∥2
2
h−2s1 = Oa.s.

{
(Nnh2s1)−1

}
.

By Lemma 4, one has

n1/2 sup
x,x′∈[0,1]2

∥∥∥∥∥∥BT

p2
(x, x′)V̂−1p2,2

N−2XT

{
n−1

n∑
i=1

Uij ε̃p1
(j′/N)

}
1≤j 6=j′≤N

∥∥∥∥∥∥
∞

= O
{
n−1/2N−1/2h−1s1 h

1/2
s2 h

1/2
∗ h−2s2

}
= O

{
n−1/2N−1/2h

−1/2
s1 h

−3/2
s2

}
= o (1) .

Similarly, ξ̃p1
(j′/N) =

∑Ns1

J=1−p1
BJ,p1

(j′/N) sJ , where

{sJ}
Ns1

J=1−p1
= N−1V̂−1p1

XT

1

∞∑
k=1

ξ·kφk.

Assumption (A3) ensures that∥∥∥∥∥∥XT

{
n−1

n∑
i=1

Uij ξ̃p1
(j′/N)

}
1≤j 6=j′≤N

∥∥∥∥∥∥
2

2

≤
Ns2∑

J,J ′=1−p2

Ns1∑
J′′=1−p1

n−1 n∑
i=1

∑
1≤j 6=j′≤N

Uij ×BJ′′,p1
(j′/N)BJJ ′,p2

(j/N, j′/N)

2

×
Ns1∑

J′′=1−p1

s2J′′

= I × III,

where III =
∥∥∥N−1V̂−1p1

XT
1

∑∞
k=1 ξ·kφk

∥∥∥2
2
. Note that

N−1XT

1

∞∑
k=1

ξ·kφk =


∞∑
k=1

ξ·kN
−1

N∑
j=1

BJ,p1 (j/N)φk (j/N)


Ns1

J=1−p1

,

and

E

 ∞∑
k=1

ξ·kN
−1

N∑
j=1

BJ,p1
(j/N)φk (j/N)

2

≤ Ch2s1 sup
x∈[0,1]

∞∑
k=1

φ2k (x)E
(
ξ·k
)2

= O
(
n−1h2s1

)
,

hence

III ≤ Cp1

∥∥∥∥∥N−1XT

1

∞∑
k=1

ξ·kφk

∥∥∥∥∥
2

2

h−2s1 = Op

{
(nhs1)−1

}
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and

n1/2 sup
x,x′∈[0,1]2

∥∥∥∥∥∥BT

p2
(x, x′)V̂−1p2,2

N−2XT ×

{
n−1

n∑
i=1

Uij ξ̃p1
(j′/N)

}
1≤j 6=j′≤N

∥∥∥∥∥∥
∞

= O
{
n−1/2h

−1/2
s1 h

1/2
s2 h

1/2
∗ h−2s2

}
= O(n−1/2h

−3/2
s2 ) = o (1) .

Next one obtains that

E

n−1N−2
n∑

i=1

∑
1≤j 6=j′≤N

UijBJ,p2
(j/N)BJ′ ,p2

(j′/N) (m− m̃p1
) (j′N)


2

= n−1N−4
N∑

j,j′′=1

E (U1jU1j′′)BJ,p2 (j/N)BJ,p2 (j′′/N)

×
N∑

j′ 6=j

N∑
j′′′ 6=j′′

BJ′,p2
(j′/N)BJ′,p1

(j′′′/N)

× (m− m̃p1
) (j′/N) (m− m̃p1

) (j′′′/N)

≤ C(G, σ2)h2p1
s1 n−1N−4 (Nhs2)

4
= C(G, σ2)h2p1

s1 n−1h4s2 .

Therefore,

sup
x,x′∈[0,1]2

∥∥∥∥∥∥BT

p2
(x, x′)V̂−1p2,2

N−2XT

{
n−1

n∑
i=1

Uij (m (j′/N)− m̃p1
(j′/N))

}
1≤j 6=j′≤N

∥∥∥∥∥∥
∞

= O(n−1/2h−2s2 h
p1
s1 hs2) = O(n−1/2h−1s2 h

p1
s1 ) = o

(
n−1/2

)
.

Finally, we derive the upper bound of

sup
x,x′∈[0,1]2

∥∥∥BT

p2
(x, x′)V̂−1p2,2

N−2XT (m− m̂p1
)
⊗2
∥∥∥
∞
,

where
(m− m̂p1)

⊗2
= {(m− m̂p1) (j/N) (m− m̂p1) (j′/N)}1≤j 6=j′≤N .

In order to apply Lemma 4, one needs to find the upper bound of
∥∥∥(m− m̂p1

)
⊗2
∥∥∥
∞

.

Using the similar proof as Lemma A.8 in Wang and Yang (2009) and Assumption (A3),
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one has supx∈[0,1] |ε̃p1 (x)|+ supx∈[0,1]

∣∣∣ξ̃p1
(x)
∣∣∣ = o

(
n−1/2

)
. Therefore,

sup
(x,x′)∈[0,1]2

{m (x)− m̂p1
(x)} {m (x′)− m̂p1

(x′)}

≤

[
sup

x∈[0,1]
(m (x)− m̂p1

(x))

]2

≤

{
sup

x∈[0,1]
|m (x)− m̃p1 (x)|+ sup

x∈[0,1]
|ε̃p1 (x)|+ sup

x∈[0,1]

∣∣∣ξ̃p1
(x)
∣∣∣}2

≤
[
O
(
hp1
s1 + n−1/2

)]2
= O

(
h2p1
s1 + n−1 + hp1

s1 n
−1/2

)
= o

(
n−1/2

)
.

Hence
∥∥∥(m− m̂p1)

⊗2
∥∥∥
∞

= o
(
n−1/2

)
. Hence, the proposition has been proved.

S4 Proof of equation (4.2)

By straightforward calculation,

M(x, x′) = E{η2(x)η2(x′)}

= E

{ ∞∑
k=1

ξkφk(x)

}2{ ∞∑
k′=1

ξk′φk′(x′)

}2


=

∞∑
k1=1

∞∑
k2=1

∞∑
k3=1

∞∑
k4=1

E(ξ1k1
ξ1k2

ξ1k3
ξ1k4

)φk1
(x)φk2

(x)φk3
(x′)φk4

(x′)

=

∞∑
k1=1

∞∑
k3 6=k1

φ2k1
(x)φ2k3

(x′) + 2

∞∑
k1=1

∞∑
k2 6=k1

φk1
(x)φk2

(x)φk1
(x′)φk2

(x′)

+

∞∑
k=1

E(ξ41k)φ2k(x)φ2k(x′)

=

∞∑
k1=1

∞∑
k3=1

φ2k1
(x)φ2k3

(x′) + 2

∞∑
k1=1

∞∑
k2=1

φk1
(x)φk2

(x)φk1
(x′)φk2

(x′)

+

∞∑
k=1

E(ξ41k − 3)φ2k(x)φ2k(x′)

= G(x, x)G(x′, x′) + 2G2(x, x′) +

∞∑
k=1

E(ξ41k − 3)φ2k(x)φ2k(x′)

= V (x, x′) +G2(x, x′).
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