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We prove the main results in this supplementary note.

S1 Proof of Proposition 1

Differentiating (5) with respect to c = (c1, . . ., cn)T yields
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n

n∑
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ψ

(
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∑L
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∫
T xi(t)θl(t)dt−

∑n
j=1 cj〈ξi, ξj〉H

σ̂

)
〈ξi, ξk〉H

σ̂
+ 2λ
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ci〈ξi, ξk〉H = 0 (S1.1)

for k = 1, . . ., n. For β ∈ Sn, (S1.1) is written as
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which implies that −(nσ̂)−1∑n
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yi−α−〈ηi,β〉H
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)
+2λP1β is an element in H1 perpendicular to ξ1, . . ., ξn. However,

−(nσ̂)−1∑n
i=1 ξiψ

(
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σ̂

)
+ 2λP1β belongs to span{ξ1, . . ., ξn}, so
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+ 2λP1β = 0 (S1.2)

holds for a minimizer β̂nλ. Also, differentiating (5) with respect to d = (d1, . . ., dL)T yields

n∑
i=1

ψ

(
yi − α− 〈ηi, β〉H

σ̂

) ∫
T xi(t)θl(t)dt

σ̂
= 0, l = 1, . . ., L. (S1.3)

Combining (S1.2) and (S1.3) with the fact that ηi(t) =
∫
T xi(u)K(u, t)du =

∑L
l=1{

∫
T xi(u)θl(u)du}θl(t) + ξi(t), we

have

− 1

n
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i=1

ηiψ

(
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σ̂

)
1

σ̂
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for β ∈ Sn. Therefore, a minimizer β̂nλ satisfies (6). �

S2 Proof of Theorem 1

Let us define the norm |||f |||nλ = ‖G−1
nλ f‖Γ for f ∈ Sn and constant Bn = sup1≤j≤nE|||ηj |||2nλ. Note that G−1

nλ f is a

function of η1, . . ., ηn and so G−1
nλ η1, . . .,G−1

nλ ηn are dependent, but the G−1
nλ ηj are identically distributed. This means
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that the random variables |||ηj |||nλ are not independent but identically distributed. Thus, Bn = sup1≤j≤nE|||ηj |||2nλ =

E|||η1|||2nλ. Also, note that, by Lemma 1 and (14),

lim
n→∞

n−1Bn = lim
n→∞

BnCn = 0. (S2.1)

By Mean-value theorem, we have

ψ

(
yi − 〈ηi, β〉H
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1
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n

with σn = inf1≤i≤n σin for σin lying between σ̂ and σ. Taking a second-order Taylor expansion of ψ((yi − 〈ηi, β〉H)/σ)

around β0, observe that

|||Ψnλβ − σ2Φnλ(β, σ̂)/Eψ′|||nλ ≤ T1 + T2 + T3,

where

T1 = |||n−1
n∑
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T2 = |||(2nσ)−1
n∑
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ηiψ
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T3 = ||| (σ̂ − σ)

σ2
n

σ2

Eψ′
1

n
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We have that for any β ∈ Sn,
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because the xi and εi are independent, the εi are independent and identically distributed, the xi are independent and

identically distributed, and E〈ηi, β0 − β〉2H = E
(∫
T xi(t)(β0(t)− β(t))dt

)2
= ‖β0 − β‖2Γ. Remark that the expectation

for T1 is taken with respect to the sample x1, . . ., xn and ε1, . . ., εn. Note that the inequality above is obtained by

Cauchy-Schwarz inequality, (A7) and Lemma 2, where we have

E
[
|||ηi|||2nλ〈ηi, β0 − β〉2H

]
≤
{
E|||ηi|||4nλE〈ηi, β0 − β〉4H

}1/2

≤ CE|||ηi|||2nλE〈ηi, β0 − β〉2H.

We have that for any β ∈ Sn,

T2 = |||(2nσ)−1
n∑
i=1

ηiψ
′′(εi + ai)〈ηi, β0 − β〉2H/Eψ

′|||nλ

≤ 1

2nσ
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n∑
i=1

ηi〈ηi, β0 − β〉2H|||nλ

≤ 1
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|Eψ′|
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i=1

|||ηi|||nλ〈ηi, β0 − β〉2H,

and so

ET2 ≤
1

2σ

sup |ψ′′|
|Eψ′| C

1/2B1/2
n ‖β0 − β‖2Γ

because, by Cauchy-Schwarz inequality and (A7),

E
[
|||ηi|||nλ〈ηi, β0 − β〉2H

]
≤
{
E|||ηi|||2nλE〈ηi, β0 − β〉4H

}1/2 ≤ C1/2 {E|||ηi|||2nλ}1/2 ‖β0 − β‖2Γ.

Also, for β ∈ Sn,

T3 ≤
|σ̂ − σ|
σ2
n

σ2

|Eψ′|

{
sup |ψ′|

(
n−1

n∑
i=1

|||ηi|||nλ|εi|+ σ−1
n n−1

n∑
i=1

|||ηi|||nλ|〈ηi, β0 − β〉H|

)

+ sup |ψ|

(
n−1

n∑
i=1

|||ηi|||nλ

)}
.

From the fact that (
∑n
i=1 ai)

2 ≤ n
∑n
i=1 a

2
i , observe that E

(
n−1∑n

i=1 |||ηi|||nλ
)2 ≤ E|||η1|||2nλ,

E

(
n−1

n∑
i=1

|||ηi|||nλ|εi|

)2

≤ n−1
n∑
i=1

E|||ηi|||2nλEε2
i = E|||η1|||2nλ

and

E

(
n−1

n∑
i=1

|||ηi|||nλ|〈ηi, β0 − β〉H|

)2

≤ n−1
n∑
i=1

E
[
|||ηi|||2nλ〈ηi, β0 − β〉H|

2]
≤ CE|||η1|||2nλ‖β0 − β‖2Γ.

Thus, by Cauchy-Schwarz inequality and (A3), we have

ET3 ≤ C1(n−1Bn)1/2 + C2(n−1Bn)1/2‖β0 − β‖Γ
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for some positive constants C1 and C2.

Now observe that for A ≥ 8/δ,

P [‖β̃nλ − β0‖Γ < (1/2)(ACn)1/2] > 1− δ/2 (S2.2)

by Markov’s inequality. From Lemma 1 and (13), there is a constant C3 such that |Bn/(nCn)| ≤ C3 for sufficiently

large n. Let C4 = C1C
1/2
3 . Define Fn = {β ∈ Sn : ‖β − β0‖2Γ ≤ (A1/2C4 + 1)2ACn}. Then, for β ∈ Fn, we have

ET 2
1 ≤ n−1C(A1/2C4 + 1)2ABnCnVar(ψ′)/(Eψ′)2

and

ET2 ≤
1

2σ

sup |ψ′′|
|Eψ′| C

1/2(A1/2C4 + 1)2AB1/2
n Cn.

Also, for β ∈ Fn,

ET3 ≤
{
C1A

−1/2(n−1BnC
−1
n )1/2 + (A1/2C4 + 1)C2(n−1Bn)1/2

}
(ACn)1/2.

By (S2.1), for sufficiently large n, ET3 ≤ C4C
1/2
n .

Letting D1 = {8δ−1C(A1/2C4 + 1)2Var(ψ′)/(Eψ′)2}1/2 and D2 = 2δ−1σ−1C1/2(A1/2C4 + 1)2(sup |ψ′|/|Eψ′|), by

Markov inequality, we have

P [T1 ≤ D1(n−1ABnCn)1/2] > 1− δ/8 (S2.3)

and

P [T2 ≤ D2AB
1/2
n Cn] > 1− δ/4. (S2.4)

Also,

P [T3 ≤ C4AC
1/2
n ] > 1− δ/8. (S2.5)

Recall that β̃nλ is the solution of Ψnλβ = 0. From Ψnλβ̃nλ = 0, we have n−1∑n
i=1 ỹiηi = Gnλβ̃nλ. So, for any

β ∈ Sn, Ψnλβ = −n−1∑n
i=1 ỹiηi + Gnλβ = −Gnλβ̃nλ + Gnλβ = Gnλ(β − β̃nλ). Combining (S2.2), (S2.3), (S2.4) and

(S2.5), we have an event of probability greater than 1− δ on which for all β ∈ Fn,

|||σ2Φnλ(β, σ̂)/Eψ′ − Gnλ(β − β0)|||nλ ≤ |||σ2Φnλ(β, σ̂)/Eψ′ −Ψnλβ|||nλ + |||Ψnλβ − Gnλ(β − β0)|||nλ

= |||σ2Φnλ(β, σ̂)/Eψ′ −Ψnλβ|||nλ + ||β̃nλ − β0‖Γ

≤ {D1(n−1Bn)1/2 +D2A
1/2B1/2

n C1/2
n + 1/2 + C4A

1/2}(ACn)1/2.

By (S2.1), the quantity in braces will be less than or equal to C4A
1/2 + 1 for sufficiently large n. For such n, if x ∈ F ∗n

with F ∗n = {β − β0 : β ∈ Fn} and

U(x) = x− σ2G−1
nλΦnλ(x+ β0, σ̂)/Eψ′,

then ‖U(x)‖2Γ ≤ (A1/2C4 + 1)2ACn, which means that the continuous function U maps the compact, convex set F ∗n

into itself. By Brouwer’s theorem, U has a fixed point x0 in F ∗n such that U(x0) = x0, i.e., Φnλ(x0 + β0, σ̂) = 0.

Taking β̂nλ = x0 + β0, Φnλ(β̂nλ, σ̂) = 0. Also, for such β̂nλ, |||Ψnλβ̂nλ − σ2Φnλ(β̂nλ, σ̂)/Eψ′|||nλ = |||Ψnλβ̂nλ|||nλ =

|||Gnλ(β̂nλ − β̃nλ)|||nλ = ‖β̂nλ − β̃nλ‖Γ. Thus, together with (S2.3), (S2.4) and (S2.5), we have

‖β̂nλ − β̃nλ‖Γ = |||Ψnλβ̂nλ − σ2Φnλ(β̂nλ, σ̂)/Eψ′|||nλ

≤ {D1(n−1Bn)1/2 +D2A
1/2B1/2

n C1/2
n + C4A

1/2}(ACn)1/2,

where the inequality holds on an event of probability greater than 1− δ. Applying (S2.1) completes the proof. �
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Lemma 1. Under the assumptions (A4)-(A8), we have

E|||ηj |||2nλ = O(n1/(2r+2s+1))

for 1 ≤ j ≤ n, where the norm ||| · |||nλ is defined as |||f |||nλ = ‖G−1
nλ f‖Γ for f ∈ Sn.

Proof. Recall that β̃nλ = G−1
nλ

(
n−1∑n

i=1 ỹiηi
)

from the fact that β̃nλ is the solution to Ψnλβ = 0. Then, G−1
nλ ηj is

obtained by taking ỹi = nδij so that β̃nλj := G−1
nλ ηj is the minimizer over β of

1

n

n∑
i=1

(nδij − 〈ηi, β〉H)2 + 2
λσ2

Eψ′
‖P1β‖2H,

where δij is the Kronecker’s delta. This enables us to use the techniques in Yuan and Cai (2010) for getting the desired

rate for |||ηj |||2nλ. Note that, if ‖P1β‖2H =
∫
T [β(m)(t)]2dt, then β̃nλj is the least squares smoothing spline estimator for

functional linear regression with impulse response.

Now let us bring some results and definitions from Yuan and Cai (2010). Let ωk = ν
−1/2
k R1/2ζk, where νk =

(1 + γ−1
k )−1 and ζk are the eigenvalues and the corresponding eigenfunctions of the operator R1/2ΓR1/2. Then, it was

shown in Yuan and Cai (2010) that for any f ∈ H, f =
∑∞
k=1 fkωk with fk = νk〈f, ωk〉R, ‖f‖2Γ =

∑∞
k=1 f

2
k , and

‖f‖2R =
∑∞
k=1(1 + γ−1

k )f2
k . For 0 ≤ a ≤ 1, define the norm ‖ · ‖a by

‖f‖2a =

∞∑
k=1

(1 + γ−ak )f2
k . (S2.6)

Note that ‖f‖20 = 2‖f‖2Γ and ‖f‖21 = ‖f‖2R.

For f ∈ H, define the operator Gλ by

Gλf(·) =

∫
T

∫
T
f(s)Γ(s, t)K(·, t)dsdt+ 2

λσ2

Eψ′
P1f(·).

From Lemma 3, we observe that the operator G−1
λ given by

G−1
λ f(·) =

∞∑
k=1

(
1 + 2

λσ2

Eψ′
γ−1
k

)−1

〈f, ωk〉Hωk(·)

is the inverse operator of Gλ. Let β̃∗nλj = G−1
λ ηj . Then, we have

E|||ηj |||2nλ = E‖β̃nλj‖2Γ ≤ 2E‖β̃nλj − β̃∗nλj‖2Γ + 2E‖β̃∗nλj‖2Γ.

We investigate the upper bounds for both terms in the right-hand side of the inequality above. Let λ0 = 2λσ2/Eψ′.

Since β̃∗nλj = G−1
λ ηj =

∑∞
k=1(1 + λ0γ

−1
k )−1〈ηj , ωk〉Hωk, we have

‖β̃∗nλj‖2a =
∞∑
k=1

(1 + γ−ak )ν2
k〈β̃∗nλj , ωk〉2R =

∞∑
k=1

(1 + γ−ak )(1 + λ0γ
−1
k )−2

(∫
T
xj(t)ωk(t)dt

)2
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using the fact that 〈ηj , ωk〉H =
∫
T xj(t)ωk(t)dt and 〈ωk, ωl〉R = ν−1

k δkl. Thus,

E‖β̃∗nλj‖2a =

∞∑
k=1

(1 + γ−ak )(1 + λ0γ
−1
k )−2 E

(∫
T
xj(t)ωk(t)dt

)2

︸ ︷︷ ︸
=‖ωk‖2Γ=1

=

∞∑
k=1

(1 + γ−ak )(1 + λ0γ
−1
k )−2

≤ C5

∞∑
k=1

(1 + ka(2r+2s))(1 + λ0k
2r+2s)−2

≤ C6λ
−(a+1/(2r+2s))
0

∫ ∞
λ
a+1/(2r+2s)
0

(
1 + y(2r+2s)/(a(2r+2s)+1)

)−2

dy

= O(λ−(a+1/(2r+2s)))

for some positive constants C5 and C6, so E‖β̃∗nλj‖20 = O(λ−1/(2r+2s)) by taking a = 0, equivalently, we have E‖β̃∗nλj‖2Γ =

O(λ−1/(2r+2s)). Next observe that Gλβ̃
∗
nλj = ηj = Gnλβ̃nλj , so

β̃nλj − β̃∗nλj = G−1
λ Gλ(β̃nλj − β̃∗nλj)

= G−1
λ (Gλβ̃nλj − Gnλβ̃nλj)

=

∞∑
k=1

(1 + λ0γ
−1
k )−1

[
〈Gλβ̃nλj , ωk〉H − 〈Gnλβ̃nλj , ωk〉H

]
ωk

=

∞∑
k=1

(1 + λ0γ
−1
k )−1

[∫
T

∫
T
β̃nλj(s)Γ(s, t)ωk(t)dsdt

−
∫
T

∫
T
β̃nλj(s)

(
1

n

n∑
i=1

xi(s)xi(t)

)
ωk(t)dsdt

]
ωk.

Now write β̃nλj =
∑∞
k=1 b̃jkωk. Then,

‖β̃nλj − β̃∗nλj‖2a =

∞∑
k=1

(1 + γ−ak )(1 + λ0γ
−1
k )−2

[
∞∑
l=1

b̃jl

∫
T

∫
T
ωl(s)

(
1

n

n∑
i=1

xi(s)xi(t)− Γ(s, t)

)
ωk(t)dsdt

]2

≤
∞∑
k=1

(1 + γ−ak )(1 + λ0γ
−1
k )−2

(
∞∑
l=1

(1 + γ−cl )b̃2jl

)
︸ ︷︷ ︸

=‖β̃nλj‖2c

×

(
∞∑
l=1

(1 + γ−cl )−1

[∫
T

∫
T
ωl(s)

(
1

n

n∑
i=1

xi(s)xi(t)− Γ(s, t)

)
ωk(t)dsdt

]2)
.
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Note that by the Cauchy-Schwarz inequality and (A7),

E

(
∞∑
l=1

(1 + γ−cl )−1

[∫
T

∫
T
ωl(s)

(
1

n

n∑
i=1

xi(s)xi(t)− Γ(s, t)

)
ωk(t)dsdt

]2)

=
1

n

∞∑
l=1

(1 + γ−cl )−1Var

(∫
T
X(s)ωl(s)ds

∫
T
X(t)ωk(t)dt

)

≤ 1

n

∞∑
l=1

(1 + γ−cl )−1E

[(∫
T
X(s)ωl(s)ds

∫
T
X(t)ωk(t)dt

)2
]

≤ C

n

∞∑
l=1

(1 + γ−cl )−1 ≤ C5

n

∞∑
k=1

(1 + kc(2r+2s))−1 = O(n−1)

for c > 1/(2r + 2s). Thus,

‖β̃nλj − β̃∗nλj‖2a = Op(n
−1λ−(a+1/(2r+2s))‖β̃nλj‖2c).

Taking a = c yields

‖β̃nλj − β̃∗nλj‖2c = Op(n
−1λ−(c+1/(2r+2s))‖β̃nλj‖2c).

If n−1λ−(c+1/(2r+2s)) → 0 as n→∞, then

‖β̃∗nλj‖c ≥ ‖β̃nλj‖c − ‖β̃nλj − β̃∗nλj‖c = (1− op(1))‖β̃nλj‖c,

so ‖β̃nλj‖2c = Op(‖β̃∗nλj‖2c). Since ‖β̃∗nλj‖2c = Op(λ
−(c+1/(2r+2s))) and ‖ · ‖2Γ = 1

2
‖ · ‖20,

‖β̃nλj − β̃∗nλj‖2Γ = Op(n
−1λ−1/(2r+2s)‖β̃nλj‖2c) = Op(λ

−1/(2r+2s)n−1λ−(c+1/(2r+2s))) = op(λ
−1/(2r+2s)).

Therefore, E|||ηj |||2nλ = E‖β̃nλj‖2Γ = O(λ−1/(2r+2s)) for all j, so the proof is complete by (A6). �

Lemma 2. Under the assumption (A7), we have

E|||ηj |||4nλ ≤ C
{
E|||ηj |||2nλ

}2

for 1 ≤ j ≤ n.

Proof. Recall that ηj(t) =
∫
T xj(u)K(u, t)du. Observe that

|||ηj |||2nλ = ‖G−1
nλ ηj‖

2
Γ =

∫
T

∫
T
G−1
nλ ηj(s)Γ(s, t)G−1

nλ ηj(t)dsdt =

∞∑
k=1

πk

(∫
T
G−1
nλ ηj(t)φk(t)dt

)2

,

where the (πk, φk) are the pairs of the eigenvalue and eigenfunction of the covariance operator Γ. Letting gnλk(u) =
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∫
T G
−1
nλK(u, t)φk(t)dt, |||ηj |||2nλ =

∑∞
k=1 πk

(∫
T xj(u)gnλk(u)du

)2
and so we have

E|||ηj |||4nλ = E

[
∞∑
k=1

πk

(∫
T
xj(u)gnλk(u)du

)2
]2

=
∑
k

π2
kE

(∫
T
xj(u)gnλk(u)du

)4

+
∑∑

k 6=l
πkπlE

[(∫
T
xj(u)gnλk(u)du

)2(∫
T
xj(u)gnλl(u)du

)2
]

≤
∑
k

π2
kE

(∫
T
xj(u)gnλk(u)du

)4

+
∑∑

k 6=l
πkπl

{
E

(∫
T
xj(u)gnλk(u)du

)4

E

(∫
T
xj(u)gnλl(u)du

)4
}1/2

≤ C
∑
k

π2
k

{
E

(∫
T
xj(u)gnλk(u)du

)2
}2

+ C
∑∑

k 6=l
πkπlE

(∫
T
xj(u)gnλk(u)du

)2

E

(∫
T
xj(u)gnλl(u)du

)2

= C

{∑
k

πkE

(∫
T
xj(u)gnλk(u)du

)2
}2

by Cauchy-Schwarz inequality and the assumption (A7). The proof is complete. �

Lemma 3. For f ∈ H, define

Gλf(·) =

∫
T

∫
T
f(s)Γ(s, t)K(·, t)dsdt+ λP1f(·)

and

G−1
λ f =

∞∑
k=1

(1 + λγ−1
k )−1〈f, ωk〉Hωk.

Then, G−1
λ Gλf = f = GλG

−1
λ f .

Proof. We will first show that G−1
λ Gλf = f for any f ∈ H. For this, observe that

G−1
λ Gλf =

∞∑
k=1

(1 + λγ−1
k )−1〈Gλf, ωk〉Hωk

=

∞∑
k=1

(1 + λγ−1
k )−1

[∫
T

∫
T
f(s)Γ(s, t)ωk(t)dsdt+ λ〈P1f, P1ωk〉H

]
ωk

because 〈P1f, ωk〉H = 〈P1f, P1ωk〉H. Note that ωk ∈ H since we observe ‖ωk‖2H ≤ ‖ωk‖2R < ∞ from the definition of

the norm ‖ · ‖2R. For any f ∈ H, f =
∑∞
k=1 fkωk with fk = νk〈f, ωk〉R and so

G−1
λ Gλf =

∞∑
k=1

(1 + λγ−1
k )−1

[
∞∑
j=1

fj

{∫
T

∫
T
ωj(s)Γ(s, t)ωk(t)dsdt+ λ〈P1ωj , P1ωk〉H

}]
ωk.
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Now, from the definition of ‖ · ‖2R, we can observe that

〈f, g〉R =

∫
T

∫
T
f(s)Γ(s, t)g(t)dsdt+ 〈P1f, P1g〉H,

so that we have∫
T

∫
T
ωj(s)Γ(s, t)ωk(t)dsdt+ λ〈P1ωj , P1ωk〉H = (1− λ)

∫
T

∫
T
ωj(s)Γ(s, t)ωk(t)dsdt+ λ〈ωj , ωk〉R

= {(1− λ) + λν−1
k }δjk

= (1 + λγ−1
k )δjk

because 〈ωj , ωk〉R = ν−1
k δjk,

∫
T

∫
T ωj(s)Γ(s, t)ωk(t)dsdt = δjk and νk = (1 + γ−1

k )−1. Thus,

G−1
λ Gλf =

∞∑
k=1

(1 + λγ−1
k )−1

[
∞∑
j=1

fj(1 + λγ−1
k )δjk

]
ωk =

∞∑
k=1

fkωk = f.

To see that GλG
−1
λ f = f , observe that

GλG
−1
λ f(·) =

∫
T

∫
T
G−1
λ f(s)Γ(s, t)K(·, t)dsdt+ λP1G

−1
λ f(·)

=

∞∑
k=1

(1 + λγ−1
k )−1〈f, ωk〉H

[∫
T

∫
T
ωk(s)Γ(s, t)K(·, t)dsdt+ λP1ωk(·)

]
.

Now we have

〈GλG−1
λ f, ωl〉H =

∞∑
k=1

(1 + λγ−1
k )−1〈f, ωk〉H

[∫
T

∫
T
ωk(s)Γ(s, t)ωl(t)dsdt+ λ〈P1ωk, P1ωl〉H

]

=

∞∑
k=1

(1 + λγ−1
k )−1〈f, ωk〉H(1 + λγ−1

k )δkl

= 〈f, ωl〉H,

which implies that GλG
−1
λ f = f for f ∈ H since both GλG

−1
λ f − f and ωl are in H. �

S3 Proof of Theorem 3

Now define the norm |||f |||nλ = ‖G−1
nλ f‖ for f ∈ Sn and constants Bn = sup1≤j≤nE|||ηj |||2nλ and Cn = E‖β̃nλ − β0‖2.

Since ‖β0−β‖2Γ = E
(∫
T X(t)(β0(t)− β(t))dt

)2 ≤ E‖X‖2‖β0−β‖2, the proof of Theorem 1 goes exactly the same with

respect to ‖ ·‖ and so Theorem 1 remains under the L2-norm ‖ ·‖. Thus, it is sufficient to show the condition on Bn and

Cn in (S2.1) and Lemma 2 under the norm ‖ · ‖. From the fact that the norm in (S2.6) with a = s/(r+ s) is equivalent

to ‖ · ‖, we can show that

Bn = sup
1≤j≤n

E|||ηj |||2nλ = O(n(2s+1)/(2r+2s+1))

in analogous to Lemma 1. Also, from Yuan and Cai (2010), we have that under the assumption (A4)-(A8),

Cn = E‖β̃nλ − β0‖2 = O(n−2r/(2r+2s+1)).
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Consequently, the condition (S2.1) is met when 2r > 2s+ 1.

Next we show that Lemma 2 holds with |||f |||nλ = ‖G−1
nλ f‖. For this, observe that G−1

nλ ηj(t) =
∫
T xj(u)G−1

nλK(u, t)du =∑∞
k=1 ςk

∫
T xj(u)G−1

nλϑk(u)duϑk(t), where the (ςk, ϑk) are the pairs of the eigenvalue and eigenfunction of the reproducing

kernel K. Then,

|||ηj |||2nλ = ‖G−1
nλ ηj‖

2 =

∫
T

(
∞∑
k=1

ςk

∫
T
xj(u)G−1

nλϑk(u)duϑk(t)

)2

dt

=
∑
k

ς2k

(∫
T
xj(u)G−1

nλϑk(u)du

)2 ∫
T
ϑ2
k(t)dt

+
∑∑

k 6=l
ςkςl

∫
T
xj(u)G−1

nλϑk(u)du

∫
T
xj(u)G−1

nλϑl(u)du

∫
T
ϑk(t)ϑl(t)dt

=
∑
k

ς2k

(∫
T
xj(u)G−1

nλϑk(u)du

)2

.

In a similar way to the proof of Lemma 2, we have

E|||ηj |||4nλ = E

(∑
k

ς2k

(∫
T
xj(u)G−1

nλϑk(u)du

)2
)2

=
∑
k

ς4kE

(∫
T
xj(u)G−1

nλϑk(u)du

)4

+
∑∑

k 6=l
ς2kς

2
l E

[(∫
T
xj(u)G−1

nλϑk(u)du

)2(∫
T
xj(u)G−1

nλϑl(u)du

)2
]

≤ C

{∑
k

ς2kE

(∫
T
xj(u)G−1

nλϑk(u)du

)2
}2

= C
{
E|||ηj |||2nλ

}2

by Cauchy-Schwarz inequality and (A7). Since ‖β̂nλ−β̃nλ‖2 = Op(Cn) and ‖β̂nλ−β0‖2 ≤ 2‖β̃nλ−β0‖2 +2‖β̂nλ−β̃nλ‖2,

the convergence rate for the estimation error of our M-type smoothing spline estimator β̂nλ is the same for the least

squares smoothing spline estimator β̃nλ. �

S4 Proof of Theorem 4

Recall that our M-estimate of scale is given in the form of
∑n
i=1 Ψ(r0

i , σ) = 0 with Ψ(r, σ) = ρ0(|r|/σ) − δ for some

δ ∈ (0, 1). Although r0
i = yi −

∫
T xi(t)β̂(t)dt with an estimator β̂ obtained using all the observations in the sample, we

take r0
i = yi −

∫
T xi(t)β̂−i(t)dt with a leave-one-out estimator β̂−i, in sense that β̂−i ≈ β̂ for sufficiently large n.

Let σ̌ be the solution of
∑n
i=1 Ψ(εi, σ) = 0, where εi = yi −

∫
β0xi. Then, we can show that

n−1
n∑
i=1

Ψ(r0
i , σ) = n−1

n∑
i=1

Ψ(εi, σ) + op(n
−1/2) (S4.1)
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implies σ̂ − σ̌ = op(n
−1/2). This is because

∣∣∣n−1/2
n∑
i=1

Ψ(r0
i , σ̂)− n−1/2

n∑
i=1

Ψ(εi, σ̂)
∣∣∣ =

∣∣∣n−1/2
n∑
i=1

Ψ(εi, σ̂)
∣∣∣

=
∣∣∣n−1/2

n∑
i=1

Ψ(εi, σ̌) + n−1/2
n∑
i=1

Ψ̇(εi, σ0)(σ̂ − σ̌)
∣∣∣

=
∣∣∣n−1

n∑
i=1

Ψ̇(εi, σ0)
√
n(σ̂ − σ̌)

∣∣∣,
where σ0 is some value between σ̂ and σ̌ and Ψ̇ = ∂Ψ/∂σ. Note that the second equation above yields by the first-

order Talyor expansion of Ψ at σ. Since n−1∑n
i=1 Ψ̇(εi, σ0) → E[Ψ̇(ε1, σ0)] < ∞ in probability, (S4.1) implies that

√
n(σ̂ − σ̌) = op(1). Also, it can be shown that

√
n(σ̌ − σ) = Op(1) by asymptotic normality of M -estimates for scale

in the form of
∑n
i=1 Ψ(εi, σ) = 0. Thus, it suffices to show (S4.1) to verify (A3).

We now show (S4.1). A second-order Talyor expansion of ρ0 at β yields

n−1
n∑
i=1

ρ0

(
r0
i

σ

)
= n−1

n∑
i=1

ρ0

( εi
σ

)
+ σ−1V1 + σ−2V2,

where V1 = n−1∑n
i=1 ρ

′
0(εi/σ)

∫
T (β̂−i−β0)(t)xi(t)dt and V2 = n−1∑n

i=1 ρ
′′
0

(
εi+ui
σ

) (∫
T (β̂−i − β0)(t)xi(t)dt

)2

for some

ui in between 0 and
∫
T (β0 − β̂−i)(t)xi(t)dt. For V2, observe that

E|V2| ≤M1n
−1

n∑
i=1

E

[(∫
T

(β̂−i − β0)(t)xi(t)dt

)2
]

= M1E‖β̂−i − β0‖2Γ

with M1 = supt |ρ′′0 (t)| <∞. Now let Di = ρ′0(εi/σ)
∫
T (β̂−i − β0)(t)xi(t)dt. For V1, we have

nEV 2
1 = n−1

n∑
i=1

E[D2
i ] + n−1

∑∑
i 6=j

E[DiDj ].

Observe that

n−1
n∑
i=1

E[D2
i ] = n−1

n∑
i=1

E

[(
ρ′0(εi/σ)

∫
(β̂−i − β0)(t)xi(t)dt

)2
]

= M2E‖β̂−i − β0‖2Γ.

since E[ρ′0(εi/σ)] = 0 and M2 = Var(ρ′0(εi/σ)) <∞. Let Dij = ρ′0(εi/σ)
∫
T (β̂ij − β0)(t)xi(t)dt. Then, observe that

E[DiDji] = E[DjiE[Di|(xk, yk), 1 ≤ k ≤ n, k 6= i]] = 0

from the fact that E[Di|(xk, yk), 1 ≤ k ≤ n, k 6= i] =
∫

(β̂−i−β0)(t)E[εixi(t)]dt = 0. Similarly, E[DijDj ] = E[DijDji] =

0. Thus, we have E[DiDj ] = E[(Di −Dij)(Dj −Dji)]. Note that β̂ii = β̂−i, so Di = Dii. Since |E[(Di −Dij)(Dj −
Dji)]| ≤ E[(Di −Dij)2] by Cauchy-Schwarz inequality and

E[(Di −Dij)2] = E

[(
ρ′0(εi/σ)

∫
T

(β̂−i − β̂ij)(t)xi(t)dt
)2
]

= M2E‖β̂−i − β̂ij‖2Γ,
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we have

nEV 2
1 ≤ n−1

n∑
i=1

E[D2
i ] + n−1

∑∑
i6=j

E[(Di −Dij)2]

= M2E‖β̂−i − β0‖2Γ +M2n
−1

n∑
i=1

n∑
j=1

E‖β̂−i − β̂ij‖2Γ.

Under the assumptions (15) and (16), we have

n−1
n∑
i=1

ρ0

(
r0
i

σ

)
= n−1

n∑
i=1

ρ0

( εi
σ

)
+ op(n

−1/2),

which proves (S4.1). �
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