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Supplementary Material

S1 Proof of Lemma 2

The unconditional variance of T (ψ) is

var{T (ψ)} = E[{T (ψ)}2]− [E{T (ψ)}]2 = E[{T (ψ)}2] +O(n−1)

= ηE{T 2
1 + 2T1T2 +Op(n−2)}+O(n−1)

= ηE{λ1rλ1slrls − 2λ1rξstulrlstlu + 2λ1rξstlrlslt +Op(n−2)}+O(n−1)

= −η{λ1rλ1sλrs +O(n−2)}+O(n−1)

= 1 +O(n−1).

Correspondingly, the conditional variance of T (ψ) is

v̊ar{T (ψ)} = E̊[{T (ψ)}2]− [E̊{T (ψ)}]2 = E̊[{T (ψ)}2] +Op(n−1)

= ηE̊{T 2
1 + 2T1T2 +Op(n−2)}+Op(n−1)

= ηE̊{λ1rλ1s̊lr̊ls − 2λ1rξstůlr (̊lst + ∆̊st)̊lu + 2λ1rξst̊lr̊ls̊lt +Op(n−2)}+Op(n−1)

= −η{λ1rλ1sλ̊rs − 2λ1rξstuλ̊ru∆̊st +Op(n−2)}+Op(n−1)

= −η{λ1rλ1s(λrs + ∆̊rs)− 2λ1rξstuλru∆̊st}+Op(n−1)

= 1− η(λ1rλ1s∆̊rs − 2ξst1∆̊st) +Op(n−1)

= 1− η{(λ1rλ1s − 2ξrs1)∆̊rs}+Op(n−1).

It follows that v̊ar{T (ψ)} = var{T (ψ)}+Op(n−1) provided ξrs1 = 1
2λ

1rλ1s. �
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S2 Proof of Lemma 3

The unconditional skewness of T (ψ) is

skew{T (ψ)} = E([T (ψ)− E{T (ψ)}]3) = E[{T (ψ)}3]− 3E[{T (ψ)}2]E{T (ψ)}+O(n−1)

= η3/2[E{(T1 + T2)3} − 3E{(T1 + T2)2}E(T1 + T2)] +O(n−1)

= η3/2[E{T 3
1 + 3T 2

1 T2 +Op(n−5/2)} − 3E{T 2
1 +Op(n−3/2)}E(T2)] +O(n−1)

= η3/2[E{−λ1rλ1sλ1tlrlslt + 3λ1rλ1s(ξtuvltulv − ξtultlu)lrls +Op(n−5/2)}
− 3E{λ1rλ1slrls +Op(n−3/2)}{ξrstλrs,t + ξrsλrs +Op(n−3/2)}] +O(n−1)

= η3/2{E(−λ1rλ1sλ1tlrlslt + 3λ1rλ1sξtuvlrlsltulv − 3λ1rλ1sξtulrlsltlu

− 3λ1rλ1sξtuvlrlsλtu,v − 3λ1rλ1sξtulrlsλtu)}+O(n−1).

To continue the calculation, we make use of the following identities:

−E(lrlslt) = λrs,t + λrt,s + λst,r + λrst,

E(lrlsltulv) = −λrsλtu,v − λrvλtu,s − λsvλtu,r +O(n3/2),

E(lrlsltlu) = λrsλtu + λrtλsu + λruλst +O(n3/2).

By using these identities, we obtain

skew{T (ψ)} = η3/2(3λ1rλ1sλ1tλrs,t + λ1rλ1sλ1tλrst

− 3λ11ξtuvλtu,v − 3λ1sξtu1λtu,s − 3λ1rξtu1λtu,r

− 3λ11ξtuλtu − 3ξ11 − 3ξ11

+ 3λ11ξtuvλtu,v + 3λ11ξtuλtu) +O(n−1)

= η3/2(λ1rλ1sλ1tλrst + 3λ1rλ1sλ1tλrs,t − 6ξrs1λ1tλrs,t − 6ξ11) +O(n−1).

Similar reasoning shows that the conditional skewness of T (ψ) is

˚skew{T (ψ)} = η3/2[E̊{−λ1rλ1sλ1tlrlslt + 3λ1rλ1sξtuvlrlsltulv − 3λ1rλ1sξtulrlsltlu

− 3λ1rλ1sξtuvlrlsλtu,v − 3λ1rλ1sξtulrlsλtu +Op(n−5/2)}] +Op(n−1)

= η3/2[E̊{−λ1rλ1sλ1t̊lr̊ls̊lt + 3λ1rλ1sξtuv l̊r̊ls(̊ltu + ∆̊tu)̊lv − 3λ1rλ1sξtůlr̊ls̊lt̊lu

− 3λ1rλ1sξtuv l̊r̊lsλtu,v − 3λ1rλ1sξtůlr̊lsλtu}] +Op(n−1)

= η3/2{E̊(−λ1rλ1sλ1t̊lr̊ls̊lt + 3λ1rλ1sξtuv l̊r̊ls̊ltůlv − 3λ1rλ1sξtůlr̊ls̊lt̊lu

− 3λ1rλ1sξtuv l̊r̊lsλtu,v − 3λ1rλ1sξtůlr̊lsλtu)}+Op(n−1).
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Now we use the following identities:

−E̊(̊lr̊ls̊lt) = λ̊rs,t + λ̊rt,s + λ̊st,r + λ̊rst

= λrs,t + λrt,s + λst,r + λrst +Op(n1/2)

= λr,s,t +Op(n1/2)

= −E(lrlslt) +Op(n1/2),

E̊(̊lr̊ls̊ltůlv) = −λ̊rsλ̊tu,v − λ̊rvλ̊tu,s − λ̊svλ̊tu,r +Op(n3/2)

= −λrsλtu,v − λrvλtu,s − λsvλtu,r +Op(n3/2)

= E(lrlsltulv) +Op(n3/2),

E̊(̊lr̊ls̊lt̊lu) = λ̊rsλ̊tu + λ̊rtλ̊su + λ̊ruλ̊st +Op(n3/2)

= λrsλtu + λrtλsu + λruλst +Op(n3/2)

= E(lrlsltlu) +Op(n3/2).

By using these identities in the preceding expression for ˚skew{T (ψ)}, it is apparent that
˚skew{T (ψ)} = skew{T (ψ)}+Op(n−1), and hence, the conditional third cumulant agrees

with the unconditional one to error of order Op(n−1), as required. �

S3 Proof of Theorem 5

To establish the stability of W̄ (ψ) to error of order O(n−3/2), we need only show that
E̊{W̄ (ψ)} = E{W̄ (ψ)} + Op(n−3/2). For full generality, the previous notation, which
is applicable when ψ is a scalar, must be extended. In the expressions that follow,
it is assumed that subscripts and superscripts a, b, . . . have the range 1, . . . , q, while
r, s, . . . range over 1, . . . , d. Let (ηab) be the q × q matrix inverse of (−λab), let τ rs =
ηabλ

arλbs, and let νrs = λrs + τ rs. In addition, let Ba(ψ) = ∂B(ψ)/∂ψa, Bab(ψ) =
∂2B(ψ)/∂ψa∂ψb, βa = E{Ba(ψ)}, βab = E{Bab(ψ)}, ba = Ba(ψ) − βa, bab = Bab(ψ) −
βab, and so forth. The constants βa, βab etc. are assumed to be of order O(1) and the
variables ba, bab etc. are assumed to be of order Op(n−1/2). Finally, it is assumed that
the joint cumulants of nba, nbab, lr, lrs, and so forth are of order O(n).

DiCiccio & Stern (1994b) showed that

W̄ (ψ) = W (ψ)− 2λarβalr − 2λarbalr + 2λarλstβalrslt − λarλsuλtvβaλrstlulv
+ λarλbsβablrls − λabβaβb +Op(n−3/2),

and it follows that

E{W̄ (ψ)} = E{W (ψ)} − 2λarE(balr) + λarλstβa(2λrs,t + λrst)− λab(βab + βaβb) +O(n−3/2)

= E{W (ψ)}+ λarλstβa(2λrs,t + λrst)− 2λarβa/r + λab(βab − βaβb) +O(n−3/2),
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where βa/r = ∂βa/∂θ
r. For calculating E{W̄ (ψ)}, we assume that B(ψ) is a function

of Y and ψ only, so, in particular, it does not depend on φ. Thus, differentiation of the
identity βa = E{Ba(ψ)} yields βa/b = E(balb)+βab and βa/i = E(bali) for i = q+1, . . . , d.

It follows that λarE(balr) = λarβa/r − λabβab.

To calculate E̊{W (ψ)}, some care is required about the conditional properties of

Ba(ψ), Bab(ψ), and so forth. The quantities β̊a = E̊{Ba(ψ)}, β̊ab = E̊{Bab(ψ)}, etc.

are assumed to be of order Op(1), while b̊a = Ba(ψ) − β̊a, b̊ab = Bab(ψ) − β̊ab, etc.
are assumed to be of order Op(n−1/2). Finally, it is assumed that the joint conditional

cumulants of n̊ba, n̊bab, l̊r, l̊rs, and so forth are of order Op(n).

Under the preceding assumptions, it is possible to determine the orders of the dif-
ferences β̊a − βa and β̊ab − βab. Since E(β̊a) = E[E̊{Ba(ψ)}] = E{Ba(ψ)} = βa and

var(β̊a) = var[E̊{Ba(ψ)}] = var{Ba(ψ)} − E[v̊ar{Ba(ψ)}] = O(n−1) − E{v̊ar(̊ba)} =

O(n−1)− E{Op(n−1)} = O(n−1), it follows that β̊a = βa + Op(n−1/2). A similar argu-

ment shows that β̊ab = βab +Op(n−1/2). We assume that differentiation of the identity

β̊a = βa +Op(n−1/2) yields β̊a/r = βa/r +Op(n−1/2).

Now, define δ̊a = β̊a − βa, so that δ̊a is a function of θ and A of order Op(n−1/2).

Furthermore, ba = Ba(ψ)− βa = Ba(ψ)− β̊a + δ̊a = b̊a + δ̊a. To calculate E̊{W̄ (ψ)}, we
observe that

W̄ (ψ) = W (ψ)− 2λarβalr − 2λarbalr + 2λarλstβalrslt − λarλsuλtvβaλrstlulv
+ λarλbsβablrls − λabβaβb +Op(n−3/2)

= W (ψ)− 2λarβålr − 2λar (̊ba + δ̊a)̊lr + 2λarλstβa(̊lrs + ∆̊rs)̊lt − λarλsuλtvβaλrst̊lůlv
+ λarλbsβab̊lr̊ls − λabβaβb +Op(n−3/2),

and thus

E̊{W̄ (ψ)} = E̊{W (ψ)} − 2λar̊bålr + 2λarλstβaλ̊rs,t + λarλsuλtvβaλrstλ̊uv

− λarλbsβabλ̊rs − λabβaβb +Op(n−3/2).

Barndorff-Nielsen & Cox (1984) showed that E̊{W (ψ)} = E{W (ψ)}+Op(n−3/2) ; recall

that λ̊rs = λrs + Op(n1/2) and λ̊rs,t = λrs,t + Op(n1/2). Then, λruλstλ̊ut = λrs +
Op(n−3/2), and

E̊{W̄ (ψ)} = E{W (ψ)}+λarλstβa(2λrs,t+λrst)−2λarE̊(̊bålr)−λab(βab+βaβb)+Op(n−3/2).

Now, using the result that λarE̊(̊bålr) = λarβ̊a/r−λabβ̊ab = λarβa/r−λabβab+Op(n−3/2),

which holds since β̊a/r = βa/r +Op(n−1/2) and β̊ab = βab +Op(n−1/2), we have

E̊{W̄ (ψ)} = E{W (ψ)}+ λarλstβa(2λrs,t + λrst)− 2λarβa/r + λab(βab − βaβb) +Op(n−3/2)

= E{W̄ (ψ)}+Op(n−3/2),

as required. �
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