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Abstract: Likelihood-based methods of statistical inference provide a useful general
methodology that is appealing, as a straightforward asymptotic theory can be ap-
plied for their implementation. It is important to assess the relationships between
different likelihood-based inferential procedures in terms of accuracy and adherence
to key principles of statistical inference, in particular those relating to conditioning
on relevant ancillary statistics. An analysis is given of the stability properties of
a general class of likelihood-based statistics, including those derived from forms of
adjusted profile likelihood, and comparisons are made between inferences derived
from different statistics. In particular, we derive a set of sufficient conditions for
agreement to Op(n~!), in terms of the sample size n, of inferences, specifically p-
values, derived from different asymptotically standard normal pivots. Our analysis
includes inference problems concerning a scalar or vector interest parameter, in the
presence of a nuisance parameter.
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1. Introduction

A highly useful statistical methodology for inference on a scalar or vector
interest parameter in the presence of a nuisance parameter is furnished by proce-
dures based on the likelihood function, including tests and confidence sets based
on the likelihood ratio statistic. Though no explicit optimality criteria are in-
voked, a quite general asymptotic theory allows straightforward implementation
of such methodology in a wide range of settings. However, accuracy and what
may be termed inferential correctness are ([Young (2009)) key desiderata of any
parametric inference. When constructing, say, a confidence set for a parameter
of interest in the presence of nuisance parameters, we desire high levels of cov-
erage accuracy from the confidence set. Further, it is important that procedures
are inferentially correct, meaning that they respect key principles of inference,
in particular those relating to appropriate conditioning on ancillary information
when this is relevant. The crucial issue here is the stability of the statistic used
for inference, the extent to which the unconditional distribution of the statistic
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agrees with the conditional distribution of the statistic, relevant for achieving
inferential correctness. Henceforth, when speaking of the stability of a pivot,
we mean whether or not its marginal distribution inherently respects ancillary
information. Specifically, a statistic which is stable to second-order is one whose
conditional distribution given the observed value of an ancillary statistic agrees
to second-order, O(n~!), in the sample size n with its marginal distribution. Our
objective in this paper is to both analyse and elucidate properties of likelihood-
based methods of statistical inference against these desiderata, and to provide
new results that shed light on what is achieved by alternative approaches to
implementation of likelihood-based methods of inference. We make two novel
contributions.

We provide a general assessment of the stability properties of likelihood-
based statistics commonly used for parametric inference. Our analysis considers
first the case of the signed root likelihood ratio statistic for inference on a scalar
interest parameter, in the presence of a nuisance parameter. In doing so, we
establish a generalization to the practically realistic context involving nuisance
parameters of results described by McCullagh (1984) and Severini (990). We
then discuss this issue for asymptotically standard normal pivots more generally,
in particular those constructed from adjusted forms of profile likelihood, before
considering inference for vector interest parameters. The results presented here
allow comparisons to be drawn between the inferential properties of parametric
bootstrap procedures and techniques of higher-order inference based on asymp-
totic, analytic approximation.

We also provide an explicit comparison of inferences, specifically p-values,
obtained from different asymptotically standard normal pivots, including those
constructed from adjusted forms of profile likelihood, establishing certain higher-
order equivalences and differences. We derive a set of sufficient conditions ensur-
ing agreement of p-values derived from different asymptotically standard normal
pivots, to order O,(n™1).

2. Background

Suppose that Y = (Y7,...,Y},) is a continuous random vector and that the
distribution of Y depends on an unknown d-dimensional parameter 6, partitioned
as 0 = (¢, ¢), where initially we suppose 1) = 6 is a scalar interest parameter
and ¢ is a nuisance parameter of dimension d — 1. We later consider the case of
a vector interest parameter .

Let L(60) be the loglikelihood function for ¢ based on Y and let 0 = (1, )
be the global maximum likelihood estimator of ¢. Further, let 6 = 0(y) =
(¥, 0) = {¥,p(1)} be the constrained maximum likelihood estimator of 6 for

given ¢. Then the profile loglikelihood function for ¢ is M(v) = L{A(¢)}
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and the likelihood ratio statistic for ¢ is W (1) = 2{M()) — M (1))}, where
M) = L(0), since 0(1)) = 6. The signed root likelihood ratio statistic is
R() = sgn(¢p — ){W ()}/2. Testing Hy : 1 = 1)y against H, : ¢ > 1o or
H, : ¢ < b can be based on the test statistic R(1)p). Asymptotically, as the
sample size n increases, the sampling distribution of R(v) tends to the standard
normal distribution. Heading the list of desiderata for refinement of the inference
procedures furnished by such first-order asymptotic theory is the achievement of
higher-order accuracy in distributional approximation, while respecting the need
for inferential correctness.

Two main routes ([Young (2009)) to higher-order accuracy emerge from con-
temporary statistical theory. The most developed route is that which utilises
analytic procedures, based on ‘small-sample asymptotics’, such as saddlepoint ap-
proximation and related methods, to refine first-order distribution theory. The
second route involves simulation or bootstrap methods, which aim to obtain
refined distributional approximations directly, without analytic approximation:
see, for instance, DiCiccio, Martin, and Stern (2001), Lee and Young (2005),
DiCiccio and Young (ZO0R).

A detailed account of analytic methods for distributional approximation
which yield higher-order accuracy is given by Barndorfi=Nielsen and Cox (1994).
Two particular highlights of an intricate theory are especially important: Bartlett
correction of the likelihood ratio statistic W (1)), which we discuss in Section 8,
and the construction of analytically modified forms of the signed root likeli-
hood ratio statistic R(v), designed to offer higher-order accuracy. These proce-
dures also provide inferential correctness, specifically conditional validity, to high
(asymptotic) order, in the two key settings where conditional inference is crucial,
namely multi-parameter exponential family and ancillary statistic contexts. Par-
ticularly central to the analytic approach to higher-order accurate inference on
a scalar interest parameter is Barndorff-Nielsen’s R* statistic (Barndorfi=Nielsen
(1986)). In both the multi-parameter exponential family and ancillary statistic
contexts, the R* statistic is conditionally, and hence unconditionally, distributed
as standard normal, to error of third-order O(n~3/2) in the sample size. So,
analytic standard normal approximation of the sampling distribution of the R*
statistic yields third-order accuracy under repeated sampling, while respecting
the requirements of conditioning to that same order.

Lawleyl (T956) showed that Ep{ R(¥))} = n~/?m(0)+O0(n=%/?) and varg{ R(#)}
=14+n"10(0) + O(n2), where m(#) and v(f) are both of order O(1), while the
third and higher-order cumulants are of order O(n~3/2) or smaller; see also Bickel
and GhosH (T990). Therefore, { R(¢)) —n~Y2m(0)}/{1+n""v(0)}*/? has the stan-
dard normal distribution to error of order O(n=3/2). DiCiccia and Stern (T9943)
showed that {R(¢)) —n~"/2m(#)}/{1+n""v(h)}'/? also has the standard normal
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distribution to error of order O(n~3/2). This DiCiccio and Sfern (I994a) result
asserts that [R(v¢) — Eé{R(@Z))}]/[va1r(;{R(1/J)}]1/2 is also distributed as standard
normal to error of order O(n~3/2). In turn, this distributional result immediately
suggests the parametric bootstrap approaches to third-order accurate inference
discussed by DiCiccio, Martin, and Stery (2001) and Lee and Young (2005). For
testing Hy : v = 1)y against one-sided alternatives, p—values distributed, under
repeated sampling, as uniform to error of order O(n*?’/ 2), and hence yielding
error rate O(n~3/2), can be obtained by bootstrapping R(to) at the parameter
value 0 = (1o, o), where ¢y = p(1)g). DiCiccio and Young (PO0R) show that
this parametric bootstrap procedure respects the requirements of conditioning in
multi-parameter exponential family settings to third-order.

From a repeated sampling perspective, such third-order accurate inference
can be similarly obtained (Lee and Young (2005)) by bootstrap approximation
to the sampling distribution of other asymptotically standard normal pivots,
in particular, pivots constructed as standardized versions of the difference ) —
o or the score function OM (v))/0|y—y,, that avoid calculation of both the
global and constrained maximum likelihood estimators, and may therefore may
be more appealing for use in a computationally-intensive bootstrap inference. A
fundamental question that arises concerns the inferential implications of choice
of a particular statistic: when do inferences based on different choices of statistic
agree to high-order? It is also necessary to ask whether such inference respects
the requirements of conditioning on relevant ancillary statistics, in models which
admit the existence of such. Since a bootstrap calculation involves unconditional
sampling at parameter value § = (1), gzNSO), the key question is the extent to which
the conditional and unconditional distributions of the statistic being used for the
inference differ.

In this paper we provide an analysis directed at these questions, providing
new results on the stability properties of likelihood-based statistics and agreement
of p-values derived from different asymptotically normal pivots. The implications
of the analysis for bootstrap methodology and detailed comparisons of the latter
with analytic procedures of inference will be described elsewhere.

We consider first the stability properties of the signed root statistic R(v));
in doing so, we establish a generalization to the nuisance parameter context of a
result of McCullaghl (I984): see also Severini (2000, Sec. 6.4.4). We then discuss
the stability issue in problems involving nuisance parameters for asymptotically
standard normal pivots more generally, before examining conditions which ensure
that p-values derived from two different pivots agree to second-order. Extension
of the conclusions to test statistics based on general adjusted forms of profile
likelihood are described, before presenting results concerning inference for vector
interest parameters.
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Our analysis is concerned exclusively with inferential comparisons ‘under the
null’ so, for instance we examine the unconditional and conditional distributions
of the signed root statistic R(1)) under the model in question when the true
parameter value is § = (1, ¢). Similarly, the analysis concerns comparison of
different p-values under assumed correctness of the null hypothesis being tested.

3. Notation

In the calculations that follow, arrays and summation are denoted by using
the standard conventions, for which the indices r,s,t,... are assumed to range
over 1,...,d. Summation over the range is implied for any index appearing
in an expression both as a subscript and as a superscript. Differentiation is
indicated by subscripts, so L.(0) = OL(0)/00", L,s(8) = 0?L(0)/00"00°, etc.
Then E{L,(0)} = 0; let A\ps = E{L5(0)}, A\rst = E{Lys(0)}, etc., and put I, =
L.(0),lys = Lys(0) = Ars, Lrst = Lyst(0) — Arst, ete. The constants g, Arst, - - ., are
assumed to be of order O(n). The variables ., s, Ly, etc., each of which have
expectation 0, are assumed to be of order Op(nl/z). The joint cumulants of ., [,
etc. are assumed to be of order O(n). These assumptions are usually satisfied in
situations involving independent observations. The observed information matrix
is J(0#) = [—Lys(0)], while the expected (Fisher) information matrix is I(0) =
[—Ars(0)]. It is useful to extend the A-notation: let A\, s = E(L,Ls) = E(l,ls),
Arst = E(LpsLy) = E(lysly), etc. The Bartlett identities involving the A’s can
be derived by repeated differentiation of the identity [exp{L(#)}dy = 1; in
particular,

Ars + Ars =0, Arst + Arsit + Arts + Astr + Arsp = 0.

Differentiation of the definition A\ps = [ Lys(0) exp{L(0) }dy yields A,/ = Apst +
Arsit, where Ao = ONps/ 00'. Further, let (A"*) be the d x d matrix inverse of
(Ars), and let p = —1/AY 778 = pAI" AL and ™ = X' + 775, Thus, A", 77,
and " are of order O(n~1), while 7 is of order O(n). For clarity, we point out
that a superscript or subscript of ‘1’ refers to the scalar interest parameter 1,
where v is the first component of 6.

Suppose that A is an ancillary, i.e., distribution constant, statistic such that
(0,A) is sufficient. To distinguish conditional calculations from unconditional
ones, the accent symbol ° is used to denote quantities derived from the condi-
tional distribution of ¥ given A. Since the conditional loglikelihood L(6) differs
from the unconditional loglikelihood L(f) by a quantity that depends on A but
not on 00, it follow§ that W(zp) = W (y) and that lg;/r =L,, IDLZS = L,s, etc. OLet
3‘7‘3 = E{Lrs(e)}ao)\rst = E{Lrst(e)}a etc., ar}d Puot lr = lT(H)a l?“s = Lrs(e) - )\Tsa
lrst = Lyst(0) — Arst, etc. The quantities Mg, Argt, etc. are random variables
depending on A, assumed to be of order Opy(n). The variables lor, lors, lomg, etc.
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have conditional expectation 0, so they also have unconditional expectation 0,
and they are assumed to be of order Op(nl/ 2). Further, the joint conditional
cumulants of lor,lom, etc. depend on A, and they are assumed to be of order
Op(n). It is useful to extend the A-notation by letting S\M = E(L,Ly) = E(l,l),
S\,ﬁs,t = E(LTsLt) = E(lrslt), etc. Also, let (5\’“5) be the d x d matrix inverse of
(S\TS), and let n = —1/5\11, 7 = ﬁi\lrj\ls, and "5 = \'S + 7", so that S\TS, s,
and "% are of order O,(n~1), while 7 is of order O, (n).

Following Barndorff=Nielsen and Cox (994, Sec. 7.2), construction of an an-
cillary statistic A such that (é, A) is sufficient is, except in rather special cases,
only possible for transformation models and, in a degenerate sense, for full ex-
ponential family models, where 0 itself is sufficient. It is therefore in general
necessary to consider conditioning on statistics A which are approximately an-
cillary in a suitable sense. Results presented here continue to hold under the
assumption that A is locally ancillary (Cox (I980)). Let 6y be an arbitrary but
specified parameter value, and let A = A(Y,6y) be a candidate ancillary statistic.
If the density of A under parameter value 6y + n~'/2§ satisfies

fala; 8o +n7Y28) = fa(a;00){1 + O(n~Y?)},

then (Cox (I980), McCullagh (987, Sec. 8.3)) A is said to be gth order local
ancillary in the vicinity of 6y. Note that this definition applies only to parameter
values in an O(n~1/2) neighbourhood of fy: if fy is the true parameter value, as n
increases the likelihood function becomes negligible outside this neighbourhood.
The loglikelihood function based on A satisfies La(fy + n~/28) = La(6y) +
O(n~%?). As is the case in the no nuisance parameter context considered by
Severini (I990) and McCullaghl (1987, Sec. 8.4), results in Section 4 relating
to stability of asymptotically standard normal pivots continue to hold for any
second-order local ancillary A, as do results in Section 8 concerning stability
of an adjusted profile likelihood ratio statistic. Essentially, the assumption of a
second-order local ancillary is sufficient to ensure the relationships detailed below
between conditional and unconditional cumulants.

The technique of proof used here to compare the conditional and uncondi-
tional distributions of asymptotically standard normal pivots to second order is
a generalization of that described by Severini (2000, Chap. 6) in the case of a
scalar interest parameter without nuisance parameters. For this technique, it is
essential to compare the )o\—quantities with their A-counterparts.

We first investigate the difference between S\Ts and \.s; note that A\.s =
E(Lys) = E{E(Lys)} = E(\s). Furthermore, var(\,s) = var{ E(L,s)} = var(Lys)
—E{var(L,s)} = O(n) — E{Op(n)} = O(n), and consequently, Ars = Aps +
Op(nl/Q). An identical argument shows that Arst = Apst + Op(nl/Q), etc.
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Assume that differentiation of the identity 5\7‘5 = Mg + Op(nl/ ) yields
)O\rs/t = )\Ts/t—kOp(nl/Q), where S\Ts/t = 8)0\,«8/80t and, as before, A,s/y = s /00".
We note that, as a rule, differentiation of an asymptotic relation will preserve
the asymptotic order, but that care is necessary; see Barndorff-Nielsen and Cox
(1994, Exercise 5.4) and Pace and Salvan ([994). The asymptotic order of
the difference between S\TS st and A,/ indicated here, therefore, actually con-
stitutes an additional assumption of our calculations. The preceding results
imply S\T&t = Ast + Op(n1/2), since the Bartlett identities )D\Ts/t = :\mt + S\T&t
and )‘rs/t = )‘Tst + )\rs,t yield 5\rs,t = 5‘rs/i& - 5\rst = )\rs/t - >\rst + Op(nl/g) =
Arst + Op(nl/Q). Define Am = )D\Ts — Ars, SO that Ars is a function of 6 and A,
having order Op(nl/Q). Then l,s = Lys—Aps = (LTS—B\TS)—I—(S\TS—)\TS) =L+ A

4. Stability Result for R(1)) and Other Pivots

We now consider the stability of R(¢)) and other asymptotically standard
normal pivots.

4.1. R(¢) is a stable pivot to second order

Theorem 1. The conditional and unconditional distributions of R(¢) agree to
error of order O(n=1), given the ancillary statistic A.

Proof. To error of order O(n~1), the variance of R(¢)) is 1 and the third- and
higher-order cumulants are 0; the mean is of order O(n~'/2). The conditional
distribution given A has the same cumulant structure as the unconditional dis-
tribution. Thus, to show that the conditional and unconditional distributions
agree to second-order, it suffices to show that E{R(¢)} = E{R(¢))} + Op(n1).

Standard calculations, such as those given by Lawley (I956) and detailed in
the Appendix of DiCiccio and Sternl (T994H), show that W () has the expansion

W () =751 ls — 2N byl — T gl + AT Nt llul

+ 37T N gilulyl + Op(n™h).

DiCiccioand Stern (T994H) showed that R(1)) may be decomposed as R(v) =
nl/Q{Rl + Ry + Op(n_3/2)}, where Ry = =AY, and

1 1 1
Ry = N, 0, + §A1’"Tstlmlt — §A”A8“ytumluzv — 6A”78“7tumzuzv.

Here R; is of order O,(n~'/2) and Ry is of order O,(n~'). Since E(R;) = 0, it
follows that

1 1 1
E{R(¢)} _ 771/2{)\1T)\8t>\r5,t+5)\1T78t>\rs,t+iAIT)\St)\rst+g)\lTTSt)\rst}+O(n_1)-
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Note also that Ry = -\l = —x\”lor and
1r yst 1 1r __st 1 1rysu, tv 1 1r__su_tv
Ro ="\l + 5)\ T sl — 5)\ AUV N il — 6)\ T Npstluly
o e . . 1 e . 1 . e
=ATN gl + AN Apsly + SN T s + SN T Ay

1 . 1 .
= AN Al — AT Al

Thus, since E(Rl) =0,
. o 1 o 1 o
E{R(w)} :7’]1/2{>\1T>\StA7»5,t + iAlTTSt)\TS,t + iAlTAsthv)\rstAuv

1 o
+ gAersuTtv)\rstAuv + Op(n73/2>}

1 1
:nl/Q{Alr/\St)\rs,t + 5)\11”7_315)\743’1& + 5)\lr)\suytv)\rst)\uv
1
+ gAersuTtv)\rst)\uv + Op(n—S/Q)}
1 1 1
:771/2{)\lr)\St)\rs,t+5)\1T75t)\rs,t+§>\1T)\St>\rst+g)\lTTSt)\rst+Op(n_3/2)}
—B{R()} + Op(n" )

It follows that the conditional distribution of R(t) differs from its marginal
distribution by error of order O(n™1), given A.

McCullagh (I984) generalized the notion of the signed root statistic to the
case of a vector interest parameter and established this stability result in the
case of no nuisance parameters; Severmi ([[990) gave a further demonstration for
the case of a scalar interest parameter with no nuisance parameters. Therefore,
the result shown here extends the work of McCullagh and Severini to situations
where nuisance parameters are present.

This second-order stability of R(¢) for the nuisance parameter context has
been discussed, but not demonstrated formally as we have here, by Pierce and
Bellid (2006). The methodological consequence of the result is immediate. Any
approximation to the unconditional distribution of R(1)) having error of order
O(n~!) also approximates the conditional distribution of R(¢)) to the same order
of error. Such an approximation may (DiCiccio, Martin, and Stern (20001)) be
derived, for instance, from the bootstrap distribution of R(¢). If that approxi-
mation is then used, say, to construct confidence limits for ¢, then those limits
have coverage error of order O(n~!), conditionally as well as unconditionally.
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4.2. Stability of other asymptotically standard normal pivots

We now consider general asymptotically standard normal pivots of the form
T(y) = /{1y + Ty + O,(n=3/%)}, where Ty = —A'"l, and Ty is of the form
Ty = €U,y — €71,1s, with €75 and €7 assumed to be of order O(n~?), so
that T is of order O,(n~'/2) and Ty is of order O,(n~'). We demonstrate
that commonly used pivots may all be expressed in this form; for example, for
R(1), the preceding expansions show that £t = A"\t + (1/2)A1"75¢ and ¢7¢ =
(1/2) AN LY Ny 4 (1 /6) A9 795 Ny, Both conditionally and unconditionally,
the fourth- and higher-order cumulants of such a pivot are immediately seen to be
of order O(n~!) or smaller. Consequently, if we are to show that the conditional
and unconditional distributions of these pivots agree to error of order O(n=1!)
given A, all we need to show is that the first three conditional cumulants agree
with the unconditional ones to error of order O,(n~!). We show that the first
and third conditional cumulants agree with the unconditional ones to the required
order of error without further restrictions on £"¢ and £"%!. We demonstrate that
for the second conditional cumulant to agree to with the unconditional one a
sufficient condition is that €751 = (1/2)A1"\15. Tt is easy to see that R(v)) satisfies
this criterion for, in this case,

1
§T81 :)\17")\51 + 5()\11",'7A15)\11)
1
:)\17‘)\15 + 5{)\1T(—1/>\11))\18>\11}
:)\17“)\18 o 1)\17‘)\18 _ 1)\17‘)\18
2 2 '
Theorem 2. The unconditional and conditional distributions of T'(¢) agree to

error of order O(n™1) given the ancillary statistic A.

The result follows immediately from three lemmas concerning the stability of
the first three cumulants of 7'(¢), beginning with the first cumulant, the mean.

Lemma 1. E{T(¢)} = E{T(¢)} + Op(n1).

Proof. Recall that Tt = —A"l, = —A!7[, and that Tb = £, — £51,1, =
€5 (s + Ap)ly — €811, Then, E{T(¢)} = nY2{&" \ps s + £ As + O(n~3/2)}
and

B{T ()} = n' /{5 Nrst + €7 Aps + Op(n™3/?)}
_ 771/2{§T8t)\rs,t + {T‘S)\Ts + Op(n—3/2)}'

Therefore, the conditional first cumulant agrees with the unconditional one to
error of order O,(n™!), as required.
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Lemma 2. If £ = (1/2)AY A8 then var{T (¢))} = var{T ()} + Op(n71).
Proof. See Supplement.
Lemma 3. skew{T(¢)} = skew{T (1))} + O,(n1).

Proof. See Supplement.

A sufficient condition for var{T ()} = var{T(¥)} + Op(n~1) is €1 =
(1/2)A X1 if this holds, we have skew{T(1))} = n?/2(AI"ALSAEN, — 6611 +
O(n™1).

5. Comparison of p-values

Our objective here is to utilize preceding calculations to examine conditions
which ensure that p-values based on two different asymptotically normal pivots
agree to second-order. Here we refer to the p-value calculated from the exact
sampling distribution of the pivot, or any approximation to the exact p-value
accurate to Op(n~1). Such accuracy of approximation is obtained, for instance,
quite generally for an asymptotically normal pivot by bootstrapping (Lee and
[Young (2005)), but would not be obtained by the normal approximation.

Consider hypothesis testing for i) based on a test statistic expressible as
T(y) = nY2(Ty + Ty) + Op(n~1), where Ty = —A'"l, and Ty is of the form
Ty = €755l — €751,1,, with €75 and €7 assumed to be of order O(n~2). We have
shown that the first three cumulants of 7'(¢) are

k1= E{T()} = 1" Aas + €°Ars) + O(n 1),

k2 = var{T(¥)} =1+ O(n™"),

Kg = SkeW{T(l/J)} — 773/2()\1T)\1$)\1t)\T8t 4 3>\1T)\18)\1t)\7"8,t - 6§T31)\1t)\rs,t . 6611)

+0(n™),

while the fourth- and higher-order cumulants are of order O(n!) or smaller.
Consider another test statistic T'(1)) = n/2(Ty + Ty) + O,(n~"), where T} =

—Al,. = Ty and Ty is of the form Ty = £, ., — £"51,1,, with £t and €7

assumed to be of order O(n™2). Our goal is to establish conditions on the two

pivots T'(¢) and 7'(¢)) which ensure that p-values agree to second-order.

Theorem 3. If the conditions

grst _ fTSt + O(n—5/2>7 (5.1>
grs + 5tu>\tu7_rs — frs + gtuAtuTrs + O(n_5/2),

are satisfied, then the p-value derived from the pivot T () agrees with that derived
from the pivot T(v) to error of order Op(n™1).
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Proof. The p-value for testing against alternatives greater than  is the right-
hand tail probability for T'(1)). The normalizing Cornish-Fisher expansion shows
that the p-value is

1 1 _
1—®(n'*Ty +n'/°Ty — 6/<6:’,77T12 — K1+ 6H3) + Op(n™1),

where ®(-) denotes the standard normal cumulative distribution function.
Let the first three cumulants of 7'(¢)) be denoted by K1, k2, K3; the p-value
based on T'(¢) is

9 1. N 1. _
L= ®(n' Ty 40P Ty — CkanT} — ko + oRa) + Op(n ).

We now determine sufficient conditions on érs and érst to ensure that the p-
value obtained from T'(¢)) agrees with that obtained from 7'(¢)) to error of order
Op(n~1). Agreement of the p-values to this order occurs when

o 1. . 1. 1 1
02Ty — 6/413777112 — K1+ ghs = 02Ty — 6/‘6377T12 — K1+ 6l

to error of order O,(n~1), that is when

(020 = ) = 2 = ma)uTE} = {1 = 1) = (s — m)} = Oyl ™)

The first term on the left-hand side of the preceding equation is random, as it
involves terms of the form [,sl; and [.l;, while the second term is a constant.
Consequently, by separating the random and non-random components, we see
that the preceding equation actually stipulates two conditions:

y 1. -

n ATy — Ty) - 6(%3 — k3Tt = Op(n™1),
N 1, . _

(k1 — K1) — 6(’% — k3) =O(n1).

The second of these equations gives (i1 — k1) = (1/6)(k3 — k3) + O(n~1), so we
can write the equations as

"2 (Ty = Ty) — (k1 — k)N T{ = Op(n ), (5.3)
(Ivil - /'431) — é(,‘vﬁg — /433) = O(nil). (5.4)

Since 77T2 = (=1/ AN A0 = 7781,1,, (B33) yields
i

771/2[(§r5t—£T5t)lrslt— (grs_Ers)lrls_{(étuv_ftuv)ktu’v + (ft“—ﬁt"))\tu}f’slwls]
=0,(n7h). (5.5)
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The quantity /2 { (75 —£75)1,4l; — (£ — £8%) Ap,, » } in (B3) is reduced to order
Op(n~1) if (E10) holds.

The remaining term n'/2{ (75 —£78) + (1 — 1) Ay, 775}, in (B3) is reduced
to order O,(n~1t) if (522) holds. We show that (54) is satisfied when (511) and
(62) hold. Now (632) yields

nl/Z{(grst _ §TSt)>\rs,t + (grs _ §TS))\TS} + n3/2{(§rsl _ fml))\ltAr&t
_’_511 - 511} _ O(nfl)’

and () yields £75! = £51 4 O(n=%/2). Under this condition, (64) reduces to
0 PE = €N} + 0 PE =€) = O(n7Y).

Since 711 = —A1=y~1 (B3) gives E11— ¢ =y~ 1(£s — ¢5) N\ 4+ O(n~%/2), and
hence, it follows that under (B1) and (52), (B4) is satisfied.

Note that (63) and (54) together constitute necessary and sufficient condi-
tions for the p-values to agree to order O,(n~1). The quantity on the left side of
(B33) is of the form 771/2(A’“Stlrslt — B"1,ls), where

ATSt — grst o é-rst7 B — (gtuv o ftuv))\tu,zﬂ-m + grs o é-rs + (gtu - gtu))\mﬂ_rs7

so a necessary condition for agreement in general of p-values to order Op(n_l) is
that A" and B"® both be of order O(n~%/2). The condition that A" is of order
O(n~%/?) is the same as (61) and, in light of this condition, that B be of order
O(n~%/?) is equivalent to (6:2). Thus, (51) and (532) are necessary for agreement
of p-values to order Op(n_l). Of course, it is possible that the p-values from two
test statistics T'(¢) and T(1) fail to agree to order O,(n~') for arbitrary models,
yet they do agree for some specific model owing to particular features of the
model. This situation could be revealed by verifying conditions (B) and (52)
for the specific model.

6. Examples

To illustrate the results of the previous sections, we consider eight asymp-
totically standard normal pivots, in addition to the signed root likelihood ratio
statistic R(v)).

Consider four pivots that involve observed information. For R(1)), we have
g;%st _ )\lr)\st + (1/2))\1r7_st and g;{s — (1/2)A1tArustAtuv 4 (1/6))\1tTTuTSUAtuv7
and hence, &5 + £\, 775 = (1/2)AVENTU 05 Ny + (1/2) AT Ny 775

Example 1. Wald statistic with observed information. For the Wald statistic

defined by Two(¥) = () — ) {—M}/? = () — ){—L"} /2, we have €5, =
wtand €05 = (1/2)AN 05 Ny, Therefore, E555 = (1/2)A7AY and &5, +
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Eh oA TS = €55 + €% A\, 7"5. We deduce that, to error of second order, Two(v))
is both stable in the sense discussed in Section 4 and produces the same p-values

as R(1).

Example 2. Score statistic with observed information. For the score statistic de-
fined by Tso () = My (¥){~Mi}~"/? = Li{0() L' }'/?, we have €53 = €5
and €55 = (1/2)AMA™ 00N, + (1/2)A 77475 Ny, Thus, €553 = (1/2)A17 A1
and 55 + §§%Atu7” = &5 + WA, 7. Tt follows that, to error of second order,
Two () is also stable and again produces the same p-values as R(v)).

The following two asymptotically standard normal pivots are not standard
components of likelihood-based inference. They involve pivots constructed by
evaluating the observed information at the constrained maximum likelihood,
rather than the global maximum likelihood estimator as in Examples 1 and 2.
Their use can be more cumbersome; they are included here to demonstrate the
theoretical results.

Example 3. Wald statistic with observed information evaluated at the con-
strained maximum likelihood estimator. For the pivot

Twoc(¥) = (¥ — ¥)[-Mu{d@)}Y? = (b — @)=L {0(¥)}] /%, we have
&ibhe = &5t and oo = (/AN Ny + (1/2)AHT78T50 Ny = €55,
Hence, 50 = (1/2)A A and €550 + oo ™ = €5 + 8, 7. Thus
Twoc(¥) = Tso(¥) +Op(n~1). To error of second order, Tywoc(¢) is stable and
produces the same p-values as R(1)).

Example 4. Score statistic with observed information evaluated at the con-
strained mazimum likelihood estimator. For Tsoc (1) = My (¥)[—My1{0(p)}] /2
= L1{0()}[~ L™ {(1)}]'/?, the corresponding score statistic, we have &5, =
gt and €55 = (1/2AMN U N, = €5,. Thus, €. = (1/2)AA and
60 + E8b o ™ = 5 + €8N, 7. As in the previous example, Tsoc () =
Two (1) + Op(n=1). To error of second order, Ty oc(3) is stable and produces
the same p-values as R(1)).

We consider pivots corresponding to Examples 1—4 above, but based on
expected, rather than observed, information.

Example 5. Wald statistic with expected information. For the version of the
Wald statistic defined by Ty g(1) = () — ){=A"}~12 we have €, = A1
and & = (1/2)AVEN" 05 Ny + (1/2) A TN \pyy 5. Then, 5{}5}5 = A"\ and
& 4 E oA T = €5+ E- N T+ (1/2)A TN Ny + (1/2) AT Ny, 775

Example 6. Wald statistic with expected information evaluated at the con-
strained maximum likelthood estimator. For the pivot described in Example 5,
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but with the expected information evaluateNd at the constrained maximum likeli-

hood estimator, Ty gc(¥) = (Y —1)[-A\"1{0())}] /2, we have &t = &8 and

Swec = (1/2)AVENTU LS Ny 4+ (1/2)AYEATE 050 Ny + (1/2))\”7-7““7-5”)\15“7@. Then,
e = AT and o + o™ = i + ST

Neither Ty (1) nor Ty po(¢) generally satisfy the above sufficient condition
for stability to error of order O(n~!) and, of course, they do not generally provide
p-values that agree with those from R(v) to error of order O,(n~'). However,
the p-values calculated from Ty g (¢) agree with those from Ty pco () to error of
order Op(n~1).

Example 7. Score statistic with expected information. For the version of the
score statistic defined by Tsp(v) = Mi(p){—A1}12 = Li{0()H{-A111/2
we have &5 = A"'wst and €55 = (1/2)AMAT00 Ny + (1/2)AYHT74r5Y Ny —
(1/2)AH77N Ny, . Therefore, 55 = 0 and €55 + E8 A\, 77 = €575 + 8N, 775 —
(L/2)M TN Ny — (1/2) AT Ny 775

Example 8. Score statistic with expected information evaluated at the con-
strained maximum likelihood estimator. Evaluating the expected information
instead at the constrained maximum likelihood estimator, for Tspc(¢) = M ()
[~A{G() 12 = Li{B()} A {0(6) 12, we have €55 = Mo and €5 =
(1/2)AEN" 50 Xy — (1/2) AT 405 Ny, . Thus, €553 = 0 and €55 o+ &8 Ay, T8
= €5 + E AT

Neither Tsg () nor Tspc () generally satisfy the above sufficient condition
for stability to error of order O(n~!), and they do not generally provide p-values
that agree with those from R(3) to error of order O,(n~!). However, the p-values
calculated from Tsp (1) agree with those from Tsgc(¢) to error of order O,(n™1),
although they do not generally agree with those from Ty g (¢) and Tw o () to
error of order O,(n™1).

Construction of the asymptotically normal pivot for inference on the interest
parameter 7 in the presence of a nuisance parameter using observed information
is therefore key to ensuring that p-values calculated from the marginal distribu-
tion of the pivot, as might be approximated in generality by parametric boot-
strapping, automatically respect, to second-order, the conditioning on ancillary
statistics required for inferential correctness. The importance of using observed
information instead of expected information for approximate conditional infer-
ence is, of course, well known, having been argued by Efron and Hinkley (T97R),
who were partly inspired by the discussion given by Pierce (T975) to the paper
by Efron (I975) on the geometry of exponential families. Our analysis gives a
very direct operational interpretation, in terms of the p-values derived from the
marginal sampling distributions of commonly used pivots.
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Further discrimination between pivots may be based on the requirement
of parameterisation invariance, that inferential conclusions should not depend
on the parameterisation: see, for instance, Pace and Salvan (1997, Sec. 2.11).
Requirement of invariance of the inference under reparameterisations which are
(Barndort=Nielsen _and Cox (T994, Sec. 1.5)) interest-respecting would exclude
use of Wald statistics: see, for instance, McCullaghl (T987, Sec. 7.4).

7. Extension to Adjusted Profile Likelihood

The general form of the asymptotically normal test statistic that we have
considered, where the statistic is expressible as T'(¢)) = n'/2(Ty +T) 4+ Op(n~1),
where T} = —A"l, and Ty is of the form Ty = &7, ,l; — £71,.1,, with €' and
€% assumed to be of order O(n~2), covers important special cases which are
commonly applied. It does not, however, include asymptotically standard normal
pivots based on adjusted forms of profile likelihood. Fortunately, only a simple
change to the analysis is necessary is accommodate pivots based on adjusted
likelihoods. The criteria for second-order stability and equivalence of p-values are
unchanged since, to the order being considered, the version of the pivot based on
the adjusted profile likelihood is obtained by a constant, additive adjustment of
that based on the unadjusted profile likelihood.

There have been many suggestions to replace the usual profile likelihood
function M (3) by an adjusted version M(v)) = M () + B(v)), where B(v) is
an adjustment function which is a function of Y and v only, whose derivatives
with respect to ¢ are of order Op(1). The likelihood ratio statistic based on the
adjusted profile likelihood is W (1)) = 2{M (v)) — M ()}, where 1) is the point at
which M (1)) is maximized. The signed root of the likelihood ratio statistic based
on the adjusted profile likelihood is R(1)) = sgn(tp — 1) {W () }1/2.

Following our previous notation, we write Bi(v)) = 0B(¢)/0v, B11(¢) =
0?B(1)/0?, etc. Let 1 = E{B1(¥)}, f11 = E(B11), etc.; these quantities are
assumed to be of order O(1). Further, let by = B1(¢) — f1, bi1 = B11(¢) — b1,
etc., with these quantities assumed to be of order Op(nfl/ 2). Assume also that
the joint cumulants of nby, nbi1, Iy, l;s, etc. are of order O(n).

In many instances, a specific adjustment function B(1) has been proposed to
take into account the effect of nuisance parameters for inference about v, notably
the modified profile likelihood of Barndorf-Nielsen (T983) and the adjusted pro-
file likelihood of Cox and Reid (987). Other adjustments with the same structure
as described above are detailed by Skovgaard (I996), Severini (T99R8), DiCiceid
and Martinl (T993), and Barndorfi=Nielsen and Chamberlin (1994). These adjust-
ment functions have the effect of reducing the mean of the profile score from order
O(1) to order O(n~1): see, for instance, DiCiccio ef_all (T996). The adjustment
functions have 31 = p + O(n™1), where p = —nA"V5((1/2)\rst + Arst). Since,
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in general, E{M;(¢)} = —p + O(n™1), it follows that E{M;(¢)} = O(n™1): see
McCullagh and Tibshirani (I990), DiCiccio ef all (1998).

Another version of the adjustment function that derives from Bayesian in-
ference based on a prior density 7 (0) is

o ) )

B(y) = —
T

where a,b = 2,...,d. Here {L,(0)} is the (d—1) x (d—1) submatrix of {L,s(0)}
corresponding to the nuisance parameters. This adjustment function arises from
the Laplace approximation to W¢‘y(¢), the posterior marginal density function
for ¢, developed by [lierney and Kadand (I98G), who showed that myy () =
M (9){1 4+ O(n=3/2)}, for values of ¢ such that ¢ — ¢ is of order O(n~1/2).
In this case, W () corresponds to the posterior ratio statistic to error of order
0,(n=3/2), and By = nA"((1/2)v"\pst — -/ 7): see DiCiccio and Stern (T9943).
Firth (T993) developed particular adjustment functions motivated by the specific
aim that ¢ be unbiased to error of order O(n=%/2).

For a general adjustment function B(v), DiCiccio and Stern (1994a) showed
that R(z) = 771/2{}?1 + Ry + Op(n*3/2)}, where Ry = Ry = =\l and Ry =
Ry — A1 By; in particular, R(¢) = R(y) +n~1/26; + Op(n™1).

Pierce _and Bellid (2006), considering the adjustment functions related to
modified profile likelihood and Bayesian inference, also observed that, to error of
order Oy(n™1), R(¢) differs from R(¢) by only a constant, although they did not
detail the associated formulae involving 5. Having made this observation, [Pierce
and Bellid (2008) conclude that, to error of order O,(n~1), both R(¢)) and R(3))
induce the same orderings of datasets for evidence against the null hypothesis,
and they conclude that, to this order of error, ideal frequentist p-values can be
based on the distribution of R(v)).

We generalize our preceding results by considering hypothesis testing for
1) based on a test statistic T(y) = n'/2(T) + Ta) + Op(n~") where, as before,
Ty =T = —A\'"l,., and T is assumed to be of the form Th = £"5!1,.sl; — & 51, ls+¢ =
T+, with {TSt and £"° of order O(n_2) and the constant ¢ assumed to be of order
O(n1). Therefore, T(1)) = T(1))+n/2¢+O0(n~1). We provide illustrations which
demonstrate how statistics constructed from adjusted profile likelihood may be
expressed in this form.

Since T'(¢)) only differs, to the second-order being considered, from T'(1)) by
a constant, the condition for T'(1)) to be stable to error of order O(n~1) is the
same as the condition for T'(1), namely £75! = (1/2)A1"\ls.

The first three cumulants of T'(v)) = T(¢)) + n'/%s + O(n~1) are &y = K1 +
n'2¢4+0(n™Y), Ry = ko +O0(n~1Y), Rz = k3 +O(n~"), where k1, Ko, and k3 are as
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described before for T(1), and the fourth- and higher-order cumulants of T'(3))
are of order O(n!), or smaller.

Consider two versions of T'(1), say T(1))+n/2c+O(n~1) and T(¢)) +n"/2¢+
O(n~1). The preceding Cornish-Fisher argument for comparing p-values shows
that the p-values from the two test statistics differ by order O,(n~!) provided

. 1. y . 1.
{n'*(Ty +< - Ty=¢)=5(Rs = ra)n Ty} — {(k1 + 771/2€*/<1*771/2€)*6(F~3 — K3)}
:Op(”_l)-

The crucial point is that the terms involving ¢ and ¢ cancel from the left side of
this expression, irrespective of their values, so (B) and (B2) continue to specify
necessary and sufficient conditions for the two test statistics to yield p-values
that differ by order O,(n~1).

Example 9. Signed root likelihood ratio statistic constructed from adjusted profile
likelihood. For the signed root likelihood ratio statistic constructed from the
adjusted profile likelihood, R(v), standard calculations show that 5%‘“ = &
=L, Sp= n~1By. It follows that, to error of order O,(n™!), R(¢)) and R(3))
produce the same p-values, as noted by Pierce_and Bellid (2008).

Example 10. Wald statistic with observed information constructed from adjusted
profile likelihood. For the pivot Tawo(¥) = (¥ — ) {—My1(1)}'/?, we have
Eto = &5 = &5t 8o = 8oy and sawo = n~!B1. Then, since to error
of order Op(n 1), Two(¢) and R(3) produce the same p-values, it follows that

Tawo(y) and R(1) produce the same p-values to that order of error.

Example 11. Score statistic with observed information constructed from ad-
justed profile likelihood. For the statistic Thaso(v) = My (¢){—Mi1 () }Y2, we
have 7t = €538 = €55t €75, = €55, and sas0 = n~ ! B1. Since, to error of order
Op(n™1), Tso(y) and R(3) produce the same p-values, it follows that Taso (1))

and R(v) produce the same p-values to that order of error.

The interesting feature here is that although R(v), Tawo (%), and Taso ()
differ from one another by non-constant terms of order Op(nfl/ 2) in general, they
all produce the same p-values to error of order Op,(n~1).

8. Vector-valued Interest Parameter

Consider again the partition 6 = (1, ¢), but now allow for the possibility
that the interest parameter ¢ is vector-valued, having dimension ¢q. The likeli-
hood ratio statistic W () is routinely used for hypothesis testing about 1. The
asymptotic distribution of W () is chi-squared with ¢ degrees of freedom. In-
deed, for regular problems, the Xg—approximation to the distribution of W ()
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has error of order O(n~!), and moreover, the mean of W () has the expansion
E{W @)} = q(1 + n~'w) + O(n~2), where w = w(f) is of order O(1). Lawley
(I956), Barndorfi-Nielsen and Cox ([984), and Bickel 'and Ghosh (990) showed
that W (1) is distributed as (14+n"w)x? to error of order O(n~?): the Bartlett-
corrected statistic W () /(1+n"'w) is distributed as x? to error of order O(n™?).
Further, W (1)) is stable.

Theorem 4. The unconditional and conditional distributions of W (1) agree to
error of order O(n=3/2), given the ancillary statistic A.

Proof. By applying identical arguments to the conditional distribution of Y
given A, we have that E{W ()} = ¢(1 + n='&) + O(n~2), where & is of order
O(1) given A, and that W (v) is conditionally distributed as (1 + n_loi)xg to
error of order O(n~?%) given A. Barndorf-Nielsen and Cox (1984) showed that
@ = w+ O0,(n~/2), and hence it follows that W (1) is stable to error of order
O(n—3/2). Extending the arguments of McCullagh (T987, Sec. 8.4) to the nuisance
parameter case, W = w + Op(nfl/ 2) continues to hold provided the conditioning
statistic A is a second-order local ancillary statistic.

Inference based on an approximation to the marginal distribution of W (1))
accurate to error of order O(n_S/ 2) therefore automatically respects conditioning
on the ancillary statistic to that same order.

Bickel'and (Ghosh ([990) explicitly recommended that the Bartlett adjust-
ment factor (1 4+ n~'w) be estimated by simulation; this may be done by either
fixing 6 = 6 or 6 = 0, so that inference is based on a Xg approximation to the
sampling distribution of, say, W ())/{1 + n~'w(f)}. Alternatively, the entire
distribution of W (1)) may be approximated by simulation at either of these pa-
rameter values: such an approximation is, however, likely to be computationally
more expensive than estimation of just the Bartlett adjustment factor. In view
of the stability result above, these inference procedures not only provide p-values
that are uniformly distributed to error of order O,(n~%/2) (actually, the error is
of order O,(n~2) - see Barndorff-Nielsen and Hall (I988)), but these p-values are
uniformly distributed conditionally to the same order of error.

DiCiccio_and Stern (T994K) demonstrated the efficacy of Bartlett correction
for likelihood ratio statistics based on adjusted profile likelihoods. They showed
that E{W (¢)} = q(1 + n~'@) + O(n~2) and that W (v) is distributed as (1 +
n_lw)xg to error of order O(n~2). Moreover, their calculations can be applied
to the conditional distribution of Y given A to show that these results also hold
conditionally, as for W ().

Theorem 5. The unconditional and conditional distributions of W (v) agree to
order O(n=>/2), given the ancillary statistic A.
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Proof. See Supplement.

The operational consequences of this stability result are again straightfor-
ward. Similar stability results hold for other test statistics that are asymptoti-
cally distributed as Xg, such as (1) —®) (1 —p?) Sy, and M, (v) My (1)) S, where
Sup = —Myp(3h) and (S) is the ¢ x ¢ matrix inverse of (S,;). The marginal dis-
tribution function of such a statistic X typically has the expansion

k
Pr(X <z)= PT(Xg <z)+ ZO‘J’PT(XZ_QJ‘ <z)+0(n3?),
7=0

where the o are functions of the A’s and ’s and typically k = 3; see, for exam-
ple, Harris (T985) and Cordeiro and Ferrari (T991). The same manipulations of
likelihood quantities that produce the approximation to the marginal distribution
of X can be applied to conditional likelihood quantities to yield the expansion

k
Pr(X <a|A)=Pr(xg <o)+ Y &Pr(xg; < 2) + Op(n™?),
7=0

where the ¢&; are functions of the Ns and Bo’s. The preceding calculations that
demonstrate the stability of W (1)) can also be used to show that &; = a; +
O,(n=3/2), and it follows that X is stable to error of order O(n=3/2).

9. Discussion

Focus here has been on inference on an interest parameter in the presence
of a nuisance parameter in ancillary statistic models. We have shown that com-
monly used, asymptotically standard normal, likelihood-based pivots, including
the signed root statistic R(v), are second-order stable. When applied with such
a pivot, procedures such as the parametric bootstrap, which approximate the
marginal distribution of the pivot to second-order, achieve the same order of
accuracy, O(n~!), in approximation of the relevant exact conditional inference.
Our motivation for the analysis here is as a preliminary to full evaluation of
the properties of such parametric bootstrap procedures as an alternative to more
awkward analytic approaches to approximation of exact conditional inference. In
this regard, of importance for future investigation is analysis of large deviation
properties of procedures based on marginal simulation of a likelihood-based pivot.
Analytic procedures, such as normal approximation to R*(1)), or the approxima-
tion of Skovgaard (I996), confer large deviation protection, typically providing
accurate approximation of the conditional distribution of the associated pivot far
into its tails. The requirement of such large deviation behaviour may be judged
an important discriminant between competing methodologies. Discussion of this
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and related issues is currently in preparation in DiCiccio, Kufiner, and Young
(p01d).

Pivots stable to third-order do, of course, exist: R*(1)) is distributed as stan-
dard normal to third-order, conditionally on the ancillary statistic, and hence
unconditionally as well. Second-order approximation to an exact conditional
inference through the bootstrap is seen (see, for example, [DiCiccio and Young
(2010), [Young and Smith (2005, Chap. 10)) to give good results in practice in an-
cillary statistic settings. Basing inference on a pivot stable to third-order seems
unwarranted. In addition, ancillary statistics are typically not unique and (see,
for instance, McCullagh (1992)), different conditional inferences typically only
agree to second-order, so it can be argued that third-order approximation to an
exact conditional inference is, in itself, unwarranted. By our analysis, inference
based on second-order (or higher-order) approximation of the marginal distribu-
tion of a pivot stable to second-order approximates any conditional inference to
O(n™1).

Our study of uniqueness of p-values yielded simple conditions under which
p-values derived from different asymptotically standard normal pivots agree to
order Op(n~!). In cases we have considered where the conditions fail to be

satisfied, a more detailed analysis shows that p-values agree only to an actual
order O,(n~1/2).
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