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S1 Proof of Lemma 2

We first observe that the conditional expectation of Thq, given the judgment ranks R =

(R1, · · · , Rn) and W = (W1, · · · ,Wm), is

E(Thq|R,W ) = NhMq

∫
(1−G[q](y))dF[h](y) = NhMqτ[hq](F,G).

Using the iterative expectation, we obtain

E(T ) = E(ET |R,W ) = E(
1

dndm

H∑
h=1

Q∑
q=1

IhxIqyNnMq

NhMq

∫
(1−G[q](y)df[h](y), (S1.1)

E(T ) =
1

HQ

H∑
h=1

Q∑
q=1

τ[hq](F,G) = τ[..](F,G) =

∫
(1−G(y))dF (y) =

∫
F (y)dG(y).

This completes the proof of the expectation. For the proof of the variance, the conditional

variance yields that

var(T ) = V ar(E(T |R,W )) + E(var(T |R,W )) = An,m,[H,Q](F,G) +Bn,m,[H,Q](F,G).

Note that from equation (S1.1) we have

An,m,[H,Q](F,G) = var(
1

dndm

H∑
h=1

Q∑
q=1

IhxIqyτ[hq](F,G))

=

H∑
h=1

Q∑
q=1

H∑
h′=1

Q∑
q′=1

τ[hq](F,G)τ[h′q′](F,G)cov(
IhxIqy
dndm

,
Ih′xIq′y
dndm

).
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This sum can be partitioned into four different parts

An,m,[H,Q](F,G) =

H∑
h=1

Q∑
q=1

τ2[hq](F,G)cov(
IhxIqy
dndm

,
IhxIqy
dndm

)

+

H∑
h=1

Q∑
q=1

Q∑
q′ 6=q

τ[hq](F,G)τ[hq′](F,G)cov(
IhxIqy
dndm

,
IhxIq′y
dndm

)

+

H∑
h=1

Q∑
q=1

H∑
h′ 6=h

τ[hq](F,G)τ[h′q](F,G)cov(
IhxIqy
dndm

,
Ih′xIqy
dndm

)

+
H∑

h=1

Q∑
q=1

Q∑
q′ 6=q

H∑
h′ 6=h

τ[hq](F,G)τ[h′q′](F,G)cov(
IhxIqy
dndm

,
Ih′xIq′y
dndm

).

Using the fact that Ihx/dn, h = 1, · · · , H, and Iqy/dm, q = 1, · · · , Q, are identically distributed,

after some simplifications, An,m,[H,Q](F,G) can be written as

An,m,[H,Q](F,G) =

H∑
h=1

Q∑
q=1

τ2[hq](F,G)

{
E(

I21x
d2n

)E(
I21y
d2m

)− 1

H2Q2

}

+

{
H∑

h=1

τ2[h.](F,G)−
H∑

h=1

Q∑
q=1

τ2[hq](F,G)

}{
E(

I21x
d2n

)E(
I1yI2y
d2m

)− 1

H2Q2

}

+

{
Q∑

q=1

τ2[.q](F,G)−
H∑

h=1

Q∑
q=1

τ2[hq](F,G)

}{
E(

I21y
d2m

)E(
I1xI2x
d2n

)− 1

H2Q2

}

+

{
τ2[..](F,G)−

Q∑
q=1

τ2[.q](F,G)−
H∑

h=1

τ2[h.](F,G) +

H∑
h=1

Q∑
q=1

τ2[hq](F,G)

}

×
{
E(

I1xI2x
d2n

)E(
I1yI2y
d2m

)− 1

H2Q2

}

which completes the proof of An,m,[H,Q](F,G).

For the proof Bn,m,[H,Q](F,G), without loss of generality we assume that T is centered

and write

T =
H∑

h=1

Q∑
q=1

chqThq, Thq =
n∑

i=1

m∑
j=1

{
I(Xi ≤ Yj)− τ[hq]

}
I(Ri = h)I(Wj = q),

where chq =
IhxIqy

NhMqdndm
. To compute Bn,m,[H,Q](F,G), we first consider

var(T |W,R) = var{
H∑

h=1

Q∑
q=1

chqThq|W,R} =
H∑

h=1

Q∑
q=1

H∑
h′=1

Q∑
q′=1

chqch′q′cov(Thq, Th′q′)|W,R
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We again partition this sum into four pieces

var(T |W,R) =

H∑
h=1

Q∑
q=1

c2hqvar(Thq|R,W )

+

H∑
h=1

Q∑
q=1

Q∑
q′ 6=q

chqchq′cov(Thq, Thq′)|W,R

+

H∑
h=1

Q∑
q=1

H∑
h′ 6=h

chqch′qcov(Thq, Th′q)|W,R

+

H∑
h=1

Q∑
q=1

H∑
h′ 6=h

Q∑
q′ 6=q

chqch′q′cov(Thq, Th′q′)|W,R

= B1,n,m +B2,n,m +B3,n,m + 0.

The last term in the above equation is zero since Thq, Th′q′ are conditionally independent given

R and W . Let Kij(h, q) = I(X[h]i ≤ Y[q]j) − τ[hq]. Note that Ihx, h = 1, · · · , H, and Iqy,

q = 1, · · · , Q, are identically distributed. We then simplify B1,n,m

E(B1,n,m) = E

(
I21xI

2
1y

d2nd2mN1M1

) H∑
h=1

Q∑
q=1

{
τ[hq](F,G){1− τ[hq](F,G)}

}
− E

(
I21xI

2
1y

d2nd2mN1M1

)(
ξ[QH](G,F )− ξ[HQ](F,G)

)
+ E

(
I21xI

2
1y

d2nd2mN1

)
ξ[QH](G,F ) + E

(
I21xI

2
1y

d2nd2mM1

)
ξ[HQ](F,G)

= E

(
I21xI

2
1y

d2nd2mN1M1

){
τ..(F,G)− γHQ(F,G)− ξ[QH](G,F )− ξ[HQ](F,G)

}
+ E

(
I21xI

2
1y

d2nd2mN1

)
ξ[QH](G,F ) + E

(
I21xI

2
1y

d2nd2mM1

)
ξ[HQ](F,G).

With similar argument the expected value of B2,n,m reduces to

E(B2,n,m) = E

(
I21xI1yI2y
d2nd2mN1

) H∑
h=1

Q∑
q=1

Q∑
q′ 6=q

E(K12(h, q)K13(h, q′))

= E

(
I21xI1yI2y
d2nd2mN1

) H∑
h=1

Q∑
q=1

Q∑
q′ 6=q

∫
{1− F[q](y)− τ[hq](F,G)}{1− F[q′](y)− τ[hq′](F,G)}dF[h](y)

= E

(
I21xI1yI2y
d2nd2mN1

){
Q2H

∫
(1−G(y))2dF (y)− γ[H.](F,G)− ξ[QH](G,F )

}
.

= E

(
I21xI1yI2y
d2nd2mN1

){
Q2Hθ(G,F )− γ[H.](F,G)− ξ[QH](G,F )

}
.

With similar computations, we also obtain

E(B3,n,m) = E

(
I21yI1xI2x

d2nd2mM1

){
H2Qθ(F,G)− γ[.Q](F,G)− ξ[HQ](F,G)

}
.

The proof is completed by combining the expressions in B1,n,m, B2,n,m and B3,n,m.
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S2 Proof of Corollary 2

We first show that (n+m)ak(n,m,H,Q), k = 1, · · · , 4, in Lemma 2 are asymptotically negligible.

Let n0 be the minimum of n and m. Consider

lim
n0→∞

(n+m)a1(n,m,H,Q) = lim
n0→∞

(n+m)

{
E(

I1xI2x
d2n

)E(
I1yI2y
d2m

)− 1

H2Q2

}
= lim

n0→∞
(n+m)

[{
1

H2
− 1

H2(H − 1)

H−1∑
h=1

(
h

H
)n−1

}{
1

Q2
− 1

Q2(Q− 1)

Q−1∑
q=1

(
q

Q
)m−1

}
− 1

Q2H2

]

= − 1

H2Q2(Q− 1)

Q−1∑
q=1

lim
n0→∞

(
q

Q
)m−1(n+m)

− 1

Q2H2(H − 1)

H−1∑
h=1

lim
n0→∞

(
h

H
)n−1(n+m)

+
1

H2(H − 1)Q2(Q− 1)

Q−1∑
q=1

lim
n0→∞

(
q

Q
)m−1

H−1∑
h=1

lim
n0→∞

(
h

H
)n−1(n+m) = 0.

In a similar fashion, it can be shown that (n + m)ak(n,m,H,Q), k = 2, · · · , 4, also converge

to zero as the minimum of n and m goes to infinity. Hence, we proved that An,m,[H,Q](F,G) is

asymptotically zero.

In expression Bn,m,[H.Q](F,G), we first show that the (n + m)bk(n,m,H,Q), k = 1, 2, 3,

converge to zero. Note that I1x, I1y, dn, dm, N1 and M1 are positive random variables. It is

then justified to interchange the limit with the expectation in the following expression

lim
n0→∞

E(
(n+m)I21x
d2nN1

) = E

{
lim

n0→∞

n+m

n
lim

n0→∞

I21x
d2n

lim
n0→∞

n

N1

}
=

H

λH2
.

Using Lemma 1, we show that

lim
n0→∞

E(
I21x
d2n

) = lim
n0→∞

{
1

H2
(1 +

H−1∑
h=1

(
h

H
)n−1)

}
= 1/H2,

lim
n0→∞

E

{
I1xI2x
d2n

}
= lim

n0→∞

{
1

H2
− 1

H2(H − 1)

H−1∑
q=1

(
h

H
)n−1

}
= 1/H2,

lim
n0→∞

E(
I21x
d2xN1

) = E

{
lim

n0→∞

I21x
d2n

lim
n0→∞

n

N1
lim

n0→∞

1

n

}
= 0.

Similar results can be established for the limits of the expected values of Y -sample sample sizes.

Only difference is that the λ and H in the above equations will be replaced with 1 − λ and Q

in the Y -sample sample sizes. Using these limits, we show that

lim
n0→∞

(n+m)bk(n,m,H,Q) = 0, k = 1, 2, 3,

lim
n0→∞

(n+m)b4(n,m,H,Q) =
1

(1− λ)QH2

and

lim
n0→∞

(n+m)b5(n,m,H,Q) =
1

λQ2H
.
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This completes the proof.

S3 Proof of Lemma 3

Without loss of generality, we consider the centered version of T

T =

H∑
h=1

Q∑
q=

IhxIqy
dndmNhMq

n∑
i=1

m∑
j=1

{
I(Xi ≤ Yj)− τ[h,q](F, F )

}
I(Ri = h)I(Wj = q).

Let ψ1(x,Ri = h) = E(T |Xi = x,Ri = h, dn, Nh, Ihx) and ψ2(y,Wj = q) = E(T |Yj = y,Wj =

q, dm,Mq, Iqy)− 1/2. Then the projection of T , TP , is given by

Tp =
√
n+m

{∑
h=1

n∑
i=1

ψ1(Xi, Ri = h) +
∑
q=1

n∑
j=1

ψ1(Yj ,Wj = q)

}
,

where

ψ1(Xi, Ri = h) =
Ihx
dnNh

(1− F (Xi)− τ̄[h.](F, F ))I(Ri = h)

ψ2(Yj ,Wj = q) =
Iqy

dmMq
(F (Yj)− τ̄[.q](F, F ))I(Wj = q),

and τ̄[h.] =
∑Q

q=1 τ[hq](F, F )/Q. We finish the proof by observing E(
√
n+m(T − Tp)2 =

var(
√
n+m(T )− var(

√
n+mTp) goes to zero as n0 approaches to infinity.

Let ψ̄1 = (ψ̄1,1, . . . , ψ̄1,H)> and ψ̄2 = (ψ̄2,1, . . . , ψ̄2,Q)>, where

ψ̄1,h =

∑n
i=1 ψ1(Xi, Ri = h)

√
Nh

, and ψ̄2,q =

∑m
j=1 ψ2(Xi,Wj = q)√

Mq

.

Using Theorem 3.2 in Gutts (2005, p. 347), or modifying the proof of Theorem 1 in Ozturk

(2014) to a two sample problem, one can show that ψ̄1 and ψ̄2 converge toH- andQ-dimensional

normal random vectors with mean zero and variances Σ1 and Σ2, respectively, where

Σ1 = diag
(
var(1− F (X[h])− τ̄[h.](F, F )))

)
and Σ2 = diag

(
var(F (Y[q])− τ̄[.q])

)
.

Let U(N , Ix) = ( I1x
√
n

dn
√
N1
, · · · , IHx

√
n

dn
√

NH

) and U(M , Iy) = (
I1y
√
m

dm
√
M1

, · · · , IQy
√
m

dm
√

MQ
). For

large n and m, it is easy to observe that U(N , Ix) and U(M , Iy) converge in probability to

(1/
√
H, · · · , 1/

√
H) and (1/

√
Q, · · · , 1/

√
Q), respectively. As n0 goes to infinity we observe

that √
n+m

n
U(N , Ix)ψ̄1 +

√
n+m

m
U(M , Iy)ψ̄2

converges to a normal distribution with mean zero and variance σ2
H,Q, where

σ2
H,Q =

1

λ

{
1/3− 1

H

∑
h=1

(∫
F (y)dF[h](y)

)2
}

+
1

(1− λ)

{
1/3− 1

Q

∑
q=1

(∫
F (y)dF[q](y)

)2
}
.
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S4 Proof of Lemma 4

Let A1,k−1,t be the event that N1 = n1, M1 = m1 and there exist exactly k − 1 matching non-

empty judgment classes inX- and Y -samples (Ni2 > 0, · · · , Nik > 0;Mi2 > 0, · · · ,Mik > 0) and

t non-matching non-empty judgment classes in X-samples (Nik+1 > 0, · · · , Nik+t > 0;Mik+1 =

0, · · · ,Mik+t = 0)

A1,k−1,t =

{
N1 = n1,M1 = m1, Ni2 > 0, · · · , Nik > 0 · · · , Nik+t > 0, and

Mi2 > 0 · · · ,Mik > 0,Mik+1 = 0, · · · ,Mik+t = 0,Mik+t+1 ≥ 0 · · · ,MiH ≥ 0

}
,

where i2, · · · , iH is a permutation of integers (2, · · · , H) and 1 ≤ k ≤ k∗, k∗ = min(n,m,H).

Note that Nh, h = 1, · · · , H, and Mh, h = 1, · · · , H, are identically distributed. The probability

of the event A1,k−1,t can be computed by considering all possible combinations yielding the

event in set A1,k−1,t

P (A1,k−1,t) = CH,k,tP

(
N1 = n1,M1 = m1, Nj > 0, j = 2, · · · , k + t,Mi > 0, i = 2, · · · , k
Mr = 0, r = k + 1, · · · , k + t;Mz ≥ 0, z = k + t+ 1, · · · , H

)
,

where

CH,k,t =

(
H − 1

k − 1

)(
H − k
t

)
and 0 ≤ t ≤ t∗ with t∗ = min(n− 1, H − k). Let

N[a:b] = {Na > 0, · · · , Nb > 0}, N∗[a:b] = {Na = 0, · · · , Nb = 0}, N+
[a,b] = {Na ≥ 0, · · · , Nb ≥ 0}.

We also use equivalent definitions forM[a:b], M
∗
[a:b] andM+

[a,b]. Since (N1, · · · , NH) and (M1, · · · ,MH)

are independent, we have

P (A1,k−1,t) =

(
H − 1

k − 1

)(
H − k
t

)
P (N1 = n1;N[2:k+t];N

∗
[k+t+1:H])

× P (M1 = m1;M[2:k];M
∗
[k+1:k+t];M

+
[k+t+1:H]).

Since Mh, h = 1, · · · , H, are identically distributed, we can rearrange the subscript in sets M+

and M∗ as follows

P (M1 = m1;M[2:k];M
∗
[k+1:k+t];M

+
[k+t+1:H]) = P (M1 = m1;M[2:k];M

+
[k+1:H−t];M

∗
[H−t+1:H]).

By conditioning on the given value of N1 = n1 we write

P (P (N1 = n1;N[2:k+t];N
∗
[k+t+1:H]) = P (N[2:k+t];N

∗
[k+t+1:H]|N1 = n1)P (N1 = n1)

=
∑

n[2:k+t]

(
n− n1

n2, · · · , nk+t

)(
n

n1

)
1

Hn
, 1 ≤ n1 ≤ n− k − t+ 1

=

k+t−1∑
j=1

(−1)j−1

(
k + t− 1

j − 1

)
(k + t− j)n−n1

(
n

n1

)
H−n, 1 ≤ n1 ≤ n− k − t+ 1,
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where the notation
∑

n[2:k+t]
indicates the sum over the index set {n2 > 0, · · · , nk+r > 0}.

We now derive a similar expression for the probabilities in Y -sample sample size vector.

Again we condition on the given value of M1 = m1 to write

P (M1 = m1;M[2:k];M
+
[k+1:H−t];M

∗
[H−t+1:H])

= P (M[2:k];M
+
[k+1:H−t];M

∗
[H−t+1:H]|M1 = m1)P (M1 = m1)

=

H−k−t∑
u=0

(
H − k − t

u

)
P (M[2:k+u];M

∗
[k+u+1:H]|M1 = m1)P (M1 = m1), 1 ≤ m1 ≤ m− k − u+ 1

=

u∗∑
u=0

(
H − k − t

u

) ∑
m[2:k+u]

(
m−m1

m2, · · · ,mk+u

)(
m

m1

)
1

Hm
, 1 ≤ m1 ≤ m− k − u+ 1

=

u∗∑
u=0

(
H − k − t

u

) k+u−1∑
i=1

(−1)i−1

(
k + u− 1

i− 1

) ( m
m1

)
Hm

(k + u− i)m−m1 , 1 ≤ m1 ≤ m− k − u+ 1,

where u∗ = min(m− 1, H − k− t). The expected value
I1xI1yJ

a
1xJb

1y

d2nm
can be computed by using

P (A1,k−1,t) and appropriate limits in the summation indexes

E(
I1xI1yJ

a
1xJ

b
1y

d2nm

) =

k∗∑
k=1

tm∑
t=0

∑
n1=1

∑
m1=1

1

k2na
1m

b
1

P (A1,k−1,t)

=

k∗∑
k=1

t∗∑
t=0

(
H−1
k−1

) (
H−k

t

)
Hn+mk2

{
n−k−t+1∑

n1=1

k+t−1∑
j=1

(−1)j−1

(
k + t− 1

j − 1

)(
n

n1

)
(k + t− j)n−n1/na

1

×
u∗∑
u=0

(
H − k − t

u

)m−k−u+1∑
m1=1

k+u−1∑
i=1

(−1)i−1

(
k + u− 1

i− 1

)(
m

m1

)
(k + u− i)m−m1/mb

1

}
.

S5 Proof of Lemma 5

First we consider the expected value

E(Tω) = E{E(Tω|R,W )} = E

{
H∑

h=1

ωhIhxIhyNhMh

NhMh

∫
{1−G[h](y)}dF[h](y)

}

=

H∑
h=1

E (ωhIhxIhy)

∫
{1−G[h](y)}dF[h](y) = E (ω1I1xI1y)

H∑
h=1

∫
{1−G[h](y)}dF[h](y).

The last equality follows form the fact that ωhIhxIhy, h = 1, · · · , H, are identically distributed.

Let a = E(ωhI1xI1y) = · · · = E(ωHIHxIHy). We have from the equation below

Ha = E

{
H∑

h=1

ωhIhxIhy

}
= 1

that a = 1
H

. This completes the proof of the expectation.

For the proof of the variance we consider the conditional variance formula

V (Tω) = V (E(Tω|R,W ) + E(V (Tω|R,W )).
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The first term in the above equation is zero since the conditional expectation is constant. In the

second term, the conditional variance is the variance of the Mann-Whitney Wilcoxon rank-sum

test statistic

V (Tω|R,W ) =

H∑
h=1

ω2
hI

2
hxI

2
hyNhMh(Nh +Mh + 1)

12N2
hM

2
h

.

Since I2hx = Ihx the variance of Tω becomes

V (Tω) =
H

12

{
E

(
ω2
1I1xI1y
N1

)
+ E

(
ω2
1I1xI1y
M1

)
+ E

(
ω2
1I1xI1y
N1M1

)}
.
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