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S.1: Two technical lemmas Let ||a|| denote the Euclidean norm for a vector a and
|| f||oo the supremum norm for a function f. Let P, denote convergence in probability.
Furthermore, we use < to indicate that the function on its left-hand side is bounded by a
positive constant times the the function on its right-hand side. For any 6; = ( BI 91)! €
©and 0y = (B ,92)" € O, define a semi-metric p(6;, 62) by,

p(61,62) = |11 — fa| +/OT 91() — ()] dt.

Let Njy(e, F,p) and N (e, F, p) be the bracketing number and covering number with
respect to p(-,-) of a function class F, which is defined, e.g. in van der Vaart and
Wellner (1996); van der Vaart (1998).

Lemma 1. Assume F is the set of all monotone polynomial splines with order d and is

a q-dimensional linear space. Then for anynn > 0 and € < 7,
Ui
Proof. See Lemma Al of Lu et al. (2009). ]

Lemma 2. Suppose [ is a monotone nonincreasing function with bounded r-th deriva-

tive. Then there exists a monotone nonincreasing spline function f, with order d > r—+1
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and knot sequence 0 = & = ... = &3 < Egp1 < -+ <&k, <&pptl = =&kptd =
T, such that

Lf = fall = O(k,"),
Proof. Similar to Lemma A1 of Lu et al. (2007). L]

S.2: Proof of Theorem 1 First, we show that

sup |€n(6) — E£(, W) -5 0.
0cO

Define a function class G = {g(t) : ¢g(¢) is a nonincreasing and bounded function}. By
Theorem 2.7.5 in van der Vaart and Wellner (1996), we have

1
IOgN[](G»g»Pl) N gv (S52.1)

where p1(g1,92) = [ l91(s) — g2(s)|d s, for any g1,g2 € G. Define two function

classes

Fi = {0(8,9,W); B € B, forany fixed g € G},
Fo={l(B,g,W); g € G, for any fixed 5 € B}.

By conditions C2 and C3, both F; and F3 have integrable envelope functions. Since
for any fixed g, £(3, g) is Lipschitz with respect to 3, we have Ny (e, F1, || - ||) < (L)r.
Similarly, together with (S2.1), we have log N (e, F2, p1) S %

Hence, for the function class F* = {{(6,1W) : 6 € O}, the bracketing number
satisfies log N (e, F*, p) < 1. By the Glivenko-Cantelli theorem, we have

sup |0n(60) — EL(0, W) - 0. (S2.2)
6o

Since go € J;, by Lemma 2 there exists a go, € J;" such that sup,cp - |g0(t) —

T

gon(t)] = O(k;"). Let 0o, = (B9 » gon) " - Then clearly,
p(0o, Oon) — 0. (52.3)
Note that ©,, C ©, by (S2.2), we obtain

sup |6,(0) — E0(,W)| - 0. (S2.4)
0€O,,
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Clearly, ©,, is compact with respect to p(-, ), and £,,(6) is continuous in § € ©,,. Since
0 is the unique maximizer of E¢(6, W) on ©, we have that 6y, is the unique maximizer
of E4(0, W) on ©,,. These facts and (S2.4) yield

p(Bn,600n) 0. (S2.5)

Finally, combining (S2.3) and (S2.5), we have p(én, 6o) i> 0. ]
S.3: Proof of Theorem 2 Let gy, = argmingerr ||go — ¢|loo and 6on = (87 . gon) -
Then by Lemma 2, we have ||go — gon|| = O(k,,"), and therefore

p(Oon, o) = p1(g0, gon) = O(K,,"). (S3.1)

We next show that p(6,,00,) = O ((#)%) Let 0 be a fixed positive constant.

Consider a class of functions
M5 = {0, W) —L(0on, W); p(0,00n) < 6,0 € O}
Define two function classes:
My = {L(B, gon, W) — €(Bo, gon, W); ||B = Bol| <6, B € B},
My = {£(50,9.W) = 50,900 W [ lo(®) = gon(0)]dt <5, g € 7).

Because ¢(, g, W) is Lipschitz with respect to 3, the bracketing number of the function
class My with any fixed gon satisfies N[ (g, M, ||-[|) < (£)”. Similarly, with any fixed
B € B, for the function class M3 we have N[ (e, M2,p1) < (g)n”. Then it follows
that

Nij(e, My 5,p) < NH( M, |- ( ,Ma, p1).

Therefore, the entropy of the function class M, s satisfies

0
log NH(&Mn,&P) < ki log (g)

Hence, the bracketing integral J}|(d, M, 5, p) (defined e.g. in van der Vaart and Well-
ner, 1996, p. 324) of the function class M,, s satisfies

1)
T)(6 M) = [ 14108 N (e Mg p)) 2 e
0

0
< / [1 +Amnlogg]1/2d5
0

< kp /28,
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By Lemma 3.4.2 in van der Vaart and Wellner (1996), we have that

B( s |(6a(6) = €al6on) = E(0a(6) — £a(600))])
$<p(6,60n)<6

J1(6, Mg, p)
3 /n
< \F/in25( + K 26/6%/nAs)
Kn

= (0 /n)26(1+ (ra/n)? [343) = O((52)29).

1
< TJ[](& M5, p)(1 + As)

Also note by Taylor’s expansion that,

sup E((0,W)) — E(£(0on, W)) S —5°.
6/2<p(0,00n)<8,0€0,,
Now, apply Theorem 3.4.1 in van der Vaart and Wellner (1996) with ¢,,(§) = 0 - nl/ 2,
6n = 0and r, = (n/k,)"/?, and we have

P8, 00n) = O(("2)12).

n

This, together with (S3.1), yields that p(6,,, 6y) = Op ((£2)Y/2 4 k), which concludes
the proof of Theorem 2. O
S.4: Proof of Theorem 3 The proof of the asymptotic normality proceeds as follows.
The least-favorable direction for 3 is first obtained, and then we use a Taylor expansion
for the score function of 5 and g along an approximately least-favorable direction.
From the expression of the logliklihood (eq. (2.4) in the paper), the score function

for 3 and the score operator for g are respectively,

¢ X
te = _XC+/0 XTB+ [y g(t—s)dN(s) AN

B ¢t . . ¢ fo (t —s)d N(s)
/0 /0 h(t —s)d N( )dt+/0 XTﬁ—I—fO (5 dN(@) dN(t).
Step 1.

For semiparametric models, the least-favorable submodel is the submodel that achieves

the infimum of the information over all submodels (Bickel et al., 1993; van der Vaart,
1998). First, we show that the least-favorable submodel exists.
Note that /,[-] is a linear operator from F, to Lo (Fy, ), where P, is the true proba-

bility distribution of W, and that the closed linear space spanned by the score functions
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for g is,
“r ¢ [Ph(t—s)dN(s) |
{—/O /0 h(t—s)dN(s)dt+/0 XT3+ [ olt— ) AN(S) dN(t); he]-"r}.

The dual operator E; : Lo(Py,) — Fr, satisfies that for any h € F, and measurable
function u(W),

Lt OV )uW)] = [ " ful(hh() dt.

To find the least-favorable direction for (5 is equivalent to solve the following equa-

tion,
E; [lg[h]] = E;Eﬂ (§4.1)

Since equation (S4.1) is a Fredholm-type equation, the existence of the solution is equiv-
alent to showing that the equation /3[¢4[h]] = O has a trivial solution. Note that if
Iy [¢4[h]] = 0, then E[(4[h]?] = 0, that is £4[h] = 0. It is clear that h = 0. Therefore,
the least-favorable direction for 3 exists. Actually, the least-favorable direction for j3 is
the projection of the score function /3 on the linear closed space spanned by the score
function £ [h].
Step 2.
Denote the least-favorable direction for 5 as h*(t). We choose an approximate submodel
(B\n +eb, Gn —i—eﬁn), where ﬁn is the spline approximation for the least-favorable function
B (t) € Fy (50 [[Bn(t) — B*(1)]] = O(r").

Since the estimator (En, gn) maximizes the log likelihood function along this sub-
model, then

Poul3BnsGn) + Ly(Bus Gu) )] = 0.

By the Lipschitz property, the function class

{£6(8.9) + LB )[B): 118 = Boll S (52) 7%, llg = goll S " IIh =7l S " f$42)

18 a Donsker class. Therefore, we have

sup [Via(Ba = P)(t3(5.9) + t5(8.9) 1]

—1/2 _r _
18—Boll<(22) " llg—golISkn" | Ih—h*||<rn”

— [¢5(Bo, 90) + £4(Bo, 90)[1"]]) H =0,(1). (S4.3)
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Combining (S4.2) and (S4.3), we have that

VP (€5(Bos 90) + Lo (Bos 90)[1*]) + 0p(1) = —v/AP (L5 (Bus Gn) + Lo(Brs Gn) [in)).-

Then, after Taylor expansion of the right hand side of last equation, we have

VP, (€5(Bo, go) + Lg(Bo, 90)[h*]) + 0p(1) = —v/nP(€33(S0, 90) + 859(50790)[}7“*])(371 — fo)
— VnP{ls4(B0, 90)[Gn — g0] + Lgg(B0, 90) [P, Gn — g0] }
+v/nO(||8 = Bol[* + 1[Gn — g0l* + [ — h*[), (S4.4)

where £4( 30, go) [gn — 9] is the derivative of {5 along the path 3 = 3y, 9 = go+€(gn—9g)
and £g4(Bo, 90)[h*, gn — go) is the derivative of ¢4[h*] along the path § = [y, g9 =

go + €(gn, — g). Since h* is the least-favorable direction for (3, we have that

P{ls4(Bo, 90)[Gn — 9] + £gg(B0, 90) [N, Gn — g0l } = 0.

Moreover, by the assumed conditions that x2/n — 0 and nk,; %" — 0 asn — oo,
and the convergence rate of (@_ ,Gn) ", the third term of the right hand side of (S4.4) is
0p(1). Therefore, (S4.4) becomes

VP {L35(Bo, 90) + L34(Bo, 90)[’1*]}(371 — fo)
= — VP, (05(Bo, 90) + Lg(Bo, go)[h*]) + 0p(1).  (S4.5)

Step 3.
We are going to show that the matrix P{¢gs(50, 90) + £s4(Bo, go)[h*]} is nonsingular.

It suffices to show that for a vector a, if
a' P{€s5(Bo: 90) + £54(Bo, go)[h*] }a = 0, (54.6)
then a = 0. Since h* is the least-favorable direction for (3, (S4.6) becomes
T T * 2
Pla"t5(80, 90) + a" £y B0, 90) 17| = 0.

Then, a'¢5(B0,90) + a' £4(Bo, go)[h*] = 0. We can conclude that a (X + fot h*(t —
s)d N(s)) = 0. By C4, we have a = 0. Hence, the derivative matrix is nonsingular.

By equation (S4.5), we have that

Vn(Bn—5o) = _{P[gﬁﬁ(BO;90)+£ﬁg(/80790)[h*u }_1\/5Pn(55(ﬂ0790)+€g(50,go)[h*])+0p(1)-
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Hence, v/n(53, — (o) converges to a normal distribution. The influence function is

—{P[Eﬁﬂ(ﬁ(b 90) + £34(Bo, g0) [1*]] }_1 {€5(Bo, 90) + £4(Bo, 90)[1*] },

and thus the estimator B\n is semiparametrically efficient.
To show the consistency of the variance estimator ) 3, the key is to show the infor-

mation operator Z, given by

b b
z [<h1> ’ <h2>] - (blTPeﬁBbQ + b1 Plgglha) + by Plgg[hn] + Peg,g[hhhz]) ,
1 2

is uniformly consistently estimated by (:(-)",7p,(-)") Z, (.(1)T, 7an(-)T)—r , where
¢ is the identity map, mwp, is the operator that determines the vector of coefficients
of the MBS approximation to a function, so that g,,(t) = B,(t) 75, (g), and Z,, =
_p, ( Csp Cgg[Bnl
Lsg [Bn]T lgg[Bn, Bnl,
omitted due to similarity to those of the consistency proof for the variance estimator in

Zeng and Lin (2006). O

) is the observed information matrix. The details are
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