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S1. Derivation of the Asymptotic Results

To establish the asymptotic results given in Theorem 1, as in Jin et al. (2006), we assume
that the tail modification considered in Lai and Ying (1991, p. 1376) is used in the construction
of the estimating function. Define the linear indices p; = X7 8 and ps = X7'b, and the residual
of censoring time ¢;(b) = C; — X'b. Note that & (b) = min{e;(b), c;(b)}. Throughout, when
b = B, 8 will be omitted for notational brevity whenever there is no confusion. For example,
we use & = Y; — X3 instead of & (B). Define Y;,(¢,b) = S0 | (X; — Xn)I(€;(b) > t). For the

local Kaplan-Meier estimate, define the local empirical-type processes:

X b—wv
No(t,blo) = Zl(éi( )< 1.6 = 1) Xib=v)
’ < h h
We have C AN (s, blo)
- n(s,blv
log{l — Fy(tjv)} = — /700 7Yn(s,b\v) + op(1).
Denote the limit of F},(t/v) by
. B b dN*(s,blv)
Fb(t|v)—1—exp{—lwm}, (Al)

where N*(s,b|v) = limp 00 - Nn(s,blv) and Y*(s,blv) = limn oo
have dN*(s, flv) = G(s|v)f.(v)dFs(s|v) and Y*(s,Blv) = G(s|v)f,

G(s|v) = E{P(C — X8 > 5|X)| XT3 = v}. Tt follows that

Fi(tlv)=1- exp{ / 1CiF;B 51v) } = Fa(t|v).

1
n

Y (S,b|’U), Ifbo = /B, we
n(W{1 — Fs(s|v)}, where

Let Fy(t) = Fp(tlmi), Fi(t) = Fs(t|ps), and Fip(t) = Fy (t]pa)-
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Under conditions A1-A5, almost surely for sufficiently large n,

n

Un(b)—Z{/_:AtdY (t,b) + /_nx/ — Zbi dsdJ; (tyb)}’

where )\ is a constant between zero and one, and
n? — Fip(s)
Vil tdEY{" (t,b) + d dEJ{ (t,b) o,

with sup <, llén(b)|| — 0. To prove Theorem 1, we need the following lemmas. In particular,
Lemma 2-5 are used directly to prove Theorem 1, while Lemma 1 is used to establish Lemma
3 and 5.

Lemma 1. Assume that conditions A1-A5 hold. For arbitrarily small € > 0, 0 < v < 1,
llal]l < p and ||b]] < p, we have

sup {|Fib(t) —Fp@®)]:i=1,...,n,t < n)‘} =0(n %), a.s.

L—Fy(s) 1=Fa(s) 1= Fi(s) 1= Fa(s) . _ .
sup{|1_131~b(t) L= Fu(t)  1- Fut) 3 "R T b (A2)

la—b|| <n™ 7t <min(s,v1),s < nA} =O(n M3y s,

m(S) 1—Fi (S) .
S“p{|1f Fia(t) 1—F;;(t)|'

t < min(s,v1),s < nA} =0(n™"),

i=1,...,n,la=0b]| <n "7,

1,...,n,t < min(s,v1),s < n>‘} =0(n %), a.s.
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Sp{‘ —¢) 1-Fu(s—=¢) 1=Fu(s) 1= Fu(s)
1- zbt—) L=Fp(t—¢) 1-Fut) 1-Fud)

i=1,...,n,/¢| <n”7,t <min(s,11),s < n)‘} =O(n Y3y s,

E (A.3)

where v1 and \ are the constants used in conditions A5 and A6, respectively.

Lemma 1 states the consistency of the local Kaplan-Meier estimates, and it follows from
the consistency of the local empirical-type processes (Theorem 2.1 of Gonzdlez-Manteiga and
Cadarso-Suarez (1994)). Here we omit the lengthy proof of Lemma 1.



LOCAL BUCKLEY-JAMES ESTIMATOR 3

Lemma 2. Assume condition A7, Vy,(b) satisfies:

(i). Va(8) =0

(i3). Vu(b) = Tn(b — B) + o(n||b — B||) uniformly in ||b— 8| < n=>
Proof. We want to show

Vn(ﬁ):i{/_ tdBY (t, B) // _jddEJ(,B)}:o.

=1

Denote Y;(t) = I(é; > t) and J;(t) = I(é; > t,6; = 0). It suffices to show that for any 4,

/_tdE{Y \X}+/ / deE{J )X} = / td{1 — Fi(t)},

3 (1)

which is a constant across ¢ under our model assumption.
Let G(t|X;) = P(C; > t|X;). It follows that E{Y;(t)|X:} = {1 — F:(¢)}G(¢|X;) and
dE{J;(t)| X} = {1 — Fi(t)}dG(t| X;). Integration by parts gives

/mtd[{lf SoNere ]+/ / {1 = Fi(s)}dsdG (| X))
G| Xi)ull — Fi(t)} f/ G X1 — Fi(t)}dt

_G(u|X) /w{1 _ Fi(t)}ds + /oo G(HX){1 — Fi(t)}dt
G(u|xi)/°° sd{1— Fi(1)}.

Let uw — —o00, we have the desired conclusion that V,(8) = 0.

Since Vi, (b) is a smooth function of b, by Taylor’s expansion,

n

WO V@) = [ e - evees)

/ /{1: iddEJ( b) — %ddﬂ(ﬂ)}].

Define I';(b — 3) as the linear majorant of

/_O;td{EW(t,b)— }+/ / {1: (D) %) ds dEJ? (t,b) — %d sdEJ} (t,,B)},

we have

Va(b) = Va(B) = n' Zl“m(b —B) + op(nllb—BII)

= Tun(b—B) + op(n|b— B|).
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Define T' = lim, o I', and by assumption A7, T is positive definite. It follows that almost
surely for large n, when ||b— 8|| < n™*, V() — Vo (B) = Tn(b — B) +op(n|lb— B|). < O

Lemma 3. For 0 < A < we have

12’

1

s N T IUn(®) = Va(b) = Un(B) + Va(B)ll = op (max{1, vu(llb — BI)})- (A4)
b—pB||<n—

Proof. To prove Lemma 3, we write Uy (b) — V,,(b) — Upn(B) + Vi.(B) as summation of three parts

and bound each part by Lemma 1. Recall that Y5, (¢,b) = > 1 (X — Xn)I(&(b) > t). We have

Un(b) = Va(b) = Un(B) + Va(B)

n

= / t{dY,(t,b) — dEY,(t,b) — dY,(t,B) + dEY,(t,8)}

—nA

+Z{// :thdsdJ (t,b) /_n/ 1: ;ddEJ()
// ﬂfdsd"”ﬁ // " jddEﬂ(tﬂ)}

After some algebraic manipulations, we can divide Uy, (b) — V4, (b) — Un(B) 4+ Vi (B) further into

the sum of the following components:

A

Di(b) = / HdYa(t,b) — dEYa(t,b) — dYa(t, B) + dEYa(t, B)),

—nA

S

: .0 ds{dJ{ (t,b) — dEJF (t,b)}

DQ(b)Z;/_nA 1
- [
Da(b) = Z [/ =

/_/ 4 Fi T s

Integration by parts gives that for sufficiently large n,

/

S

t —— 8 as{dJE (L, B) — dEJf(t,ﬁ)}],

b(s)  1— Fu(s)
t) 1—Fu(t)

nti YsdJE (¢, b)
sz

Di(b) = nA{YZ(fn* b) — EY,7 (—n™,b) = Y7 (—=n*, 8) + EY;f (—n*, B)}

/ {Y2(t,b) — EY, (t,b) — Y7 (¢, B) + EY,S(t, B)}dt, a.s.
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By Theorem 1 in Lai and Ying (1988), for arbitrarily small € > 0 and 0 < v < 1,

sup  |[Ya(s,b) — EYn(5,b) — Yu(s, B) + EYu(s, B)|| = Op(n"=7/2F9).

s, [[b=Bl|<n—7

It follows that supy,_gy<,—v [[D1(b)|| = Op(nI=1/2+et2y,
For the second component Ds(b), its ith summand ds;(b) is given by

b(t)

//1: L= Fl) goraze (1,0) — dBIE (1,)) — /_nk/ %d{dj(tﬂ) BT (B},

Taking the expectation of ds;(b), we have

E//L: VA (4) = ABIE(,1)) = = dsldTE 1, 6) — A (1 )

/ /[1: oL ds (I (1) — BIE( D)} — 1= o ds{ABIE(,8) ~ 4B (1,6)]

Under our assumptions, d2;(b),i = 1,...,n are bounded i.i.d. random variables. In addition,

doi(b) = / ”(b) %d_ /:(B) li*%d
N = T A =

where the first part
/ 1— Fi(s) ds / 1— Fi(s) ds
;) L= Fin(ci(b)) sy L= Fi(ei(B))

-/ {1— o 131{2%}}“

c;(b)

A

. 1 B 1 B 1 Fi(s) :
*/C u FZ(S)}dS{lfﬂ{cxb)} kﬂ{a(ﬁ)}}*/ci(b) [ Flab)] ™

i(8)

By Lemma 1, we can bound the first part of do2;(b) as

/ciu)) 1= Fulai(b)} /ci(ml Fites(d )}d’ Op(n777).

sup
[Ib=BlI<n="

The second part dg;(b) is a smooth function of b. In view of the proof of Lemma 2, by Taylor’s
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expansion, it follows that

[T

Thus, sup ,_ g <p—~ [ld2i(0)[| = Op(n
The i¢th summand of Ds(b) is

/nA /nA 1—]31;17(5) _ 1_Fib(5) _ 1—FZ(S) _ l—Fi(S)
ax Ji 1— Ey(t) 11— Fa(t) 1-F@) 1-Fi(t)

B g e [ 1— Ey(s) 1 —Fy(s) s
- -xs | {1Fib{cz~<b>} 1—Fw{6i<b>}}d

_/"* L—Fi(s)  1=Fs) |,
a | 1-Fi{es(B)) 11— F{a(B)}

B o s [ l—ﬁ'ib(s) _1=Fu(s) 1—Fi(5) 1—Fi(s) p
= e xs | [ {1_1@1,{@1-(1))} = Fula®} 1 Ffa®) 1—Fi{6i<b>}}d

n? 1-— Fi(s) . 1-— FZ(S) G n? 1-— FZ(S) _ 1-— Fz(S) s
*/Mb){uﬁi{ci(b)} 1F¢{ci(b>}}d /cm{l—ﬁi{ci(ﬂ)} 1Fi{0i<5>}}d}’

ddEJ (t, B) // ’“’deEJ thf ().

su
P o(0)

=Bl <n=7

7-y+>\) p(n1/27'y+)\+5)'

- It follows that sup,_g<n—~ [[D2(b)|| = O

dsdJE (¢, B)

where

/nk 1—Fi(s) - 1—FZ'(S) ds
) (11— Fz(Cz(b)) 1 — Fi(ci(b))

(
_ /"k{ L-Fi(s—XI(b-p)  1-F(s—XI'(b-p) }ds
@

- 1- Fy(ci(B) - XF(b—p) 1-Fila(B) - X (b-p)
n? L—F(s) _ 1-Fis) |,
' /M_X;(,,_ﬂ) {1— Fyeiv)) 11— Fi(ei(d) } -

—1/3+s)

and the last term above is op(n by Lemma 1. Thus,

dsi(b)

B e s n? 1— Fip(s) 1 =Fu(s) 1— Fi(s) 1 — Fi(s) S
- A [/mb) {1 “Fule) - Fala®) 1= Fa®) 1o F@) } ‘

+/”* L= Fi(s=XI(b=8) _ 1-F(s—Xx[(b=p)
o 1= E(a(B) - XFOo-p)  1- Fi(eB) - XTb-5))

1— Fy(s) L _L-Fi(s) }ds

— op(n =131y,
I Fe) 1= Fa@) [ ] T )

In view of (A.2) and (A.3), it follows that ||ds;(b)|| is of order O, (n~/3=7/2¥3+2) and we
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have sup,_gj<n— [|D3(b)]| = O, (n?/377/2+2+2)  Therefore,
sup fHUn( ) = Vab) = Un(B) + Va(B) = Op(n!/O77/2ENEE 4 70 288 g mr/2eehy
[lb=Bll<n=7

— Op(n1/6—7/2+/\+5).
For v >1/2and 0 < A+ < 1/12, we have 1/6 —v/2 + XA + £ < 0. This implies

1
su — || Un(b) = Vi (b) — Un(B) + Vi (B) || = 0p(1).
Hbfﬁl\gr:zflﬂ \/HH ®) (b) (6) @ (1)

For A < v < 1/2, suppose n=""° < |[b—B]] < n™", where A < 7 < 1/2 and ¢ > 0 is an

arbitrarily small number. We have

Sup |Un (B) = Vi (b) = Un(B) + Vi (B) || = Op(n*/6~ /23y,

n=T=s<||b— Bl <n—" f

Note that 1/6 —7/24+ X+ <1/2—7 —¢ for 0 < A+ < 1/12 since ¢ and € can be arbitrarily

small. Therefore,

1
su —||Un(b) = Va(b) — Un Va = op(vn|lb— .
el ®) = V) = Ua(®) + V)l = on(Vlb — 31)

It follows that for 0 < A < 12,

= op(max{1,/n|lb—6||}). ©

sup

1
= Un b) — Vn b) — Un Vn
lb—Bll<n—2 \/ﬁ” ®) (b) (8) + Va(B)]

O
Lemma 4. There exists a positive definite matriz X such that
L U.(8) % N0, %) (A5)
\/ﬁ n 5 . .

Proof. We prove Lemma 4 by expressing U, () as the sum of three parts and showing that
Un(B) is a summation of i.i.d. random vectors with mean 0. The ii.d. representation of
Fi(t) — Fi(t) (Gonzalez-Manteiga and Cadarso-Suarez, 1994) is essential in the proof of Lemma
4. Define

unl(ﬁ)zin. (Xi—Xn){/ tdYi(t / /001 idsdJ()}

wa®) = =306 = %) [ [T SRS R0 - Rwdsao),
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un3(8) = L / / Fi( Fj;z )dsdJ( t).

Based on the consistency of Fi(s), we have

%Un(ﬁ) = U1 (B) + un2(B) + uns(B) + 0p(L).

Ai:/ tdYi(t / /wl idez()

We have shown that conditional on X;, A;’s have common conditional expectation denoted by

Define

pna. It follows that

un1(B) = f Z — pa)

= Z —pa) = V(X — px)(A — pa)

= % Z(X’ —px)(Ai — pa) + op(1).

Thus, un1(8) has a limiting normal distribution. Similarly, we can replace X, with px in ung(ﬁ)
and un3(B) without changing their limiting distributions.
For wn2(8) and un3(fB), we replace Fi(t) — F;(t) with its i.i.d. expansion. It follows from

Theorem 2.3 of Gonzalez-Manteiga and Cadarso- Suarez (1994) that under our assumptions,
Ei(t) — Fi( nhz €(Y5,6,,t, i) + Op(n~27),

where £(Y},8;,t, 1), 5 = 1....,n, are (conditional on X;) independent random variables with
zero mean and finite variance for any ¢ . Plugging the i.i.d. representation of F} (t) — F;(t) into
un2(B) and un3(8), we have

un2(B)
K Hi—Hj Y]75j7 ;
- WZ ux/ Z“nh{l_) b i) / {1 = F;(s)}dsdJi(t) + op(1)

o n i =l 6t s
= 3 [T g ) [T R s ) + )

= jﬁz{iz(mm,ﬁm‘“;’”)  Hlenl) / {1 F(slpus) s Ji(t)

+ op(1).
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Since dE{J;(t)|X:} = {1 — Fs(t| X7 8)}dG(t|X;), we have

Ly 1 Hi — My = Y}aéjft Hi
E;(Xi_NX)EK( n )/ (1= F(t]m) }2/ {1 |M1)}d5djl()
= FE {(X—ux)/j; %K(N —huy Yg,&,ttmﬂ / {1 — F(s|u) }dsdG(t|X)} +op(n~V?)

Y’67t7l’ll
= EX[(X “Xf““ﬂ/ gl—Ttm
] t

U(Y}'75j7ﬂj) + OP(n 1/2)7

{1 — F(s|uy)}dsdG(t|X)| X7 = u;]+0p( -1/2)

with E{n(Y},d;,p;)} = 0. Then we have
1 n
unz(6) = ﬁ;nm,@,w) + op(1).

Similarly, we can show that

y ﬂflK % Y;, 65,8, i
\FZ —ux / / nhzj, ( )E( u)dsdJi(t)—i—op(l)

1— Fi(t)
(Y376355 /’L’L)

- = 2 o :LLJ ft _ o
- ﬁ;n;m o) () [ IR i 6) + 0,1

S 9 LS (CEyTATS / 0855 p)dsAGU X)X = s  + 0,(1)

Un3(B)

1 n
= '9(Yjvéjyﬂj)+0p(1):
P>

with E{0(Y;,d;,1;)} = 0.

Therefore, we have

%Un(ﬁ) = % ; {(X5 = ux) (A5 — pa) +0(Y5, 685, 115) +n(Y5, 85, 115) } + op(1)

Denote the covariance matrix of (X; — pux)(A; —pa) +0(Y5, 05, p5) +n(Y;, 05, u;) by 3. By the
central limit theorem, Lemma 4 holds. ¢

O

Lemma 5. With0 <A <1 ande >0,

sup [|Un (b) = Va(b)]| = O(n*/*F3+°). (A.6)

[b]<p

Proof. Lemma 5 gives the bound of the difference between U, (b) and its smooth approximate
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V.. (b). We prove Lemma 5 using similar techniques as those for proving Lemma 1. Note that
A

Un(b) — Va(b) = / Y, b) — dEYa(t,b)}

Y

+Z{/_M/ ZbidsdJ (t,b) /_nk/ 1: iddEJ( )}.

The first term can be written as

n

E1(b) = nM{Yn(=n>,b) — EY,(—n>,b)} — a(t,b) — EYa(t, )}t

—nA

Similar to the proof of Lemma 3, we can show that sup, ., [ E1(b)[| = O(n/?*2%2). In addition,

the second term can be written as
-/ [

—nA 1- t)

(

Fip(

bS) 1—Fip(s)
+ Z// { t) 1—F(t>}dd‘] “0)

O(n2/3+k+s).

ds{dJ{ (t,b) — dEJF(t,b)}

Using the same technique, we can show that sup, ., [|E2(b)| = Thus, we have
Supy <, [Un(b) — Vo (D)[| = O(n?/3T2+2) which is o(n®/*) when A + ¢ < 1/12. o O

Proof of Theorem 1. For 0 < A < 1/12 and arbitrarily small € > 0 with A +¢ < 1/12,

by Lemma 5, we have

sup [U(6) = Va(8)]| = O *) = ofu*) (A7)

In view of condition A6 and (A.7), it follows that
P{Un(b) does not have a zero-crossing for large n on ||b — | > n bl < p} =1

This implies Arss = 8 + o(n™™).
In addition, by Lemma 3, we have

ﬁ{Un(BLBJ) — Va(Brps) = Un(B) + Va(B)} = o(max{1,v/n(Brss — B)}).

It follows by Lemma 2 that

Tvn(Bres — B) = —=Un(B) + o(max{1,vn(BLss — B)}).

1
NG

Thus, v/n(Bres — B) converges in distribution to N(0, T 'XI'"!) by Lemma 4.
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