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Abstract: The paper is devoted to the study of a parametric deformation model of
independent and identically random variables. We construct an efficient and easy-
to-compute recursive estimate of the parameter. Our stochastic estimator is similar
to the Robbins-Monro procedure where the contrast function is the Wasserstein dis-
tance. We then propose a recursive estimator similar to that of Parzen-Rosenblatt
kernel density estimator in order to estimate the density of the random variables.
This estimate takes into account the previous estimation of the parameter of the
model. Finally, we illustrate the performance of our estimation procedure on sim-
ulations for the Box-Cox transformation and the arcsinh transformation.
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1. Introduction

In many situations, random variables are observed only through their image
by a deformation. Hence, finding the mean behaviour of a data sample is a difficult
task since the usual notion of Fuclidean mean is too rough when the information
conveyed by the data possesses an inner geometry far from Euclidean. Indeed,
such deformations on the data as translations, scale location models, or more
general warping procedures prevent the use of the usual methods in data analysis.

Deformations may result from variations that are not directly correlated to
the studied phenomenon. This situation occurs often in biology, for example,
when considering gene expression data obtained from microarray technologies to
measure genome-wide expression levels of genes in a given organism, as described
in Bolstad et all (2003). A natural way to handle this phenomenon is to remove
the variations in order to align the measured densities, but this is difficult to
implement since the densities are unknown. In bioinformatics and computational
biology, a method to reduce this kind of variability is known as normalization
(see Gallon, Loubes, and Maza (2013) and references therein). In epidemiology,
removing variations is important in medical studies where one observes age-at-
death of several cohorts. Indeed, the individuals of the cohort enjoy different life
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conditions which means that time-variation is likely to exist between the cohort
densities and hazard rates due to the effects of the different biotopes on aging.
Synchronization of the different observations is a crucial point.

Variations on the observations are often due to transformations that have
been conducted by the statisticians themselves. In econometric science, transfor-
mations have been used to aid interpretability as well as to improve statistical
performance of some indicators. An important contribution to this methodology
was made by Box and Cox in Box_and Cox (I964) who proposed a parametric
power family of transformations that nested the logarithm and the level. Es-
timation in this framework is achieved in [Linfon, Sperlich, and Van Keilegom
(PO0R).

In this work, we concentrate on the case where the data and their transfor-
mation are observed in a sequence model defined, for all n > 0, by

Xp = SDH(En) (11)

where, for all ¢ € R, the family of parametric functions () is known and (g,) is
a sequence of independent and identically distributed random variables. Our ap-
proach to estimating @ is associated with a stochastic recursive algorithm similar
to that of Robbins-Monro described in Robhins and Monrd (T951) and Robbins
and Siegmund (I97T).

Assume that one can find a function ¢ (called a contrast function) free of
the parameter 6, such that ¢(f) = 0. Then, it is possible to estimate € by the
Robbins-Monro algorithm

~ ~

‘9n+1 =0, + ’YnTn—i—ly (12)

where () is a positive sequence of real numbers decreasing to zero and (7},) is a
sequence of random variables such that E[T},41|7,] = ¢(6,), where F,, stands for
the o-algebra of the events occurring up to time n. Under standard conditions
on the function ¢ and on the sequence (7;), it is well-known (see Dufld (1997)
and Kushner and Yin (2003)) that 0., tends to 6 almost surely. The asymptotic
normality of 0, together with the quadratic strong law can be found in Hall"and
Heyde (T980). A randomly truncated version of the Robbins-Monro algorithm
is given in Chen, Lei, and Gad (IU8R), Lelong (200R), whereas we can find in
Bercu and Frayssé (P012) an application of the Robbins-Monro algorithm in
semiparametric regression models. In our framework, if we assume that o; is
inversible, then one can consider

Zn(t) = ‘P;l (Xn).

Hence, a natural registration criterion is to minimize with respect to ¢ the
quadratic distance between Z,(t) and &,
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M(t) =E ||Z,(t) - gnﬂ .

It is then obvious that the parameter 6 is a global minimum of M and one can
implement a Robbins-Monro procedure for the contrast function M’, which is
the differential of the L? function M.

The second part of the paper concerns the estimation of the density f of the
random variables (g,,). More precisely, we focus our attention on the Parzen-
Rosenblatt estimator of f described for instance in Parzenl (T962) or Rosenblatf
(I956) . Under reasonable conditions on the function f, Parzen established in
Parzen (I962) the pointwise convergence in probability and the asymptotic nor-
mality of the estimator without the parameter 6. In Silverman (I978), Silverman
obtained uniform consistency properties of the estimator. Contributions to the
L'-integrated risk have been obtained by Devroye in Devrovd (T9SR), whereas

pose to make use of a recursive Parzen-Rosenblatt estimator of f that takes into
account the previous estimate of 6. It is given, for all x € R, by

Fale) = = > Wila) (1.3)

with R
1 x — Zi(0;—1)
Wilz) = — K(#)
=5, h
where the kernel K is a chosen probability density function and the bandwidth
(h;) is a sequence of positive real numbers decreasing to zero. The main difficulty
arising here is that we have to deal with the term Z;(0;_1) inside the kernel K.

We proceed as follows. Section 2 is devoted to the description of the model.
Section 3 deals with the estimation of 6 ; we establish the almost sure convergence
of @L as well as its asymptotic normality. In Section 4, under standard regularity
assumptions on the kernel K, we prove the almost sure pointwise and quadratic
convergences of fn(a:) to f(x). Section 5 contains some numerical experiments
on the well-known Box-Cox transformation and on the arcsinh transformation
illustrating the performances of our parametric estimation procedure. The proofs
of the parametric results are given is Section 6, while those concerning the non-
parametric results are in Section 7.

2. Description of the Model and the Criterion

Suppose that we observe independent and identically distributed random
variables €, and a deformation X,, of €, defined, for all n > 0, by

X = vo(en),
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where 0 € © C R. Throughout, we denote by € and X random variables sharing
the same distribution as ¢, and X,, respectively.

Assume that for all ¢ € R, the family of parametric functions (¢;) is known
but that the parameter 0 is unknown. This situation corresponds to the case
where the warping operator can be modeled by a parametric shape. Estimating
the parameter is the key to understanding the amount of deformation in the
chosen deformation class. This model has been widely used in the regression
case, see for instance in Gamboa, Loubes, and Maza (2007). Assume also that,
for all t € R, ¢ is invertible on an interval to be made precise in the next section.
Then, one can consider the random variable

Zn(t) = ¢ (Xn) = o7 " (vo(en)) - (2.1)

We denote by Z(t) a random variable sharing the same distribution as Z,(t). In
order to estimate 6, we choose to evaluate the L? distance between ¢ and Z(t),

M(t)=E [\Z(t) - gﬂ . (2.2)

If F~1is the quantile function associated with e, we can write

MO =E e (o) ~e] = [ (o oo Pl @)~ P (@)’ e

Indeed (see for instance Van der Vaarfl (2000) p.305), if Y is a random variable
with distribution function G, then for U ~ Ujo.y, Y ~ G~1 (U).

If we assume that ¢; is increasing for all ¢, then one has an expression for
the quantile function associated with Z(t): FZ_(lt) = ; ogpgo F~1 and so

M(t) = 1 FZ_é)(:c) — F () de.
i )

This quantity corresponds to the Wasserstein distance between the laws of
Z(t) and ¢, defined and studied for instance in Cunesfa and Matran (T989) in the
general case. Using Wasserstein metrics to align distributions is rather natural
since it corresponds to the transportation cost between two probability laws. It
is also a proper criterion for studying similarities between point distributions (see
for instance Munk and Czadd (I99R)), and is already used for density registration
in [Agullo et al] (2014) or Gallon, Loubes, and Maza (2013) in a non-sequential
way.

Here, considering the L? distance between the starting point and the regis-
tered point is equivalent to investigating the Wasserstein distance between their
laws.
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As M(0) = 0 and the function M defined by (222) is non-negative, it is clear
that M admits at least a global minimum at 6 which allows us a characterization
of the parameter of interest.

3. Estimation of the Parameter 6

We focus attention on the estimation of the parameter § € © with © an
interval of R. We require some assumptions.

For all t€©, ¢, is invertible, increasing from I to I, some subsets of R. (A1)

For all z€ 1>, ¢, 1(:/6) is continuously differentiable with respect to t€©,

with derivative dp; ! (x). (A2)

Forallt € ©, o;'oywyc L?(e). (A3)

For all compact B in ©, E[sup !890;1 o g (6)|4] < +o00. (A4)
teB

From (), the distribution function of X is Fx = F o ¢, ' whereas that of
Z(t) is F o, oy

Lemma 1. If (&d) to (B4) hold, then M is continuously differentiable on ©.
Using Lemma 1, the differential M’ of M is, for all t € ©,

1
M'(t) = - 2/0 Ot opgo FH(x) (F~H(x) — p; t oo FH(x)) da
= —2E [9p; " (X) (e — ¢y ' (X))].- (3.1)

It is then clear that M’(6) = 0. Then, we can assume that there exists {a, b} € ©2
with a < b and 0 € Ja; b] C © such that, for all ¢ € [a; ],

(t—0)M'(t) > 0. (A5)

We can now implement our Robbins-Monro procedure. Let 7, be the projec-
tion on the compact set [a; b] defined for all = € [a; b] by

) (2) = Tlfa<o<p) + al{z<a} + bliz>p)-

Let (v,) be a decreasing sequence of positive real numbers satisfying

oo [e.@]
Z’yn = +o0 and ny?l < 400. (3.2)
n=1 n=1
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We estimate the parameter § via the projected Robbins-Monro algorithm
é\nJrl = Ta;b] (é\n - '7n+1Tn+1)a (3.3)
where the deterministic initial value 50 € [a;b] and the random variable T}, is
Toir = 205" (Xun) (ewr1 = 05 (Xns)). (3.4)

Theorem 1. Assume (K1) to (BF), with 6 € |a;b] where a < b. Then, 6,
converges almost surely to 0.

To control the rate of convergence of @m we need slightly stronger condition
of regularity on the deformation functions.

For all z € I, ; '(z) is twice differentiable with respect to t € © A
and, for all compact B in ©, E [supteB ’82%_1 o Yy (5)|2} < +o0. (A6)

Lemma 2. If (&) to (AB) hold, then M is twice continuously differentiable on
O.
We compute the second differential of M” of M for all t € © as

1
M) =2 [ [op o no P )] do
0
1
—2/ OPprtopgo F N (z) (FH(2) — ¢t opgo FH(z)) de (3.5)
0
SO )
M (1) = 2E [ (997 (X))*| = 2B [6%67(X) (e — o7 (X)) (3.6)
For the sake of clarity, we make use of 7, = 1/n for the following theorem.

Theorem 2. Assume (B1) to (BH), with 6 € ]a;b] where a < b. Suppose
M"(0) > 1/2 and that there exists o > 4 such that for all compact B in ©,

B [suplor o pole)f| <+
teB

Then, as n — 00,

NG (én - 9) £, 5. (3.7)

If for all t € [a; b],

M"(t) > =, (AT)

N |
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then for allmn > 0,

£ (3~0)"] = (B-0) =200 5
where
Cy =4E Lz&a}\&pt_l o @9(5)\4]. (3.9)

Proof. Proofs are in Section 6.

Remark 1. One can observe that
" ! -1 -1 2 -1 2
m'() =2 | [Dpy " 0 pg o F(x)] dx:m[(a% (X)) }

Hence M”(6) > 0 holds in the general case. Moreover, replacing M by AM
where A is real and positive does not change any results. Then, the condition
M"(t) > 1/2 can be verified with little modifications.

Remark 2. If one replaces the algorithm (BZ3) by its “excited” version

Ont1 = Tlayp) <5n - 'Yn+1fn+1>v (3.10)
where the initial deterministic value 6 € [a;b] and
j—‘VnJrl = _28909:1 (Xnt1) <5n+1 - 809:1 (Xn+1)) + Vot (3.11)

with (V},) a sequence of independent and identically distributed simulated random
variables with mean 0 and variance 02 > 0, then Theorem 1 and Theorem 2 are
still true for 6, with (821) replaced by

- L o2
4. Estimation of the Density

In this section, we suppose that the random variable ¢ has a density f and
focus on the non-parametric estimation of this density. A natural way to estimate
f is to consider the recursive Parzen-Rosenblatt estimator

Ful@) = ié;K (‘”"' ;5> (4.1)

where K is a standard kernel function. While )f“; is a good approximation of f
for large values of n, it may not be for small values of n. To improve matters,
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we consider the prior estimation of # to construct a Parzen-Rosenblatt estimator
of f which is of length 2n. We need more assumptions for this. Let 0 be the
differential operator with respect to ¢, and d the differential operator with respect
to x.

f is bounded, twice continuously differentiable on I;, with bounded

AD1
derivatives. ( )
For all t € O, ¢, is three times continuously differentiable on I;. (AD2)
gog_l is three times continuously differentiable on Is, with bounded (AD3)
derivatives.

dyp, d*p, d3p are bounded. (AD4)

Denote by K a positive kernel which is a symmetric, integrable and bounded
function, such that

/ K(u)du =1, lim |z|K(x) =0, and /uzK(u)du < +00.
R |z[—+o00 R

Then consider the recursive estimate

~

P = o (), (42
i=1 """

)

where 0;_1 is given by (B33), and where the bandwidths h,, are positive, decrease
to zero, and such that nh,, tends to infinity when n goes to infinity. For simplicity,
we make use of hy, = 1/n% with 0 < a < 1.

Theorem 3. Assume (BT) to (BF) with 6 € |a;b[ where a < b and (BIXD) to
(AD4). Then for all x € Iy,

fn(az) 7% f(2) a.s.. (4.3)

It follows from Theorem 3 that for small values of n, the averaged estimator

fn:%<ﬁb+ﬁ1>a

where f,, and J/”\n are given by (E1) and (E22), performs better than fa O fo.
For the convergence in quadratic mean of fn(:v) to f(z), we need another as-
sumption.

¢ is twice continuously differentiable on © x I; and Oy (x),

Odp(x) are bounded with respect to ¢. (AD5)
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Theorem 4. Assume (BT) to (B7) with 6 € |a;b[ where a < b and (BIXD) to
(ADR). Then, for all x € I,

?|

Proof. Proofs are postponed in Section 7.

—~ 2
Fulz) — f(x)‘ } noe ) (4.4)

5. Simulations

This section is devoted to the numerical illustration of the asymptotic prop-
erties of our estimator 6, defined by (83). For the model () when g is not
invertible with respect to #, it is not possible to use a direct expression for the
estimator and our procedure is useful for estimating §. We focus on two trans-
formations that are used in econometrics : the Box-Cox transformation ¢} and
the arcsinh transformation ¢?. Here, for all x € R},

rt—1
it t£0,
Py={ (5.1)
log(xz) if t=0

and, for all z € R,

1
—sinhl(tx) if t#0,
pi(z) =1t (5.2)
x it t=0.

Throughout this section, we suppose that 8 > 0, and take 6 € ]a; b[ with a = 1/10
and b = 2. Then, the Box-Cox transform ¢} is invertible from ]1;4oc[ to Ry
and the arcsinh transformation is invertible from R to R, with

Vo € R, (o)) (@) = (1 + ta) V1 (5.3)
vreR, (o) (2)= %sinh(tx). (5.4)

Then, for all ¢ € [a; ], (90%)71 (z) and (‘P%)il (z)

Vr € R}, 5, (go%)_l (z) = % <1 fm - %log(l + tx)) (1+tz)Yt, (5.5)
Vz € R, 0 (gof)_l (x) = —% <1 sinh(tz) — xcosh(tac)) : (5.6)

Denote by M!, respectively M?, the function M given by (2Z2) associated with
o} and ¢?. For the simulations, we chose § = 1. The functions M! and M? are
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Figure 1. The functions M! and M?

represented in Figure 1. One can see that 6 is effectively a global minimum of M
and M?2. For the estimation of § in both models, we took (5,11) as independent
uniform on [1;2] and (¢2) independent uniform on [0;1]. We simulated random
variables X} and X?2 according to X} = ¢} (¢,), for i = 1,2. Then, for i = 1,2
and for the choice of step v, = 1/n, we computed

9;—}—1 = Ma;b] <0;L - PYnTriL—i—l) )

where

i i i i i\ 7y
Thy=—20 (90(3%) (Xni1) <5n+1 - (@5%) (Xn+1)> )
and with (9027 )~! given by (533) and (64) and 8((,0%3 )~! given by (53) and (EB).

The values of 5}1 were computed until n = 1,000. We represent on the left-
hand side (respectively on the right-hand side) of Figure 2 the difference between
9}1 and 6 (respectively @Z and 0) for 1 < n < 1,000. In particular, we found
101 000 — 0] = 0.00239 and \9?7000 — 0] = 0.0042, showing that our procedure
performs well for both models.

On the left-hand side of Figure 3, one has represented the degenerated

asymptotic normality given by (B72) for the data generated according for goé.
For that, we made 200 realizations of /2,000 ((9},000 — 9). We also considered
the excited version (B7IM) of algorithm (B833) for the first deformation ¢,

arlwrl = Ta;b] (5% - ’Ynfg+1> )
with
1 1\ 7! 1 1 1\ 7! 1
Tn+1 =—-20 <(P§}L) (Xn-i-l) Ent+1 — (‘p@l) (Xn—H) + Vn+17

where V,, were independent N (0,1/2). For the degenerated asymptotic normal-
ity, we made 200 realizations of /2,000 (5%7000 - 6) to illustrate the asymptotic
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Figure 2. Difference @11 — 6 and @21 —0.
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Figure 3. Asymptotic normalities of \/n (@\}1 - (9) and /n (5}1 - (9).

normality given by (B12). This numerical result is represented on the right-hand
side of Figure 3. In theses cases, to verify the condition M” (f) > 1/2, one has
to modify the criterion M as described in Remark 1, with A = 10.

6. Proofs of the Parametric Results
6.1. Proof of Lemma 1
From (&4), for all compact B in O,

_ 2
E{sup (2% Lo g (e)] } < +o0.
teB
Consequently,

1
E[sup !8%_1 oy (5)|2] = / sup ‘&pt_l o g (Ffl(x))fdx < 4oo0.  (6.1)
teB 0 teB
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Now, it follows from (B3) that for all x € I,

O |(F~M(2) = ¢i " oo F' (@)’
= —20p; ' (w0 FH(x)) (F~H(x) — ot opgo FH(x)) (6.2)

is a continuous function with respect to t. In addition, if B is a compact set
containing 6, from (BA2Z) and the Mean Value Theorem there exists a constant
Cp > 0 such that

sup ‘F_l(a:) — ;7 oy (F_l(a:))‘ < Cpgsup ‘&pt_l o Py (F_l(a;))‘ . (6.3)
teB teB

Hence, we deduce from (B22) and the previous inequality that

sup |0 [(F_l(m) —p;lowgo F_l(x))Q} ‘ < 2Cpsup |8g0;1 o g (F_l(az)) |2
teB teB

which implies by (B70) that

sup [0 [(F~' (@) i o g0 0 P~ (@)’
teB

is integrable with respect to x. Finally, M is continuously differentiable on ©
and for all t € O,

1
M/(t) = /0 —26(,0;1 ((pg o F_l(x)) (F_l(ac) — (pt_l oy o F_l(x)) dz.

6.2. Proof of Lemma 2
From (Af),

=200 (oo F~(w)) (F~!(2) — @i opp o F ' (x)) (6.4)
is continuously differentiable with respect to t. In addition, we have
8 [0p; " (oo F (@) (F~H(z) —¢; oo FH(x))]

_ _ 2 _ _ _ _ _

=—[0p; o pgo FH(z)] +0%¢; o ppo F (@) (F~ ! (x)—p; " opg o FH(w)) .
It follows from (623) that for every compact set B containing ¢ and 6,

0%0; o pgo F () (F~'(x) — ¢yt opgo F(a)) |
< Cpsup |0*¢; ' opgo F~H(z)|sup |0p; ' 0 pgo F~1(z)].
teB teB
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Then, from (BAH), (60) and the Cauchy-Schwartz inequality,
OPpr ' opgo F(z) (F~ (z) — ¢ o pgo F'(x))

is integrable with respect to x. Hence, we have

1
/0 fgg |0 [agat_l (oo F~1(z)) (F_l(x) —p;topgo F~(2))] | dz < 400,

which enables us to conclude that M is twice continuously differentiable on ©
and for all t € ©,

1
M) =2 [ [op o pno Pl )] do
0

1
—2/ 8290;1 oy o F_l(x) (F_l(x) — got_l oo F_l(x)) dz.
0

6.3. Proof of Theorem 1.

Denote by F;, the o-algebra of the events occurring up to time n, F, =
o(e0,...,6n). We calculate the first two conditional moments of T, given by
(83). One has

B{Tus|Fa) = —2E |05 (Xnsn) (£ns1 — 05 (Xasn)) 7).
= —2E [a%:nl ° @p(ent1) (sn+1 —@;0 ‘PG(EnJrl)) Ifn]
Moreover, as €,11 is independent of F, and 9\” € Fp, one can deduce from (B)
that
~2B|9¢;" 0 po(enn) (sni1 = 95" 0 polens) ) 17
=9 /01 8809:5 opgo Fl(x) (F_l(x) - (peinl o g o F_l(:v)) dx
= M'(gn) a.s.,
which immediately leads to
E[Tpi1|Fp] = M’ (6,,) as.. (6.5)
As well,
B (12,117 = 48005 (X0i)? (501 — 5" (X)) 1],

=400 (X1 (75" (K1) — 05" (X)) 1] (6
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It follows from the Mean Value Theorem that

" () = 05 (Kaet) | < s 106 (K X =01 (69
n t€la;

Consequently, (68) and (622) lead to

E[12,|7] <4(6,~0) ELEE%] o (011]. (6.8)

Hence, there exists a positive constant C given by (BH) such that
~ 2
E[Tﬁ +1\]—'n} <0 (9n - 9) as.. (6.9)
~ 2
Furthermore, for all n > 0, let V,, = ((9” — 9) . We have

N 2
Vn+1 = (Hn—l-l - 0)
- (”[a;bl (571 - %HT"“) B 0)2
= (W[a;b] (é\n - 'Yn-i-lTn-‘rl) ~ Ta;b] (0))2

as we have assumed that 6 belongs to ]a;b[. Since T4y is @ Lipschitz function
with Lipschitz constant 1, we obtain that

~ 2
Vn+1 < <6n - ’Yn-i—lTn—l—l - 0)

< Vi + ’erH-ng-i-l - 27n+1Tn+1(§n —0).
Hence, it follows from (E33) together with (69) that
E[Vys1|Fnl < V(1 4+ C172 1) = 29m01(0n — O)M'(0,)  as.. (6.10)

In addition, as 6,, € [a; b], (BF) implies that (gn—H)M’(gn) > 0. Then, we deduce
from (B10) together with Robbins-Siegmund Theorem, see Duflo Dufld (T997)
page 18, that the sequence (V) converges a.s. to a finite random variable V' and

> Y1 (Bn — O)M'(0,) < +o0 a.s.. (6.11)

n=1
Assume by contradiction that V' # 0 a.s. Then, one can find two constants c
and d such that 0 < ¢ < d < 2max (|al, |b]), and for n large enough, the event



PARAMETRIC ESTIMATION OF DEFORMATIONS ON RANDOM VARIABLES 645

{c< |§n — 0] < d} is not negligible. However, on this annulus, one can also find

~

some constant e > 0 such that (6, —0)M'(6,,) > e which, by (6I1), implies that

00
Z Yn < +00.
n=1

This contradicts (82).

6.4. Proof of Theorem 2.

Our goal is to apply Theorem 2.1 of Kushner and Yin Kushner and Yin
(2003) page 330. First of all, as v, = 1/n, the conditions on the decreasing
step is satisfied. Moreover, é\n converges almost surely to 6. Consequently, the
local assumptions of Theorem 2.1 of Kushner_and Yin (2003) are satisfied. In
addition, it follows from (63) that E [T,+1|F,] = M'(8,) a.s. and M is two times
continuously differentiable. Hence, M (0) = 0, M'(6) = 0 and M"(0) > 1/2. Tt
follows from (E9) and the almost sure convergence of 0, to 6 that

. 2 _
nlgn;oE [Ty 1| Fn] =0 a.s..

Finally, Theorem 4.1 of Kushner and Yin (2003) page 341 ensures that the se-
quence (W,,) given by R
W, = /(0 — 0)

is tight. Then, from Theorem 2.1 of Kushner and Yin (2003),

Vn(6, — 0) £, 5.
Taking expectation on both sides of (610) leads, for all n > 0, to

Vg1 < vn(1 4 C172 1) — 29 E [(én —OM' (6], (6.12)

vn =E [(én - 9)2} .

where

In addition, as M'(6) =0,
1
M (6,) = (0, — 0) / M"(0 + x(0,, — 0))dx a.s.. (6.13)
0

From (61%) and (613),

1
Vny1 < vp (1 + Cl%%ﬂ) — 2y E [(Gn - 9)2/ M"(0 + (0, — 0))dz| . (6.14)
0
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As 0 € Ja;b] and 6, € [a;b], 6 + 2(8, — 6) € [a;b] for all = € [0;1]. Then, since
M"(t) > 1/2 for all ¢ € [a;b], we can write

1
~ 1
/ M0 + 20— 0))dz > 5.
0
From (614), for all n > 0,
Vny1 < vp(1+ 01'77%—&-1 — Vnt1)- (6.15)

Moreover, the inequality 1 — x < exp(—=z) implies that

Unt1 < vpexp (Cryzss — Ynt1) - (6.16)

An immediate recurrence in (E18) leads to

n
vn < g H exp (C17; — Vx)
k=1

< g exp <Cl > - Z%)
k=1 k=1
+oo n

< vg exp (Cl > i - Z%) : (6.17)
k=1 k=1

As vy = 1/k, it follows from (614) with

+oo ) 7_(_2
Z’Yk =5
k=1
Z Vi > log(n + 1)
k=1
that, for all n > 0,
exp (C172/6)
A | '

This finishes the proof of Theorem 2.

7. Proofs of the Nonparametric Results

With f the density of ¢, let f! be the density of Z (t). As the distribution of
Z(t) is FO‘Pe_l oy, for all z € I,

@) = f(pg opu(@) d [0y 0wl ().



PARAMETRIC ESTIMATION OF DEFORMATIONS ON RANDOM VARIABLES 647

Here f? = f. We have
fia)=f (90_1 o pi(x)) d [y ' o] ()
= f(pg owancm%(>d[weﬂ(¢4w»-
Hence, (A1), (ADZ) and (AD3) imply that f* is twice continuously differen-
tiable with respect to x. Moreover, for all x € I,
df'(z) = f (¢5 " o pr(@)) d® [0p ' o @] () + [ (05" 0 we(x)) (d [0 © ] (37))27

EfH(x) = f (05" o pula)) & [0yt o %] ()

+3f" (p5 ' 0 pi(@)) d [0y ! 0 i) (2)d [0 0 1] ()

+1" (5 o pul@) (A5 0] (@)

Hence, from (A1) to (ADA), fi(z), dft(z) and d?f(x) are bounded on © x I.
Now (ADH) implies that f!(z) is also continuously differentiable with respect to
(t,z), and we have for all ¢t € © and for all z € I,

Oft(x) = f (pg " o pi(x)) 0d [0y ' o @] () + [ (05" 0 @)
d [p5" 0 i) (2)0 [05" 0 o] (),
where

0 [so_l o pt] (z) = 0py(x)d [0 ] (p1(x)),
ad [0y 0 pr] (x) = ddpy(x)d [05 ] (pr(x)) + Opr(x)dpy(x)d [y '] (0e(x)) -

Hence, under (AD4) and (ATH)

sup |0 (z)| < +o0. (7.1)
tcO

7.1. Proof of Theorem 3
With F,, = o{eo,...,en}, «/9\,1_1 is measurable with respect to F,,_1. Let for

all z € I,
1 (2= Zpy(bn1)
W () ™ (hn >

Then, we have the decomposition, for all z € Iy, nf,(z) = My (z)+ Ny (z), where

=Y E[Wi(z)|Fi], (7.2)
=1
Na(z) = (Wilz) — E [Wi(2)| Fim1]) - (7.3)

=1
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For a fixed gn_l, fgn—1 is the density of Zn(én_l), so, with v = (x — u)/h;, we

have
E [W(2)|Fy1] :/Rth <‘””;“> 01 () du

_ / K (0) %1 (x — hy)dv.
R

Hence,
B W)\ i) = 74 0) = [ (777 = oh) = 7 (@) Koy

As f! is twice continuously differentiable, for all ¢+ € ©, there exists a real z; =
x — vhyy, with 0 < y < 1, such that

fia = vhi) = f(x) = —vhidf' (z)
Using the parity of K and preliminary remarks on d?f, we obtain that

vn; 2 t
/ (fY(z —vhy) — f(z)) K(v)dv :/ ( Z) d?f4(z) K (v)dv
R R

which implies that

/]R (fY(z = vhi) = fH (=) K (v)dv| <

+ (”’;)QCF fi(z). (7.4)

sup
tcO

\—i sup ‘d2ft ‘/ 2K

2 teO,zel;

Consequently, there exists Co > 0 such that
E [Wi(@)|Fia] = f7 (@) < Cah?. (7.5)

Since f! is a continuous function with respect to ¢, and (9;1 converges to 6 almost
surely, we have for all z € I,

Fror(z) 2% f(2)  as. (7.6)
Consequently, Cesaro’s Theorem and ([Z3) imply that

%Mn(a:) O pa) as. (7.7)

Since K is bounded, (N (z)) is a square integrable martingale whose predictable
quadratic variation is given by

r) >, = ZE [NV2@)Fia] = N2 @)

—ZE )| Fiz1] — E? [Wy(2)|Fima] -
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We have . )
E [Wi2(3?)|-7:z‘—1] =5 /KQ(’U)fe“(m — hv)dv.

However, (4), together with the regularity of f(z) and the parity of K, implies

that
<M

sup X 5
tcO 2

/h (ft(x—vh) ft(:v))K2(v)dv

sup ‘d2ft )‘/RU2K2(U)CZU

teO®,zel1

Consequently, there exists C3 > 0 such that

W@ - )] < Cal (7.9

where v? = [ K?(u)du. It follows from (ZH) and the Toeplitz Lemma that

lim g fg’ Yx) = f(x) a.s..
1
oo Zz 1 i:l
From the elementary equivalence

"1 n
E;a

14+«

61 1 _ v
Jm e Z o= e s
Now (IR) leads to

v
a+1

lim Z]E VV2 )| Fiz 1] =

n—o0 n1+

f(x) a.s., (7.9)
while (ICH), together with () and Cesaro’s Theorem, implies that
1 2 2
Jim_ ZE (2)| Fica] = £2(2). (7.10)

Then, as a > 0, we can conclude from ([Z9) and (IZ10) that

. < N(z)>, 2
lim o =
n—00 n a+1

f(z)  as.

We obtain from the strong law of large numbers for martingales given e.g. by The-
orem 1.3.15 of Dufld (1997) that for any v > 0, (N, (z))? = o <n1+o‘ (log(n))HV)

a.s., which ensures that for all z € Iy,

1 n o0
—Np(z) =250 as.. (7.11)
n
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Combining (-2) and (1), one obtains that for all = € I3,
Fa(@) 2225 f(2)  as. (7.12)
ending the proof of Theorem 3.

7.2. Proof of Theorem 4
We show that, for all x € I,

?|

It follows from the bias-variance decomposition that

—~ 2
fulo) - 1@ | 220

E [ 7o) — f(:r)ﬂ — Bu(z) + Vi(), (7.13)
where R )
B(@) = [E [fu @)] - f@)] . (7.14)
~ —~ 2
Vo(z) =E [ Fo(z)—F [fn(x)” } (7.15)
We can write
E[F. @) - 1) = L S B Wi@) - ()]
=1
LS BB )] - )],
=1
In addition, (3) implies that
E HE (Wi ()| Fra] — fé\"*l(x)u nze ), (7.16)

It follows from the boundeness of fg"—l(x) and (@), together with the Domi-
nated Convergence Theorem, that

E [ () — f(:z:)H no% ), (7.17)

Hence, we deduce from (18) and ([ZT4) that

n—oo

E[E [W;(2)|Fn-1] — f(2)] 0,
which implies by Cesaro’s Theorem that
E [fa @)] = f()] “== 0
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leading to
By (z) =25 0. (7.18)
Now we focus on the variance term V,,(x). For all 1 <i <mn and all =z € I, let
Ui(x) = Wi(z) — E [W;(x)]. (7.19)
We have the decomposition
V) = 5 S BG4 5 Y BU@U@].  (1.20)
i=1 i=1,i<j

If 4 < j, E[UZ(I‘)U](.r)U'—]fl] = Ul(a:)E [Uj(l‘)’f}fl] . In addition, (Eﬂ) implies
that

[0 @) Fja] = 5 (@) + E [/ @)] | < 2052
Hence,
—2Cuh? |U;(@)| < E[Ui(@)U; ()| Fj1] = Ui(@) % () + Us(@)E | % ()]
< 20503 |Ui(x)] .
Thus, taking expectation in the previous inequality leads to
~2Coh3E (|U;(@)]] < E [Ui(2)U ()] — E [Ui() %= (2)] + E [Ui(@)] E |2 ()]
< 2C:h3E [[Ui(2)]] .
Finally, we obtain that

B [U:(@)Uj(@)]| < [E [Ui(@) /5 @)] ~E [Ui@)] E [ 5 (@) |+ 2C2h2E [Us(@)].
(7.21)
Since

E [Ui(@) /% ()| -~ E[Ui(@)] E |/ )]
—E [Ui(@) (£7@) - f@))| + (f@ - E [/ @] ) Ei(@)], (7:22)
(21), (C22), together with the Cauchy-Schwartz inequality implies that

E [|U;(z) | <2VE] <\/E [(faf—l(x) - f(x)ﬂ + @f@) . (7.23)

The definition (ZT9) of U;(z) also leads to E [UZ(z)] < E [W?(x)] which implies,
by (R), that

E[U7 ()] < [fe ()] + Cahi. (7.24)
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Let C be a constant which does not depend on n. Now, (B3H) implies that, for

alln > 0,
—~ 2
E [(en _ 9) ] < % (7.25)

Then, using the regularity of f, we obtain that, for all x € Iy,
|ff (@) = f(2)] < sup 0f ()] |t - 0]
€

Hence, (1) and ([23) lead to

%E [(f§n1<x> - f<x>ﬂ < (7.26)

IN

n

In all, (23), (=24), and (28) imply that

+ 02h§> . (1.27)

E(|Us (2)U; ()] < 2 \/;E 17 @)] + Gy (5}

Using the boundedness of f!(x), we obtain that

h2
E (|Ui(2)U;(x)]] < C (\/j% + ﬁ) . (7.28)

Moreover, if hy, = 1/n%,

n 1 "1 ]i /2 ijoz/Q—l-l (3+a)/2
= S 194 < < pioTe
/T 1/2 = 12 = ’
imticy VIl 5 e = /
n 2 n Jj—1 n /241
h] _ h? /2 < J < n2-3a/4
i=1,i<j V hi j=2 =1 = 7

From these calculations and from ("28),
L - —1+o —3a
= Y EU@)Us(@))) < C (ntH0r2 4o/t (7.29)

i=1,i<j

which tends to 0 as n goes to infinity, as 0 < a < 1. With (ZZ) and the

boundeness of f!, we have
1 & 5 1 -1 nott e
EZ}E[Ui(x)}gCﬁZESC — < Cn7t, (7.30)
i=1 i=1 "

n
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which tends to 0 as n goes to infinity, as « < 1. Hence, (Z20), (=29), and (Z=30)
let us conclude that, for all x € I,

V() 2225 0. (7.31)

With (13), (IX), and (ZX1), we finish the proof of Theorem 4.
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