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Abstract: A saddlepoint approximation to a nonlinear function of a sum of inde-
pendent and identically distributed random variables is provided, using Watson’s
lemma applied to a double integral. The accuracy of the expansion depends on the
smoothness of the nonlinear function. The result is applied to variance approxima-
tion, inverse moments, convergence rate, likelihood ratio statistics, and harmonic
mean, and compared with results in the literature.
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1. Introduction

While the basic ideas of saddlepoint approximation date back to [Laplacd
(I'774), the approximation was introduced to statistics by Danield (1954, [987),
who derived saddlepoint expansions for the density and distribution function of
the sample mean. Barndorff=Nielsen and Coxl (989, 1994) give a detailed treat-
ment and a number of examples relevant for statistical theory and higher order
approximation for high order inference, and Kolassa (I994) provides a careful
derivation of several expansions based on saddlepoint techniques. Jensen (I995)
and Bufler (2007) provide book length treatments. Bufler and Wood (2004) dis-
cuss approximating the moment generating function of truncated random vari-
ables, Zhao, Cheng, and Yang (2011) introduce approximation of the moments
for the stop-loss premium in insurance and Broda and Paclella (2017) give a
recent review.

These applications typically consider a single integral, but we are interested
in the moments of nonlinear functions of a sum that are determined by a double
integral. Although a Taylor series expansion can be used to approximate the
nonlinear moment, it is more difficult to control the order of the error terms
when the sum in unnormalized. In this note, we derive a saddlepoint expansion
for this double integral by first applying Daniels’ method to approximate the
probability density function, and then using Watson’s lemma. Since Daniels’
method itself uses Watson’s lemma, this is a double application of the technique.
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2. Main Result

Let Z;,i = 1,...,n be a sequence of independently identical distributed (iid)
random variables with probability density function p(x) = pi(z) for z € (x_, z4).
The moment generating function is

M(T) =50 = /:v+ elp(z)de, (2.1)

which we assume converges for real T' in some nonvanishing interval containing
the origin. As in Daniels ([954), let —¢; < T' < ¢ be the largest such interval,
where 0 < ¢; < oo and 0 < ¢ < o0 but ¢; + ¢ > 0. By Lebesgue’s Dominated
Convergence Theorem, the moment generating function is analytically defined in
the strip {T'€ C: —c; < R(T) < c2}.

The probability density function p,(z) for the sum X, = """ | Z; is deter-
mined by the inverse Fourier integral

1 100 T
pn(z) = 27m/ "KM =Tz g (2.2)

where —c; < R(T') < ¢ on the path of integration. For a given function f(-),

E{f(Xn)} = / = 5= /m / KM=Teqrdy, (2.3)

where we assume the expectation exists. To find an asymptotic expansion for
E{f(X,)} for large n, we make use of Watson’s lemma (see Jeffreys and Jetireys

(T950)).
Lemma 1 (Watson’s Lemma). Let ¢)(w) be analytic in a neighbourhood of w = 0

and bounded for real w € [—A, B] with positive A and B. For any m € N we
have as n — oo,

1/2 n? R0 e
(%) /A P dw_z (2n) kkv O™, (2.4)

Remark 1. Following convention, (24) can be expressed as

(28) (0

n \1/2 2 P
e —nw?/2
(277) /A w Z kk' 7
more precisely,
ay
k=0

if G(n) — Y 1Lgar/n* = O(n=™"1), and if this holds for any m € N, we write

G(n) ~ 332 ar/n.
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We make a change of variable x = nK’(y) to transform the double integral
in (2Z3) into

Y+ )
E{f(Xn)} =5 - / T K ()Y K () KT WY gy (2.5)

where y_ < 0 is the root of K'(y_) = z_, and y4 > 0 is the root of K'(y4) = x4.
Note that

M’ (y) [t we™p(x)de
- M(y) [ emvp(a)da

for any y € R, which implies y_ = —oo. To illustrate the transformation from z_

> x_

and 1 to y_ and y,, we take two distributions as examples. For the binomial
distribution with expectation denoted by 0, we have z_ =0 and x4 = 1, M (y) =
1—60+6eY, Kly) =In(1 —0+6¢e¥), K'(y) =1/[1+e¥(1—0)/6], so y— = —c0

2 we have

and y4 = oco. For the normal distribution with mean p and variance o
x_ = —oo and x = oo, M(y) = exp(py + 0°y/2), K(y) = py + 0°y/2 and
K'(y) = p+ oy, so y— = —oo and y4 = oo.

Let u = u(T,y) be the solution in 7" to the equation
! ! u2
K(T) = TK'(y) = K(y) —yK'(y) + - (2.6)

It follows that the first integral in (223) becomes

/ZOO en{K(T)fTK/(y)}dT — /U(Zoo’y) en{K(y)7yK/(y)}+nu2/2¢(u7y)du’ (27)
—ioco u(—i00,y)

Blu) = () 2.9

where

Following Daniels ([954), we transform the integral contour of w in (227) into the
steepest-descent curve (—iA,iB) through the saddle point u = 0, where A > 0
and B > 0. An application of Watson’s lemma yields

[ MEO-TR W) g ( )1/2 n{K(y)—yK'(y }i )EpPR) (0, y)
27i (2n)kkK! ’

(2.9)
where the derivatives of ¢ are partial derivatives with respect to u. Substituting
this into (Z3H) gives

—100 —0

B~ (52) " [ HR )R )3 O Oy, (210)
y—
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where
_ X 1\k 4(2k)
¢(y)wz( 1)(2(?@)%(!07?})' (2.11)
k=0

We make the second transformation

’LU2
K(y) —yK'(y) = =5 (2.12)
from which we have
B{f(Xn)} ~ (;r)m / e 2wy du, (2.13)
where
V) = FnK' () K" () ) o (214)

A further application of Watson’s lemma yields the following.

Theorem 1. Assume that

(A1) k, := K(0) exists for any 0 < r < 2m.

(A2) f e C¥ (nx_,nxy) and f :=n" f)(nry) = O(|fo|) for any 0 < r < 2m.

Then we have the m-th order approximation

E{f(X.)} = Zw Ol foln~™1). (2.15)

Remark 2. If the condition f, = O(|fo]) is violated, as for example in the case of
an exponential function f(-), we can modify the definition of w in (Z12) according
to the expression of f(x) and then apply Watson’s lemma. For example, if f(z)
is replaced by f(z)ef® with f satisfying (A2) and —c; < B < ¢ (where ¢; and
co are given in the first paragraph in Section 2) and the moment exists, we need
to change (E23), (1), and (210) into
1 nr4 100

E{f(X,)eP ny = — / fa)er @ =Tetb2 gy
21t Jpp

—100

2 y+ / FnK'(y) K//(y)en{K(T)—TK’(y)JrBK’(y)}dey
i

1/2 / 1"eoNT n{K(y)—yK'(y)+BK'(y)}
- (%) 5 " K W)} )d)e dy.

Consequently, the transformation (Z12) becomes

w2

K(y) —yK'(y) + BK'(y) — K(B) = —5
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We still have (213) with ¢(w) in (214) replaced by
d
b(w) = O HnK ()K" (4)d(y) 5
w

3. Approximations

To illustrate how our theorem can be applied to obtain an approximation up
to a given order, we provide details for obtaining an explicit approximation from
our main result; the higher-order terms can be obtained in a similar manner.
Our goal is to obtain the coefficients ¢; in the asymptotic expansion

E{f(Xn)} = co + + = + - + 7+ O(leo|n™?).
First, from (28) we obtain
7 K®(y) BKW ()K" (y) —{KB) (y)}?
K"(y)(T—y) + W(T—y)QJF 72{K" (y)}3/2
S{K® ()} — 15K" (y) K& (y) KW (y) + 18{K" ()}’ K ()
i 2160{K" (4}
+us(y)(T —y)° + O(IT —y|°), (3.1)

where
B1840{K" (y)}?us(y) = T2{K" (y) P’ KO (y) — 12{K" () K (1) KO (y)

—45{K" (y) {KW (1)} + 90K" () {K® () KW (y)

(T —y)*

—25{K®) (y)}*.
Inverting this yields
u K@) (y 5{K 2 K"
B N0 G{K”((w)}?u2 : 72({1?;'( e K(”()) e
L BE () KO ) KD (y) — 40{KO ()} = {E" ) PK O (y) 4
1080{ K" (y)}°

+T5(y)u” + O(|ul®), (3.2)

where

172807 (1) (K (1)) /2 = 385 (KD 3))* — 630K" (1) (KD (1) 2K )
+105{ K" (y) P{EW ()} +168{K" ()}’ K (y) K ()

—24{K"(y) KO (y).
By applying this to (E8) and (E11), we obtain
-1 L 5{K®)(y)}2 3K (y)K"(y) | d2(y) -
P(y) = T(y) o 12{K" (y)}7/2 + 2 +0((n™?), (3.3)
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11526 (y) { K" ()} = 385{ K™ (y)}* — 630K" (y){K®) () KW (y)
FLOS{E" () PO )1 + 168{K" (1) 12KO () KO )
—24{K" () P KO (y).

On the other hand, denoting K()(0) by &, for convenience, we obtain from the

second transformation (Z14) that

K3 o  9K4kg — 4/{% 3 20%% — 45Kok3ky + 36%%&5 4
W = /Koy + Y-+ Y Y
3y/k2 7265/ 1080x5/°
+wsy® + O(ly[°), (3.4)
where

51840ws ki * = 3603k — 5T6k3ksks — 405K2K2 + 1080k K2k — 4004,

Inverting this asymptotic expansion yields

_w /{73211)2 20,%% — 9Ky ko w4+ 135k0K3K4 — 160:% — 18/{%/{5 Wl
VE2  3K5 72&;/2 540k3
+ysw’ + O(|wl®), (3.5)

where

17280ys k52 = 6160k4 — T560ko k3 k4 + 945k2K2 + 1344K2K3k5 — 120K3K.

Therefore, it follows from (B3) and (A2) that

FAInK'(y)} = fo + fikoy + (far3 + firs)y®/2 + (faks + 3farars + fika)y’ /6
+(fars + 6 f3r3k3 + 3faki + dfaroka + f1rs5)yt /24 + O(| folly]®)

= fo+ fivkow + (% + jg:;’)wz

n 12]‘"3;-@31 + 12f2/£%/£3 - 4f1/-€§ + 3f1KoKg w3

7265/

Ay

* 1080x3

w' + O(|follw]), (3.6)

where
Ay = 45f4/£g + 90f3/£%/@3 — 45f2/1%/<§ + 4Of1/-£§ + 45f2/£%/£4

—45 fikoKksKky + 9f1/ﬂ7%/€5.
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Moreover, we obtain from (B3) that

K"(y) = k2 + k3y + kay?/2 + k5y° /6 + rey™ /24 + O(Jy|*)

K 3koky — 2K2 203 — 33Kkoksk 12K2K
— iyt 3w+ 2K4 32 3 2K3K4 + 25, 3

\/@ 6/'1% 721,{;/2
45K3 ke —216K3K3ks — 135K3K3 +630KokE K —320K4
A 2 1080254 : Swl+0(|w]?), (3.7)
2
dy 1 %w 20k3 — 9kyk2 WP 4 135k2k3k4 — 1603 — 18K3K5 il
dw /Ry 33 2451/ 135K3
+5ysw” + O(|w|®). (3.8)

Multiplying (83), (BH), (822), and (BH), and taking into account (E14), gives

fo(3kaky — 5/{%)

¥(0) = fo+ 24
N fo(385k3 — 630k2k3k4 + 105K3K3 + 168K3K3k5 — 24K3Ke)
1152502
+0(|foln™?), (3.9)
() = PRSI ZSforans VR o), (3.10)
with i

2887 KS = 36 forare — 300 foraksks + T2farars — 201 forak3 + 1338 forakaky
—382f1k5k3ka + 36 fak5ky — 925 fors + 360 f1KaKS — 60 forgr2,
and
0(0) = ¢5 + O(lfoln™), (3.11)
with
1449p5 kS = 144 f4K8 4+ 192 f3kS k3 + 120 forgka — T20 f1r5ks 4 1465 fors
—72f2/<3/<4 + 768f1!€§l€3li4 — 2046f0/€21-€§l€4 + 297f0/<%/<?1
—144f1/€%/{5 + 432f0/£%/<3/£5 — 48f0/£§/£6.

Applying (B9), (810), and (BD) to (ZI3) yields

fako n 3faK3 + 4f3k3

5 i + O(|foln™3), (3.12)

E{f(Xn)} = fo+

as n — oo. Recall the notations s, = K (0) and f, = n" f()(nk;). A similar
approach can give an approximation up to any order; the terms to O(n*A‘) are,
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with the details omitted,

E{f(Xn)}=fo+ foka | 3far3 +4fsk3 | fors + 4fskaks + 2fika

2n 24n? 48n3
15 fsk3 + 120 f7r3k3 + 80 f6rk3 + 120 feraka + 48 f5ris
+
5760n*
+0(| foln™?). (3.13)

Remark 3. By using Taylor series approximation, we have

K E(X, —nk1)3 E(X, —nk1)?

E{f(Xn)} = fo+ f;f L o 7 JaB e LN
where the order of successive terms is governed by the order of the central mo-
ments of X,,, and it is not straightforward to determine the order of the remain-
der term when the Taylor series expansion is truncated; for example, see Rosénl
(I970) for bounds on even moments. The saddlepoint expansion, being built on
the cumulant generating function, provides an easier method for obtaining an
approximation up to a desired order.

4. Examples

Example 1. Approximate variance compared to the delta method. Assume the
Z; are nonnegative. Using the delta method, Garcia’and Palacios (20001, Theorem
1) proved

\/ﬁ{ (1 + En: %) T ax m)—“} SN {O,a2(1 v m>—2<a+1>@} L 4)
=1

Letting f(z) = (1+2/n)~% with > 0, which satisfies the conditions of Theorem
1, we have

B{(1+ ZZ; %) _a} = (1 +m) {1+ clfla) + szla)Q + O(i)}, (4.2)

n3

where c1(a) = —a(—a — 1)k2/{2(1 + k1)?} and

1 [(3(—a)(—a—1)(—a—2)(—a—3)k} 4(—a)(—a—1)(—a—2)ks3
)= 57{ () (e

Further, we have
wnfoili3:5))
i=1
= ”{Ef2(Xn) - E2f(Xn)}

2 2
- n(1+/€1)_2a {1—1— a (na) + czfl;v)

4 017(104) +02752a) }2_‘_0(%)}

{c2(20) —cF(a) —2c2()}

= (1) [{e1(20) 201 ()} + +0(%)] (4.3)
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Note that (14 r1)72{c1(2a) —2¢1(a)} = a?(1 + k1) 2@+t ky. Thus the leading
term in (BZ3) agrees with the variance approximation in (E).

Example 2. Inverse moment. Let X, follow a binomial distribution with mean
nf. A formula was given in Chao and Strawdermanl (T972) for the inverse moment
E(a + X,)~¢, for positive integers a and «. In particular for a = 1 and a = 1,

they obtained
_ _ p\n+1
E( ! > _ == (4.4)

The corresponding leading term approximation is
1 1
E = ) 4.5

see Garcia_and Palacios (2001) and Shi, Wu, and Liu (2010). An upper bound
given by Pittenger (T990) is
1 n 1
14n0/(1—-0) (1—-0+n0)(1+(1+6(1—0))/(nh))
Since f(x) = 1/(1 4+ z) satisfies the conditions of Theorem 1, we have the
fourth order approximation (BI3), where s, = {log(1 — 6 + 6eT)}((0) and
fr=n"f(no).

We compare the exact result (E4), the leading term approximation (E=3),
the fourth order approximation (BT3), and the upper bound (£4) for different
values of n and 6 in Figure 1. It shows that the fourth order approximation is
better than the leading term approximation and is closest to the exact result. To
obtain more accurate approximation requires either larger values of n or more
terms in the saddlepoint expansion. The upper bound is not as accurate as the
leading term approximation.

The inverse moment approximation for other values of @ and « can be useful
in theoretical analysis, as closed-form expressions are difficult to obtain. Ap-
plications of (E4) for non-integer a and « include Stein estimation and post-
stratification, evaluation of risks of estimators or powers of tests, reliability and
life testing, insurance and financial mathematics, complex systems and other
problems; see Wu, Shi, and Miad (2009). Recent applications include An"and
Zhang (2011) and Jordan (2011).

(4.6)

Example 3. Convergence rate. In this example, assuming that f(z) satisfies the
conditions of Theorem 1, we are interested in the convergence rate of f(X,) to
f(nkq1). Using Markov’s inequality, we have for arbitrary e, > 0,

EIf (Xa) = )"

67‘

P{f(Xn) — f(nk1)| > e} < (4.7)
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Figure 1. Comparison of inverse moment approximations for n = 1,...,20

and 6 = 0.1 (top) and 6 = 0.5 (bottom). The exact result (E) is obtained by
Chaoand Sfrawderman (T972), the leading term approximation (L) is given
by Garcia_and Palacios (2000) and Shi. Wu, and Liu (P010), the fourth order
approximation (F) is shown in (BI3), and the upper bound (U) is obtained
by Pittenger (990).

To obtain the convergence rate, we need to find an accurate bound on E|f(X,,)—
f(nk1)|". In view of the general inequality

E|f(Xn) — f(ns1)|* < [BIf(Xn) — f(nsg)|]*"

for s < r, it suffices to consider the case when r is an even integer. For simplicity,
we assume r = 4; the other cases can be studied similarly. We intend to show
E|f(X,) — f(nk1)|* = O(|f (nk1)|*/n?). This formula reduces to the well known
bound if f(z) = x. Now

B|f(Xn) — f(nr) [t = B{fY(Xn)} — 4B{f*(Xn)}f (nk1) + 6B{f*(Xn)} f*(nri1)
—4E{f(Xa)}f*(nr1) + fH(nrr). (4.8)
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By Theorem 1, we have

E{f(Xn)} = f(nr1) + f"(nk1)nka/2 + O(| f(nr1)|n~?),
E{f*(X,)} = f*(nr1) + [{f (ns1)}? + f(nwa) f (ns1)nsa + O(| 2 (ns1)[n=2),
E{f3(Xn)} = f2(nr1) + [6f(ns){f (nk1)}* + 3f%(nka) ' (nk1)Inka /2
+O(|f*(nk1)|n~?),
E{fY(Xn)} = f1(nr1) + [6%(ne){f (nk1)}* + 2% (nr) £ (nrn) Inka
+O(|f*(nk1)|n~?).

Substituting these into (E=) gives E|f(X,) — f(nk1)|* = O(|f(nk1)|*/n?) and
hence

_ Clf )|t

P(If(Xn) = f(nr))] 2 €) < — 57 (4.9)

Example 4. Likelihood ratio statistic. Consider a single Poisson process of rate
p with the null hypothesis that p = pg. If n points are observed in the total time
of observation ¢, the log-likelihood function is

(p) = nlog(pt) — pt, (4.10)

and the likelihood ratio statistic for the hypothesis is
n
w(po) = 2[nlog {%} — (n - pot)]. (4.11)

Suppose n is preassigned, so that 2ppt follows a X%n distribution. [Barndorfi:
Nielsen and Cox (994, Example 7.4) have shown that

Eof{uw(po)} =1+ o+ 0(-). (4.12)

Since pot follows a gamma distribution with shape n and rate 1, we can write
Eo{w(po)} = 2nlogn — 2nE(log X,,), (4.13)

where X,, = 2?21 Z;, and Z; follows an exponential distribution with rate 1.
Then the conditions of Theorem 1 are satisfied for f(z) = logz,x > 0. Substi-
tuting (B13) into (E13) gives

Eofw(po)} =1+ — — 1 0@, (4.14)

6n  60n3

where the first order term 1/(6n) is consistent with (B12), there is no second
order term n~2, and for the last term we use the fact that |f.| = O(1) with
r>0.
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Example 5. Harmonic mean. The harmonic mean is used to measure the price
ratio in finance, and the program execution rate in computer engineering. Some
statistical applications are given in [Paked (999, Section 3). Hones (2003) de-
scribes the role of the harmonic mean in assessing results of multi-center clinical
trials, and we use the model in that paper. Let &1, ..., &, be iid positive Poisson

random variables with parameter A and

Ple = k) = —— A for k=1,2
(51_ )_1—67)‘H6 , 1or = L,4,...
Set H, = n/X, to be the harmonic mean of random variables &i,...,&,,

where X,, = > """ | Z; and Z; = 1/¢;. Assuming A — oo, Hones (2003) derived the
approximations k1 = F(1/£1) = 1/A 4+ 1/A2 +2/X3 + O(1/\*) and E(1/£2) =
1/X2 +3/23 + O(1/A%), which imply that ke = 1/A3 + O(1/X\*) and ko/k; =
1+ O0(1/N).

Letting f(x) = n/x, the first order approximation is

1 K2
3

- _|_ -
k1 (nky)

by (BL3), which is consistent with Hones (2003, Section 3.3). In addition, we are
able to obtain higher-order approximations using (812). First, making use of
the identity

B(H,) = B{S(X0)}= =A-14+0(5),

1 = G-
k(k +m)! _jzm;H (k+ 7)Im!’

we can extend the asymptotic formulas in Hones (2003) as follows:

1) -1
E = E _ ~
' (51) Z )\] )
7=1
! X R (o — 1))
mr(g) ~ 2 |
“ jo=27j1=1 J1AT?
! i RS (s — 1)
es(3) S5
§1 j3=3 jo=2j1=1 J1J2 A3
1 (jm — 1!
E = E R ~ |
" (51“ >
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In particular, we obtain

1 1 1 2 6
Bi=E(—)~T+gt—atgt;
| <&> st tataat

1 1 3 11 50
&:E<)~++++m;

% 22 23 24 25

1 1 6 35 225
&—E<>~++++~n

i’) 23 24 25 \6

Using the identities k1 = E1, ko + /@% = FEy and k3 + 3k1Kko + Ii:f = FEj3, it follows
that
1 1 2 6

’Qlwx—i_ﬁ_’—ﬁ—i_ﬁ—i_'”;
1 6 34 '
HQNF+F+F+7
5 68
With f(z) = n/x and f, := n” f")(nky), we have
1 -1 2 —6 24
fo_aafl_?%')fQ_;??fiﬂ_?%af4_7?7
and from (B12),
1 K2 3ng—ﬂ1n3
E(H,) =FE{f(X,)}~—
(H) = B ~ b+ 220

A A2 n A A2 n2 \ A A2 )

The above approximation neglects terms that are O(n=3) + O(A73).

5. Discussion

Using the saddlepoint approximation and Watson’s lemma, we provided a
general framework to derive an asymptotic expansion to nonlinear moments of a
sum of independent, identically distributed random variables. We have illustrated
this on several examples, and compared our result to existing approximations in
literature. Our method can be applied to more general nonlinear moments.

We conclude with a short remark on some potential applications of our re-
sults. Ricd (200R) uses Taylor series approximations to nonlinear moments that

arise in the study of evolutionary theory. For example, the ratio of individual
fitness to mean population fitness is important in studying the effects of selection.
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In Shi, Wu, and Reid (2014) we extended the methods of this paper to approxi-
mate the moments of Z;/>"" | Z;, which could in turn be used to approximate
this fitness ratio.

Reviewers of an earlier version asked about simulating the moments by Monte
Carlo methods, and this is certainly possible and potentially accurate enough for
numerical work, but is not as useful for theoretical analysis of the type provided
in Example 3. Analytical approximations are much faster, which may not be
an issue for a single computation, but if the computation is embedded in a
larger iteration and needs to be carried out repeatedly then the time savings
may become important.

It would be of interest, although challenging, to relax the assumption of
identical distributions, or of independence.
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